STABILITY OF SPIKES IN THE SHADOW GIERER-MEINHARDT SYSTEM
WITH ROBIN BOUNDARY CONDITIONS
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ABSTRACT. We consider the shadow system of the Gierer-Meinhardt system in a smooth bounded domain

Q C RN: )
At:eQAA—A—i—Z‘—q, reQ, t>0,
IO = —1QIE + & [ Adz, t>0

with Robin boundary condition

6%4-&,414:0, x € 01,

v
where a4 > 0, the positive reaction rates (p,q,r,s) satisfy
qr N +2
< < 400, 1<p<() ,
GrOp-1) N-2),

the diffusion constant is chosen such that € << 1 and the time relaxation constant such that 7 > 0.

We rigorously prove results on the stability of spiky solutions.

These results are as follows: (i) f r=2and 1<p<1+4/Norifr=p+1and 1 < p < oo then for
a4 > 1 and 7 sufficiently small the interior spike is stable. (ii) For N =1ifr =2 and 1 < p < 3 or if
r=p+1and 1 < p < oo then for 0 < ay < 1 the near-boundary spike, for which existence was obtained
in [1], is stable. (iii) For N =1if 3 < p < 5 and r = 2 then there exist ag € (0,1) and po > 1 such that for
a € (ag,1) and p = % € (1, o) the near-boundary spike solution is unstable. This instability is
not present for the Neumann boundary condition but only arises for Robin boundary condition. Further
we show that the corresponding eigenvalue is of order O(1) as € — 0.

1. INTRODUCTION

Since the work of Turing [25] in 1952, a lot of models have been established and investigated to
explore instability of homogeneous steady states, which is now called Turing instability. One of the
most famous models in biological pattern formation is the Gierer-Meinhardt system [9], [14], [15]. It
can be stated as follows:

A=ENA-A+ 4 2€Qt>0,

TH,= DAH —H+ 4 2€Q,t>0,

where Q C R" is a bounded, smooth domain. Further, we assume that the reaction rates (p, ¢, r, s) are

positive and satisfy

1< ar <+ 1< <(N+2)
AN/ 1N OO? AT A Y
(s+1(p—1) P=\N—2
where
N +2 +oo for N=1,2
(N—2>+_ Ni2 - for N =3,4,...
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We assume that the first diffusion constant satisfies € << 1 and we will consider the case of D = o0,
the so-called shadow system of the Gierer-Meinhardt system. The time relaxation constant is chosen
such that 7 > 0 independent of e.

This is a typical activator-inhibitor system, where A is called activator and H is called inhibitor.
This model has been extensively studied in recent years, usually with Neumann boundary conditions
[12], [26], [27], [28], [37], [38], [39].

In this work we consider Robin boundary conditions (also called mixed boundary conditions), which

can be stated as follows:

6%4-@,414:0, \/EaiH—l—&H =0, =z €0, (1.2)
ov Ov

where ay > 0, ayg > 0.

From a biological viewpoint, such boundary conditions correspond to an impermeable membrane/barrier.
While in many cases this is a realistic assumption, there are several cases, for example, in skeletal limb
development, where the boundary is a source of some chemical morphogens and a sink for others. It
is therefore essential that the study of these model equations is extended to incorporate more general
types of boundary conditions. For example, in [3], a comparative numerical study of a reaction-diffusion
system with a range of different boundary conditions revealed that certain types of boundary conditions
selected particular patterning modes at the expense of others. It was also shown that the robustness
of certain patterns could be greatly enhanced and the authors showed a possible application to skeletal
patterns in the limb. This study answered the standard criticism of Turing patterns being too sensitive
to fluctuations for the model to be viable for robust embryological patterning.

In this paper, we initiate a rigorous study of stationary spikes in (1.1), (1.2) in the shadow system
case.

We now (formally) derive the shadow system. To this end, we let D — oo and suppose that A and
H remain bounded. Then

AH —0 in Q

and

a—H — 0 on 0f).
ov

This implies that H(z) — &, a constant in 2. To derive the equation for £, we integrate both sides of

the second equation in (1.1) over ). For the Lh.s we obtain

7| Hi(x)de =71 H(z)dz) — 7|Q&.
Q Q t

To compute the r.h.s., we begin with

OH
D/QAH(x) dr =D | Zo(x)dS =

. \/E/BQ(_QH)H@) dS — —V/Day|09¢,

where we have used (1.2). Further, we get

| H)de — |0l
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and
[ Izji((i)) dr [ A;(Sx) dp — Jo A;(Sx) dx.
From these computations, we finally get the following so-called shadow system of (1.1):
At:e2AA—A+%, x €N t>0,
71016 = —(1Q| + VDau|0Q))E + & fo A"dz, t>0, (1.3)
€% +ayA=0, o0, t > 0.

Remarks. 1. Note that since D — oo, for the shadow system (1.3) to make sense, we need to assume
that limp_ . vV Day exists, i.e. we assume that, as D — oo either (i) ag ~ % or (ii) ay << \%D. We
still denote this limit by “v/Dag”. In Case (ii) the term “v/Dag” is omitted in the shadow system.

2. We further discuss Case (ii) in the previous remark, i.e. ag << %. If the term v/Day in (1.3)
vanishes, this merely changes one constant factor in the shadow system. The qualitative behavior of
solutions is not altered by this as one can compensate by a simple re-scaling of the amplitudes of both
functions A(x,t) and £(x,t) by a constant factor. Thus from now on we assume that ay = 0, i.e. the
inhibitor of the Gierer-Meinhardt system (1.1) satisfies the Neumann boundary condition.

Let us now consider stationary solutions to the shadow system (1.3). Set A(z) = £¥/®~Yy(z), as = a.
Then wu satisfies

EAu—u+uP =0 forx e,
u>0 for x € Q, (1.4)
€2t +qu =0 for z € 0N.

