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Abstract

Let (M, g) be a compact Riemannian manifold of dimension N > 5 and
Qg be its @ curvature. The prescribed @ curvature problem is concerned
with finding metric of constant @ curvature in the conformal class of g.
This amounts to finding a positive solution to

N+4

Py(u) =cu™-4,u>0o0on M

where Py is the Paneitz operator. We show that for dimensions N > 25,
the set of all positive solutions to the prescribed () curvature problem is
non-compact.

1 Introduction

Let (M,g) be a Riemannian manifold of dimension N. A basic question
in conformal geometry is the following: can one change the original metric g
conformally into a new metric g’ with prescribed properties? This means that
one searches for some positive function 9 (conformal factor) such that g’ = g
and the new metric g' has prescribed properties.

A best known example is the so-called Yamabe problem. For N > 2, let
L, := —4%\':21) Ay + S, be the conformal Laplacian, where A, is the Laplace-
Beltrami operator and S, is the scalar curvature. If one sets the conformal factor

Y = uv= (u > 0), then it is well known that L, has the following conformal
covariance property:

Ly(up) =u™=Ly(p) Vg€ C®(M).
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If one prescribes the scalar curvature Sy for the metric ¢’ then u has to satisfy
the second-order equation
Ly(u) = uN3Ly(1) = Spun-3. (1)
In the case when Sy is a constant, this is the Yamabe problem. In the case
when Sy is a prescribed function, it is called the Nirenberg problem.
Precisely, the Yamabe equation is

4(N —1) N+2
ﬁAgu — Sgu + cuN-2 = 0 (2)

The question that whether the set of all solutions to the Yamabe PDE is compact
in the C'*° — topology has been widely studied. It has been conjectured that
this should be true unless (M, g) is conformally equivalent to the round sphere
(see [27, 28, 29]). The case of the round sphere S¥ is special in that (2) is
invariant under the action of the conformal group on SV, which is non-compact.
The Compactness Conjecture has been verified in low dimensions and locally
conformally flat by R. Schoen [28, 29]. He also proposed a strategy to proving
the conjecture in the non-locally conformally flat case. Developing further this
strategy, the conjecture is proved in low dimensions: N = 3 by Li-Zhu [22], N =
4,5 by Druet [10], N = 6,7 by Li-Zhang [20, 21] and Marques [23]. Recently
this conjecture is shown to be true by Khuri-Marques-Schoen [16] for dimensions
N < 24 under the Positive Mass condition. On the other hand, the Compactness
Conjecture is not true for N > 25 in the recent papers by Brendle [3] and
Brendle-Marques [4]. More precisely, given any integer N > 25, there exists a
smooth Riemannian metric g on SV such that set of constant scalar curvature
metrics in the conformal class of g is non-compact. Moreover, the blowing-up
sequences obtained in [3, 4] form exactly one bubble. The construction relies on
a gluing procedure based on some local standard metric. The non-compactness
of Yamabe problem in the C* —topology is studied by Ambrosetti-Malchiodi [1]
and Berti-Malchiodi [2]. A complete description of blow-up behavior of Yamabe
type problems can be found in the book by Druet-Hebey-Robert [11].

Besides the conformal Laplacian L, there are many other operators which
enjoy a conformal covariance property. A particularly interesting one is the
fourth order operator P, which was discovered by Paneitz in 1983 ([24]), which
can be written for NV > 5 as follows:

P, = AZ —divg(anSy9 + bNRy)d + %QQ, (3)
where div, is the divergence of a vector-field, d is the differential operator,
oy = =2 +4 P
2(N —1)(N —2) N -2
and
Q= —grrpy s+ I B SR @



Here R, the Ricci tensor, [Ry[> = 35,  RYRy; where RY = 37 g% Ruug". Qq
is the so called @ — curvature. In the case N > 4, the conformal factor is usually
chosen in the form ¢ = uv=a (u > 0) and the conformal covariance property of
the Paneitz operator reads as follows:

N+4 .
Py(up) =uN=1Py(p) V€ C®(M).

If one prescribes the () — curvature for the metric g’ by a function @, this leads
to the equation
N+4 N -4 N+4

Pg(u) = UN_4Pg’(1) = TQy’UN_“;

which is a fourth-order analogue of (1). We refer to the survey articles of Chang
[5] and Chang-Yang [8] and the lecture notes [6, 7] for more background infor-
mation on the Paneitz operator. Recently, there are more and more interests
in using higher order partial differential equations in the study of conformal
geometry. See [9, 13, 30] and references therein.

There is an analogue problem to the Yamabe problem, that is, to find metrics
of constant () — curvature in the conformal class of g. The problem can be
transformed to solve the following Q) — curvature equation, for N > 5,

_ N—4 n4a

unN-4

2 7

Pyu u>0 on M. (5)

Clearly, every solution of (5) is a critical point of the functional

fM(Agu)2 + Ei,j (anSyg% + bNRY)O;udju + %ngﬁdvolg

N—4

(fM u%dvolg) "

Eg(u) =

Consider
mm:mﬂ@wyueH%MLu>mu¢@.

We refer to P(g) as the Paneitz energy. Clearly it is a conformal invariant.

A similar question is whether or not the set of all positive solutions to the
() — curvature equation is compact. As far as we know, the only results in
this direction are by Hebey-Frederic [15] and Qing-Raske [25]. Both papers
give positive answers provided M is locally conformally flat and satisfies some
other assumptions. Compactness is also studied for non geometric potentials of
Paneitz operator in Hebey-Robert-Wen [14].

In this paper, we prove the non-compactness of the set of solutions to the
() —curvature problem in large dimensions. We construct a blowing-up sequence
consisting of exactly one bubble. More precisely we prove the following theorem.

Theorem 1.1. Assume N > 25. Then there exists a C*° Riemannian metric
g on SN and a sequence of positive function u, (n € N) with the following
properties:



i) g is not conformally flat,
i) un 18 a positive solution of the Q@ — curvature equation (5) for all n,
ii1) Eg(un) < P(SYN) for all n and E;(u,) — P(SYN) as n — oo,
iv) Supgn Up — 00 as N — 00.
Here P(S™N) denotes the Paneitz energy of the round metric on S™.

For convenience (and by stereo-graphic projection), we will work on RV
instead of SN. Let g be a smooth metric on RN which agrees with the Euclidean
metric outside a ball of radius 1. We will assume throughout the paper that
det g(z) = 1 for all z € RV, so that the volume form associated with g agrees
with the Euclidean volume form. Precisely, we will consider

MRt nmy, 1)

Our goal is to construct solutions to the @) — curvature equation (7) on
(RN, g). Though we shall follow the main ideas in [3] and [4], there are some
major difficulties in fourth order equations. The main difficulty is that we need
to ensure that u is strictly positive on RY. In the Yamabe problem case, one
constructs solutions of the form

Pyu =

u=up+¢

where u is the standard bubble and ¢ is the error. As long as ||@||g is small,
it can be shown easily that u > 0. In the prescribed @) curvature problem, even
if we can show that ||¢|| g>(r~) is small, it is not guaranteed that u is positive.
To overcome this difficulty, we need to use a weighted L>° norm

1llx = llug " dll Lo vy

and we have to show that ||@||« is small which then implies that u is positive.
We use a technical framework which is more closely related to the finite dimen-
sional Liapunov-Schmidt reduction procedure, as in [12], [26], and [31]. Another
difficulty is the choice if the auxiliary function f(s). In the second order case,
a quadratic polynomial is chosen ([4]).

The organization of the paper is as follows: In Section 2, we introduce the
special metric g in this paper. In Section 3, the first approximation of the solu-
tions is given. In Section 4, we calculate the corresponding Ay, Sy, Ry, ()4 under
this special metric g, and then acquire the estimate of the energy functional.
In Section 5, the invertibility of the linearized operator is settled. In Section 6,
we solve the nonlinear problem. In Section 7, a variational reduction procedure
is processed. In Section 8, we show that the energy can be approximated by
an auxiliary function. In Section 9, we prove that this auxiliary function has
a critical point, which is a strict local minimum. In Section 10, we prove the
main theorem by a gluing method. In Section 11, some inequalities used in the
paper is proven.

Acknowledgment. The first author is supported by an Earmarked Grant from
RGC of Hong Kong.



2 The Special Metric g

In this section we introduce the metric which will be used in this paper.

In what follows, we fix a multi-linear form W: RY x RN xRV x RV = R
We assume that W;y; e satisfy all the algebraic properties of the Weyl tensor.
Moreover, we assume that some components of W are non-zero, so that

Z (Wije + Wigjr)? > 0.

i,5,k,0=1

For simplicity, we put

n
Hij(y) = > WipjaUplg

pq=1

and

Hi;(y) = f(ly)Hi; (),

where f(|y|?) will be chosen later. (Specifically, we shall choose f(s) = 7 —
12000s + 2411s%2 — 1355 + s*. The number 7 depends only on the dimen-
sion N and will be chosen later.) It is easy to see that H;;(y) is trace-free,
S yiHij(y)=0and Y1 8;H;;(y) =0for ally € RV.

We consider a Riemannian metric of the form g(z) = e™(*), where h(z) is a
trace-free symmetric two-tensor on RY satisfying h(0) = 0, h(z) = 0 for |z| > 1,

()| + 0h(z)| + |0°h()| + [8°h(2)| + |0 W(z)| < o
for all 2 € RV, where a > 0 is a fixed small number, and
hij(z) = pe® f(e7*|e|*) Hij ()

for |z| < p. We assume that the parameter e, u and p are chosen such that
#<1lande < p<1. Note that Eil x;hij(x) = 0 and Zil 0;hij(z) = 0 for
|lz| < p.

For later purpose, we need to understand the Green’s function of Aj. Denote
G(z,y) be the Green’s function of A, in RY. Then the Green’s function of A?
is

G(z,y) :/RN G(z,2)G(y, z)dz.

