MAT 5011 Real Analysis

Suggested Answer to Assignment 5

Page74, questionl8.
Proof: (a) For any € > 0, let Ey, . = {z : |fu(z) — f(2)] > €} and Se = Nf2, UL, By
Then for any = € S, f.(x) - f(x), that is u(S.) = 0.

Since p(X) < oo and UL, E,, . is decreasing, we get
Jim URS g Ene = p(Se)-

Thus lim,_,+ £, = 0. Hence f, — f in measure.

(b): Let E,, . be defined as part(a), then
[ o= tpdnz [ 15 frdn > Su(En).
X En,e

Thus p(Ene) <€ ? [ |fn— fIPdp — 0 as n — oo.
(c):Since f, — f in measure, then {f,} is a Cauchy sequence in measure, that is , for

any € > 0,3N > 0 such that for any m,n > N, we have
p{z = [fm(z) = fu(@)] 2 €}) <e
Thus there exists a subsequence {f,, } such that
1
#Ek) < 55

Where Ek == {x : |fnk+1 - fnk| 2 QLI"

Define Fy = U2 yEg. Then if x € Fy,e>j > N |

|fnz - fnj‘ < ‘f’nl - fni_l‘ +o-t |f’n.j+1 - fnj‘ < 21_j-

This implies that {f,, } is a Cauchy sequence on F§. Now let FF = (y_; Fn, then
u(F) =0 and for any z € F¢, f, (z) — f(z).

The converses of part(a) and (b) are false.



For part(a), the counterexample is the answer of question9 in chapter2 i.e. in assight-
ment3.
For part(b), let X = [0, 1] and define f,, = ne X[o,1]- Obviously f, converges in measure,
but [, f2=1#0.
If 4(X) = oo, from the above proof, we know that part(b) and part(c) are still right.
But part(a) is false. The counterexample is : let X = R, f, = Xnn41], then f, — 0
pointwisely. But f,, doesn’t converge to 0 in measure.

Page74, question20.
Proof: For any s, € R, A € [0,1], define f(z) = sxjo () + txpi1(x). Then

P(sA+H(1-N)) / fdz) < / o(f)dz = /0 Y ()t /A () = Ap(5)+ (1-\) (1),

Page74, question23.
Proof: Since || f||ec > 0 we get u(z) > 0. By Holder’s inequality, we have

st Jy I
(2 fX ‘f|”dlu'
S Iy 11" dp

(i | £y o5 ([ 1+ o
= || fllasa (e(X)) "7

According to questiond in chapter3, we have known lim, s || f||n+1

w(X) < oo, f € L*®(p). Thus

| f|loo since

lim inf <2 > || ]|,
n

On the other hand,

Jx [frdp — Jx 1fIrdp
ie. limsup, o, 5 < || o, Hence
Gn,
= = 1| lloo-

Qn



Page74, question24.
Proof: (a) By 0 < p < 1, we get |zP — y?| < |x — y|? where z,y > 0. Thus

[P = lgpidu< [ 181 lglrau< [ 1f - gPdn
X X X

Next we verify that A(f,g) = [, |f — g[Pdu is a metric. Obviously we only need to
verify the triangle inequality. For any f, g, h in LP(u),

A(f,g) = /le—9|de
/(\f—h\+\h—gl)pdu

/ f — hPdu+ / h— glPdy

= f,h) + A(h, g)

IN

IN

Thus LP(u) is a complete space by Theorem3.11.

(b): Let ¢(z) = 2P,z > 0,p > 1. Obviously, ¢(z) is convex. Thus if z > y, we have

Lj(y) < ¢ (). Hence we have the following inequality

x
2 —t* <p(s—t)sPt, s>t >0.
If x,y >0, we get
2P — y?| < plz — y|(=P" + 7).

By the above inequality and Minkowski inequality, we have

/ 7P — gPldu < / plIf1 = gl FP + 9P )
X X

— glP)pt1 p—1 P~1\4q,,)a
p(/XIf o) (/X(|f| T Lol du)
= ollf — glLlIFP + lgP
< ollf = gl (I + P~
= ol — gl (IFIE" + lglz)

< 2R f =gl

IN

1,1 _
Where5+5—1.



Page92, questiond.
Proof. By Lusin’s Theorem, C(7T) is dense in LP(T) if 1 < p < oo. But the space
P(T) of all trigonometric polynomials is dense in C'(T"). Hence P is dense in L*(T),1 <
p < oo. But for

u, (t) = ™, 0 <t < 2m,

{u,} is a basis for P,n =0,+1,+2,...

Therefore the set of all trigonometric polynomials

N
P = Z CnUn, cn €Q
n=—N

form a countable dense subset of P, hence of LP(T') in the LP norm.

