MAT 5011 (2009-10) Real Analysis CUHK

Suggested Answer to Assignment 1

e Page 31, Problem 1. Does there exist an infinite o-algebra which has only countably many
members?

Answer: There doesn’t exist an infinite o-algebra which has only countably many members.
Suppose not, M is a such o-algebra on X. For x € X, define

Obviously z € A,. Since 9 is countable, A, € M. We claim that if y € A,, then A, = A,. Suppose
not, let y € A,, since A, € M, A, C A,. If also z € A, then A, C A, and thus A, = A,. This
is a contradiction. Hence z ¢ A,. Since z € A,\A, and A,\A4, € M, A, C A,\A,. This is a
contradiction since y € A, and y ¢ A,;\A,.
Set M = {A, : x € X}, then M C M and thus has only countable many members. Define
f:9Mm — 2% by
f(B)={A,:x € B}, for BeM.

Obviously for B € 9t and x € B, we have A, C B.

We claim that f is bijective. First we show that f is surjective. Let E be a subset of 91, then
E ={A; :x €I}, where I C X has only countable many members. Set B = J,.; As, then I C B
and B € 9. Furthermore, let y € B, then y € A, for some x € I and thus A, = A,. Hence
{A,:ye B} ={A, : x € I} and then

f(B)={A, 2 €B}={A,:x e} =E.

Second we show that f is injective. Let By, By € 9 and B; # By. Then there exists y € Bi\Bs
or y € By\B;. Without loss of generality, we assume y € B;\By and then A, € f(B;). We claim
that A, ¢ f(B,). Suppose not, there exists € By such that A, = A,. Theny € A, C A, C By, a
contradiction. Therefore, f(By) # f(Bs) if By # By and then f is injective.

Since f is bijective, the cardinality of 9t equals that of 2°. Thus if 91 has only n elements, then
N has 2" elements. This contradicts with 9 has infinite many numbers. On the other hand, if 91 has
countable infinity many numbers, then 99t has uncountable many numbers. This is a contradiction
and we complete the proof. [J

e Page 31, Problem 3. Prove that if f is a real function on a measurable space X such that
{z: f(x) > r} is measurable for every rational r, then f is measurable.

Answer: By the argument in the proof of (¢) in Theorem 1.12, we only need to prove E, = {z :
f(z) > a} is measurable for all a € R. Let a € R, we can choose {r,} C Q, r, > a and r, — a as
n — o0o0. Since

Eq = [ ((a,+00)) = f7(

(@

[Tn’+oo)) = U f_l([rm—’_oo)) = U{ZL‘ : f([L') > T?’L}v

n=1

FE, is measurable. O
e Page 31, Problem 4. Let {a,} and {b,} be sequences in [—o0, o], and prove the following
assertions:
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(a)

limsup(—a,) = — liminf a,,.

n—00 n—

(b)
lim sup(a,, + b,) < limsup a,, + limsup b,,

n—oo n— n—

provide none of the sums is of the form oo — oo.

(c) If a, <0, for all n, then
liminf a,, < liminf b,

n— n—

Show by an example that strict inequality can hold in (b).
Answer:

(a) Since inf ar < ay for all & > n, —inf ax > —ay, for all £ > n and then — inf a; > sup(—ay).
k>n k>n k>n k>n
Similarly, we have inf a; < —sup(—ay). Thus — inf a; = sup(—ay). Hence
k>n k>n k>n k>n

limsup(—a,) = lim (sup(—a;)) = lim (— inf ay)

N—00 n—00 " L>p n—00 k>n

=~ i (jaf o)

= — liminf a,,.

n—

(b) Since ay < supay for all k > n and by < supby, for all & > n, ap + by, < supa + sup by for all

k>n k>n k>n k>n
k > n. Thus sup(ax + b) < sup ay + sup by, which implies
k>n k>n k>n

limsup(a, + b,) = lim (sup(ak + bk)) < lim (sup ay + sup bk)

n—00 n—00 " k>n n—00 " k>n k>n

< lim (supak) + lim (supbk)

n—00 " k>n n—00 " k>n

< limsup a,, + limsup b,,.

