MAT 5011 Real Analysis

Suggested Answer to Assignment 3

Page58, question4.
Proof Part(a). For any given open set U D E; U Fy, then UNV; and U NV, are
both open sets which are disjoint and F; C U NV;,,i =1,2. Thus

n(Er) + p(Ez) < p(UNVi) + p(UNVs) < p(U).

Since U is arbitrary, we get p(E1) + p(E2) < u(E; U Ey). By the subadditivity of u we
get u(Er) + p(E2) = p(Er U Ey)

Part(b) if £ € 9, denoting F;. By the inner regularity, Ja compact setK, C F;
such that u(E; — K) < i. Let E, = F; — K. By LM. we get a sequence {E,} and a
compact sequence { K, }satisfying K,, C F,, and pu(E,—K,) < 2% and F,,, = E,— K,.
By the construction E,, is decreasing. Let N = (", E,, then u(N) = 0. Of course,
E=NUK UKyU---

Pageb8, questiond.

Proof By the construction of Cantor sets, we know the sum of the length of deleted

open intervals in [0, 1] is

Thus u(E) = 0.

Pageb8, question8.

Proof We can construct in each [n,n+ 1], a Borel set E,, of measure ¢, with 0 < ¢, <
1,%", cn = ¢ < oo such that for every open segment I C [n,n+1],0 < m(ENI) < m(I).
For n = 0, put ¢ = b. we choose a sequence {e,} strictly decreasing to b with
b<e,<1 Form=1,2,..., F, is an open set constructed as follows:

(1): E; is the open dense subset of [0, 1] of measure €;

(2): Each E,, is the union of countably many disjoint open intervals I, ; of length

b kb =1,2, ... with Y27 I g = €.



€m+1
mm lm,k- In

3): Fpy1 C E,, such that E,, 1 N I, is open dense in [, , has measure
+ + , ,

fact, B = 22m(E,,) = €n41. Hence (2) is valid with m + 1 instead of m.

€m

Let E = N%_E, and I = [a — d§,a + 6] C [0,1]. Let ng satisfy 2™ < £ and E,, be

dense in [0,1]. Then there exists a point p € E,, with [p —a| < 27", p € I, 5, With

lno,ko <270 L g So Iﬂo,ko c .

€n

m(Ino,ko N E’fl) = _lno,koa n Z o
no
Thus
Co c Co
m(Ino,ko N E) = _lﬂo,ko > 0’ m(Ino,ko NE ) = (1 - 6_)ln0;k0 > 0.
no no

By (1), m(I N E) > 0. By 2)m(INE®) > 0. Thus 0 < m(ENI) < m(I) and
m(E) < 0.

Page58, question9.

Proof: Vn, there exist k and 7 such that n = 2% +4,0 < i < 2k,
Ifi=0, let

1, T € [, S
fal@) =9 2-2kz, gz e (4, 42)
0, other points in [0, 1]
If i — 2F — 1 Jet
1, T € [, Y]
fa(@) =19 2kz—i+1, z€(H, %)
0, other points in [0, 1]

If0 <i<2F—1,let

bz —i+1, ze (Lt L)
1, x € 56, 57

i+2—2%, ze(HH 52

0, other points in [0, 1]



Then f,(x) are continuous on [0,1],0 < f,(z) <1 and

1 - i=0,2F—1
fn(iL')d.’L' _ 2k+1
/

w7, 0<i<2F-1

Thus fol fn(z) — 0 as n — oo. However f,(z) doesn’t converge for all z € [0,1].
Page58, question12.
Proof Let m be Lebesgue measure in R' and K be an arbitrary compact set of R!.

Obviously R! is locally compact Hausdorff space. Define
u(E) =m(ENK), VE € {Borel sets}

Obviously, u : {Borel sets} — [0, 00) is well defined since K is a compact set.
Let {E,}52, be Borel sets and E = J;°, E, where E, N E,, = 0,n # m. Then

o o o o

p(B) = ml(|J Ba) 0 K) = m({J (B K)) = D m(Ea 0 K) = 3 u(E)

n=1 n=1 n=1 n=1
Thus p is a Borel measure.

By the definition suppty C K. Let supptu U A = K, supptuN A = 0. Then
u(A) =0=m(AN K) =m(A)

Hence suppty = K a.e. m.

Another solution: The following is based on the definition of question 11 w.r.t.
support of u.
Vn € N, Uzex B(z, %) is an open cover of K, thus there exists finite ,, 1, ..., Z,,, where
t, € N. Let
A=UrL, U§Z1 {2},

then we can proof A is a countable basis of K. We may rearrange z,; as {y1, 9o, ..., }
Define

1
wu(y;) = 5 otherwise pu(z) = 0.