For £ we have

ar/(-1)
0= (|9 + VDan|0Q)é + & = /Qu dz

which gives

glts—ar/(p=1) —

1
rd
Q| + VDay |09 /Q“ !

and so

1 —(p—1)/(gr—(p—1)(s+1))
§= ( / u” da:)
Q| + v/ Dag |09 Jo
Problem (1.4) has been studied by Berestycki and Wei in [1] and the following result has been proved:
Theorem A. Let 1 < p < (%)Jr Then there exists a number a(N,p), where a(1,p) = 1 and
a(N,p) > 1 for N > 2, such that problem (1.4) has a solution u., satisfying

(1) ucq has the least energy among all solutions to (1.4), i.e.
Efueq] < Efu] (1.5)

for all solutions u to (1.4), where E. is the enerqy functional defined by

Bl =S [ [VuPde+t [ wdr—— [P dr+ D[ w2 1.6
6[u]-z Q| ul T+ i dx P U .r—|—2 S (1.6)
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(2) If 0 < a < a(N,p), then u, has a local mazimum point x. € Q@ with
d(z., 00
7<x ) — dg > 0. (1'7)

€

(3) If a > a(N,p), then uc, has a unique local maximum point x. € Q with

d(x.,00) — max d(x,00). (1.8)

Remarks. 1. The solution in part (2) of Theorem A is called a near-boundary spike (see Figure
1 in Section 4).

2. The solution in part (3) of Theorem A is called an interior spike (see Figure 2 in Section 4).

Now we consider the stability of the steady state (Ac,, &) to the shadow system (1.3), where

Acu = €810,
) A\ D) (s41) (1.9)
§ea = (WDQH(?Q Jo Uga dl’) .

and u., is the minimal energy solution of (1.4) given in Theorem A.

In analogy to Theorem A we also call (Acq,&.) @ near-boundary spike if 0 < a < a(N,p) and an
interior spike if a > a(N, p).

For the Neumann boundary condition a stability result has been be obtained in [34] for

2 d 1< <1+i1
r= an
p N

or
N +2
= 1 d 1<p< <) . 1.10
r=p+1 an P<\y—3 (1.10)
In this paper, for Robin boundary conditions, we can give an answer under similar but slightly more
restricted conditions.

Our first result implies that if @ > a(N, p), then the interior spike is stable.

Theorem 1.1. (Stability of the interior spike.) Suppose that a > a(N,p). Assume that either

4
=2 d l1<p<l+—
T an P +N

or

N +2
r=p+1 and 1<p<< +>.
+

N —2
Then there exists 1o > 0 such that if 0 < e << 1 and 0 < 7 < 7 the interior spike (Aca,&ca) 15 a
(linearly) stable steady state to the shadow system (1.3).

Our second theorem shows that if N =1, i.e. if ) is an interval, then in particular for all 1 <p < 3

and 0 < a < 1 the near-boundary is stable.

Theorem 1.2. (Stability of the near-boundary spike.) Suppose that
N=1 and 0O<a<l. (1.11)
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Assume that either

r=2 and 1<p<3

or

r=p+1 and 1<p<oo.

Then there exists a 7o > 0 such that if 0 < e << 1 and 0 < 7 < 79 the boundary spike (Aca,&ca) 1S a
(linearly) stable steady state to the shadow system (1.3).

Our third and last theorem shows that the near-boundary spike may become unstable if the exponent

p is increased beyond 3.

Theorem 1.3. (Instability of the near-boundary spike.) Suppose that (1.11) holds. Assume that r = 2
and p > 3. Then there exist ag > 0 and pg > 0 such that if

2
ag<a<l and 1<p:= q ><u0 (1.12)

(p—1(s+1
then for 0 < e << 1 and all 7 > 0 the near-boundary spike (Aca,ca) is an unstable steady state to the
shadow system (1.3).

Remarks.
1. The phenomenon described in Theorem 1.3 is new and unexpected. It is important to note that
for N = 1 and the Neumann boundary condition the minimal energy solution analogous to Theorem

A, which is a boundary spike, is stable for all p, g, s such that

see [33]. This means that the instability given in Theorem 1.3 only arises for the Robin boundary
condition and not for the Neumann boundary condition.

In some sense, for the Robin boundary condition the instability which for Neumann boundary con-
ditions occurs only for p > 5 is shifted to the range 3 < p < 5.

2. Note that we assume that both the constants a < 1 and p := m > 1 are each sufficiently
close to 1.

3. Note that under the conditions (1.12) a proof similar the one for Theorem 1.1 shows that the interior
spike is unstable (this proof is omitted). On the other hand, by Theorem 1.3, the near-boundary spike
is unstable as well. Thus we do know about any stable spiky steady state and we conjecture that

there are none. This behavior is similar to the supercritical case p := ( < 1 for the Neumann

qr
—1)(s+1
boundary condition, see [28]. In all of these situations, due to the non—eiist)e(rjce) of stable steady states
blow-up frequently occurs for the dynamical system. This effect will be shown in the simulations of the
dynamical system in the final section of this paper (see Figures 3 and 4.)
Let us now outline the proof of Theorems 1.1 — 1.3 by highlighting the strategy and explaining the

main difficulties.
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To study the stability of the steady state, we have to linearise (1.3) at (1.9). This results in the

following eigenvalue problem:

p—1 P
62A¢e - ¢6 +PA§T¢6 - qE?ﬁn = Of€¢5,

ﬁ fQ Az;g = dr — %TI = Q.T], (113)
e%qLagb:Oon 09,
where (¢, 1) in H2,(Q)) x R and

2
Hrob

Q) ={pc H*Q) : ap +¢=0 on IN}.

Using (1.9), it is easy to see that for ay = 0 the eigenvalues of problem (1.13) in H2,(2) x R are the

rob
same as the eigenvalues of the eigenvalue problem

2Ae_ € p-1 e = k¢ H2 Q ].].4
EAge = et pul oo~ T = a9 € HE(0) (1.14)

in Hgob(Q)'
When N =1 and 0 < a < 1, we have u.q(x) ~ w (u) =w (g — “”—) =! Wy, /e (f), where w is the

€ € €

unique homoclinic solution of the second-order ODE
w —w4uw’ =0, w>0, w=uwy|), wly) —0as|y — oco. (1.15)

Further, by the Robin boundary condition, £« — yo, where yo > 0 is determined by

/

w (—yo) = aw(—yo)- (1.16)

By (1.9) the steady state of the shadow system (1.3) is given.