The strict inequality can holds, for example, let a,, = (—1)" and b, = (—1)""L.

(c) If a, <0, for all n, then 1?>1f ap < ay < by for all £k > n and thus ’gf ap < ]1r>1f bi.. Hence

liminf a,, = lim (inf ak) < lim (inf bk) < liminfb,. O

n— oo n—oo - k>n n—oo - k>n n—o00

e Page 32, Problem 5. (a) Suppose f: X — [—00,00] and g : X — [—00, 00| are measurable.
Prove that the sets

{z: f(z) <g(x)}{z: flx) = g(2)}

are measurable.
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b) Prove that the set of points at which a sequence of measurable real-valued functions converges
p q g
(to a finite limit) is measurable.
Answer: (a) Since

{z: f(2) <g(a)y = o flo) <r < g@)} = ({o: flo) <ryn{e:ga) 2 1}),

reQ reQ

and

fo: f@) = g(@)} = (o f@) < 9@} Ulo - g(@) < S@)})

then both {z: f(z) < g(z)} and {z : f(z) = g(z)} are measurable.
(b) Let f, be a sequence of real measurable functions. Then g = limsup f,, and h = liminf f,

n—o0

are measurable. Recall that a sequence of real numbers {a,} converges if and only if liminf a, =

n—oo
lim sup a,,, hence

n—oo

{x: fu(x) converges (to a finite limit) } = U ({x tg(x) = h(m)}m{x c—n < g(x) < n}) :

n=1

By result in (a) we get the desired result. [

e Page 32, Problem 6. Let X be an uncountable set, let 9t be the collection of all sets £ C X
such that either E or E°is at most countable, and define p(F) = 0 in the first case, u(F) = 1 in the
second. Prove that 91 is a o-algebra in X and that p is a measure on 9. Describe the corresponding
measurable functions and their integrals.

Answer: Set § = {A C X : A is at most countable}, & = {A C X : A° is at most countable}.
Since X is uncountable, § and & are disjoint, hence {§, &} form a partition of 9.

Now we show that 901 is a o-algebra. Obviously, § € § and X € &.

(i) For A € M, then A € § or A € &, then A° € & in the first case and A° € § in the second.
Hence A° € 9.

(ii) Let A, € Mn=1,2,... and A=J~, A,. If A, € F for all n, then A is at most countable,
hence A € §. If A, € & for some ng, then A° =), A7 C A, , with A5 € §, hence A° € §

no’?

and then A € &. In any case, A € 9. Hence M is a o-algebra.

To show p is a measure, we only need to prove that p is countably additive. First note that
uw(B)=0if BeFand u(B) =1is Be€ &. Let A, € M,n=1,2,..., satisfy A;(A4; =0 if i # j.
Set A=J2 A, If A, € § for all n, then A € §. Thus pu(A4,) = 0 for all n and also p(A) =0,
hence u(A) =0=> " u(A4,). If A,, € & for some ng, from the above discussion A € &. Since for
any m # ng, Am () An, = 0, which implies A, C A5, and then A,, € §. Thus pu(A,,) =1, p(A4) =1
and p(Ay,) = 0 for all m # ng. Hence u(A) =1 =35>, u(A,). In any case, countable additive
property holds and then p is a measure.

Claim: Let f: 9 — [—o0, 0] be a measurable function. Then there is exact one value « such
that f~'({aw}) € &, that is f = ag a.e., and then [, fdu = .

Proof of claim: First we prove the uniqueness. Suppose «q satisfies f~'({a}) € &, then by
the definition of &, {z : f(x) # o} is at most countable. Hence there do not exist another such
value.
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Next we prove the existence. Set A = {a € R : f7'((a,00]) € F}. If A = 0, then we have
fH(n,00]) € &, for all n € Z. Thus f~!([—oo,n]) € §, ie., [ ([—oo,n]) is at most countable.
Thus f~!([—00,0)) is at most countable. Since X is uncountable, f~}({c0}) € &. If A # 0, then
ap = inf A € [—o00,00). If A = —o0, then for all n € Z, f~((—n,o0]) € F. Thus f~((—o0,o0])
is at most countable. Since X is uncountable, f~1({—oc}) € &. If A > —oo, then for all n € N,
f (o — £,00]) € & and f~((ap + £,00]) € F. Hence f!([—o0,0)) € F and f~((cw, x]) € F.
Since X is uncountable, f~1({ap}) € 6. O

