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Abstract

Conventionally, to learn wave collapse and optical turbulence, one must study finite-time blow-up solu-
tions of one-component self-focusing nonlinear Schrédinger equations (NLSE). Here we consider simultaneous
blow-up solutions of two-component system of self-focusing NLSE. By studying the associated self-similar
solutions, we prove two components of solutions blow up at the same time. These self-similar solutions may
come from solitary wave solutions with multi-bumps forming abundant geometric patterns which cannot be
found in one-component self-focusing NLSE. Our results may provide the first step to investigate optical
turbulence in two-component system of NLSE.
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1 Introduction

Here we study solutions of two-component system of nonlinear Schrédinger equations given by

i0,® + AD + 1 |®?P + S|P =0,

10 + A+ pol[PY + B®*Y = 0,2 € R, ¢ > 0, (11)
& =®(x,t), v =9(z,t) € C, ’
O(x,t),¥(x,t) = 0 as |z| — 4o0,t >0,

with initial data
(I)|t:0 = CI)O € Hg(Rn7(C), ’ll)‘t:(_) = ’l/)o S Hg(Rn,(C), s > 2, (12)

where p; > 0’s are positive constants, n < 3, and 8 € R is a coupling constant. The system (1.1) has
applications in many physical problems, especially in nonlinear optics. Physically, the solution (®,1) denotes
the two-component beam in Kerr-like photorefractive media(cf. [1]). The positive constant p; is for self-focusing
in the j-th component of the beam. The coupling constant (§ is the interaction between two components of
the beam. As > 0, the interaction is attractive, but the interaction is repulsive if 8 < 0. When the spatial
dimension is one i.e. n = 1, the system (1.1) is integrable, and there are many analytical and numerical results
on solitary wave solutions of the general N coupled nonlinear Schrédinger equations(cf. [2], [6], [7], [8]). However,
when the spatial dimension is two and three i.e. n = 2,3, there are only few results on solitary wave solutions
of general N coupled nonlinear Schrodinger equations. One may refer to [11] for high dimensional solitary wave
solutions of three coupled nonlinear Schrodinger equations.

From physical experiment(cf. [12]), two dimensional photorefractive screening solitons and a two dimensional
self-trapped beam were observed. It is natural to believe that there are two dimensional multi-component
solitons and self-trapped beams. To obtain solitary wave solutions of the system (1.1), we may set ®(x,t) =
eeMtyu(r) and ¢(x,t) = e*2*y(x). Then we may transform the system (1.1) to steady-state two coupled
nonlinear Schroédinger equations given by

Au— Mu+ pud + fuv? =0 in R,
Av — Agv + povd + fulv =0 in R, (1.3)
u,v>0inR", w,v(x)—0, as|z]— +oo,

where A, u; > 0 are positive constants, n < 3, and 3 is a coupling constant. From [10], the existence of ground
state (i.e. least energy) solutions of the system (1.3) may depend on the coupling constant 5. When £ is positive
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but sufficiently small, the system (1.3) has a ground state solution (u,v) which is radially symmetric. On the
other hand, as 8 becomes negative, there is no ground state solution of the system (1.3). Here we show the
existence and the configuration of bound state solutions if 3 is negative and |3| is small enough. Moreover,
bound state solutions of the problem (1.3) have multi-bumps forming abundant geometric patterns, provided
the ratio A1/Aq is sufficiently small. One may refer to Theorem 1.2 and 1.3 for the details.

Conventionally, solutions of one-component self-focusing nonlinear Schrodinger equations may blow up at
finite time (cf. [17]). Such a blow-up behavior may result in wave collapse and optical turbulence (cf. [4],
[5] and [15]). Due to the positive sign of p;’s, the system (1.1) is of two-component self-focusing nonlinear
Schrodinger equations having an increasing tendency for the solution to be trapped in regions of highest intensity.
Consequently, it is natural to believe that the system (1.1) may have blow-up solutions which may produce wave
collapse and optical turbulence. Here we prove simultaneous blow-up on two components of the system (1.1) by
studying the associated self-similar solutions. These self-similar solutions have multi-bumps forming abundant
geometric patterns which cannot be found in one-component nonlinear Schrédinger equations. Therefore the
wave collapse of the system (1.1) is more complex than that of one-component self-focusing nonlinear Schréodinger
equations. This may provide the first step to investigate optical turbulence in two-component system of nonlinear
Schrédinger equations.

Now we state a theorem which may support the simultaneous blow-up behavior as follows:

Theorem 1.1. Let 8 > —\/uius if n =3 ,and B is arbitrary if n = 2. Assume the initial condition (®g, 1)) €
HY(R"; C) satisfying / |z|?(|®0|* + [1b0|?) dz < oo and one of the conditions as follows :
Rn

(Z) H(q)ova) < 07

(ZL) H((I)(),Q/}()) = O,and /Rn Z.’ﬂj[(l@o . 8x_7. (I)O) + (Z’L/Jo . 8x71)[)0)]df£ < 0,

St

() H(@o.60) > Oand | 3 a,[(000-01,80)+ (0000, oo <~ A0 00)( | o100l +]uu)d)
n i=1 R

where H is the Hamiltonian of (1.1) defined by

A@.w) = [ (V0P + VePyr = [ (ulol + palol)da

(1.4)
2112
— dz .
ﬁ/}Rn | D] dx

Besides, the dot ”-” denotes complex inner product defined by (a -b) = %(db +ab) € R for a,b € C,where a is
the complex conjugate of a. Then there exists a time t, < co such that

}ITItH [V r2(rn) = Pﬁn V[ L2 @®ny = 00. (1.5)
Furthermore, either %iTrtr*1||<I>HLoc(Rn) = 00 or }iTrtr*1||¢HLoo(Rn) = oo, provided ||®o| r2mny and |[tbo|L2@n) are

strictly positive.