Let a be an eigenvalue of (1.14). Then the following Lemma holds.
Lemma A.

(1) For a > a(N,p) we have e = o(1) as € — 0 if and only if ac = (14 0(1))75 for some j =1,..., N,
where 75 is gwen in Theorem 3.4 below (interior spike case).

For N =1 and a > a(N,p) there are no eigenvalues a. = o(1) (near boundary spike case).

(2) If e — ag # 0, then all possible ag are given by the eigenvalues of the following eigenvalue

problem

oo r—1
= apd, 1.17
s+1l+7og [f5owr Wy = Q09 (1.17)

where (i) for a > a(N,P) we have wy,, = w, ¢ € H'(R) (interior spike case) (i) for N = 1 and
a < a(l, P) =1 we have wy, = w(y—1yo), where yq is given by the unique solution of aw'(yo)+w(yo) = 0,

Ap— ¢+ pub o —

and we choose ¢ € H2,(RT) (near-boundary spike case).

Proof. When a > a(N,p) the proof of Part (1) in Lemma A for the Robin boundary condition is
similar to that in [34] for the Neumann boundary condition. In both cases, because interior spikes are
considered which have exponential decay with respect to the spatial variable, one has to expand the
solution to exponential order. There is, however, a major difference in the stability properties. Whereas

for the Neumann boundary condition interior spikes are unstable, they are stable for the Robin boundary



GIERER-MEINHARDT SYSTEM WITH ROBIN BOUNDARY CONDTIONS 7

condition. The difference comes from the fact that the expression ¢, p. (P.) which plays a major role in
the proof (see Section 3), has different signs for Neumann and Robin boundary condition, respectively.

When N = 1 and a < 1 the proof of Part (1) in Lemma A for the Robin boundary condition is similar
to that in [33] for a boundary spike with the Neumann boundary condition: In both cases there are no
small eigenvalues o, = o(1).

The proof of (2) follows by a standard limiting process coupled with an argument of Dancer [2].

O

Notice that the eigenvalue problem in Part (ii) of Lemma A (near-boundary spike case) is a half-line
nonlocal eigenvalue problem NLEP with a Robin boundary condition. This is a new type of NLEP
which to the best of our knowledge has not been studied in the literature before. We will prove results
on its spectral and stability properties in the next section.

From now on we assume that 7 = 0. By a regular perturbation argument the results also hold for

the case of 7 being sufficiently small.

2. STuDY OF THE NLEP: PROOF OF THEOREMS 1.2 AND 1.3

In this section, we study the NLEP

qr Jo wy, 'ody
w
s+1 fooowgody vo

¢ — ¢+ puwPto— =\p, ¢ € H(RY), (2.18)

where wy, (y) = w(y — yo) for some yo > 0. Let

Lop=¢ —¢+pulte, ¢eH,(RY).

We set )
Jo~ wy, "o dy ;
Lé:=Lod — ulp— 1) "Hup ¢ € HL,(RY),
0 ( ) f(] w:zo dy b( )
where
qr
p=-—-"—"->1
(s+1)(p—1)
We first prove
Lemma 2.1. Let ¢ € H},(RT) satisfy
¢ —o+pulted =0, |@llmm = 1. (2.19)
Then ¢ = 0.
Proof. Recall that the Robin boundary condition gives
(0
o= w0 (2.20)
wy, (0)
and by (1.15) w,, satisfies
" o ! 2 - 2 2 1
Wy, = Wyy — wgo’ (wy()) = Wy, — p+ 1w5: : (2'21)
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We multiply (2.19) by w;o and integrate. After integration by parts, using (2.21) and the Robin
boundary condition for ¢, we get

’ "

0 = ¢'(0)w,, (0) — $(0)wy, (0) = $(0) |aw,, (0) — wy, (0)] . (2.22)
By (2.20) and (2.21) it follows that
(1, (0))? = wy, (0w (0)  (wy, (0))% = (wy(0))? + (wy, (0))7+!

’ "

aw, (0) —w, (0) = =
w(0) =1 (0 0 (0) 3o 0)
p—1
Thus from (2.22) we have
$(0) =0 (2.24)

and finally we get ¢ (0) = 0 by the Robin boundary condition. By the uniqueness properties of ODEs,
we conclude that ¢(y) =0 on RT. The lemma is proved.

O
Lemma 2.1 implies, using the Fredholm Alternative, that the operator Ly, defined on H!,(R"), is
invertible.
Since
Lowy, = (p — 1)w50, Wy, (0) — awy,(0) =0
we have
1
-1 o
Ly (wi,) P (2.25)
Another simple calculation shows that
1 1
Ly ﬁwyo + Eywyo = Wy,, (2.26)

but note that Zﬁwyo + %yw;o does not satisfy the Robin boundary condition. Thus, since p%lwyo +

%yw;o ¢ H!,(RT), we do not have Ly'(w,,) = p%lwyo + %yw;jo. To overcome this difficulty and

determine Lg ' (w,,), we prove the following lemma.

Lemma 2.2. We have

_ 1 1 ,
Lyt (wy,) = ]flwyo + YWy + Aw,,,
where
a
A= )
(p—1(1 —a?)
Proof. We need to choose A such that

1 1 !

A}, (0) = aw,, (0)) + w3, (0) = 0.
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Using (2.23), we get
p+1 ’ _
A= —— P(0). 2.2
s (O3 (0) (227

Now we use the explicit representation of the solution to the problem (1.15) which is given by

1/(p=1)
1 —1
w(y) = (p—i— cosh™? (pz)y> .
We compute
/ —1
w (y) = — tanh (pz)yw(y)
This gives
(- —1
w(=y) _ ., @=Dy _
w(—Yyo) 2
So yo can explicitly be expressed in terms of a as
Yo = artanh a
p—1

and we get

w(yy) = <(p + 1);1 _ a2)>1/(p—1) |

Inserting this expression into (2.27), we get

p+1 (p—i-l)_l a a

2 1-a2 (p—1)(1—a?)

