MAT 5011 Real Analysis

Suggested Answer to Assignment 4

Page59, question22.
Proof Since there exists a point p such that f(p) < oo and for given n,nd(z,p) is
finite. Thus the definition of g, (z) is well-defined.
(1) Similarly as in the proof of question3 , we have

Ve > 0,|g9.(z) — gn(y)| < nd(z,y) + €. Let € — 0 we get

9n(2) — gu(y)| < nd(z,y).

This implies that g,(z) is continuous.
(2) Since for any n,

inf[(p) + (n+ d(z,p)] > inf[f(p) + nd(z,p)] + inf d(z,p) = inf [(p) +nd(z,p)]

i.e. g,(z) is increasing.

Obviously, g,(z) < f(z) 4+ nd(z,z) = f(x). This ends the proof.

(3) If there exists xy such that g,(zo) - f(zo). Since f(zy) is an upper bound of
{gn(z0)} and {g,(xo)} is increasing. We have g,(zo) — a < f(zo).

In the case of f(xy) < oco. By the definition, 3{p,} such that f(p,) + nd(zo,p,) <
%(wo) < f(zg). Then if p, — o , lim, o f(pn) > f(zo) since f(z) is lower semi-
continuous. Contradiction. If p, - z(, there exists a constant 6 > 0, such that
d(zg, pn) > 9, n large enough. Thus nd(xg, p,) — oco. Contradiction.

In the case of f(zy) = co. By the definition, 3{p, } such that f(p,)+nd(z¢, p,) < 2a <

f(zg) = 0o. Then similar discussion leads to contradiction. This finishes the proof.

Page60, question23.
Proof: Not necessary continuous nor upper semi-continuous. For instance p(A) =0

if 0 ¢ A and u(A) =11if 0 € A. Obviously such y is a finite positive Borel measure.



Let V = (0,1), then
pV)y=0, wV+4§)=0 wV-45§=1 for 0<d<0.01.

But p is lower semi-continuous. The proof is standard and here we omit it.

Page60, question24.

Proof: W.L.O.G., we may assume that f is a nonnegative real-value function.
First we claim: Ve > 0, there exists a continuous function g(x) € C.(R') such that
S 1f (@) = g(2)] < 5.
since f € L'(R'Y), there exists a simple function s(z), max,ep |s(x)] < M such that
S f(z) — s(z) < . By Lusin’s Lemma there exists a continuous g(z) € C¢(R") such
that

m({e: s(2) £ 9(@)}) < ;7 maxlg(a)| < M.

2€R!
It’s easy to check that [, [f(z) — g(z)| < §.
Let I = [—a,al,a > 0 be the support set of g(x). By the uniform continuity of g(z)
there exists a step-function ¢(x) = S~ | a;x1, (2) such that S l9(z) —¢(z)| < 5. Thus

[ 1560 —ow) < [ 170 - o+ [ o) ool <.

where {I;} forms a partition of I.

Now we choose ¢, = %, n=1,2..., we get a sequence {p,} such that
o
lim |f(x) = pu(z)] =0.
n—oo [_

Page71, questiond.
Proof: By M.I. we can get

w(ﬁx + (1= 30)y) < 5re(@) + (1= )¢ (y),
where i,k € Nand 1 <i < 2* And for any \ € [0, 1], there exist {i,, k,},n € N such

that 52 — A. By the continuity of ¢(z) we get that Vz,y € (a,b),

Pat+(1-X)y) = m o( i ot (1= )g(y) < lim [ p(@)+(1- 2 )p(w)] = Ap(e)+(1-N)ply).

n—00 2kn



Thus ¢ is convex.
Page71, question4.
Proof: (a) Let

={zeX:|f(x) 21}, E={reX:|f(z)| <1}

Since f € L™ () N L*(p) and p € (r,s), we have

Jor= [ [ [ee [ < st < oo

Thus f € LP(u).
(b) By Holder’s inequality, for any A € (0,1), we get

Jorgprem < ([ yppeekyp [ oo
/|f|)\p1+1 A)p /|f‘1’7 /|f‘p

o(Ap1+ (1 = Np2) < o(p)> - p(p) .

1.e.
Thus

Since the function y = log z is increasing, then

log o(Ap1 + (1 = A)p2) < Alogp(pr) + (1 — A)log ¢(p2).