Here we have assumed that neither ® nor 1) may blow up earlier than the other. From Theorem 1.1, the system
(1.1) may have a solution (®,%)) such that both ||V®||;2gn) and ||[V4)||12(rn) blow up at the same time but we
don’t know whether [|®|| o (gny and [|1)|| oo (gn) blow up simultaneously.

To get synchronous blow-up for both || ®|| . (rry and [|1)[| ;e n), we study self-similar solutions of the system
(1.1) in the critical case n = 2. We may generalize the idea of Rozanova (cf. [16]) to the system (1.1) by setting

Oz, 1) = Ar(w, 1) 10 e, t) = Ag(x,t) 920 (1.6)

where

and



Here u and v are real-valued functions, A;’s are positive constants, £ = (1, -+ ,§,) € R™ is defined by

t
& =uxexp (—/ a(7’)d7‘) , = (x1,-,x,) ER", (1.9)
0
and a(-) is defined by an ordinary differential equation given by
d(t)+d*t)=0, Vt>0, (1.10)

with initial data
a(0) =ap <0. (1.11)

By (1.6)-(1.10), we may transform the system (1.1) into

— 3 2: i n
{ Au—Mu+ mu? + fuv® =0 in R”, (1.12)

AV — Xov + p1ov® + Bulv =0  in R,

n
where A is the Laplacian corresponding to &-coordinates denoted as A = Z 8?3_. Moreover, (1.10) and (1.11)
j=1

imply
ao

t) =
alt aot +1
Hence by (1.6), (1.7) and (1.13), we obtain a simultaneous blow-up solution with the blow-up time ¢, = —1/ao.
The configuration of such a solution is governed by the system (1.12) which is equivalent to the system (1.3).

To solve the system (1.3) and (1.12), we study the following problem:

——00 as tlt.=-1/ag. (1.13)

Au— Mu+ pud + puwv? =0  in R?,
AV — v+ v + Bulv =0  in R, (1.14)
u,v > 0in R, u,v € HY(R"),

where A1, Ao, pi1, 2 > 0 and 8 < 0. For self-similar solutions of the system (1.1), we are particularly interested
in the case of n = 2. The energy functional of the problem (1.14) is defined by

1 A1 J%51 1 A2 M2 B
E _ =t 2, M 2 M 4, 1 2, N2 2 M2 4 P 2,2 (11
[, v] 2/ Vul+ 3 /“ 1)y Ve e L e (LD)

To find a least energy (ground state) solution of the problem (1.14), we consider the following minimization
problem:
C= inf Elu,v], (1.16)

(u,v)EN
w,v>0,uv£0

where N is the associated Nehari manifold given by

[owupn [ e [ utes [
n n n R’IL
/ |Vol? +/\2/ v = ,u2/ vt + 3 A u2v2}. (1.17)

Theorem A. There exists By € (0,\/pap2) such that for 8 < 0, the minimum C of (1.16) is not attained.
However, for 8 € (0,80), the minimum C of (1.16) is attained.

N = {(u,v) € H'(R™) x H*(R™)

In [10], we proved

A natural question is : are there another bound state solutions of the problem (1.14) for 8 < 07 In this
paper, we shall show amazing rich structures of bound state solutions for 5 < 0. Without loss of generality, we
assume that A\; # Ao. Note that when A\ = A, By € (—/l1p2,0), a radially symmetric bound state of the type
(Z;)w,\hl exists. Hereafter, w) , denotes the unique solution of

Aw —  w + pw? =0,

O =
w(0) max w(y) (1.18)
w>0, we HY(R").



It is obvious that wy ,(y) = \/gwl,l(«/)\y). Hence from now on, we may assume that

AL < Ao (1.19)
Now we state our main result as follows:

Theorem 1.2. Let the spatial dimension n = 2. Assume that there exists a positive integer k > 2 such that

VA T (1.20)

—— <sin—.

VA2 k

Then there ezists By < 0 such that for By < 8 < 0, problem (1.14) has a bound state solution (ug,vg) satisfying

(1)

vg(ye 1) = vs(y), vs(7) = vs(y),
where i = /=1, y = (y1,y2) and § = (y1, —y2)-
(2) As 3 — 0—,

{uﬁ(yez':i) =ug(y), us(y) =us(y), (1.21)

up(y) = wa, um (y) + O[T,
k—1
va(y) = D Wy (y — &)+ O(IB),
j=0
where <§g, ...,«5571> forms a regular k—polygon and

1 1

18] 2(vAgsin(x/k) — VA1)

17| ~ log (1.22)

and T is a positive number.

For any positive integer k > 2, one may find a bound state solution (ug,vg) such that vz has k bumps
forming a regular k—polygon around the single bump of ug by reducing the ratio v/A1/v/A2 and |3|. This may
provide abundant geometric patterns for multi-bumps of solitary and self-similar solutions of the system (1.1).
In particular, as k = 6, the geometric pattern of multi-bumps can be sketched below:

Remark.