S 2(p—1)

which proves the lemma.
O

Remarks. 1. The extra term Aw;o in Lemma 2.2 only appears for Robin boundary conditions and
is not present for the Neumann boundary condition. As we will see, the presence of this term under
some extra conditions can lead to the destabilization of the near-boundary spike.

2. Note that A — oo asa — 1 and A — 0 as a — 0. The first limit will play a major role for the
rest of the paper. The second limit is in agreement with intuition since in the limit a — 0 the near-
boundary spike for the Robin boundary condition approaches the boundary spike for the Neumann
boundary condition, where this term does not occur.

We now compute the (sign of the) expression

o) = [ wyy L (w,,) dy
which will play the crucial in the stability analysis of the near-boundary spike.

From Lemma 2.2, we have
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_ 1 1 © a (p+1)(1 —a?) 2/(p—1)
—<p_1‘4>/0 wy°dy_2<p—1>2<1—a2>< 2 )

1 1 oo 1)2/(p=1)
=|——= w? dy — (p+1) a . (2.28)
—o 2+1)/(=1) (p — 1)2(1 — a2)P-3)/(p-1)

Let us differentiate p(yo) with respect to yo:

(o) = mw§0<0> + jp*_ll) (w2 (0)uw}, (0) + (2 = Py, (0) (w), (0))?]

- j}jj)wm + jp*_ll) [(wyo — wj Jwy,” + (2= phwy,” (w - wﬂ (0)

— (p_ 1)(3 _p) 3—p

-1 w, 7(0) (2.29)

by (2.21). We arrive at the following important proposition.

Proposition 2.3. Suppose that 1 < p < 3. Then
/ wyo Ly (wyy) dy > 0. (2.30)

Proof. For 1 < p < 3, we get from (2.28) for yo = 0 (and so also a = 0) that

p(0)=<pi1—>/ w? dy > 0.

By (2.29) we compute p'(yo) > 0 for all yy € (0, 00) and therefore p(yo) > 0 for all y, € [0, 00).
O
We now show that for p > 3, in contrast to Proposition 2.3, the integral [;* wy, Ly l(wyo) dy may be

negative.

Proposition 2.4. Suppose that p > 3. Then for

5— o0 2(p=3)/(p—1) 1)2/(p=1)
p— 1 —p%lartanh a (p — 1)2(1 — a2)(1’—3)/(1’—1)

(2.31)

it follows that [°w,, Ly (wy,)dy is negative. There exists some constant ag(p) < 1 such for ao(p) <
a < 1 condition (2.31) holds.

Proof. Condition (2.31) follows immediately from (2.28). The left hand side of (2.31) is positive and
remains bounded for all a € (0,1). The right hand side of (2.31) tends to 0 as a — 0" and to +o0 as
a — 17. By continuity, there exists some ag(p) € (0, 1) such that (2.31) is true for ao(p) < a < 1.

U

Next we need

Lemma 2.5. The first eigenvalue of Lo, which we call jy, is positive. The second eigenvalue of Ly is

negative.
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Proof. Let o s , ,
(g wrt dy)*! 7™

Then wy, up to a scaling factor is the unique minimizer of Q[u] in H2,,

(RT).

Similar to the proof of Theorem 2.1 of [13], we see that the second eigenvalue of Lg is non-positive,
and hence is negative since by Lemma 2.1 the kernel is trivial.
Now, to study the case r = 2, we introduce a new operator

Jo wy, 9 dy
Lig:=Li¢p—(p— 1)y Wy — (0 — D)5
fo wfm dy ¥
fo ngl dy fooo wyoq5 dyw
(Jo~ wy, dy)? "

fo de?/
Jo? w dy

+(p—1)

which is defined for all ¢ € H2,(R™).

Then we have

(2.32)

Lemma 2.6. (1) The operator Ly is self-adjoint and the kernel of Ly (denoted by X;) is given by
span {wy, }.
(2) There exists a positive constant ¢y > 0 such that
Li(9.0) = [~ [(6)2 + 6 = put 07 dy
2(p—1) [3° dy [5°wP ¢d Pl
O ()
fO wyo Yy (fo )
> codgapry (¢, X1)

for all € H},,(0,00), where dp2(0 ) denotes the distance in the L*-norm.

+

Proof. By definition (2.32), it is an elementary calculation to show that (L1¢, 1) 12(0,00) = (L1, }) 12(0,00)
for all ¢, € H'(0,00) which implies that the operator L; is self-adjoint.

Next we compute the kernel of L;. It is easy to see that w,, € kernel(L;). On the other hand, if
¢ € kernel(L, ), then

Lot = cr(@)uuyy + ea(@u, = ca(9) Lo (zjilw T Aw;0> Fed)o (pilw)
by Lemma 2.2, where
fooo Jo? wp+1 dy fooo wy0¢ dy Jo© wyo?ZS dy
=(p-1 —(p—1 =p-1)"="—
Hence
6 = e1(0) L5 () + 2(0) L5 (w],) = e2(0) Ly () + pilcm)wyo. (233

Note that by (2.33)

o™ Wi Lo (o) dy ) e dy I we Lo () dy

1(6) = ex(9) | (o~ )Pty (-]
Yo 0 Wy, dy
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Jo~ pr dy Jo~ wyoLO (wy,) dy
)
(f() yo )
This implies that ¢;(¢) = 0. By (2.33) and Lemma 2.1, this proves (1).
It remains to prove (2). Suppose (2) is not true, then by (1) there exists («, ¢) such that (i) o > 0,
(ii) ¢ L wy,, and (iii) Li1¢ = ag.
We show that this is impossible. From (ii) and (iii), we have
Jo~w wh o dy
Ly — =(p—-1
(Lo —a)p=(p )fowdy
We first claim that [ wh ¢dy # 0. In fact, if [Fwh ¢dy = 0, then o > 0 is the first (principal)

eigenvalue of Ly. By Proposition 2.5, & = p; and ¢ has constant sign. This contradicts (ii).