A =0,1 is trivial. By (a) if p; € E,py € E then (p1,p2) C E. Thus log¢(p) is convex
in the interior of E. For any r < s,7,s € E. In Eq, |f|[" = |f|* < 2|f[",2|f|" € L*(Es, p)
and in Ey, |f]* — |f|" < 2|f|% 2|f|* € L'(Ey, u). By the L.D.C.T., Ve > 0,36 > 0, if

Lasr=1mm <5 [ am =i <

o) =) < [ =1+ [ =1 <

Thus ¢ is continuous in E.

Ir — s| <4, then

l\'JIm

Then



(c)By (a) E is path connected and then is connected

E may be open. E.g., X = [a,00],a >0, f(z) = %, then

© 1 00, p € (0,1]

PR p> 1

Thus E = (1, 00).

E may be closed. Let X = (0, 00)

En = [n7 n+ 2nn2] ne N f( ) 2701,0:1 2nXEn’ then

f e ZQn(H—J) Z 2 ] oo, 0>0
2nn2 - .
n=1 finite, 6 <0.
Thus E = (0, 1] is relative closed.

E may be a point. Similar as the above, we define F,

n = [kn:kn + 721_2]:9(55) =
> 27", where we chose k,, such that F,, N F,, = 0,n # m. Then
21 00 §<0
1—1—5 n(1+6 _ _ ’
JECRED A= T 9P R
n—1 finite, 0> 0.

Then E, = [1,00). Now let f(z) =Y o0 2"xg, + > pey 27" XF,, then E = {1}.

By the above example E can be any connected subset of (0, 00)

(d) If r < p < s, then there exists A such that p = Ar 4+ (1 — \)s. By the convexity
of log ¢, we have

log || £ < Alog [I£[ly + (1 — A) log | £1I5 = log[(IF1I})* - (1A 1.
Thus

A5 < QLAY - QLA < max{ || £l £ = (max{ || 1], 1/}

1.e.

1fllp < max{[| £l [[f]]s}-

Obviously, if || ]|, < co and || f]|s < oo, then ||f]|, < oo, i.e. L™(p) N L*(p) C LP()
(e) If || f]|loo < 00, then Ve > 0, let

Ec={ze€X:0<||flle =€ <|fI<I[flloo



then p(E,) < oco. If not,

[z flloe =) = 0.

1£1lp = ( /X FP)e > ( /E (1fllos = )% = (I flleo — ) (L(E))> = [|flloo — €.

contradiction. Hence

On the other hand for p > r,

1l = ( /X PN < LIS .

Thus

lm | f{lp < [[f]]eo-
p—oo

In conclusion we have lim,, , || fll, = || f1]co-
Page71, questiond.
Proof: (a) By Hoélder’s inequality, we have

Jr < mmiof vE= =

since £,1 —~ € (0,1). Thus || f|l. < || f]]s-

(b) By (a) ||f|l- = ||flls if and only if the equality holds in Hélder’s inequality, i.e.
1'5—2 = constant a.e.u. Thus |f| = constant a.e.pu.

(c) By (a), if f € L*(p), then || f]l» < ||flls < co. Hence f € L"(p), i.e. L¥(u) C L™ (p).
On the other hand if 0 < r < s, we should give the condition of L*(u) D L"(u).
Claim: If 0 < r < s < oco. L"(u) C L*(p) if and only if there exists ¢ > 0 such
that for any Borel set £ C X with 0 < p(E) < oo we have u(E) > €. Similarly,
L™(u) D L*(p) if and only if there exists M > 0 such that for any Borel set £ C X we
have u(E) < M.

If there is a sequence of measurable sets {E,} with 0 < u(E,) < 35. We may suppose
that E! s are pointwise disjoint, a, = p(E,) — 0 as n — oo and

1-r 81
s ™ — 1 1 - T S
d i lny * <00, Y . an, = oo for an infinite subsequence {ay,} since 1 —% < 2 —1.

1_1
Define f =), an, *XEn,, then f € L™ — L°. Contradiction.



Conversely, suppose f € L"(u), then the support of f, U = the closure of {z € X :
f(z) # 0} is a o—finite set. If u(U) = 0, it’s clear that the claim is true. Now we
assume p(U) > 0, i.e. u(U) > €. Then there exists a partition {E,} of U such that

u(Ey) > €,VYA C E,, measurable, thenu(A) =0 or wu(E,—A)=0,n=1,2,....