e Page 32, Problem 7. Suppose f, : X — [0,00] is measurable for n = 1,2,3,...,f1 > fo >
f3> >0, fulx) = f(x) as n — oo, for every x € X, and f; € L'(u). Prove that then

lim fnduz/fdu

b

and show that this conclusion does not follow if the condition “f; € L'(u)” is omitted.
Answer: Set g, = fi — fa,n =1,2,..., since f, < f1 and f; € L' (i), go’s are well defined for
almost all x € X and satisfy

i) 0<g <gp<gs<---<ooon X,
(ii) gn(z) — fi(z) — f(z) as n — oo, for every z € X.

Lebegue’s Monotone Convergence Theorem implies that

n—oo

i [ (= fdn= [ (h-au 1)

Since f € L'(p), we have

Jth=todu= [ siu= [ poan ana [ - pau= [ fidu= [ pan

Plug them into equation (1) we get the desired result.

Next we give an example to show that this conclusion does not follow if the condition “f; € L*(u)”
is omitted. Let u be the counting measure on the set X = {1,2,3,---}. Set A, = {n,n+1,n+2,---}
and f, = xa,. Obviously, fi > fo > --->0,f, = f=0asn — oco. But

lim fnd,u:oo#O:/fd,u. 0J

e Extra Problem 1. Let G C R" be an open set and f : G — R be a real function. Show that
the set {x € G : f is not continuous at =} is a F), set.
Answer: Let

p(x,0) = sup{|f(s) = f(t)] : 5,1 € Bs(x)},
and
o(x) = inf{p(z,d) : § > 0}.
We claim that () is upper semicontinuous, i.e., for every real a, E, = {x : p(z) < a} is open. Let
9 € E,, then there exists dg > 0 such that

sup{|f(s) — f(t)| : s,t € Bs,(z)} < a.

4
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Thus for any x € By, /2(0),

p(, %) = sup{[f(s) = f(t)] : s, € Bsypa()} < sup{[f(s) = f(1)] : 5, € Bs,(0)} < a.

Hence ¢(z) < a for all © € By, /2(x9). Then E, is open and ¢(z) is upper semicontinuous.
By definition of continuity, we know that f is continuous at z if and only if p(x) = 0. Hence

{z :p(x) >0} ={z: f is not continuous at z}.
On the other hand
}.

?vlb—

{z: oz >0}—U{w p(x

Therefore {z € G : f is not continuous at z} is a F, set since {z : ¢(x) > £} is closed. O

e Extra Problem 2. Suppose that f is a continuous function on R!. Show that the set
{z|f is differentiable at x} is a F,4 set.

Answer: Recall the right upper Dini derivative of a continuous function f is denotes by D% f,
and defined by

flx+h)—[f(z)

Y

DY f(x) = limsup
h—07+ h

the right lower Dini derivative D, f, is defined by

Dy (o) = gt L2 £ D= S10),

the left upper Dini derivative D~ f is defined by
flz+h) - f(z)

Y

D™ f(z) = limsup
h—0~ h

and the left lower Dini derivative D_ f, is defined by

D_1(a) = timjue L2 = 1@)

By the definition of differentiable,
{a:| f is differentiable at :1:}

~{aloo > D_f(x) = D* f(2) = D f(2) = D™ f(x) > —o0}
= ﬂ U {a+% > D f(z) > D, f(x) >a,a+% > D™ f(x) > D_f(x) >a}

m=1acQ

1 1 r+1/k)— f(z 1
—ﬂUUﬂ{ L f(+1//]z f()zaJrﬁ’

m=1a€Q n=1k=n
flz =1/k) — f(z) 1
—1/k = n}

a—+

>

1 1
m n
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Since f is continuous, the set

11 _ flz+1/k)— f(x) 1 1 1 _ fz—1/k) = f(2) 1
{ov -7z 1k A > >a+ o}

is closed. Thus the set {z|f is differentiable at =} is a Fys set. [