=a(d) [1-(p-1)

(2.34)

Therefore we must have [y wh ¢dy # 0 Hence a # 1y and Ly — « is invertible. So (2.34) implies

fooo ¢ dy
Jo~w

f; (bdy (Lo~ o)
0w 0

|k dy = ——1>]/“X<Lo-—<w>—1u@0ﬁﬂ;)dy,

|7t dy = [ (Lo = @) ) (2o — ey, + awy,) dy,

o=0p-)"xs 5

(LO — Oé)ilwyo.

Thus

/ wh pdy = (p—1) wy, )Wl dy,

0= [ (Lo —a) My, dy. (2.35)

Let hi(a) = [5°((Lo — a) " wy, )wy, dy. Then hi(0) = [3°(Ly wy,)wy, dy = po(a) > 0 by Proposition

2.3. Moreover h)(a) = [5°((Lo — o) 2wy, )wy, = [7°((Lo — @) tw,,)? dy > 0. This implies hy(a) > 0 for
all a € (0, pq). Clearly, since lim,_ 4 h1(c) = 07, we also have hy(a) < 0 for a € (pq,00).

This is a contradiction to (2.35), and completes the proof.

OJ

First we have the following theorem about (in)stability of a near-boundary spike in the case of Robin

boundary condition including the exponents r = 2, 1 < p < 3, which is similar to results for an interior

or a boundary spike in the case of Neumann boundary condition:

Theorem 2.7. Suppose 0 < a < 1. If
r=2 and 1<p<3
or if
r=p+1 and 1<p< oo,
then the following NLEP
{ & —orpupio—ntp-nhsiu 2o o e (R, (2.36)
15 stable for > 1 and unstable for p < 1.
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In contrast, for the exponents r = 2, p > 3, we have the following instability result for the near-

boundary spike in the case of Robin boundary condition:

Theorem 2.8. If
r=2 and p>3
then there exist some ag € (0,1) and po(a) > 1 such that for
ap < a<1 (2.37)
and
1< p < pola) (2.38)
the NLEP (2.36) has a positive eigenvalue.

Remark. The number aq can be chosen according to (2.31).

To show the instability part in Theorems 2.7 and 2.8, we first prove the following result.

Theorem 2.9. (1) Ifu<landr=2,1<p<3orr=p+1,1<p< oo, the NLEP (2.36) has a
positive eigenvalue.
(2) If r =2 and
| wn Lty dy <0,
then under the condition (2.38) the NLEP (2.36) has a positive eigenvalue.

Proof.
(1) Suppose p < 1. We look for a positive eigenvalue « to (2.36) which is equivalent to

Jo who dy

#(0) — ag(0) = 0.
Multiplying by wggl and integrating, we get

/0 wy, dy = p(p — 1)/O {(LO — a)’lwgo} wy—dy.

Oowrfl
{ 6= nlp — 1l 2, a)~twh, 0 <y < oo,

Using the identity
(p—1)(Lo — 04)_1w§0_1 = Wy, + a(Ly — 04)_1wy0
we get
/OOO wy dy = pu (/OOO wy, dy + 04/000 (Lo — @) My, | wiy ! dy)
which is equivalent to
f () L= [ (oo tw] g (239)

If r=2and 1 < p < 3 then by Proposition 2.3 the right hand side of (2.39) is positive for a = 0.
Ifr=p+1and 1< p< oo then the right hand side of (2.39) is positive for a = 0 since

e} 1 00
-1 _ 2
‘/0 [LO wyoj| w’y)o dy = ]f]_ A U)yo dy > 0.
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Therefore, as @ — 07, the left hand side of (2.39) tends to +oo while the right hand side tends to
some positive number. As a — puj, the left hand side tends to some positive number while the right
hand side tends to +oo. By continuity, there exists a solution to (2.39).

(2) If r = 2, then (2.39) becomes
1 1 00 o) _

— (M - 1) /0 wio dy = /0 [(LO — ) 1wy0} Wy, dy. (2.40)

o
As o — 07, the left hand side of (2.40) tends to —oo while the right hand side tends to some negative
number. As a — pu;, the left hand side tends to some negative number while the right hand side tends
to —oo.
By continuity, there exists a solution to (2.40).
OJ
Proof of Theorem 2.8:
The proof of Theorem 2.8 is completed by combining Proposition 2.4 and part (2) of Theorem 2.9.
OJ
Proof of Theorem 2.7:
The instability part of Theorem 2.7 is contained in part (1) of Theorem 2.9.
Now we prove the stability part of Theorem 2.7. We divide the proof into two cases:
Case 1. r=2, 1<p<a3.
Case 2. r=p+1, 1<p<oo.
Let ap = ag + iay be an eigenvalue and ¢ = ¢g + i¢; an eigenfunction of (2.36). Since oy # 0, we

can choose ¢ L kernel(Lg). Then we obtain the two equations

Lopr — (p — Dp Wwé’o = QrOR — 101, (2.41)
0
Cn w 1
Lo¢r — (p— 1)p I wy, = appr + arPr. (2.42)
0

Multiplying (2.41) by ¢g and (2.42) by ¢; and addmg the two equations, we obtain
—an [ (S + 61 dy = La(én én) + La(61,61)
Jo~ Wy drdy [5° wh drdy + [ wy,dr dy f° wh br dy
Jo~ wy

+(p — 1)% l(/ wyosdey) + (/OOO wyocbfdyﬂ :

yo
Multiplying (2.41) by w,, and (2.42) by w,,, respectively, and integrating we obtain

+(p—1)(p—2)

o0 w d
p1) [ whondy — = DY [ty = o [ oy — a [ n0ndy,
0 0o W Yy 0 (2 43)
f[;mwyogbldy

p=1) [T ulérdy— (p— Cuptdy = an [ werdy+ar [ w,ondy.

fooo wZO dy Jo (2 44)
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Multiplying (2.43) by [5° wy,¢r dy and (2.44) by [5° wy,¢r dy and adding, we obtain

(=1 [ wwondy [ whordy+(p—1) [Twordy [ uterdy

:<aR+<p >fj0w+) ((/ W) +[/O°Owyo¢1dy)2].