(1) Theorem 1.2 can be regarded as results for "bifurcation from 8 =07. If Ay = A\g, computations show that
bifurcation point for B may be a finite number.

(2) More complicated patterns, such as concentric polygons, honeycombs, etc can also be constructed by similar
arquments with specific symmetry properties.

Now we may use Theorem 1.2 to observe simultaneous blow-up solutions of the system (1.1). As the

t

spatial dimension n = 2, we may set acjﬁ(t) = 5]@ exp (/ a(T) dT) , for 5 =0,1,--- ,k — 1, where ff’s are
0

obtained in Theorem 1.2 and a(-) is defined in (1.13). Then by (1.6)-(1.9), we have [|9)||poc mn) ~ |w(z§3(t),t)| =

v(ff)/(aot +1) — oo and [|®| o gn) ~ [®(0,1)] = u(0)/(apt +1) — o0 as t T t. = —1/ag. This may provide

simultaneous blow-up solutions of the system (1.1). Here we have used the fact from Theorem 1.2 that u(0)

and v({f )’s are strictly positive numbers, provided 8 < 0 and |3| is small enough.
Theorem 1.2 can also be extended to n = 3. When n = 3, the geometric patterns are very important. We
only consider two geometric structures: cube and tetrahedra



Theorem 1.3. Let n =3, and
for the cube,
for the tetrehedra.

i

Then for # < 0 and |5] small, problem (1.14) has a solution (ug,vg) such that

S

ug & Wiy, (y) + O(18]7),
k

v R > Wiy (Y — &)+ O(BI7), (1.23)
j=1

where <§17 e §k> forms regular cube or tetrahedra.

Remark. It is natural to believe that solutions with multi-bumps forming geometric patterns like octahedron,
dodecahedron, and icosahedron (i.e. the other three regular polyhedra) can also be constructed by similar methods.

The rest of this paper is organized as follows: In Section 2, we provide the proof of Theorem 1.1. Theorem 1.2
is proved in Sections 3-5, and Theorem 1.3 is proved in Section 6.

Acknowledgements: The research of the first author is partially supported by a research Grant (No. NSC 94-
2115-M-002-019) from NSC of Taiwan. The research of the second author is partially supported by an Earmarked
Grant from RGC of HK.

2 Proof of Theorem 1.1

Here we may generalize ideas for single scalar nonlinear Schrédinger equations (cf. [17]) to the system (1.1).
To prove Theorem 1.1, we need the following lemma:

Lemma 2.1. Let V() = [,

z2(|®? + [1]?)dx, Yt > 0, where(®,4) is the regular solution of (1.1). Then

vt > 0,
d? n
VO =8 +890-5) [ (@PIRdr—2n=2) [ (ulol + pluid (2.1)
where H is the Hamiltonian of (1.1) defined by (1.4).
Proof. By direct calculation and (1.1),it is easy to check that
d n
Ay = —4/ S 5[0 0, ®) + (i O )] (2.2)
dt En
Here we have used integration by parts. Besides,the dot ”-” denotes complex inner product defined by (a-b) =

%(db + ab) for a,b € C,where @ is the complex conjugate of a.
Moreover,by (2.2),

d
Ly = 4 /R 608 0,,®) + (- 0,,0,8)]dr
=1

[ 300, + 600, 0
" =1



Hence by (1.1), (2.3) and integration by parts,

*@V :,4/nzxj [® - 0, (AD + 11| + |y *®)] da

+4/ ij [(A® -0y, @) + 11 (D - Oy, @)|®> + B(P - Oy, @) |1)?] dw

*‘%Z”ﬂ (O - By 1) + pia (0 D )2 + B - Dy, )| dt

_4/WZ% By (A + [P0 + BI®[20)]de

- 4/ ij (A - 0,,®) + pa (D - 0, @)@ + B(® - O, @[] der

+4/ Za (2;0) - (A + 11 |2D + Bl *P)da
v f Sy (50 Buy ) + 12 Doy )P+ B - 0, IOP) d
.2

[ 30, (o) - (B0 + al bl + 8100 da
"

:8/ D75 (A2 0, @) + (P 0, @) [0 + B(@ - 0r, @) Y] d

+4n/ D (AP + 1y | D2 + Blop|>®)dx

R’!L

48 [ 30 (40 00,0) + sl 0u W) + B - 01, )| 8P d
2

dn /]R U (A + paltp 2 + B[ ) da

ie.
Vi = s [ 3 ai{(50-0,8) % (80, )0
R

6<I> x,@)lwl Jdx
+an | @ (AD + 111 |D>® + B> P)dx

%\

+8/ ij [(AY - 3%1/) + pa(y 5177/))‘1“2

R 559
+8(t) - 0,,0)|®|?)dx

.7

i / b (DY + ol + BI®[2)dx

We may rewrite the first integral of (2.4) as

- . . - ! 4 ﬁ 2 2
s/Rn;mj(m 8Ij<I>)dx+8/an§_:lxj( Lo, 0! + L lyf0n, |2

Similarly, the third integral of (2.4) can be written as

s [ 3o udnes [ 3R, vl + GloRo, [o)ds
=1 " =1

(2.6)



Combining the second integral of (2.5) and (2.6),we obtain

/ij ("o, 1]t + uz Oy [ d:c+46/ Zx] . (10]7)¢]2)da (2.7)

Using integration by parts, (2.7) becomes
—2u1n/ |®|*dx — 2u2n/ [W[*da — 4ﬂn/ |® %] da . (2.8)
n R'ﬂr R'ﬂr

For the first integral of (2.5) and (2.6), we use integration by parts as follow:

" ;i (A® - 0y, D)dx x] 82 -0, P)d
n 1 J n 1
J= Jj=
/ Z% 205, ®) - O, D

Jj=1k=1

i.e.