Since |é(w,y)| < Cld(z,y))* N, |VC~¥(:c,y)| < Cld(z,y)]*  and |V2§(x,y)| <
Cld(z,y)]~", we know that

|G (@, y)| < Cld(z,y)]* ",

IVG(z,y)| < Cld(z,y)*~ ",



V2G(e,y)| < Cld(a,y)> ™.

Here d(z,y) is the distance between x and y under the metric g. It is easy to
see that

d(z,y) = [L + O(a)]|z — y|

since g = e" and « is sufficiently small.

Notations In what follows, we use C' to denote the variable constant which is
independent of o and . |O(A)| < CA and 0o(A)/A - 0 ase — 0.

3 First Approximation of the Solutions

In this section we will provide an ansatz for solutions of Problem (7).
Denote

N—-4

uo(z) = e )
T =N A2e2 + |z — &|? ’
N-—-4
where vy = [N(N —4)2(N = 2)(N+2)/2] ¥ ,A>0ande > 0. It is well
known [17] that wug is the only positive solution of

Observe that u(x) satisfies (7) if and only if v(y) = 5¥u(sy) satisfies

N —4
Pyu = e (8)
2
where §(y) = g(ey). Denote
N—-4
ioly) = "7 ug(ey) = Y )
to(y) =€ 2 uoley) =N R m—TE ,

where &' = £/e, X' = A/e. The configuration set for (&', \') is

A:{(g’,)\')G]RNx]R: €' <1, %<)\’<g}_

We will look for a solution to (7) with the form g (y) + ¢(y). It is easy to
check that ¢ must be a solution of

Pyp— —5—i) "¢=—R+N(¢) R, (9)
where
- N -4 _ 3+
Rly) = Pyitg - ~——ig (10)



N -4, _ N—-4 X+ N+4_ 2,
N(@) = =5 (o + 9N — =o—iig ' ——5—dig 6 (1)
2 2 2
A main step in solving (9) for small ¢ is that of a solvability theory for the
8
linearized operator P; — XX g =+

4 Preliminary estimates

In this section we will mainly estimate the energy functional. From now on,
denote h(y) = h(ey) and R, S5, Q5 are the corresponding Ricci tensor, scaler
curvature, () — curvature under the metric g.

Lemma 4.1. For |y| < p/e, it holds

Z 6mmhzj + Z ms 6mshzj) (asilmj)(amilsi)]
+ Z |: 6 hms mi:LS]) + (6J’~lms)(am}~lsz) - (6]ﬁms)(6zﬁsm)

hins (Omitisj) — hums(Omihsi) — Ommhijs)hsi — hjs(Ommhsi)
+O(|hI*|0%h| + |h||Oh[?).
For |y| < p/e, we have
ﬁ,ij = O(ag?).

Proof. Recall that f‘}d =3 55 (OeGmk + OkGme — OmJre). Since h is trace-
free, we have det § = 1 for all y € RY. This implies Y, %, = 3=, , 130k g =
10, 1og|g| = 0. Therefore, we obtain

ﬁij=28mfg;—28jr +Zr DR NI v

tm

—Za IR N N /] (12)

m

Direct calculation shows

+ % [(%Ems)(ashw) + Ems(émsﬁ,,)]
+ i[(azhms)(amizs,) — (Omims) (BiTrs;) + (OFims) Omhoss)



i)h;

~ Ommha)hss| + O(RI? R+ o),
and
ILLEDY 2 @) @) — Behons) @) + 3 Bme) Oiem)
4m
+ O(|h||OR)?).
Since 3=, Omhmi = 0 for |y| < p/e, the lemma concludes from (12). O

Thus we have the following conclusion for Ré = PO GIR 1G4
Corollary 4.2. For |y| < p/e, we have

,ﬁfij = Z 6mmhzj + Z ms 6msh'z] (6shmj)(8milsi)]
+ Z [ 6 hms m~sj) + (ajﬁms)(amﬁsz) - (aji’/ms)(azﬁsm)

— hins (Omifis) = hims (Bmjhsi) + (Ommhjs)hsi + hjs(Ommhisi)
+O(|hI*|%h| + |h||Oh[?).
For |y| < p/e, it holds
RY = O(ag?).
Lemma 4.3. For |y| < p/e, there holds

1 } . . -
Si=-1 kez (Ochumi)? + O(|R[|8%H] + [B||OR[?).
For |y| > p/e, we have
S; = O(ag?).

Proof. The detailed proof can be found in [3, Prop. 26], noting that )~ O hm =
0in [y| < p/e. O

The above lemma and a direct computation show the following conclusion.
Corollary 4.4. For |y| < p/e, we have

1 ~ 1 ~ .
B3S;= —3 > Bichmr)® - 3 > (Ochmi) (Biichme)

i,k,&,m i,k,&,m



+ O(|0R|*|0%h| + |h||0*h|* + |h||OR||0%h| + |B|*|0*R]).
For |y| > p/e, it holds
A;S; = O(agh).
Now it is ready to estimate Q3.

Lemma 4.5. For |y| < p/e, we have

Q5 = ﬁ Z [(8,-gl~1mk)2 + (6lilmk)(aiilﬁmk)]
i,k,l,m
N s —ap 2 @ Ouchi)
,],m e

+ O(|0h|*|0°h| + |1||0°R|* + |h||0R||6°R| + |h|?|0*A)).
For |y| > p/e, there holds
Qg = O(ac").

Proof. This is a direct result of (4), Lemma 4.1, Corollary 4.2 and 4.4. O

Our next goal is to estimate R(y) defined in (10).
Lemma 4.6. For |y| < 2,

AZiig — A%lig = — (sshij) (Bijiin) — 2(0shiz)(Dsijtio) — 2hij(Dssijiio)

+ O(|h||8h))|6%To| + O(|RI|8RI)|8% 0| + O(IAI*)[8"ol-

For |y| > £,

0. avs ag
0 = 20 =0 (7 T )

Proof. The computations follow easily from the definition of Az and the prop-
erties of h. O

By Lemma 4.3, Corollary 4.2 and the properties of h, it is also not difficult
to verify the following two lemmas.

Lemma 4.7. For |y| < £,

ll’2520
Za 39" 91to) = O((1+|y—£'|)N2°)'

For |y| > 2,

2

~ija =\ _ ag
2 %650 0in) =0 ((1 1y~ 5'|)N—2) |




Lemma 4.8. For |y| < £,

- 1 - 1 . _

> 0;(R¥d5ii0) = — 5 Qmmhij)(Bitio) = 5 (Bmmhi;)(Dijo)

i

2.20
u3e
(0] .
" ((1 Ty —£'|)N2°>

For |y| > 2,

~iin -\ ag?
gaj(R](%’U,o) =0 ((1 i |y _fll)NQ) :

Combining the above results, we have the following estimate for R(y).

Proposition 4.9. It holds

4 10

pie p
<
‘Tap-eprm PSS
1
R(y) < < e Eclyl<=
(y) < C(1+|y—£’|)N—1 for vl <2
1
0 > —.
‘ for 1] > -

Let us consider the energy functional Ej(v) associated to Problem (8),
namely

1 L N-_4
B3(0) = 5 /R (Mg + Y (S35 + by RY)Diwd + —— QyuPdy
3,5

(N—4)2/ o
N RNUN idy.

In what follows, we will calculate the energy Ej(do), which is a important step
for the existence of the solutions of our equation. First we have

Lemma 4.10. For |y| < p/e,
(Agdo)® — (Ado)”
> hie(Bihje) Oriio)(Bjiio) — Y 2hij (Do) (ijo)

i,4,k,¢ i,5,k
2
+ Z hwhﬂ akkuo 5@JU0 (Zhw az]uo )
4,5,k €

+ O(|hl[8R]*)|0ao|* + O(|h[*|0R)|00| |0 T0| + O(BI*)|0%a@0l*.  (13)
While for |y| > p/e, we have
(8g10)* = (Adig)* = O(a(l + |y — €')*7*N). (14)

10



Proof. Tt is easy to check that

(Agtig)? — (Atig)? = (Z(aigij jﬂo) + Z (0 g™ 3" (Betio) (03510

%, 4,5,k

+ D (G = i) (" + Oke) (Bigiio) (Dketio).-

1,7,k

By direct calculation, we have

2
(Z ;% ajao)
2]

= ) (Okhir)(Behje)diiiod;iio + O(|h||OR|)|Dito|,
i7j7k,e

Z 25" (0, §**) Deiio Bij i

.’j7k Z

= 3 20 Octiodiio + Y [(Okhim)hie + Ohme)hiam | OeiioDriti
i,k,8 i,k,4,m

+ Z 215 (Ok hie) Oriio 0 i + O(|h|* |0 )| Dito||0% o |
i,7,k,€

and

D (7 = 6i5) (@ + Oke)(8ii0) (Onetio)

i7j7k7£
= — E 2h;50;5U0Okk o + E Pirn P03 Uo Ork o
4,5,k ,5,k,m

2
+ (Z Bij@jjﬁo) + O(|7z|3)|62110|2
i,j

Therefore, for |y| < p/e, 3°;dihi; = 0 yields (13). Since h = 0 for |y| > 1/,
(14) can be easily gotten. This concludes the proof. O

Lemma 4.11. It holds

/ (Agio)® — (Ado)®

2
/ Z hzlh]l zkkuo)(a UO / (Z hz] (%Uo )
B i

£ i,4,k,L

0= +0 (a(2)").