Obviously p is Borel measurable and p(K) = 1. For any proper cpt subset H of K,
there exists at least y,, such that y,, € K — H. Thus u(H) < pu(K).

Page59, questionl4.

Proof: Since f =u+w,u=u"—u ,v =v" —v , W.L.O.G., we may assume that
f is a positive real-value function.
Let {U;}°, be the countable basis of R. Then V; = f1(U;) is Lebesgue measurable.
Hence there exists a F, set F; such that m(V; — F;) = 0.

Define
f(z), zeF
g(z) =
0, otherwise
x), z e JF;
oy = | 1 U
~+00, otherwise

Obviously g(z) and h(x) are Borel measurable. Then g(z) = h(x) a.e. [m] and g(z) <
f(x) < h(x) for every z € RF.
Page59, questionl7.

Proof Denote

o(Py, Py) = Y1 — v, Ty = T2

L+ |y1 — 42l T1 # T2

where P; = (x;,y;) € X,i = 1,2. First prove this is a metric.
Obviously p(Py, P,) > 0,VP, Py, € X, p(P1, Py) = p(P,, Py) and p(Py, P,) = 0 if and
only if z1 = x9, 11 = ¥o.
VP = (z;,y;) € X,i=1,2,3. Since |y; — yo| + |y2 — ys| > |y1 — y3|, it’s easy to verify p
satisfy triangle inequality. Here we omit it.
Let 71 be the discrete topology on R'(that is, every singleton {z} is an open set in 7).
Then every point € R! has the compact set {} as a neighborhood, so that (R, ;) is
a locally compact Hausdorff space. It is clear by the statement in the exercise that the
topology space (X, 7) is exactly the topological product of (R, 7;) and (R', 5) where
7, being the usual topology of R'. Therefore it is clear that (X, 7) is locally compact

Hausdorff space.



1

If K is compact in X, the first projection pri(K) is compact in (R', 7). Hence it is a

finite set. Therefore K is a finite union
{.Il} XK1UU{ZEn} XKn,

K; is a compact set in R! fori =1,2,...,n. If f : X — C has compact support, then
the support of f is contained in {zy,...,z,} x RL.

thus for f € C.(X)(f continuous with compact support),

A= [ty

is a linear functional on C.(X) and A f > 0if f > 0.
By the proof of Riesz’s theorem. the measure y defined by the following two equalities:

(1) u(V) = sup{/\f :f<V}=sup{u(K): K CV,K compact}
2) ) =mf{u(V): ECV,V open}
is a representing measure for /. We observe that if K = {z} x K', where K’ is
compact in R!, then by (1) for p and (2) for m instead of u, u(K) = m(K")(m stands

for Lebesgue measure on R').

Thus p is characterized by the identity
p({z} x [a,b]) =b—a,z € R .

Let V be an open set containing R' x {0}. Then for z € R', (z,0) € V, so that there
exists an €; > 0 with

{z} X [—€z, 6] C V.

This implies that there must be an n with uncountably many e, > %(If this is not
the case, then ¢, for at most countably many z, which contradicts the fact that R! is

uncountable).

Let K, = {z} x [-%,%], for ¢, > . For

K =Kg U+ U Kqp, p(K) > =,
n



hence p(V) > sup{™ :m =1,2,...} = coc.

Thus we have proved that if V' is an open set containing R' x {0}, then u(V) = oo,
this implies u(R* x {0}) = occ.

Now if K is a compact subset of R' x {0}(K compact in R'), then

K ={x1, - ,z,} x {0}

hence evidently p(K) = 0.
Therefore , for E = R!x{0}, we find that u(E) = oo and sup{u(K) : K compact, K C

E} =0, that is p is not inner regular.



Page59, question20.

Proof Let
(1 11
o 7 € [ wal
fi() = (n+2)?[(n+3)z —1], T € [#3,#2]
(n+1)*(1 —nz), T €[, n
\ 0, otherwise

then f,(z),n =1,2,--- is continuous, f,(z) — 0,Vz € [0, 1].

1 1
P 3
/fn(x)dxg/ RS P e - N
0 1T n

n+3

But sup f,(z) = %,Vm € [0, %],SUP fa(z) >0,V € [%’ 1].

Hence sup f,,(z) is not contained in L([0,1],m) where m is Lebesgue measure.