/ ij A® -9, ®)dr / Z Oy, (205, ®) - O, Pl . (2.9)

j=1 7,k=1

Similarly,

/ Zx] (D) - Oy ) da / ) Z Oy (205,0) - Oy . (2.10)

J,k=1

For the second integral of right side of (2.9) and (2.10),

/ Z% (0;0,,®) - 0,, ®dz = / Z 0505, ® + 10y, 0y, @) - Oy, Bl

J,k=1 J,k=1

= / VO daz—/ Z 20y, 0, ®|2d
R "7 k=1
- / V| dx—/ Za:] 0, |V O|2da

_ (g—l)/ VO|2dz

i.e.
/ S Oy, (2,01, 0) - Oy, Dl = - 1)/ VO|2dz. (2.11)
7,k=1 "
Similarly
/ Z Doy (200, 0) - Dy tbd = (f f1)/ IVep|?da . (2.12)
n ]k) 1 R

Here we have used integration by parts.
Now we put (2.11) and (2.12) into (2.9) and (2.10). Then

[ S w00, 8= (G -1 [ [vepds, (213)

and

/anzlm b Oy p)dr = (5 1)/W V[P da (2.14)



Moreover,we may put (2.7), (2.8), (2.13) and (2.14) into (2.4) and obtain

—%V(t): (47178)/]R (|V<I>|2+|V¢\2)dx72u1n/R |®|*da

“ouam / pltdz — 46n / B2 p[2dz
Rn R™

(2.15)
+4n/ - (A + 1|2 + Bl D) de
+4nf U (AP + |y Py + B19*Y)da
R’VL
Using integration by parts,we have
4n/ O (AD + 1y | D2 + B> ®)dr = —4n/ (IVe|* — 1 |®|* — BI@*|¢|?) da . (2.16)
n Rn
and
no| - (DY pal P+ Bl de = —4n/ (IVY[Pde — poly|* — Bl@[*[y[?) da . (2.17)
Rn n
Combining (2.15)-(2.17), one may get
V() =8 [ (V0P +[VoP)do 20 [ (ulof + paluf)ds + 450 [ [oPluPds
R R R (2.18)
= =81 —80(1-3) [ |BPIPdr+20=2) [ (nl9f' + palvl)do
R’IL
where H is the Hamiltonian of (1.1) defined by
1
= [ (V0P + (VuPdo 5 [ Gulol + ualulo— 5 [ |@PloPds. (219)
Therefore by (2.18) and (2.19), we may complete the proof of Lemma 2.1. O
Now we want to prove Theorem 1.1 as follows:
Firstly, we claim that the Hamiltonian H is independent of time ¢ i.e.
H = H(®,) = H(®, o), Vt>0. (2.20)

One may multiply the equation of ® in (1.1) by 9;® and integrate the resulting equation over R", where ® is
the complex conjugate of ®. Then using integration by parts, we obtain

2/ 0, ®|?dx —/ Zé)%@am]@t(l)d;v +/ (11 |®|*® + Bl|?®)0; Pdx = 0 (2.21)
R™ ]an 1

Take complex conjugate on (2.21) and we have
d
—i/ 10, dz — / S 0,0, 0,ds +/ (1| B2 + BJ[2®)ABdx = 0 (2.22)
Rn Rn £ R"
j=1

Adding (2.21) and (2.22) together may give

d

G | aver—Ehata -5 [ wpaerds—o (223)
t R’Vl
As for (2.23), we may use the equation of ¢ in (1.1) to derive

d

G | vk = 22puitae—5 [ ootk =0 (224)

Hence by adding (2.23) and (2.24), we obtain



where H(®,1)) is defined in (1.4). This may imply (2.20).
Secondly, we use Lemma 2.1 to prove Theorem 1.1. Suppose n = 2. Then (2.1) implies

d2
ﬁV(t) <8H fort>0. (2.25)
On the other hand, if n=3, then (2.1) becomes
d2
Vi <8t — 15 [ oPuPde =2 [ el + wlof!)do. (2.26)
Rﬂ, Rﬂ,
Hence by (2.26), (2.25) still holds if n = 3 and 8 > —,/u1p2. By (2.20) and (2.25),
2
Consequently, by (2.2) and (2.27),
V(t) < 4H(®g,po)t> + V' (0)t +V(0) for t >0, (2.28)
where .
vﬂ(o>::4j/ S 5190 - O, B0) + (it - O, b0)dr (2.29)
n ]:1
and
V)= [ 1al(of + o) da. (2.30)