Therefore we have

~an [ C(6% + ) dy = Li(ém, ér) + La (1, é1)

1 JoZwirt dy\ (J5° wyodr dy)* + (J5° wyer dy)*
+(p—1)(u—2 ( ap + — Yo = Yo
( ) (1 ) p—1 RTH I w?%o dy Jo wZo dy
< wPt dy oo
+p— 1) l( wyo¢Rdy> (/ wyoqbzdy) ]
(6 w3,)

Set
Or = CRWy, + ¢, Op L X1, b1 =crwy, + 91, op LX),
where X; was defined in Lemma 2.6. Then
/0 Wy, O dy = CR/O wy dy, /0 Wy, 1 dy = CI/O wy dy,
iz (Or, X1) = 10872, di2mey(or, X1) = llo7 |l
By some straightforward computations, we have

Li(¢r, ¢r) + Li(¢1, ¢1)

15

H=Danch+&) [ wddy+ (= D(n- 1+ [ wifdy+an(lohli + 67 ]3:) = 0

By Lemma 2.6 (2), we get

(1= Dan(ch+c) [ wl dy
0

+(p = 1) —1)*(ck + Cfr)/o wyttdy + (ar + a1)(|oxl72 + o7 [l72) < 0.

Since p > 1, we must have ar < 0, which proves Theorem 2.7 in Case 1: =2, 1 <p < 3.

Now we consider Case 2: r=p+ 1,1 < p < o0.

Then the nonlocal operator in (2.36) becomes

Jo~ wy
Lo = Lod — plp — 1) wy,-
f() P+1 dy yo
We need to define yet another new operator:
Joowhody

Ly¢ = Lo — (p—1)

oo p+1 Yo*
fO yO d

We have the following result.

(2.45)
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Lemma 2.10. (1) Ly is self-adjoint and the kernel of Ly (denoted by X3) is spanned by wy, .
(2) There exists a positive constant cz > 0 such that

(p— )(fo"o p¢dy)2

p+ 1
0 wy,  dy

La(0,6) i= [ [(6)+ 0% = puty '67] dy +

> C3d%2(R+)(¢7X2) Vo € H,y(RY).

Proof:

The proof of (1) is similar to that of Lemma 2.6. We omit the details. It remains to prove (2).
Suppose (2) is not true, then by (1) there exists (o, ¢) such that (i) a > 0, (ii) ¢ L w,,, and (iii)
qub = Oéqb.

We show that this is impossible. From (ii) and (iii), we have

—1) [° d
(Lo — a)p = @ fOO) f0p+1 dy ¢ ngo'

(2.46)

Similar to the proof of Lemma 2.6, we have that [ wP ¢ dy # 0 and a # ;. Hence Lo — a is invertible.
So (2.46) implies
(p—1) Jo wy @ dy

1
¢: fooo y;rl dy (LO—Q{) wZO'
Thus [ w <Z5d
0 Y —
Iy o= o= gy | (e et
and
I /0°°<<Lo—a>-1wp Y, dy. (247
Let

Then we have

Moreover, we compute

Po(@) = (= 1) [ (Lo — o) 2w )l dy = (= 1) /0 T (Lo — )Mt )? dy > 0.
This implies hy(a) > 0 for all a € (0, p4q). Clearly, also he(a) < 0 for av € (1, 00). This is a contradiction
to (2.47) and the lemma is proved.
O
We now finish the proof of Theorem 2.7 in Case 2.
Let ag = ar + iy and ¢ = ¢r + i¢r. Since agy # 0, we can choose ¢ L kernel(Lg). Then, similarly
to Case 1, we obtain the two equations

Lopr — (p— 1) %—ngo = apor — ror, (2.48)

0 Wyo
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Joo wh brdy
Lo¢r — (p— 1)M%°w+rldyw§° = arQ; + QrPR. (2.49)
0 Yo

Multiplying (2.48) by ¢r and (2.49) by ¢;, integrating and adding, we obtain
~an [ (S + 61) dy = Lo(én ér) + Lal6r, 61

(Jo? w50¢R d?/)2 + (o w’§0¢z dy)2
J52 wht dy ‘

+(p—-1(p—-1)
By Lemma 2.10 (2)
*° P 2 [SSI 9
aR/O (0% + ¢2) + agd2(¢, X1) + (p— D)( — 1) (Jo wyO(bR)oo +p(4£) wh ¢r) <0

0o Wyo

which implies ap < 0 since p > 1.

Theorem 2.7 is thus proved in Case 2: r=p+1, 1 < p < .

Note that Theorem 2.7 implies Theorem 1.2, and Theorem 2.8 implies Theorem 1.3.

3. EIGENVALUE ESTIMATES: PROOF OF THEOREM 1.1

In this section, we shall study eigenvalue estimates for L. := ¢?A — 1 + p(u)?~! and finish the proof
of Theorem 1.1.

We will state a theorem for the small (i.e. o(1)) eigenvalues. But before we do this, let us first
introduce some notation and give some important lemmas.

Let

_ 2|z—Fp|
(& € z

dpp,(2) = lim Y (3.1)

T Joge e dz

It is easy to see that the support of dup,(z) is contained in Byp, aa)(FPo) N K.

A point Py is called a “nondegenerate peak point” if the following statements (H1) and (H2) hold:
There exists a € R such that

e (2 = Rdun,(2) = 0 (HL)

and
(/ e~* 00 (2 — PBy)i(z — Po)jd,upo(z)> := G(P) is nonsingular. (H2)
o0

Such a vector a is unique. Moreover, G(Fp) is a positive definite matrix. A geometric characterization

of a nondegenerate peak point Fj is the following:
Py € interior (convex hull of support(dup,(z)).