11



Proof. Since for |y| < p/e,
|l |Oh|*|00|* + |A|*|9R| |00 |10 Go| + |AI*|8% 0|
< C/L3830( + |y _ §I|)3472N
< OpPe NS (L Jy — g PN,

from Lemma 4.10 we have

| (@50 = (80"
= [ 5 h®ihi) Oueto) @y0) ~ Y 2hiOuaio) D0

e NN 4,5,k

2
+ Z hzlhjl 6kku0 623“0 (Z h'lj 8@3”0) dy

1,7,k
1)+ 0 ( (;)N4> . (15)

On the other hand, integrating by parts and using »_, dihij = 0 for |y| < p/e
and h(y) = 0 for |y| > 1/e, we know

+0(u?

hie(8;hje) (Bnio) (Biin) + hichie(Ontio)(Ds5iio)

ik, Be
e\ N—4
= Z ;i (hiehie) (Okktio) (Ojiio) + hichje(Bpniio) (8ijiio) + O ( (p) )
i,7,k,€
N—4
= — Z / hichije(Osxitio) (jiio) +0( (6) )
1,7,k p
. e\ N—4
= — Z hiehje(Oikr o) (050) + O (04(—) ) . (16)
ikt B2 p

Next, direct computation shows
N N2 +4N
(N —3) (N2 — 4N +8) Gujeris) + 32— g 1 8
4(N - 4)*(N - N> ly— &9
N2 —4N+8 O(e2 + ]y - &'P)°
4(N —4)*(N2-2) , 8ij
T N?_4AN+8 @2t y-ep)E

U0 (Oijkkto) = (0i510) (Okk o)

Recalling h is trace-free, we get

Z / hij Ok tio) (Dijtio)

igk B

12



Z/ 855 (hijiio) (O tio) + (a(s)N4)

5]7 p

o))

a]:

Since Eil aiilz'j =0 for |y| < 2, it follows that
hij (Oijrniy) = / (B hij )it
RN RN

- R Ya? = AR
= /RN\BF (6,Jkkh”)u0 =0 (Ot(p) ) -

Thus
Z h,J (Bpwiio) (Biii0) = O (a(—) ) . (17)
i,J,k P
ds
The proof of the lemma is completed by (15), (16) and (17). O

Lemma 4.12. For |y| < p/e,

do)* + O(|h||Oh|*)| 9o .

==

> S35 05ti00;i0 = —

2%} i,k,l,m

For |y| > p/e,

Z S5 8;iin0;iio = O(ae®(1 + |y — €')572N).

i3

Proof. Recalling that g = e”, this lemma is an easy consequence of Lemma
4.3. O

Lemma 4.13. We have

/ ZaNSgg RRTNGI
/B mi)* (Biiio)? + O(u*e 1) + 0 (a(%)N_4).

Proof. This is a result of Lemma, 4.12 by direct calculation. O

szlm

Lemma 4.14. It holds

/ ZbNRJ(’) u08 Uo
RN

’.7

13



- /B 3 (O3 ) Biom) (Do) (By0)

g i’j7m’s
b 7 7 4 ~ ~ ~
% / Z [hms(ashij) — hsi (ashmj) + hsj (aihms)
2 JBy i
- Bms(aihsj) 6m(8i'l~b()aj’ﬂ,0)
b 7 7 ~ ~
+ TN/ D his(Ommhis)(Biiio) (95to)
Bp i

’j?m’s
503 AR
+ O e™T) + 0 (a(p) )

Proof. From Corollary 4.2, we have

/ > bRY8;1i00;i
RN 44

2 i,5,m
b . N
Be ijm,s
b h 7 7 7 >~ ~
+ 7N /B Z I:hms(amshij) - (ashmj)(amhsi) + (aihms)(amhsj)
g i’j?”n’s

+b7N/BE Z his (Omm hjs ) (sio) (950

2,7,MM,8

+ O(u35N0§1) +0 (a(%)N4> .

o @

Since
S (N2, (N-4)? ., G
6zUOaJU0 4(N_3)81Ju0 - 2(N—3)uo)\'2+|y—§'|27
it is easy to check, since Zi; aiilij =0,
7 S g 471 ~2 2\
Z / (6mmhij)6qu6qu <C |6 h|u0 + 0 ap (—)
igom Bg R"\Bg P

N—4
—o(ar(5)").
p
Integrating by parts, we know

> /B P (Omshij ) (Osiio) (9;io)

iﬂj’mﬂs

14



= Z 8m[ﬁms(65ilz])]6zﬁoagﬂ0 + O(a2p2(%)N74)

= — Z ilms(asilij)am(aiﬂoajﬁo) +0(a2p(%)N74)7

Z L (asﬁjm)(6m7'lig)(6iﬂ0)(6jﬁo)

i’j,m’s
= 3 [ Oulhun(@hsm)dsiodyin + O ()Y
irjsm,s 7 RT p
-~y / s (95 hjom) O (stio Do) + O(ap(E)N 1),
i,5,m,8 B? p

and

The proof is complete.

Lemma 4.15.

N -4 .
— Qg
RN

- N-4 Ry P i N2
T 8(N-1) /Bg “%;m [(8zlhmk) + (5zhmk)(9uzhmk)] g

By ;%
2 i,j,m,s

+0 (;ﬁe%) +0 <ap4 <%>N4) .

Proof. The lemma can be easily deduced from Lemma 4.5.

Hence, we have the following estimate of Ej (o).

15



Proposition 4.16.

— b—N/ [ilms(asilz]) - Bsi(asﬁm‘]) + FLS] (61717"3)
2 BE l7j’m7s
— hins (Bihsj) | Om (930D i)
b ~ = ~ -
+ TN/ his(ammhgs)(azuﬂ)(ajuo)
BS ,J,m,8
N -4 7 2 7 7 ~2
+ 8(N —1) /Ba ik 6m [(alhmk) * (8€hmk)(6“ehmk):|u0
N -4 / > ¥ .9
ammhz asshz U
=t J,, X Ounboonhs

+0 (M3E%) +0 (a(%)N_4) ,

where E is the constant such that

N—4 1 N
p—__% —— ) dy.
N /]RN(1+|:U|2) Y

E = P(SV). (18)

Remark: Note that

5 Linearized Operator

In this section we develop the invertibility theory for the linearized operator
8

P; — MHG7=* in suitable weighted L™ spaces.
We define two norms

2 .
1 A+]y =PV
Iéll. = sup 2[ A of] 186,
ver™ iy L ey +o(3) @
Xiy-ei<2y(LHly =ENDY 1 Xprgpy <y A+ ly = €DV
||C||** = Sup 10 +
yERN HE Qg
N+o
Xqly—¢> 131+ ly = &)
+— ~ W),

16



where xg is the characteristic function on the set S, and 0 < ¢ < 1 is a small
constant.

Denote
Oty Oty .
7y = —— i=— j=1,--- N.
0 AN ) J 85; J ’ ’
First, we consider the following problem. Given ¢ € C®(RY), find a function
¢ such that for certain constants ¢;, i =0,1,--- , N,
N
N+4 _s8_
Po— X 0ar g =+ i iRV,
2 ‘
i=0 (19)
RN

where x(y) is a cut-off function satisfying x(y) = 1 for |y — &'| < rg, x(y) =0
for |y — &'| > ro + 1. Here r¢g > 0 is large but fixed.

Proposition 5.1. Assume N > 25, (¢, \') € A and « is small and fived. Then
for small e, there is a unique solution ¢ to (19). Moreover

ll¢lls < ClIC]lx
where C' is independent of a and €.
To prove the above proposition, we need the following priori estimate.

Lemma 5.2. Under the assumptions of Proposition 5.1, for any solution ¢ to
(19), there exists a constant C such that

811« < CIIC]4x-

Proof. We use the contradiction argument as in [12] and [26]. Assume there
are sequences €, — 0 and the corresponding (,, ¢, such that [|(s|l+« — 0 but
||nll« = 1. For abbreviation, we omit the subscript n in the following proof.
Testing the equation against x¥Z; and integrating by parts four times, where
X(y) is a smooth cut-off function satisfying x(y) =1 for |y —¢&'| < £, x(y) =0
for [y — &'| > £ and [V'g| < C(5)", 1 <i < 4. we get

_ N+4_ & _
) Ci/ XZiZ; =/ (Pgn (xXZj) = —5 iy 4XZj) ¢—/ CXZj-
P RN RN RN

This defines a linear system in the ¢; which is “almost diagonal” as € approaches
zero, since we have

diio\
RNXZOZj=50j X\an )

17




5110)2 )
ZiZ; = 6 g Vi=1,---,N.
/]RNX J J X(@yj

On the other hand, using A%2Z; — 1‘ =27/ “ - Z; = 0 and the estimates of Sj, RSt,
’ g J 9
Q5 in the previous section, we have

/IRN<P§(XZJ) N+4 TRESP S >

= /RN {A;()‘(Z ) — XA*(Z;) - >0, [(aNSg§3t +bN7€3t) 5t(>_<Zj)]

s,t

N -4
+ —QgXZ }¢>
= o(ue'®)[| |-
It is also easy to get
[ ox < Cuel(le
RN
Thus we conclude

leil < o(ue™)lIglls + Cue'®liCllss  Vi=0,---,N,

so ¢; = o(ue'?).
Next we claim that, for any fixed R > 0,

ol Lo (Briery) = o(ue™).

Indeed, by elliptic regularity we can get a ¢ such that 510 — ¢ in C (RY)
and
~ N+4 _8_.
A2 — ; ¥ "$=0 inRV.
This implies qAS is a linear combination of the functions Z;, j = 0,1,---, N,

see [19]. On the other hand, the assumed orthogonality conditions on ¢ yields
fRN ¢xZ; =0 for all j. Hence ¢ = 0, which concludes the claim.
Now rewrite the equation in the following form

o) = [ G2 30, [(anSia? + bnR)0] (210

N+4_ -8

- / N2_ 4G(y7 Z)Q§ (2)p(2)dz + Gy, Z)Taévj #(2)dz
RN RN

+ G(y,2) dz+Zc,/ Gy, 2)xZi(z)dz (20)

RN

18



We make now the following observations: _ B
Owing to S3(z) = O(ae?), 8S; = O(ae®) and R¥(z) = O(ae?), OR¥(z) =
O(ag®), we have

[ 602 320 [(anssg? + v R)0i0] (2)d:
i,J

= O(ae’) G(y,2)|0(2)|dz + O(asc?) G(y,2)|0°p(2)|dz

Bije Byje
= I+ 1L (21)
For |y = ¢'| < £,
1 uel® €
1] < Cac®|| 4. / [ +alE N3] dz
d e o [T - eprem o)

+/ 1 @ dz
P<lzl<t |y — N4 (1 + |z = &N -3

10.3(1 13
< Caloll. | S EEBEE 4o yv]
1e®

e o 2

where we use, for any 0 < s,k < N such that s+ k < N,

< Cap'll4ll. [

1 1
dz < C(1+ |y —€[)FtsN, 23
/RN ly— 2N (1t |z gPNFk = (1+ly—=¢1) (23)

The proof of (23) is standard and is given in the appendix. Similarly, for [y—¢'| <

L
2e?