Under any of the hypotheses (i)—(iii) in Theorem 1.1, there exists a time to such that the right-hand side of
(2.28) vanishes,and thus also t; < tg such that

lmV(t) =0. (2.31)

tTt1

Furthermore, from the equality,

2 _ 1 ) 2
[ ikar = = [ (-aisPan

1
= [ eV, e HIRY,
n Jrn
one may get the following inequality
2 n
||f||2L2(Rn) < E”vf”LQ(]R")||xf||L2(R")a Vfe H'(R"). (2.32)
Consequently, by (2.32),
2 2
H@@aw>S;ﬂvﬂh%wﬂhﬂu%w>§EMVQMWW)‘40, (2.33)
and 5 5
90172 @ny < VPl 2@ llzdllz@ny < —IVElL2@n) VV (D), (2.34)

On the other hand,by (1.1), it is easy to check that

d =2 d, 2
£||‘I’||L2(Rn) = £||¢||L2(1Rn) =0, Vt>0.

Thus
1202 @ny = 1ol Z2nys D1 Z2@n) = I%0ll72n) - (2.35)
Hence by (2.31), (2.33), (2.34) and (2.35), there exists a time ¢, < t; such that (1.5) holds.
Finally, we want to prove either llTrtn Jgn |®[*dx = o0 or 11Trtn Jgn [¥[*dz = 0o. Suppose neither one of them

holds i.e. both 11Trtn Jgn |@]*dz < 00 and llTrtn Jgn [¥[*dz < co. Then by Holder inequality, we obtain

lim

1
1 / (1@ + oY + 3 / (B[ de
tTte |2 Jgn R

Thus by (1.4), (1.5) and (2.36), we have

< o00. (2.36)

lim H(®, ) = 0. (2.37)

However, (2.37) may contradict with (2.20) so either 11tlTrtn Jgn |®]*dz = o0 or }lTrtn Jgn [¥|*dz = co. Therefore we

may complete the proof of Theorem 1.1.
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3 Symmetry and Approximate solutions

In this section, we introduce function spaces with specific symmetry properties for the proof of Theorem 1.2.
These spaces are defined by

{X = {u€ H*(©)luly) = u(ye' ¥ );u(®) = u()}, 51)
Y = {u€ L2(C)fuly) = ulye' F); u(z) = u(y)},

where y = (y1,92) and § = (y1, —y2). In X(or Y), we use the standard H?norm (or L?-norm). Note that
equation (1.14) is invariant under the maps

(1, 0) — (u(ye)v(ye)) ,

(u,v) — (u(yl, —y2),v(y1, _y2)) )

and

where i = /~1 € C. _

Let & = (1,0), & = foeiijﬂ, j =12 ..k—1, where ¢; logﬁ <I< Cglogﬁ and ci,cy are positive
constants to be determined. To approximate the solution of (1.14) with specific symmetry properties, we may
define a vector-valued function by

WXy, (y)
) = |k (3.2)
Ul Z WA,z (y - 5]) ’
§=0
called the approximate solution of (1.14). Note that w; € X,v € X. For notation convenience, we set
wj(y) = wx, u,; (y) and wa e, (y) = wr, 4, (y — &) for j =0,1,...,k — 1. Let

of v Au— Mu+ ,ulul3 + fuv?
v )T\ Av— v+ v+ Bude )

We first state the following lemma on the properties of w;(y):
Lemma 3.1. (1) As |y| — 400, we have

w;(lyl) = A (1+0(*|))|y| eVl gy (Iyl):*Aj(1+0(ﬁ))lyl’%e_ﬁ‘y', (3:3)

where A; > 0 is a positive generic constant, j=1,2.
(2) w; is nondegenerate, i.e.

0 ow;
Kernel(A — X\; + 3p;w?) N H*(R™) = span w] . it (3.4)
8 1 ayn
(3) If 0 < VA 11 < VAeaw, then we have for |x; — xzo| >> 1,
/R Wiy W — z)wss L (y — 22) & wi (Jon — 22)) /R ws? (y)e Vv dy, (3.5)
wit (Y= 2)ws? (g — @) S wi (o — wof eV VRe2)ly el (3.6)

Proof. (1) is well-known. (2) follows from the uniqueness of w; (cf.[14]).
By (3.3), we have for |z; — a2 >> 1,2 =y — 29,

O41

«@ 1 _n-1 _ 1 P —z
wy) (Y —x) =w, (2 re —21) = (A1 +o(1) |z 22 —aa|)” 7 e Vialetas—s

1 —za]

—VXia1<z, =22 >4
= wf!,, (j — @)™V S =l

Using (3.3) and Lebesgue’s Dominated Convergence Theorem, we obtain

/Rwi“f,myfxl)wij,uy—xz)w;“(mfoD / wg? (y)e VIO I TA=AT> gy
n n

~wit (Jag — x2|)/ wy? (y)e“m‘“yldy.

The proof of (3.6) is similar.
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Now we may apply Lemma 3.1 to prove

ls(¥)

Lemma 3.2.

. < c<|ﬁ|w)\hm(l) + wy <2lsin Z)) (3.7)

Proof.
k—1 2
Dy = Ay + praf + Buge? = By ( > w%)
=0

(Zw2§ + nggj’wggm).

jFm

By Lemma 3.1, and the fact that /A1 < +/Aa, |a| + [b] > |a £ b|, we have

lewg,fj ||L2(]R) S cwi (l)

Loo(R) < ce WV | o=(ly=&l+Hly—Em) VA2

< e~ WIVAT . o= (=& 1+ ly—EmDVAT | (VA —V32) €5 —Em
S ce_\/x(‘l|+‘y_£7nl) . e(\/x_\/z)lgj_fml .