For a proof of the above, see Theorem 5.1 of [30].
Next, we introduce the following definition:
For each P € Q, let w, p be the unique solution of
x—P ou

ov

ezAu—u+w7’( )innQ, e— +au = 0 on 01. (3.2)

€
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Let e p(x) =w (d) — we p(x). Then ¢, p satisfies

€

(3.3)

EApep —pep =0 inQQ,
z—P
ape,p + eag—ip = aw (;z—eP) + eaw(&f ) on 0S.
For z € 0f), we have

(J:—P) aw(‘rzp) (x—P) ,<x—P><x—P,1/>
aw +€ = aw +w
€ v € € |x — P|

()52 o ) e -

where w'(y) = d’g—y) for r = |y| and @ — 1 — § > 0. Therefore, there exist two positive constants C; and
(5 such that

Cive,p1 < @er < Crpepas (3.4)

where ¢, p; satisfies

(3.5)

2 . .
€“Apep1 — Peps =0 inQ,
10, _
Qep1 +a el = w (’”613) on O9).

The study of ¢ p1 depends on the following lemma.

Lemma 3.1. (Theorem 3.8 of [32].) Suppose that d(P,0) > dy > 0. Let <p£P be the unique solution of

EAplp —plp =0 inQ,
Yop=w (" on O0S.
Then for, any arbitrarily small 6 > 0, the following holds for € sufficiently small:
0]
|€ az)P < (14 8)¢lp. (3.7)

From Lemma 3.1 we conclude that on 0f2
D

- P
PPp+a e < QP14 a7 (140) < (L a7 (1+ ) (S )

and

D
D 1 _Pe,p
Yepta "€
e, P ay

Using a comparison principle, it is straightforward to derive the following lemma:

- P
> el =a (1= 8) = (1—a (1= 8w ().
: €
Lemma 3.2. There exist two positive constants C, and Cy such that
019051: < Yep1 < 0290513-

The convergence of (3.6) is well understood. It is studied in Section 4 of [20]. By Lemma 4.6 of [20]

we have the following convergence results:
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Lemma 3.3. (i) Let Vi(y) := @ea (Te + €y)/@en. (xe). Then Vi(y) — Vo(y) locally, where Vo(y) is a

solution of

Au—u=0, u0)=1 u>0 inR". (3.8)
Moreover, for any o > 0,
sup e~V (y) — Vo (y) — 0. (3.9)
y€Qe
(i1) As e — 0,
—elog(pex. (zc)) — 2d(xo, 0L2). (3.10)
For P € (), let
Qep = {yley + P € Q},
Sc(u) =Au—u+u forue€ H2,(Qep), 0; = i,
) aP]

Kep = span {Ojweplj = 1,... N} C HL,(Qup), Kip = {u € HL (0 p)| /ﬂuajw@P —0=1, .. N} ,

and
Cep =span {Qjw.plj=1,...,N} C L*(Q.p), Clp = {u € L2(Q6’p)‘/ udjwep = 0,5 =1, ...,N}.
’ Q

Let Q0 := Py + e3d(P, 0Q)a, where Py is a nondegenerate peak-point (i.e. it satisfies ((H1)) and
((H2))) and A := Bg,(Q?), where 3, is sufficiently small.
For each P € A we can find a solution ¢, p € /CE%P such that

Se(we,P + (PG,P) € CE,P

as was shown in [1].

Now we state our theorem on the small eigenvalues.

Theorem 3.4. The eigenvalue problem

ENG— ¢+ puPto =19 inQ, ggb +ap =0 on 02 (3.11)
v

admits the following set of o(1)) eigenvalues:

75 = (co + 0o(1) e p, (FPo)N;, j=1,...,N,

J

where \;,j = 1,...,N are the eigenvalues of the matriz G(Fy) introduced in (H2) and

. p—1 /A d
2d‘2(P0,8Q)fR il aw?)(r) Yo
S (32)" dy

where V,.(r) is the unique radial solution of the problem (3.8). Furthermore, the eigenfunction (suitably

, (3.12)

Co =

normalized) corresponding to 75, ) =1,..., N is given by

€ a afwe,P
¢5 =D (a1 +o(1))e op, |p=r., (3.13)

=1
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where @; = (a1, ...,a;n)" is the eigenvector of G(Py) corresponding to A;, namely

G(Po)C_L} == )\jﬁj, j - 1, ,N

Proof of Theorem 3.4: Let
Ue = We,Q. T Ve, Q.-
Let (7¢, ¢.) be a pair such that

D

Le e — ‘ E. Q?
O = T P In £y

We normalize ¢, such that ||¢| = 1.
We now assume that 7. — 0 as € — 0. Then after a scaling and limiting process (see [17], [18] and
20]), we have ¢.(y) = ¢e(Qc + €y) — ¢, where ¢y is a solution of

=0 on OS2 (3.14)

Av—v+pwv=0 in RY, ve HY(RY).

By Lemma 4.2 of [18], there exists s; such that ¢o = X0, s; g;”
This suggests that we decompose ¢, as ¢, = Zévzl ssedjwe g, + bc, where ¢, € ICiQE and [s§| < C.
Since ||¢c|lc = 1, we have ||¢c|l < C and ¢, satisfies

N
(Le = %) + Z u )P edjwe g, — pwPedjw] = 7Y 50w q, - (3.15)

j=1
Since 7¢ — 0, then by the same argument as in Proposition 6.3 of [31] we have that 7. . o (L. — 7°) :
/CéQE — CiQe is invertible. Since ¢, € ]Cei’Qe, we have

N

Z 85 []D(ue)}’_leajwﬁQ6 — pwp_leajw]

Jj=1

=0 ((I%QE(QJI(H"W) > |S§|) :

=1

6ellzrr 0. 0,) = O

LQ(QE,QE)