1] < Cap?[ll. [ I a(g)M] . (24)
>

On the other hand, for |y — ¢'| > £,

1 puel® €
Il < Cae® " / [ +a—N_3] dz
1] < Il { i<t ly—2N 4 |1 +]z— &)V 13 (p)

+/ 1 a dz
ecpzi<t |y — 2N (L4 [z = &PV

a

< Cp’li#ll : 25
< Cp°lloll A4y ey (25)
where we use, for any 0 < s,k < N such that s+ k < N,
1 1
< k 1 _ ¢I\s—N 2
/BT ly — z|N—* (1+|z_€,|)N_de_Cr 1+1y=¢) ) (26)

19



which is a direct result of (23) and the proof is also given in the appendix. A

similar proof also gives
a
A+ly—gpn—

Since Q5(z) = O(ae*), we similarly have

111] < Cp*14ll-

for |y — &' > 2.
or |y €|_26

| 6w Q50
RN

10

LE
< Co'lol [ S

and for |y — ¢'| > £,

a
(1+1ly = &PV

Therefore, combining (21), (22), (24), (25), (27)-(29), we finally have

N -4

[ = < Cp'lgll.

G(y,2)Q5(2)¢(2)dz

G(y,2) > 0 [(an S35 + byR)9;0] (2)dz

RN

i3
N -4
- TG(y,z)Qg(z)qﬁ(z)dz
RN
Cap? pe'® E\N-4 1 P
p ||¢||* (1 ¥ |y — §I|)N714 +Oé(;) for |y _5 | <=
<

a p

Next note that

Gy, 2)—=
. (y,2) 5

E\N—4 ! 14
+a(= for ly —&'| < =,
a(2) ] or [y —¢/| < -

1 $(2)
<C / +/ +/ .
{ Br(e) JR<|o-g'<£ |z—£'|>§} ly —2[N-4(1+]z—¢)8

Since ||| Lo (Br(er)) = o(ue'®), it is easy to check that

1 6(2)
d
/BR@) ly— 2N T+ =&

10

He E\N-4 / P

1 = < 2
o) [y S+ e -1
10 @ gt P
O(/J/E )(1_|_|y_£,|)N,4 for |y 6'2 25‘

20
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(28)

(29)



[ SO
reiemei<t WA 0]z~ 67

C &0
ml [y —ep

E\N_4 ' P

+a(- for ly —¢&'| < —,

a(5) ty €< 2
<

)i a
CaC) ol iy g

for [y — &' > 2.
or [y — €] > o2

1 6(2)
d
/qug ly— 2z A1+ ]z —&E

€4 pe'? E\N—4 1 P
Ol | e +e O] wrly-gl< £

<
a

A +ly—&pr—

£ 3 ! p

- « fi — > —.
C(p) lloll or |y — &' > o
Thus

[ 6 w0 v 6(:)as
RN

10 €

c pe - e P
(stell +0) [ Sgpmm +aO¥ | forl-e1< £,

(67
(IT+ly—&gPhr—+

C(%)3II¢II* for |y — &'| > 2%.
(31)

Similarly,

G(y, dz = G(y, .
[ G()a { Jowto o /ZM} (4, 9)¢(2)

Using (23) and (26), we have

10

pe P
C”C“** (1 + |y _ £I|)N714 for |y € | S 253

/| o, G < 0 )

z—€< 2 !
e —_ >
C”C“** (1 + |y _ £I|)N—4 for |y é- | =9 )
E\N_

Cl¢llewa(C)N for |y — €| < .

| 6w < . o
L<|z—gr|<l Cl|¢]]x AT p—epr for [y — &'l > %
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and

13 _
ClI¢fluxa(S)N for [y — €] < 2,
p 2e
/ G(y,2)((2)| < o 0
lz—¢'|>1 C - f — &> =,
Il gy — s vl = €12 5
So
G(y, 2)¢(2)dz
RN
10
He E\N—4 1 P
e _ < 2
Ol | e + o) forly— €] < £,
< (32)
o gt ﬁ

Since we have know ¢; = o(ue!?), it holds

i RN
< Clai / L @) ! dz
= e Ty — X T e =g
pe'’ E\N-4 / P
e _ < 2
o) | gy + o) for |y~ €] < 2,

= (33)

10 a o P
— > —.
e Ty — e orly =1z g

Now we obtain that, by combining (30)-(33) and choosing R large enough,

[ 1 (1+y— PV

210 +a(5)N—4 + o
p

9] < ClI¢]lex + 0(1).

Taking the derivative in (20), we have
6’!!1’¢(y) = / a’in(ya Z) Z Os [(anggSt + bNﬁSt)aﬁﬁ] (z)dz
RN s,t

B /IRN %8%'(;(% 2)Q5(2)p(z)dz
N +4 8

+/RNain(.u,,@ ; al-

+/RN 0y, G(y, 2)((2)dz

+ e [ 0,627
i RN

*o(2)dz

22



Since |8, G(y, 2)| < C[1 + O(a)]|z — y[>~Y, similarly we can prove that

_ #\N—-3
[ I TGt 1) ]|6¢|scucu**+o<1).
(

+a(2)N o

I+[y—¢ P13

It is also similar to get that

l 1 (1+ |y —&N—2

+
210 S\N_2
+a($) @

] 02| < ClI¢llx + 0(1).

(P

So we finally have

which is a contradiction. O

Proof of Proposition 5.1. Consider the space
H:{¢€H2(RN):/ XZJ¢:0 V]:O’]_,...’N}
RN

endowed with the inner product (¢,9) = [on AgpAgep. Problem (19) expressed
in weak form is equivalent to that of finding a ¢ € H such that, for any ¥ € H,

g ~ . N -4
= D5 + b RN0i8050 + = Qs

N +4
Ry 2

8
Gy v+ | (Y.

RN
With the aid of Riesz’s representation theorem, this equation can be rewritten
in ‘H in the operator form

¢=K($)+¢

with certain ¢ € H which depends linearly on ¢ and K is a compact operator in
H. Fredholm’s alternative guarantees unique solvability of this problem for any
¢ provided that the homogeneous equation ¢ = K (¢) has only the zero solution
in ‘H, which is equivalent to (19) with ¢ = 0. Thus existence of a unique solution
follows from Lemma 5.2. This finishes the proof. O

Remark 5.3. The result of Proposition 5.1 implies that the unique solution
¢ =T(C) of (19) defines a continuous linear map from the weighted L space
L2, equipped with norm || - ||««, into the weighted L™ space LS°, equipped with

(RIS

It is important for later purposes to understand the differentiability of the
operator T' with respect to the variables & and ).
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Proposition 5.4. Assume (§',\') € A. We have

Ve anT (O« < CliC]le-

Proof. Denote formally Z = 8¢ ¢. We seek for an expression for Z. Then Z

satisfies the following equation:

N
N+4_ & N+4, 5
P2~ ——iig 2= —5—0(iy )¢+ gdixz,-

N
+ Zciaf' (XZZ) in RN;
i=0

where d; = O¢c;. Besides, from differentiating the orthogonality condition

Jon ®XZ; = 0, we further get

6 00 (\Z;) + / ZxZ; = .
RN RN

Choose by such that

Zbl/ XZZ; Z/ ¢ O (X Z;)-
7 RN RN

Since this system is diagonal dominant with uniformly bounded coefficients, we

see that it is uniquely solvable and that
lbe| < Cpe™|¢.

uniformly in (&', )) € A.
Let us now set

N
n=2Z+> bixZ.
i=0
Then 7 satisfies
N
N+4_ & . .
Pyn— 5o 4n=C+Zdz’XZi in RY,
=0
/ nxZ; =0 vJ.
RN
where
N+4 & N+4_ &
E= Y b (P - AT ) + T e e
(]
N
+ Zciag’ (XZz)
i=0

24
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Applying Lemma 5.2,

lInll« < ClCles-
It can be directly checked that
N+4 &
[bil | By (xZi) = —5—1o " (xZs)| < ClIgll,
N+4_ &5
H ~Zo0 @l )g| < Clglle,

and

llciOr (xZi)ll e < CIIC] |-
Thus [|llex < C[[¢[lx, and then
lInlls < ClICH -
Obviously [|b; Zi||« < C||¢|l« < CJ|¢||+«- Therefore, we get by (34) that
1Z]l« < Cli¢llss-
The corresponding result for differentiation with respect to A’ follows similarly.
This concludes the proof. O
6 Nonlinear Problem

We recall that our goal is to solve Problem (10). Rather than doing so
directly, we shall solve first the intermediate problem

N+4 8

N
P — B U§_4¢:—R+N(¢)+;Cixzi in ]RN,

(35)
/ ¢6xZ;j=0 Vj=0,1,---,N.
RN

Proposition 6.1. There exists a unique solution to (35) such that

Igll« < 8

where > 0 is a large number independent of a and €.