2 2
Hw1w27£]‘ w275m

Hence

||Aul — )\1ul + Mlu? + ﬂulvlz||L2(Rn) S C|,6|w1(l) —+ Cwl(‘”) . 672(\/E7\/H)|”‘Sin7\'/k‘
< e(|B] + e~ (D), (3.8)

for 0 < o < 2(v/A2 — V/A1)|sin 7|. Similarly,

k—1 3
Avr = Agv + pivf + Bujvr = pio [(Zw%‘) sz & | + Pt (sz 5:)
7=0 3=0
= O( Z w;gjwzgm) + O(\m sz,fj%)-
J

JjFEm
So
|80 = Agor + 20} + Buivn o gy S ¢ D w2(l&G = Eml) + €l Blwr (D)
j#m
< CZw2(2l|sin%|)+c|ﬁ|w1(l), (3.9)
i#m
since |§; — & | = 2|sin = ”2 D] > 2lsin = o8
Therefore by (3.8) and (3.9), we obtain (3.7) and complete the proof of Lemma 3.2. O

Now we want to estimate E[u;,v;] as follows:

Lemma 3.3. Forl>>1,

4-—n
Elup, o)) =A% py T [w ]+k>\ e Z/ whe o,
J#m
ﬂ — sin 7 — —c
_52 wfw%)gj—i—O(e 2v/Xzlsin § + |Ble 2@1).6 L (3.10)
J

for some o > 0.



12

Proof. We may use Lemma 3.1 to compute the energy E[u;,v;]. By (1.15), we have

2
v Z Wirsopan&s | T / ( Z w)\zwz,&)
4
p 2
T2 ) 5 (S
Rn \ R ,

4—n

=A% py Tw] + k)‘2 o T[w]+ - Z H2 w>\2;u2,§J wAg,M,g,,L
j;ém

4
4
e [(E :w>\2’ﬂ27§j) _E :w>\27l¢2a£j:|
R» - -
J J
B
- 5 an w)\] 1 E :w)\z p2,&5 + E Wz, 2,85 WAz, p2,Em

a-n 1
Eluy,v)] =M\, py - T[w)] 7/

J#m
4—n _1 _ 3
=A% pyg Tw] + k>‘ 7 :“2 -5 Z H2 wkz,m,ﬁjwm,uz,&m
J#m
4
4 3
e [( ZwA%Hvaj) - Z Wxo 2,65 — 4 Z Wz, p2,€5 w>\27#2,5m]
R ' ‘ jAm
w3 5 3.11
Z wz\lalh Ao, 2,85 /\1,/t1 Z Whg, 2,85 WAz, piz,Em - ( . )
J#m

By Lemma 3.1,

/R wa g ws ¢~ ws([€ — &),
4
4
(Zw2,5j) - Zw2,§j —4 Z w2,ng,m
; ; j#m

<CZ/ w] ¢, w

Jj#Fm

J.

3/2
<Y (wall — &ml)”
j#m
< Ce-3VRalsinF| (3.12)

/wfwgéngémg/ wfe*\/Tz(ly*EjIHy*Eml)

g/ w2e=VMUI=& Hly=6nD) | ((VAT—VADIE ~6n

< e VAL AVR—VA2)sin F (3.13)

where C'is a universal positive constant. Consequently, (3.10) follows from (3.11), (3.12) and (3.13). Therefore
we may complete the proof of Lemma 3.3. O

4 Localized Energy Method

In this section, we use the so-called “Localized Energy Method” to reduce the problem to a finite-dimensional
one. Similar method has been used in the proof of Theorem 4 of [11]. For background and references on this
method, we refer to [3], [9], [11] and [13].

In this reduction process, the symmetry assumption plays an important role so we focus on two spatial
dimension case i.e. n = 2. Let

(b o (% ¢
(3)==(n) (%)
_ ( DG — X ¢+ 3puid + Buid + 20uop >
Dp = Aot + By + Bufyy + 2Bwud
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Klspan{< %il >} (4.1)
k—1

Recall that v; = > ws (y - lei%%) and ¢ = v/—1. Now we consider the following linear problem:
i=0
Given f,g €Y, find ¢,9 € X and ¢ € R such that

f(2)-(0) ()

for (i)e X x X. Let

(4.2)
Oy
R2 8[
For the problem (4.2), we have the following crucial a-priori estimates
Lemma 4.1. There exist By > 0 such that for |5 < Bo, if (fz) satisfies (4.2), then
1812 + [[¥ll g2 < CUfllz + llgllz2) - (4.3)

Proof. We prove this by contradiction. Suppose there exist |8,| — 0, fn, gn, ¢n and ¢, satisfying (4.2), such
that