Multiplying (3.15) by €0k (w,q.) and integrating, we obtain

N
>SS /Q [P(uc)P ™ djwe g, — puwP ™ edjwledhwe g, dx
j=1 €Qe

N
=r7° Z/ 8;6(9]-1067@6 e@kwE,Qe dx
j=1 e, Qe

[ P becdhlwq,) — pu™ el dz + OrellGdlms, o) (3.16)
€,Qe
We first estimate the left-hand side of (3.16). To begin with, we calculate,
ow
— p— p—l €, P d
/ [Pw |P @ ~ P(Weq + Q)" e p-lr=a. ] Y
8we,P awe P

!P a. Ay + O(|peo. (Q)'F7)

| Ow
— 2 p—1 .
€ /Q N [Pw ap, 5 1P=q. — P(Weq.) ap, |P=q.
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8 8w P
— _ 2 D _ P )
- € /(\2 o 6P |P Qe [ (wE,Qe) ]

9 8w
_ 2 1 e, P 140
= —¢ /eQE op, |p=q. [pu?~ sere(QmLey)} ap, |P=a. + Oll¢ea.(QI™7)

= 2¢c p, (Po)(1 +0(1))

z2—Py  2(Qe—Pp) Z — P aw
y pfl/ ‘Zp‘y><‘zp‘ > 0 dy + O(|eo (Q)F°
|t [ e o ) (=), e W+ Ol Q)

= 2pe.p, (Fo)(1 +0(1))

— P ow
p—1 <‘z P Y>> <z—Po,a> Z 0 d = d O 1+o
Jp [ e (2] )y Ol (@)

\P a. 4y + O(|peo. (Q)'F7)

= cp(PifyaQ)gngO(Po) (/89 €<Z—P0,a>( PQ) (Z — Po)kd,upo( ) + 0(1)) ,

where

vi= [ et )V (y) dy.
For the left hand side of (3.16), we have

Lh.s. of (3.16)

N
=5 ( | plwco )y edjung, — put ™ eduledug, dy) + Ol (Q)I")
€,Qe

Jj=1

— R z— B
— <z—Poa> i 0 oo (2210 P , ,
/396 |Z—P0|7S <‘2_P0|>k906,P0( 0) [I/PO(Z)( '7+0( ))

where s¢ = (s, ..., s§)-

Similar but simpler computations for the right hand side of (3.16) give
r.h.s. of (3.16)

N N N
=73 85(Bji+ o(1)) + 0 (Z ls§llsoe,@e<@e>|<l+f’>) +0 (WZ |s;||sog,Qe<@e>|<1+“>/2>> ,
Jj=1 j=1

j=1
where B = fRN( )2 dy.
Hence we have

‘TE‘ = O<()06,Qe (Qﬁ)) = O((pe,P()(PO))

and 7¢/ e p, (Po) — 70, ¢ — s, where (7, s) satisfies

(—27)G(Py)s = Bd*(Py, 92)1ys.

Thus Bd2(Py,00)

2= To is an eigenvalue of G(Fy). Therefore /¢ p,(Py) — 7;, 8¢ — @; where

—2 . . .
= gEcg GG = N, J= 1N

By an argument of Dancer [2], we know that these are the only small eigenvalues.
This finishes the proof of Theorem 3.4.

Completion of the Proof of Theorem 1.1:
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The small eigenvalues given by Theorem 3.4 all have negative real part. By a proof along the lines of
the proof of Theorem 2.7 (replacing w,, by w and considering interior spikes instead of near-boundary
spikes) the large eigenvalues all have negative real part. Finally, Theorem 1.1 follows by combining

these two results.

O

4. NUMERICAL SIMULATIONS

We show numerical simulations which display the various effects which have been analytically proved
in this paper.

We consider the Gierer-Meinhardt system (1.1), (1.2) on Q = (—1,1) for the following parameters:
diffusion constants €2 = 0.01, D = 10%, time relaxation constant 7 = 10, Robin boundary condition
parameters varying a4, ag = 0, reaction constants varying p and ¢, r = 2, s = 0.

First we consider the classical Gierer-Meinhardt system with p = 2, ¢ = 1. We show stable near-
boundary spikes for various a4 (Figure 1) and interior spikes for various a4 (Figure 2). We see that
a change of a4 has strong influence on a near-boundary spike, but only a minor influence on interior
spikes.

Then we numerically explore the instability of near-boundary spikes. We consider the Gierer-
Meinhardt system for various p, ¢ = 2, r = 2, s = 0. with Robin boundary condition for a4 = 0.8.
We start with p = 4.0 and then increase p incrementally in steps of 0.01. The final steady state for
the previous p is used as initial condition for the next one. The final steady state is displayed for
p=4.5, 4.8, 4.85 (Figure 3).

At p = 4.86 a rather dramatic change of stability is observed: The solution blows up in finite time
(Figure 4). The simulations show a sharp peak, and after a finite time the simulation breaks down:
The amplitudes of the solution become very large, and the finite element software is no longer able to
resolve the solution since this peak occurs on a very small spatial scale. This is similar to phenomena
which occur for supercritical systems. In some sense the Robin boundary condition is able to squeeze
the threshold between sub- and supercritical to lower reaction rates.

Figure 1. Near-boundary spikes for variable constant a4 in the Robin boundary. We have chosen
asr = 0.2, 0.4, 0.6, 0.8. It is numerically stable (final state is shown for ¢t = 10, 000).
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Figure 2. Interior-boundary spikes for variable constant a, in the Robin boundary. We have

chosen as = 0.2, 0.8. It is numerically stable (final state is shown for ¢ = 10, 000).
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Figure 3. Stable near-boundary spikes. We choose constants a4 = 0.8, ¢ =2, r =2, s =0 and

varying p. For p = 4.0, 4.5, 4.8, 4.85 the near-boundary spike is shown. It is numerically stable (final
state is shown for ¢ = 10, 000).
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Figure 4. Unstable near-boundary spike. We choose constants ay = 0.8, ¢ =2, r = 2, s = 0 and

p = 4.86. The near-boundary spike is now numerically unstable. In the time evolution the amplitude
increases (shown for ¢t = 1,000, 3,000, 5,000, 6,390). Then the simulation diverges.
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