Proof. In terms of the operator T' defined in Remark 5.3, Problem (35) becomes

¢ =T[-R+ N(9)] := A(¢)-

25



For a given large number 8 > 0, let us set
S={oeHNLZ®R"): [4]l. <B}.
From Proposition 5.1, we get
[A@)ll« < CUIRlwx + 1N () []x)-
According to Lemma, 4.9, direct computation shows
[|1R].x < C. (36)

Here C' is independent of a and €. By the mean value theorem, we also easily
have

IN(@)ll+x < Ce*7[I¢I13 (37)

Thus A(¢) € S.
Furthermore, it is easy to check that for any ¢1,¢2 € S,

IN(¢1) = N(¢2)llsx < Ce*7llp1 — @2

So

14(61) — A(@2)ll« < CIIN(61) = N(82) s < C* 7 lf1 = 21,
which implies that A is a contraction mapping with the norm || - ||« inside S.
Therefore the contraction mapping theorem yields the proposition. O

Our purpose in the remains of this section is to analyze the differentiability
properties of the function ¢ defined in Proposition 6.1

Proposition 6.2. The function (£, X') — ¢(&', \') provided by Proposition 6.1
is of class C for the morm || - ||«. Moreover

IV e Al < C.

Proof. First, we come to the differentiability of ¢ ). Consider the following
map H: A x HNLPRY) x RV — LR(RY) x RV*! of class C:

N

N -4

(iig + ¢) ¥ — ZCiXZz‘
i=0

Py (o + ¢) —

H((EX), 6,) = | xzas

/R ) >:<ZN¢

26



Problem (35) is then equivalent to H(({',A'),¢,¢) = 0. We know that given
(§',X') € A, there is a unique solution ¢(¢,x). We will prove that the linear
operator

OH((¢',X), ¢,¢)

: HNLP(RY) x RVNHL
5(,0) (™)

((€7N):0 et arysC(er A1)

— LZ(RY) x RVH!

is invertible for small € and a. Then the C* regularity (&', \') = ¢(&', \') follows
from the implicit function theorem. Indeed, we have

OH((¢', '), ¢, ¢)

[p,d]
6(¢’ C) ((€"\N):0er a1y sCcer 1))
N
N+4 8
Pyp = —5— (@0 + ¢ 3)) "9 — > dixZi

=0

_ / XZop

= o

/ XNZN@
RN

Since [[¢er, x|« < €', the same proof as that of Proposition 5.1 shows that this
operator is invertible for € and « small.
Since now ¢ = T[—R + N(¢)], we have

96 = B T[~R+ N(#)] + T[-0¢ R+ 8 N(9)]
This implies, by Proposition 5.1 and 5.4,
10 ¢ll« < CI|Rllxx + [IN()[lux + [|0g Rllxx + (|0 N (¢)|lxx)-

Direct calculation shows
N+4 ~ ~ I
Og N(9) = —5—(Ogrtio + 9¢r9) [(Uo + )V — ]

AN +4) -5=2 ) _
=g b " (Ggto)d.

Hence we can obtain

10 N (@)llxx < C*7[|01«(1 + [18¢: 1) < C*=7 (1 + [0 ) (38)
It is easy to check

10e Bl < C. (39)
Since we already have (36) and (37), we can conclude
10 ¢l < C.
The corresponding result for differentiation with respect to A’ can be gotten
similarly. The proof is concluded. O
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7 Variational reduction

As we have said, after Problem (35) has been solved, we find a solution to
Problem (7) if (¢', ') is such that

c(€,N)y=0  foralli. (40)

This problem is indeed variational: it is equivalent to finding critical points of
a function of (¢, X'). To see this, we define

F3(€,X) = Eglio(€',\') + 6(&', X)]
where ¢ is the solution given by Proposition 6.1.

Lemma 7.1. (&', X)) satisfies System (40) if and only if (&', X)) is a critical
point of Fj.

Proof. Since

N
Py (o + ¢) — (g + ¢) V=i ZZCiXZia
i=0

we have
N
deranFi (€ N) =) i /RN XZi[B(gr xrytio + O(er 3y B,
1=0

from which the necessity follows. In what follows we assume 9(¢r 1) F5(£', N') =
0. Then

N
ZC,’/ XZi [8(51,)\/)1]0 + 8(517/\/)¢j| =0.
i=0 JRY

Using Proposition 6.2, we can directly check that

g tio + Og1 ¢ = Z; + o(1),
Oxlig + Onp = Zg + 0(1).

Thus the above system for ¢; is diagonal dominant, which gives ¢; = 0 for all
1=20,...,N. This concludes the proof. O

8 Energy Expansion

In this section we obtain an expansion of 7.
We first need to acquire a more refined estimate for ¢. Let w(y) satisfies

N+4__8
+ ﬂév_4w=R1+ZcixZ,~ in RV,

i (41)
RN

Pgw -
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where
Ri(y) = — pe''%(y )[QFij (0sjsstio) + 2(53Fz’j)(5ijsﬂo) + (055 H ij)(0s5t0)

b — N
- %(assHU)(auuo) (6jssHij)(6iU0) .

Here x is the cut-off function such that x(y) = 1 for |y| < 2 and x(y) = 0 for
ly| > %. We define

+ y é-l N—14+41 i
o]l —supz ly = ST i),

2510

+ y_é-l N-10
||R1||**—s];p( L imwl

A similar proof as that of Proposition 5.1 shows that there exists a unique
solution w to (41) such that

llwlly < CllRx [\ < (42)
We introduce again that
1 A+]y—gPV*
||501||” = Sup { 2,20 + |61(P1(y)|:
Z oy ey oG °

ool = s Xysep (LI =DV xpegysn(+ly — €PN
SD2 £ p ,U/2620 ae
N+o
X{ \2%}(14' ly — &)
+ = P 2 (y)]-

Lemma 8.1. The function ¢ — w satisfies the estimate

¢ —wlly <C.
Proof. Obviously,
N+4_ -5, N
Py(¢—w) = ——dg (¢ - w) =—Ry+ N(¢) + Y _cixZi inRV,
i=0 (43)
/ XZ1(¢ - ’U)) = 0;
RN
where
Rg(y) :A;ﬁo — A2ﬂ,0 — NEIOXZ [2FU (61-]-351]0) + 2(65F“’)(8@'j5ﬂ0)
i7j’
b b — B
(asstJ)(aZJUO) - _N(asstJ)(az]UO) - %(ajsstJ)(aiUO)] .
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It is easy to check

pe p
fi <kt
Clrp-epy=m  forbisg
1
R <9 ac f —< < =
|R2(y)| < C(1+|y—§")N—1 or |y|_E
1
t0 for|y|2g

On the other hand, since |[N(¢)| < C(1 + |y — &)V 12|¢|? and ||¢]|. < C, we
have
2.20

ple E\N14 p

C = f < £

v < | CTrm—enTE ) orlvl< g
< - :

f > T

CTry—gpy orlvlz g

By an analogous process to the proof of Lemma 5.2, we obtain
¢ —wll¥ < ClIR:|lS. + CIIN ()Y, < C. O

Proposition 8.2. The following expansion holds

2F- (£ /\I =92F — Z Bigﬁjg(aikkﬂo)(ajﬁo)+/B (Zﬁij(@ijﬂo))2

Bﬂ 1,5,k € i.J
SIS @b @it
Bg ik, l,m
/ Z a hms a h.s‘m)((9 )(a 0)
BF— i,J,m,8
/ ms 6 hza) hsi(ashmJ) + BSJ (6157"3)
Bﬂ 4,J,m,8

/ Z (Oiehmi)® + (Othmk) (aiilhmk)] ag
B

4( /BE l mhij) (Bsshij)ud

’]’m s

+/ Z 2hz] z]ssuo) + 2(6 hz])(aijsﬁo) + (3537%]')(31']'&0)
B

£ 17.7’8

= O Guuhig)(B1yo) — 2 By B0
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Proof. Since ¢ is a solution to (35),

/R Dyl +9)Ag0+ Y (anSg” + byR)i(io + $)0;0

2]

N -4

+ 5
N -4 - N+4
e RO
]RN

Qg (o + P)tio

While

- ~.. N —4
/ A§ﬂ0A§¢ + Z(GNS_gg” + bNR”)é‘iﬁo@j(ﬁ + TQﬁﬂO(ﬁ
RN

i,J

= / {Pgﬂo — A2ﬁ0 — Z I:Zh” (8ijssﬁ0) + 2(657L,~j)(6ijsﬁ0) + (6ssﬁij)(6ijﬂ0)
RN

Z7J7S

- b—N(Bssﬁij)(&-jﬁo) - b—N(ajssﬁz])(aﬂ’IO)] }¢

2 2
+ / 3 [2hesOsustio) + 2(0uhes) Gugaio) + (Bushis) By 0)
RN ;s
by = . b ~ .
= =5 (Bsshij)(8ijtio) — 7(3jsshz‘j)(3m0)] (¢ —w)
+/ Z [27%]' (8ijsstio) + 2(0shi;) (ijstio) + (Bsshiz) (Bijito)
RN &
Z,J,S
bn = . bn = .
- 7(3sshij)(3ijUO) - 7(5jsshij)(3m0)]w
N -4 N
+ 5 /RN g
N—4 [ xus
::I1+I2+I3+— ﬁé"_4¢.
2 Jow
Owing to

i’j7s
b ~ 5 b - 5
- 7N(5sshij)(3iju0) - g(ajsshij)(ai%)] ‘
2 .20

pre p
< _
_Cary—eprm s
= aE p
Chrp-apyr bz
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Py — A%gy — Z [Qilij (Oijsstio) + 2(6s}~lz’j)(6z’jsﬂ0) + (6ss}~lij)(6ija0)



we have
E\N_
L] < Cp’e® p|loge| + Can(;)N ..

Also because

Z [25,-]- (Oijsstio) + 2(0shi;)(Bijstio) + (Dsshij)(Dijiio)

4,J,8
b - N b ~ .
- g(asshzj)(azjuo) ?N(ajsshz])(azuo)]‘
10

Ue P
C f <=,
ey g
- ae p
C f > =
arp-epr Mg

and |l¢ —wllY < C,
E\N_
|| < Cu’e p’|loge| + Can(;)N .