[fullz + lgnllLe — 0 as n— oo, and  ||én|lmz + [¢n]a2 = 1forn € N. (4.4)
To avoid clumsy notation, we omit the index n. Firstly, we derive the estimate for ¢. Multiplying the equation

of ¥ by %‘7 we obtain

ov; ov; Ovp\ 2
AV 3uavy} P +2 — = / — / - . 4.5
[, (@0 = v+ 3+ oo+ 200m0) G = [ oGtee [ (G (1.5)
Since A(%) — )\2% + 3ugv? - % =o(1) in L?, it is easy to check that
¢=O0(llgllzz) + Ol 2 + [[¥]lg2)[8] = o(1). (4.6)
Now we claim that the operator
Lorp = DN — M\ + 3pqui e (4.7)
[ . . 2 8’LUA1 1 . _
is invertible from X to Y. In fact, if Lpy¢ = 0 and ¢ € NX, then ¢ = ch = Since ¢(y) = ¢(y), we

Jj=1
Owxy g _ Y1

obtain that ¢ = 0 and ¢ = ¢;—-#= = clwi\hm(|y|)7|. On the other hand, since ¢(ye’?™*) = ¢(y), we also
obtain ¢; = 0. Hence ¢ = 0. Thus Lg; is invertible. Moreover, since § — 0, the operator

Lii¢p = D¢ — Mg+ 3piuid + Buj¢

can be regarded as a small perturbation of Lg; so the operator L; is also invertible. Hence, we may write

¢ =Ly (—2Bwu + f),

and obtain
¢l m2(re) < cll = 2Bwviy + fllr2re) — 0. (4.8)
As for the operator Lg; on ¢, we may define another operator on v by
Lot = A — Aot + i) .
Then we have

ou _

Log = —Bujth — Bujvi + g + ¢ 5 =9

Hence [|ga||z2(r2) = o(1). By (4.8),

1
6l m2 ey = 1= llacuey = 5 - (4.9)



14

Now we set _
Po(y) = (o +y) — tho(y) in Cl,.(R*)  as | — +oo.

Then as [ — +o0, 1) satisfies

Dby — Motpo + Bpaws, |, ¢ (S0 +y)to
+3p2 Z (w/\27ﬂ27€j w>\27M2,€m) (S0 +y)bo + 3p2 Zw?\g,m,gj (€0 +y)vo
j#Em 5#0

=926 +y),

ie. _ _ N
Ay — Aatho + Bpow3, ,,,1ho = 0. (4.10)

Here we have used the fact that [|ga|[z2me) = 0(1), Wi, u.60(€0 +¥) = Wi, 0, (y) and w§27u27£j &ty =
wfmm(go —& +y) — 0asl— +oo for j # 0. Hence

s 8’[1})\2 H2 aw}\‘z 2
= : 22 4.11
Yo =c1 oy +c2 Dy ( )
Moreover,
a’Ul Owy
0_/ ¢y+€0) y+£0 / Yoy (y+€0)—>k wo( )ﬁ(y)-
Here we have used the k-symmetry property of 1;0. Thus it is obvious that ¢; = 0 and
~ 811))\ o
Yo = 027(9;2 2 = cow),, M2(|y|) R (4.12)

Notice that ¥ (7) = ¥ (y) i.e. m () = Jo(y) so we obtain ¢y = 0. Hence o = 0 and we have

/ vf(y)wQ(y)Z/ v?(y+£o)w2(y+£o)=/ vl (y + &o)vp(y) — 0.
R2 R2 R2

Thus by the equation of 1, we obtain ||¢||g2 < || A — A2tp||2 — 0 which may contradict with (4.9). Therefore
we may complete the proof of Lemma 4.1. O

Remark. The proof of Lemma 4.1 also explains how we use specific symmetry properties to show the kernel of
L is one dimensional, and hence the problem becomes one dimensional, too.

Once Lemma 4.1 is proved, we have the following lemmas. We refer to Lemma 8, Proposition 1 and Lemma
10 of [11] for similar proofs.

Lemma 4.2. Given (;)G Y XY, there exists unique (i)e X x X and c satisfying (4.2).

Lemma 4.3. The following nonlinear problem has a unique solution:

S u + ¢ . 0
v+ &)’

(4.13)
@3” —o, ( o ) € (H2(R?) N X)2.
U
Moreover, we have
o e =l ()
<c||S (4.14)
H( Y H2(R?) v L2(R2)

and the map | — ¢y is CL.

Finally, we define M(l) =: Elu; + ¢1,v; + ¢y]. Then we have

Lemma 4.4. If M(l) has a critical point | = ly, then (uy, + ¢1,, 01, + W1,) satisfies (1.14) and the properties
listed win Theorem 1.2.
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5 Reduced problem
We first compute M (1):

Lemma 5.1. For 0 < |f] << 1, we have

M(l) = Ao — al(l) — 27(1) +0(em2VResinml/h | gle=2V Nl =l
where

Ao = N7 )+ 0,7 Tl o) = [ wdgune . 20 =k [ utud,

Proof. 1t is easy to check that

M(l) =E[w + ¢, v + ]

=FE[u;, v] + / (A — Mg + pa g + Bugv}) gy
R2

+/ (Avp — Aovy 4 pigvd + Budvy)iy +/ (| + |9u]?)
R?2 R2
=Flu;,v] + 0(672\52 sin 5 + |ﬂ|672ﬁll)efal .

Then by Lemma 3.3, we may complete the proof of Lemma 5.1. O
1
2(vV/\g sin = VA1)

Lemma 5.2. The following problem

Let ¢1 < < ¢3. Then we have

max {M(l) 1 log

1 <l <exlog —: }
6/ — 18|
has a critical point lg, i.e. M'(lg) =0.
Proof. By lemma 3.1 and (3.3), it is not difficult to see that
a(l) ~ [71/2¢=2VAslsin o/ (1) = =2V Aga(l) sin %,

v(1) =~ l_1/26_2ﬁ1l, 7 (1) =~ —Q\F)\l'y(l).