It suffices to prove the conclusion with u(U) finite, and finite partition instead of Uo-

finite and countable partition (E,).

Let €g < u(E,) < neg, then the proof is by induction on n.

n = 1, the partition of U is itself. VA C U measurable, if u(A) > 0 then p(A) > €.

So u(U) = u(A) = ¢ ie.u(U — A) = 0.

Assume that the statement is true for all n < k. If n = k£ 4 1, taking a measurable

set A such that p(A4) > €y, u(U — A) > €. If not, VB C U, measurable, u(B) = 0 or

u(B) = U, which is the case that we need. Thus u(A) < key and p(U — A) < keo.

By the assumption there exists a partition {B,} of A and {C,} of U — A such that

{B,},{C,} have the above property. Thus {B,, C,} forms a partition of U as we need.
Thus f |g, is constant a.e. therefore f is bounded a.e. by a constant M since

fe L (p). Thus [f|*7" < M*™" a.e. Hence

Jise<are [ <.

If there are measurable sets {F,} with b, = u(E,) — oo increasingly. We may
suppose that E!s are pointwise disjoint and o— finite. We can find a subsequence
{bny } such that 3, bu < 00, ¥, b7l = oo,

Define f =3, b;k%XEnk7 then f € L® — L". Contradiction.

Conversely, it is just the part (a).

(d) By Jensen’s inequality we have

1 1
10g||f||p=z—)log/X|f|”2i/Xlog|f|”=/X10g|f|-

On the other hand, Vo > 0,7 — 1 —logz > 0. Thus [|f[[f — 1 —log||f|[} > 0, i.e.



LUIfIE = 1) > log]| £ll,-
P_1
/Xlog|f\S10g||f||p§/X%

|f|

since pu(X) = 1.
LfP=1 |

Obviously Lis increasing with respect to p and lim,, ;o

P_1
lim /! =/ log | .
p X

p—0 X

= log|f|. By monotone

theorem we have

Thus

lim || ||, = elx8l/ldn,
p—0

Page72, question?.
Proof: First we consider ["(A) and I*(A) where 0 < r < s. Then

/1o = sup | f(a)]" < Y 1f @ < IfIlr-

acA
I£1I5 = /X fIP= /X FPTTLAT < AN < 1AL

ie. Iflls < Il
Part (a) of question 5 gives out an example which satisfies L*(u) C L" ().

Let X = [0,00), m be the Lebesgue measure. Then L"(m) # L*(m). E.g. r=1,s =
2, f1 = |z|” 2X01 then fi € L' and ||fi|l2 = co. On the other hand, fo = |2] X100,
then f, € L? and || f2||; = oo. The Claim of question5 has given the conditions on p.
Page72, questionll.
Proof: Since fg > 1 we have y/fg > 1. By Holder’s inequality we have

1< [ Vivaas ([ ViR vani =] - [ o

Hence [, f- [,9>1.

Page72, question14.

N\»—A

Proof:(a) First assume that f > 0, f € C.(R"), then [ fdt is differentiable. By
zF(z) = [; fdt we get zF + F = f. Hence

/ Frdy = zF? |8°—/ pprlF’da?:p/ dea:—p/ fFP lda.
0 0 0 0



That is

p—1 [ RN °° 1 1 -
R / Nz ldxs</0 fpdx)p(/o FO-00)i = | £ 1LIFS = /1L Fli

where % + % = 1.Thus
p
1l < mllfllp-
For general function f € C.(R"), f = fi — f_ where f,, f_ are nonnegative, we have

[ Fellp < ;5511 f+]l, where Fy is the image of f. by Hardy transform.