Since |lw||, < C and h =0 for |y| > L.

I3 = " Z [2f~lij(3ijssﬂo) + 2(85hij ) (Dijstio) + (Dsshij)(Dsjiio)
YI<E s
by ~ ~ by ~ s
= = Bsshij) (Bijtio) = =~ (Bjsshis) (Do) |w

+0 (auplO(E)N_“) .
p
Thus, combining (44)-(48), we have
275(€', N') — 2E;(iio)

B /||<,, D [Zﬁij(aijss%) +2(05hij) (D5 Ti0) + (Dsshis) (i tio)
Yy

e ’i,j,S

E\N_
+ O (p?*"p°|loge|) + O (an(;)N 4) i
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On account of ||@||« < C, we have the pointwise estimate

2N

2 aév—‘l] - [(ﬁo + @) o — g (1o + ¢)]

2N

3 |+ o)

which implies

/RN {N [(ﬂo+¢)151—v4 —ao”—‘*] - [(a0+¢)w—4a0—ag—i(ao+¢)] }

= O(uae’5) 1 0 (Q(E)N) )

Proposition 4.16 then gives the result. O

9 Finding a critical point of an auxiliary func-
tion

We define a function F: RY x (0,00) — R as follows: given an pair (&', \') €
RY x (0, 00),

F(E,N) = —/RN Z HioH ji (i io) (9yiio) + /RN (ZFij(@ijﬂo))

1,5,k
B aTN/ Y (OeHme)*(Bitio)’
RN kt,m
b . N -
— TNA Z (ames)(aszm)(aluO)(aﬂuO)
1,7,M,8
by H H
— T/R ,jzms [Hms(ast]) _Hsz(asHmJ) +HSJ(6szS)

N —4 T _ 9 _ . Y
+m/mlv Z [(@'szk) +(5£Hmk)(5’z'iszk)]u0

i,k,,m

N -4 - 2
AN -2)? /RN i jzm:s(ammH”)(a“Hw)“o
RN i s
e b o
_ 7(6ssHij)(6ijU0) - T(aJSSHU)(azUO)]w
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where @(y) = w(y)/pe'® and w(y) is defined in (41). Our goal in this section is
to show that the function F(£', \') has a strict local minimum point.

Proposition 9.1. The function F (&', X') satisfies F(&',\N) = F(— 5’ ') for all
(€', X") € RN x(0,00). Consequently, we have B‘Z,F(O A =0and 65‘?8/\, (0,\) =
0 for all X' > 0.

Proof. This follows immediately from the relation Hix(—y) = Hix(y)- O

To the aim, we list some useful identities, which are all direct results by
definitions.

Lemma 9.2.

Ao =~ =500y
Ao = (N DY~ )100) oy sy (¥~ a0 o g

(yi — &)y — &) (ys — &)

A2 +ly=¢?)?
8js(yi — &) + dis(yj — &) + dij(ys — &)
()\12 + ‘y _ §I|2)2 :

ijstio = —N(N — 2)(N — 4)iio(y)

+ (N = 2)(N —4)io(y)

Lemma 9.3.

OcH i, = 21 ([y1*) Hmrye + £(|y1?) (OcHmr),
OseHmk = 260 f' ([y1*) Hk + 21 (1y[*) (0; Hri )y + 2" (|y1?) (e Hymi )i
+ F(y?) BseHumi) + 45" (|y1°) Hmryiye-

Lemma 9.4.

Zy,-c‘?iHms =2H,,, ZyjasHtj = —Hy,
% :

Z YjOmsHij = —0sHim — O His, Z Ye(Oie Hmi) = OiHpp.
J l

Lemma 9.5.

H2 _ |SN 1| Z (W o+ Wiss )2
831 . T 2N(N +2) ikjt k)"

ikl
) = [SN1 2
/ Z OxHij)” = — > Wikje + Wigj)?,
9B1 ik Ty
/ Z aleZJ |SN 1| Z zk]l +W1Z]k) .
OB1 ; j ke Ty
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Lemma 9.6.

2|V
/ > Hiypy NN+ O+ > Wikjp + Wipjt) Wikjq + Wigjk)
0B1 4 j i,5,k

ISN Y - Y
T ININ 1)V 1 4) Wikt T Witsk) Opa;
/ > HyHy = |SNi_l'Z(W'k' + Wipjk) Wikjqg + Wigjr)
o8, - Y4 q 2N(N+2) & P DJ 749 q7
/ S Ok Hij)*ypy 2187 S Wiksp + Wingt) Wiksa + Wigsn)
o H; = ——0= ikj ipjk) Wik; iqjk
9B, oy J pJq N(N + 2) i“j,k Jp I J4q q7
A :
+ m(Wikﬂ + Witjr)“0pq,
s8]
Z (OpHij) (0, Hyj) = N Z(Wikjp + Wipjik) Wikjq + Wigjk),
0B1 4 id,k
/ > Hij(0,Hij)yp = 15T > Wikjp + Wipjk) Wikjq + Wigjh),
0B i N(N +2) ik
2 |SN 1] 2
Z (OreHij) ypyq = N Z (Wikje + Wigjk)“ 0pq-
OB1 ; ikt irj k.t

We mention that the proof of some identities in Lemma 9.5 and 9.6 can be
found in [3, 4]. The others may be proved by the same method.

Lemma 9.7. It holds

and

0? -
RN W { Z Hthit(aissao)(aj’ao)}

i’j787t

£€=0
SN 1| Z ikjp T szjk)(Wiqu + Wiqjk))‘lN_4
i3,k
SV =2)( / fr NrN+s (N 4 2)rN
N+2 (N2 +72)N (N2 4 p2)N-1

Proof. Since

Z Hy;H it (iss o) (9;i0)

VLA
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(n+2)

_ 12
= f(|y|2)2Hthit(N - 2)(N _4)2,&% [ Nly =&

(i = &)y — &)

W2+ ly =€)t~ (W2 4]y - €P)>

2 212 AN 4|Z/ §I|2
i,7,t
) /\IN 4
— (N =2)(N +2)(N —4)?f(|jy|*)* Py RN > HyHjElE
i,5,t
and
H? — 5 5
9€,0€! ijZSthjHit(aissUO)(ajUO)
5 =0

/\IN 4|y|2
=2N(N - 2)(N —4)*f(ly|*)? DEF RN 2 & > HptHy,

IN 4
<3N = BV + DN = W s 3 Hoefa

the lemma follows directly by Lemma 9.5 and 9.6.

Lemma 9.8. We have

/ { Z Fz’jystaijaoastao} =0,
rN | .~

©,J,8,t £'=0
02 — =
T Hi-H36i<" 65~ =0.
Rn 65;:65!11 ijzst ! 1ot
9J39 6170
Proof. The lemma easily follows from
Z H;;H 1050050
1,7,8,t
)\IN—4
= (N - 2)2(N - 4)2f(|y|2) (AIZ + |y é.l N Z HZ‘]HStE’lE § é.t

4,7,8,t

Lemma 9.9. There hold

/RN { > (aeﬁmk)z(aiﬂo)z}

i,l,k,m

£=0

SN 1| Z zk]l +W1Z]k) )\IN_4
i,5,k,E
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N+5

| {?v(gv_f;) / [ 2101 ) Wd

LW
)\/2 +r2 RS e

and

9 T o\2/9.~ \2
RN 65/65/ {M; (OcH mi)”(0siio) }5,_0

SN 1| Z ikjp + sz]k (Wiqu + Wiqjk))"N_4
1,7,k

_ {32(N — 2)(N —4)?

N(N +2)(N +4) /0 [P f'(r?)? + 2f (*) f'(r?)]

(N — 1)rN+7 2rN+5
’ ()\/2+,.2)N - (A2 4 p2)N=1 dr

FN+5 opN+3
/ f(r dr
N+2 /\/2 _,_7.2) ()\/2 T r2)N-1

+ |SN 1| Z zkﬂ + Wzljk) /\IN745pq

1,7,k

4(N_4)2 oo2/22 2\ (.2
-{N(N+2)(N+4)/O [r2f/ ()2 + 21 () £ (r2)]

2(N = 1)(N = 2)rN+7 (N =2)(N +8)rN+5 (N +4)pN+3
' [ V2§ 2)n T (22N oz +T2)N2:| T

m/ e

[ (N =1V =2rV+ (N = 2)(N +6)rN+? (N+2)rN+1] T}

()\/2 Fr2)N (N2 4 p2)N-1 (A2 4+ r2)N-2

Proof. Direct computation shows

12
= 4N =47 7 (o) + 20 (uP) 1 () 3™ (5 +"1|’y i', N zZ

IN — _§I|2 2
LV — a2 f(yPyeaN W S~ 0,2,
e S o
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9 T \2/9.5 \2
m {i,ﬁ,;,m(aeﬂmk) (Ostio) }

= 16(N = 1)(NV = 2)(N = 42 [Jy 2 £'(y*)* + 2/ () ' (1y/?)]

£'=0

|y|2AIN74 2
—_— H

2 2\N kmYpYq
2+ [yP?) Z,W

IN—4
- 32N =)V =42 [P (o) + 20 () ()] s 2 et
k,m

BN

8V = 2)(N = 9 Iy £y + 27 () ()] o+ Py & e

61"1

IN—4
+ 8OV =2 R Q) + 2 (0P (o) s poyee 2 Hkmi
k,m

ly[PAN 4 Z 2
2 2\N (O¢Humk) YpYq
2+ PN 2

/\IN74

+A(N = 1)(N = 2)(N - 4)* f([y[*)?