Now we let I3 be such that o/(Ig) + gv’(lg) = 0. Then we have
lg ! log — L
2(VAasin T — V) 18
and
M(is) =Ao — alls) ~ 5()
=Ap — a(lg) + 3,((1;;)) o (lg)
~ Ay — allp) + ﬁf“ a(ls)
~Agp + Viasin§ — VA V2 -2Vl g sin |
fl g
Ayt \fzsm \f1( 1)1/2-ﬁ|ﬁfﬁ'?g\@_
\/Xl |ﬂ|
Hence

/
max M(1) > M(l) > Ao -l—co(log Iﬁl) 8 (5.1)
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Vg sin z

where 7 = .
! \f/\z sin% — \/Xl
Now that
1 —1/2
1\ -1/2
NAO o (|5|201\/X2 sin & ‘5|1+201\/X1) (Cl log ﬁ|>
_ —1/2 -
<Ay — |ﬁ\201ﬁ2s‘“% (Cl log /8|) if 21V Ao sinE <1+ 2c;V\.
‘ 1\ "1/2
M (eatos ) o = (Joes e — g/ (o

1 —1/2
<A + |ﬂ|1+262\/T <02 log ﬁ|> if 262\/X2 sin% >1 +262\/X1.

In any case, we have

-1/2
)} < Ao + || eV <c2 log |ﬁ|> if 205V Xs sin% > 1+ 2eV 1.
(5.2)

max {(M<01 log |5\> (62 log — 7

Suppose M (Ig) < max {(M(cl log ﬁ) , M<02 log ﬁ) } Then comparing (5.1) and (5.2), we obtain

COWW S 651/2|ﬁ‘1+202ﬁ1 .

Vg sin T

. . _ k . 1 : .

As long as we choose 1+ 209V N\ > 11 = T - T i.e. cg > A Vrasin E—V) we obtain a contradiction

right away. Therefore we may complete the proof of Lemma 5.2. O
1

Remark. We have showed that the critical point lg satisfying lg ~ log —

2(VAasin T — V) 181

6 Proof of Theorem 1.3

The proof of Theorem 1.3 depends on the choice of symmetry class. We first consider the cubic case

Assume the cube has a center at (0,0,0) and eight vertices at (a, b, ¢)’s for a,b,c € {£1}. Let L; be the plane
y—2z =0, L be the plane v — z = 0, and L3 be the plane x —y = 0. Let T} be the transformation of reflection
through the plane L;, i.e. T;(x,y, z) = reflection of (x,y, z) to the plane L.

Now we set

X={ue HQ(R3)|u(x,y7z) =u(—z,y,2) =u(z,—y,2) = u(z,y, —2) = u(Tj(x,y,z)) , 7 =1,2,3},

and

Y={ue LQ(R3)|U($7y7z) =u(—z,y,2) =u(z,—y,2) = u(z,y, —2) = u(Tj(x,y,z)) , 7 =1,2,3}.
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We wish to put one spike at the center for u and eight spikes at the vertices of a cube for v. We need to
determine the locations of eight spikes. Due to specific symmetry properties v(z,y,2) = v(+z, ty, +2), the
problem of determining eight spikes can be reduced first to determine one spike in the quadrant {x > 0,y >
0,z > 0}. One may regard the problem as a three dimensional problem. Then we use the reflection symmetry
v(z,y,z) =v(Tj(x,y,2)),j = 1,2,3 to further reduce the problem to an one dimensional problem. Thus, as for
the proof of Theorem 1.2, we may set { = (l,1,1) as one vertex of the cube and &;,j = 1,---,7 as the other
seven vertices of the cube, where [ > 0 is an one-dimensional parameter. Then the problem can be reduced
to an one dimensional problem like the critical point problem of Lemma 4.4 and 5.2. Therefore we may apply
similar arguments to complete the proof of Theorem 1.3 for this case.

In the tetrahedra case, we may assume that the four vertices are P, = (0,0,1), P, = (1,0,0), P3 =

(—1/2,4/3/2,0) and Py = (—1/2,—/3/2,0).

1

Pl

Let Q1 be the center of the triangle P, P3P;. We set [; as the axis joining P; and Q1. Let T be the rotation
around [y by angle 27” Similarly, we can define l;, T}, j = 2,3,4. Let L; be the plane containing P;, P» and
(0,0,0), Ly be the plane containing Py, P; and (0,0,0) and L3 be the plane containing Py, P, and (0,0,0).
Let Ty ; be the reflection through L; for j = 1,2,3. Then it is easy to see that the tetrahedra is invariant to
T};’s. Moreover, the Laplace operator is also invariant under 7}’s. Now we set

X={ue H2(R3)\u(Tj(x,y,z)) =u(z,y,2),j=1,---,7},

and
Y={ue L2(R3)|u(Tj(x,y7z)) =u(z,y,2),j=1,---,7}H

Then similar as before, the problem can be reduced to an one-dimensional problem. Therefore we may apply
similar arguments to complete the proof of Theorem 1.3 for this case.
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