Therefore LP(T) is separable, 1 < p < oc.

Now let K = {X[o2): 0 <z <27} C L>(T). We identify L>(T') to L>([0,27)). If
z' < x then

IX10,2] — Xpo,21 1| = X2l = 1-

Moreover K is uncountable. Let S be a dense subset of L>°(T"). Then for every x # 2’
in [0, 27), then there are s, s’ € S such that

1

|| o <2, | oo <
X[0,z] — Slloo 1’ X[0,2] — S |loo 1

By the triangle inequality one has ||s — s'|| > 1, hence s # s'. Thus we can define an
injection from K to S. Hence S is uncountable. Thus L is not separable.

Page92, question6.
Proof. We use the following theorem:
A metric space K is compact iff every bounded sequence in K has a convergent subse-
quence.

Since |[un — um|| = V2 if n # m and |ju,|| = 1,Vn, the set {uy,us,...} is clearly
closed and bounded, but contains no convergent subsequence, hence is not compact.

Now B(0,1) contains the sequence {u,} which has no convergent subsequence. This



shows that B(0,1) is not compact, hence 0 has no compact neighborhood. Thus H is
not locally compact.

Suppose Y 02 < 0o, and let (zx) = (D7, ¢uxUn) be a sequence in S. We define by

induction on m the integers Ny, Ny, ... and the sequences (1), (Zk2),- - - as follows
o0 1
. 2 2 .
(i) EN 0, < —5» N1<N2<...(§ 5, < 00);

(i), (zx,1) is a subsequence of (zx) and (zkm+1) is a subsequence of (zgm),m =1,2,...

such that
1
(111) Z |cn k,m) — Cn (K, )|2 < W \V/k,kl.

By (i) and (iii), ||@km — @wmll> < 25 for all k, k. Hence if ym = Tmm, then (ym) is
a convergent sequence. By (ii) (y.,) is a subsequence of (zy). If y, = vy = > cpu, as
m — +00, then (Ym,Un) = Ymn — Yn = (Y, un), hence |y,| < 6,. Thus y € S. This
shows that S is compact.

Now suppose > ¢ = 00. Thus there are integers N; =1 < Ny < ... such that

nln

ZN’”“ +1 62 > 1. If 2, = cuy + cougy + ... + ¢y, un,,, then by Pythagoras’ theorem

({un} is an orthonormal system), for m < m' we have

m+1

|Zm — T[> = Y 02 >1.

n=Np+1
This shows that (z,,) contains no convergent subsequence. It is clear that x,, € S,
hence S is not compact.
We conclude that S is compact iff °7° 62 < oco.
Page93, question?.
Proof. Assume Y a2 = oo, we shall find a sequence (b,) such that > b2 = 1 but
>~ a,by, divergence. Since Y a2 = oo, we may find 0 = N; < N, < ... such that

Ngy1

Yooalx=2 k=12,

n:Nk—l—l



We define b, = (2kck)_%an for Ny +1 <n < Ngy1,k=1,2,... we can verify that

Niq1 N1
2 : o _ 1 } : —k 3
bn:2_k’ anbn—Q 2Ck2]_.

Contradictions.

Page93, questionll.
Proof. Let E = {up|u, = (1+ 2)e™, n € Z}, then E C L*(T) and E is closed. Since
|unllzz = (14 %), which implies that E has no smallest element.

Page93, questionl3.
Proof. First consider the case f(t) = e*™* k = 0,+1,42,.... Obviously equality
holds for k = 0. If k # 0, since « is irrational, €2 £ 1. So

N

i iv: e2rikna i Z (627rika)n
N n=1 N n=1

627rika eZwikNa—l

N e2mika _ 1

Hence

N 1 eQm'kNa—l 2

1 2mikna| _
|NZ€ ‘_N eZwika_1|SN|62m'ka_1|'

n=1

This implies

N 1
: 1 2mikna _ 2mikt _
NEIEOON”EZIe =0= i e ™ dt (k=0,£1,+2,...)

It follows easily that if P(t) = ZkN:_ ~ Cke?™F then equality holds with P instead of
f-

Now if f is continuous with period 1, then Ve > 0, there is a P(t) = S n__\ cre?™k

such that || f — Pl|c < €. Thus with ¢ = f — P, we have

\%Zf(na)—/o f(t)dt|§|%2g(na)—/0 g(t)dt|+|%ZP(na)—/0 P(t)dt].

The first term at the right side of the inequality is < 2¢ since ||g||oo < €. Therefore

. 1 !
ngréosup\ﬁgf(na)—/o F#)dt] < 2.



Hence

1 & 1
dm |y 3 ) - / f(t)dt] = 0.