—8(N —2)(N - 4)*f(ly*)? =1 O (OeHmk) Yy

N2 - |y|2)N—1
W2 +[y)N = S

|y|2)\IN74

= 2N =N =W eyt

(8€Hmk)25pq
k,l,m
) ) )\IN—4
+2(N — 4)2f(|y|2)2W Z (B¢ Hmk)*0pq-
k,l,m

Using Lemma 9.5 and 9.6, we finish the proof. O
Lemma 9.10. We have

/ { 2 (6iﬁms)(6jﬁms)5z‘ﬂ03jﬂo}

4,4,M,8

§'=0
= |SNTH(Wikje + Wige )2 AN

2AN —4)2 [ , 2 N+3
Ay | RO+ ) e

rn 06,08,

2,7,M,8

02 — —
Z (6iHms) (61 Hms)aiaoajao

£=0
=[S (Wingp + Wipj) Winjg + Wigjr)X™
1,7,k
32(N —1)(N — 2)(N —4)> [, , ‘ N+5
' { ( N(N)El— 2)(N):—4) ) /0 [T2f (T2)+f(7'2)]2(/\,2r_i_7r2)1\,d7‘
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64(N —2)(N —4)* rNs

T NN 12N +4) /0 [r?£'(r?)? + f(r*) f' (r*)] VE AN T

2 o] . ,r.N+3
6(NN(;)$\;) 4 / [P F*) () + £(r?)?] Wd’"

dr

NN+2 N+4 / fir )\’2+T2N vz 1)z "

2( / 1 o

)\I2+,r2 N-2

N+3
N+2/ fr )\’2+r2)N RCET oA

+|SN 1| Z zk]f +Wz[]k) /\N 451911
i,7,k,2

- {“N];(f@(f = [T e+ son)”

2(N-1) Nt rN+3 d
N+4 021N e gyt | @

T‘N+5

| 4 1670 et

()\12 + T2)N71

16(N — 2)(N — 4)2
- N(N+2)(N +4)

4(N —4)° ® a2 rNts dr}.

O /0 ) ey
Proof. Direct calculation shows
Z (65Fm3)(6jﬁmg)aiﬂ06jﬂo

iﬂj’mﬂs

= Y 2F' (9P yiHms + F(1y*)0iHms)[2f" ([y[*)ys Hins + £ (|y]*)0 Homs)

i,J,m,s
(yi — &)y — &)

()\12 + |y _ €I|2)2
)\IN 4

:4(N—4)2[|y|2f’(ly|2)+f(|y|2)] S NQZ

(N = 4)%ag(y)

) ) ) . )\IN 4
=8OV =02 [l 1 (W) + £ ) oy s 2 b

jym,s

)\IN 4
A2+ ]y = &)

— 4V = 42 [ Iy A () £ () + £ (1yl)?] ¥=5 O Hona(03Hio)
/\IN 4 e
+A(N — 42 (|y?)? Ty —E D Hoyii€ig

i,j,m,s
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) )\IN—4
+ (N =42 f(y*)? Oy PN e > (8iHums)(0; Hms)EIE]

i,jim,s

AIN_4

AN = (W) (W), s

2,3,MM,8

i,jimﬁs

0” o
6511)66(/] { Z (6iHms)(ames)6iU06ju0}
£=0
/\/N—4

= 16(N = ) =2 =42 [P (W) + F(WP)] sy O Bt

2 )\IN74
=8V =N = 2 [l () + S| iyt 2 HiOoa

IN—4
— 32(N = 2)(N — 42l (9*)? + £ () F ()] (/\,Qilw > Hiula

)\IN—4
- 8V =2V = 2 o WP ) + 1] s

° Z I:Hms(aqus)yp + Hms(apHms)yq]

m,s
)\IN—4
+8(N - 4)2f'(|y\2)2W > HZ ypy,

/\IN74

o 2

2,7,MM,8

+2(N - 4)2f(|y|2)2 apHTns)(aqus)

IN—4
+ 4:(N — 4)2f(|y|2)fl(|y|2)(/\,2j\_|w Z [Hms(aqus)yp + Hms(apHms)yq] .

m,s
Lemma 9.5 and 9.6 then yield the result. O

Lemma 9.11. It holds

Z [Fms(asﬁzj) - Fsi (asﬁmj) + st (azﬁms)
i,J,m,s

- Hms(aiﬁsj)] Om (05100;0) = 0.
Proof. Direct computation shows

> Hupna(0:Hij)0m|[05tiod; o]
i7j7mis
=2 Y Hps(0:Hij)Oimiindjiio

i,j,m,s
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) )\IN—4
]

)\IN—4
= 2N = F (9P e 2 HimOnHy)g
i,7,m
2 212 AN 1l
+4(N = 2)(N — 92 f(jy]?) Ty e > HimHjm&i&}
i,J,m
2 212 AN 1¢l ¢t
+2(N = 2)(N = 4)°f(|y[*) V2t ly—¢P)NT Z Hins (05 Hij )i&58m
i,j,m,s
and
Z Hiy (05 H jm) O [0 05tio)]
in’mYS
= Z His (05 H jum)[0im 000 + BiiioOjmlio]
1,7,M,8
) o9 )\IN—4 9
= - (N _4) f(|y| ) ()\,2 ¥ |y _€I|2)N—2 ZHz]
ij
) o9 /\IN74 ,
2,7, M
. )\IN74
+4(N - 2)(N - 4)2f(|y|2)2 V2 + |y — PN 1 Z HimHijﬁ,'%
in’m
)\IN—4

+2(N = 2)(N = 4)*f(ly*)”

N_1 Z His (aSH]m)é-:{;é-;n

iﬂj’mﬂs

(A2 + |y = &'2)
Thus

Z [Fms(asﬁij) - Fis (asﬁjm)] am[ai'aoajao]

i,5,m,8
)\IN—4
= - (N - 4)2f(|y|2)2 ()\,2 + |y — §I|2)N72 ZHE]
%,
/\IN74 ,
— (N =2 f(|y[»)? Ty EFE > Him (0m Hij )€}

i,J,m
On the other hand,
Z msj(aiﬁms) - Fms(aiyjs)] (6m(6zﬁ0)(6ja0))

Z7J7mis

= > Fy1)’[Hs (0 Hms) — Hums (0:Hjs)|(Oimiodyiio + Byiiod;m o)

‘L?J’m?S
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= (N — 4)2f(|y|2)2 AI2 )\IN_4I 2\N—-2 ZH;Z]
T Ty =P 2

) )\IN—4
+ (N - 4)2f(|y|2)2 ()\/2 + |y _ §I|2)N—2 ZH’LS(alH]S)E‘;

3,8

The lemma follows immediately. O

Lemma 9.12. We have

/ { Z Fsi(ammﬁjs)aiaoajﬂo}
RN

z’]7m’s

9? — —
S H.. H:)0: 100
ke 06,06, { 2 HoilOnm ,s)azuoa,uo}

Z7J7m7s

g=0
= |SN M (Wikjp + Wipjn) Wikjq + Wigjr) AN
_2(N —4)? [ 2\ 1,2 2 p 2\ g2 rh+3
Proof. Tt is directly checked that
Z Fsi (6mmFJs)6zﬂ06]ﬁ0

1,7,M,8
= (N = 92[@N +8) £ (w®) ' () + 4y £ (1w £ ()]
) Z HisHjs&E;‘a

i’j7s

)\IN—4
O+ Ty — e 2

and

ZY]’mYS

o o
6‘5;,6&'1 { Z Hsi(ammHjs)ajuoaqu}

£=0
)\IN—4

O Ty = &Py

= 4(N = 42[(V + ) F(yP) £ (1) + 21y P F 1) 1" ()]
- HpHy,.

we conclude the proof by using Lemma 9.5 and 9.6. O

Lemma 9.13. The following hold

~/RN { Z [(6ilfﬁmk)2 + (Bgﬁmk)(amﬁmk)] ﬁé}

i,k,l,m
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= [SNTY D (Wikje + Wigia) AN~
i,5,k,¢

| {W /000 BV +8)£/(%)? +2(N +8)£(r*)f"(r?)

+ 2(N + 18)’!‘2fl(7'2)f”(7'2) + 47‘4f”(7'2)2
N+3

FA L)) + 40 e
2 [ PN+
+N/o 4727/ (%) + (N +8)F(2) 1 (%) + 22 (1) 1 (1) ot
e8] N-1
[0 ot

and

o2 { Z [((‘%Zﬁmk)? + (agka)(aiieka)] '1](2)}

Ry 06,06 ik tm
= SN N (Wikjp + Wipjr) Wikjq + Wigjr) NN
{aN—mw—@

£€=0

N(N +2)(N + 4)
. /Ooo [12(N+ 8)]“,(7‘2)2 + 16T4f”(7'2)2 + 8(N + 18)T2fI(T2)fII(T2)

+ S(N + 8)f(7‘2)f”(7‘2) + 16T2f(7'2)flll(7'2) + 16T4fl(7'2)f”1(7‘2)]

pN+5

8(N —3)(N —4)
N(N +2)

I N+3
[ [ 2 £ a6 + ) 1 0) W}
+ 1SN (Wikje + Wigjn)* XN 46,
N -4
N(N +2)
. /oo [12(N + 8)fl(7“2)2 + 167'4f”(7'2)2 + 8(N + 18)’!‘2fl(7‘2)f”(7'2)
0

+8(N +8)£(r*) £ (r?) + 16r2 £ (r?) " (r*) + 160 f'(1?) f’“(ﬁ’)]

2(N _ 3) TN+5 B TN+3
N+4 ()\12 +T'2)N_2 (AI? +T2)N_3
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2N /0°° (872 /(%)% + 2(N + 8) £(r2) £/ (%) + 42 £ (1) £ (r*)]

2(N - 3) rN+3 N+
N+2 (\24r2)N—2 ()21 y2)N-3

_ 4 /Ooof(r2)2 [Z(NN_ ) oz :N,LI)N—2 BGE :N;)N‘3] }

Proof. We have

> (GHmi)’