IFlz = / / dt|pdx—/ Py, — F_Pda
0 0
< / dex—i-/ FPdx
< / f_fdx+/ fPdz)

= (—) |ttt s

p—1 0

Thus
b
1F]l, < p— 11l
If f € LP(u), then there exists a sequence f, € C.(R") such that f, — f a.e. and

lfn — fll, = 0 as n — oco. Thus

/ o= fldt < 5 llfa = fll, = 0, 1 — o0,
0

thus F,, — F a.e.. By Fatou’s Lemma we get

deacghmlnf/ F,Pdx < (——||fl],)*.
| ppds <timint [ ippae < (25161)

Thus (Il < 5251l
(b): The Holder’s equality holds if and only if f» == constant F(*~1)7 = constant FP
a.e., i.e. f = constantF" a.e..Thus f = constant a.e.. Since f € LP(R), we get f =0
a.e..
(c): Let
3:717, x €1, Al

0, otherwise



then || f||> = log A and

0, z € (0,1)
F(z) = ;%(3371’ —a b, xz € [1, Al
p%(Al*% — 1)zt z € (A, +00)

Then || F||p = I, + I, where

p—1 p—1

o P
Assume that the constant in the right hand side of part(a) can be replaced by o=
2

for some a € (0,1). Then there exists 3 such that a < 3 < 1. Let A be large enough,
there exists Ag < A such that for x > Ao,af% —z7l> ﬁaf%. Then

A

——

vt = (L) 6P (log A — log Ay)
Ao p—1

and (P(log A —log Ap) > o log A since o < [ and A large enough. This implies that
p p
L > (aﬁ)p log A = (aﬁ)p”f“p,

hence ||F||, > (a-L)P if A sufficiently large, contradiction.
p p—1 p
(d): since f > 0, there exists zo such that fowo fdt > M where M is a positive

number. Then

o0 o 1 X [e.e] 1 o o M
/ Fdac:/ —/ fdtde/ —/ fdtde/ — = +00,
To z T Jo z T Jo z L

thus F ¢ LY(R™).

extra probleml.

Proof: For any sequence {t,},t, — 0 as n — oo, let f,(z) = f(x + t,). Then
fu(z) € LP, fo(z) — f(z) a.e. and ||full, = || f]]p- It is well known that

la—BP <27 (|afP +|8P), p>1.



Put h, = 2P7Y(|fIP + | ful?) — |f — ful? > 0 and h,, — 2P|f|P, by Fatou’s Lemma we

have
2 [ 15p < tim it [ @ IR -1 - fP)
Rk n—o0 RE
= 2”/ |f|p—limsup/ |fo — fIP.
Rk n—oo J Rk
Thus

lim sup |fo— fIP=0.
Rk

n—00

Since {t,} is arbitrary we get that

lim | [f(zx+1t)— f(z)[Pdz = 0.

t—0 RE

Since C.(R*) is dense in LP(R¥), then
Ve > 0,3g € C,, such that | f(z)—g(z)|, < -.

Let
f(@) =g(@)+ hx), fi=fla-t)=gl@e—t)+hlz—1):=g+Mh
where h(z) € LP and ||h(z)], <
We need to show that limy_, o [|f + fill, = 2%||f||p.

£
1

1+ Folly = 27 1 £l

1
< Mf+ﬁm—wg+%m-+hy+%m—2wﬂu

1
s|ﬁ+ﬁ—g—%m+hm+%m—2wﬂu

1
=|m+mm+hm+%m—2wﬂu

Obviously, ||h + k|, < £. Since g(z) € C.(R*), then there exists M large enough such
that if [t| > M, suppg Nsuppg; = @. Then

w+gmy=/ M+%w=/“ mp+/ 9P = 2]l
RE SuUppg Suppy

Hence if [t| > M,

1
=2r .

1
<21"||g_f||pS

191l = 11 F1l

| ™

1
Mg+%m—2wﬂu



That’s to say

<€+ =
_2 - G-

1 g
17+ Al = 23151 < 5 + 5

im [ 1@+ se=op=2 I5p.

lt=+o00 J gk
extra problem 2.
Proof: Use M.I.
By Holder’s inequality we know the validity of generalized Holder’s inequality for n = 2.

Assume that it’s true for n = k. Then forn =k+1,let g = fo- -+ fri1 and pil+ qil =1.

Obviously
1 1 1
D2 Pr+1 q1
that is
2 + -4 _(h =1
b2 Pk+1

By Holder’s inequality, we have

[ihd el < ||f1||p1||g||q1=||f1||p1( / \f2|q1---|fk+1\ql)‘“
X X

1

)

AN

< ||f1||p1<||\f2|“||gg'--|||fk+1|‘“||1’kf1

q
< ”fl”pl ||f2||p2 e ||fk+1||17k+1'