00

= [25i€fl(|y|2)Hmk +2f'(1y1*)ye(8i Hink) + 2 (ly|*)yi (OcHim)

il
S P)ie o+ 47" (P ey
= AN (PP o+ 8l (1) 3 O + F(yP)> 3@ Ho)?

i il
+16f"(|ly*) Zyz mk (0iHk) + 41 (W) £ (1y1*) D Huni (s Hi)

+8£'(ly*) Zyzye 8 Hon) Qe Homi) + 81 ([y1*) £ (11*) D e (8 Homk) (Bie Homi)
(N4 (N4

+ 16" (|yl*)?|y[* Hepge + 80 (ly*) £ ([y1*) |y|* Hin
+8f (1) Uy1*) D vive Humn (Bie Him)

00

= [(AN +64) £/ (ly*)* + 161yl £ (1y1*)* + 80ly I £/ (1) £ (lyl®) + 16 Iy 1) £ (lyl®) | He

+8[WEF (WP + £y ()] 3@ + () Y Gie ),

i it
Z(alek)(azlemk)

= S0 { [+ )+ 4t ) 01

4
+ [l 4 200" ) + 825 Q) e |
27Uy P ye i + £(1y1)0Homi
= 8V 407/ + 8OV + D)yl (9" (91?) + 8V +6) £ Iy ) " ()

+16[y[* (1) S Iy 1) + 16|y|4f’(|y|2)f”’(Iylz)] Hy
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+ 2V + 97w () + 4l £ £ ()] S OcHme)?,
£

and

5? B B B

£'=0
=4(N -3)(N -4) [12(1\’ +8)f(ly*)* + 16ly|* f" (Iy|*)* + 8(N + 18)[y[*f'(Iy|*) f" (IyI*)

+ 8V +8)F(ly*) " (1y*) + 16lyI*F(y[*) £ (ly1*) + 16]y|* £ (ly*) £ (1w )
NN -4
NCCEDLE szfmypyq
—2(N -4) [12(N +8)f'(Iyl*)* + 16ly|* £ (ly1*)* + 8(N + 18) Iy f'(Iy1*) £ (ly[*)

+ 8V +8)F(lyl*) " (1y*) + 16lyI*F(lyI*) £ (lyI*) + 16|y|4f’(|y|2)f”’(|y|2)]
/\IN74
DRt p)Ne szim%

+4(N =3)(N - 4) [Eilylzf'(|y|2)2 +2(N +8)f(ly*) ' (ly*) + 4Iy|2f(|y|2)f"(|y|2)]

AIN—4 )
’ (A2 £ [y?)N-2 Z (OeHm) Ypyq
k,{,m
= 2(N = 4) [8[y[2"(1y[2)? + 2(N + 8) F(Iy )£ (1) + aly[2f (y?) £ (1y/)]
A'N_4 )
RS 2 (i) o
k,L,m
AIN74
4(N - 3)(N —4 T it Him)?
+ ( 3)( )f('yl ) ()\I2+|y|2)N_2 i’§m(6f k ) YpYq
9o /\IN74 Z 9
2N -49f(y°) s s (Oie Hgm) " Opq-
N2+ [y[)N2 =
Lemma 9.5 and 9.6 then give the result. O

Lemma 9.14. We have

/RN { Z (6mmyij)(6ssﬁij)ﬁ%}

2,7,MM,8

§'=0
=[SV DT (Wikje + Wigge) XN~
1,5,k €
1 pN+3

. 72]\](]\[ T2 Aoo [2(N + 4)f’('r2) + 47“2f”(r2)] 2Wdr
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and

o 0,00,

i’j7m7s

£=0
= |SNTUD D Wikip + Wipj) Wik + Wigie) AN ™
4,4,k
8(N =3)(N —4) /00 102 2 p1r,.2\12 rN+e
NN +2)(N +4) J, [2(N +4)f'(r?) +4r2 f" (r*)] ()\,2+r2)N_2dr
+ SN Z (Wikje + Wigjr) 2NN 746,
irjokert
N -4 *° . 2
) 2AN 4 1(,.2 4 2 g1(,.2
ey MNCOER G RTRTL
2(N - 3) pV+5 3 pN+3 d
N + 4 (AIQ + ,,«2)N*2 (AIZ + 7'2)N73 r.

Proof. Since

S Ty = 3 (4f'(|y|2)ymamHij 27 () Hy + AF ()2 Hiy

+ 1)y )
= 20V + £ Uy + 4l ()| H,
and
0? — — .
81nm-[7[z asst" 215
96,08, {sz:( 2 J)%,)} o~

2 )\IN74
= 4(N = 3)(N = 4)[2(N +4)1'(1y2) + 4y "Iy )| DB BN > HEypy,
2

2 )\IN—4
= 2N = )2V + O () + A" WP (g = o Hiowe
]

we obtain the result by Lemma 9.5 and 9.6. O

Lemma 9.15. There hold

o 52 N
Z(asst’j)(aijuo)w =0, m Z(assHij)(aiqu)w =0,
17]75 EIZO z,]’s g/zo

_ ] o2 _ )
Z(asHij)(asijuo)w =0, 56 0 Z(asHij)(asijuo)w =0,
17-778 {IZO p q Z’J7s E/:O
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Z Hj(0Ossijtio)w =0, 65’ e Z Hj(Ossijt0)w
i,j,8 =0 4 i,j,s =0
_ 52 _
Z (6jmmHij)(8iU)w =0, 65' e Z (6jmmHij)(ai“)w
i,5,m £=0 q 4,5,m £=0

Proof. Direct computation shows
Z(assﬁij)(aﬁao)
i7j7s

= [2N /) + 87 (o) + 4P 1" (P }ZHU Bijtio)

= (N =2)(N - 4)[@N +8)f'(1y*) + 4y " (1y*)]

N-—4

N7z
. § :H..g'.g'.
N 1751579
(A2 +y = &?)2 5

D (05 Hij)(9si5i0)

Z7J7S

= 3 (27 (yP)ws Hij + F(1y) (0 Hip) | (N = 2) (N = 4)iiq

1,J,8

. |:6zs(y E ) + 6]3(?/2 E ) + 62’]’(3/8 - é.;) N(ys - Eg)(yz - E;)(yj - 6;)

V7 + Iy =€) RS
= — 2NV =2V = S ) IZ e IS
+ 2NV =2 = f (W) |Ay_ sgz O Hit€LelE)

# N =D =) @'_2 oy SO HEAS

i,5,8

ZEU (Ossij0)

i,4,8

NV = 2)(N 1 2)(N — ) f () PN Higle!
(N = 2)(N +2)( )f<|y|)(X2+|y_§,|2¥Z 56

i,

N—4

N2
—N(N —2)(N —4)(N +4 2 e Hi;&¢,
( ) YV +4) f(|y] )(/\,2 T o) Z &ié
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Z (OjmmHj)(Opu) = 0.

i,J,m
Recall the equation for w and note that if £ = 0, Ri(y) = 0, so w|g— = 0.
The Lemma is easily concluded. O
Combining the above identities, we have the following proposition.
Proposition 9.16. It holds
(0 /\')
|SN 1| Z zk]é +Wz£_7k) /\IN 4
i,5.k,€
GN(N_4)/OO 2 p1,.22 2 £1(,.2 rN+e
{ N(N+2) [T f (/r ) +2f(/r )f (/r ):| ()\/2 +,,.2)N—2d/r
/ f(r /\/2 +r2)N e dr
bN(N 4) rN+3
- m/ [r70") + 1)) gy
1 Oo 17,.2\2 2y g1, 2
FRIIET [, PO S0 2 + 81676
+ 2(N + 18)T'2fl('l“2)f”(7'2) + 4T4f”(’f'2)2
2 0 2N\ i, 2 4 o102y png 2 riN+3
+ 4r f(T' )f (7’ )+4T f (7‘ )f (T’ )]Wdr
1 % (42 er7202 2\ g1(,2 202\ pl1( 2
T L [ A6 + 2 0 6)
N+1
! dr

_1 / fr )\12+7.2)N e ey dr
2 2 ey 20]? ri+3
_N(N— )(N+2)/0 [(N+4)f( )+ 27 f(r?) WdT}-

Our final goal is to choose the auxiliary function f. Unlike [4], where a
quadratic polynomial is chosen, we need to choose a 4th order polynomial

f(s) =7 —1200s + 2411s* — 135s° + s*. (50)
Using the software Mathematica, we get

Proposition 9.17. Assume N > 25,

F(0,)\)
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N—4 _ ry—_o9r[¥4+7
m|sN 1| Z (Wikﬂ +Wi€jk)2 [2 ] [2 ]
i,5,k,t

where T' denotes the usual T' — function and

I(\)

T N —22)(N = 20)

+

(N — 4)(N + 14)\'20
(N — 24)(N — 22)(N — 20)

(N6 + 42N°% — 7T68N* — 17248 N3 + 38768 N2

—2336N — 38400)
270(N — 4)\18

(N6 + 32N° — 612N* — 10768 N> + 24672N? — 640N

- 25600)

(N —4)\"6
(N —20)(N + 12)

(23047N6 + 543484 N5 — 10985408 N* — 146678256 N2

+ 351063488 N2 — 16180224 N — 363260160)

30(N — 4)\14
(N +10)(N + 12)

(22499N6 + 356784 N5 — 7984044 N* — 76228592 N3

+ 193344928 N2 — 4902016 N — 209193984)
(N — 18)(N — 4)\'12

(N +8)(N +10)(N +12) (2“‘7 +9052921N° + 47N® + 84049210N

— 3847 N* — 2265707776 N* — 18567 N> — 14204127072N°2 + 47047 N?
+ 40189627120N2 + 73607 N — 1125216800N — 128007 — 45033619968)
30(N — 18)(N — 16)(N — 4)\'10

N® + 1928800N° — 547 N*
(N +8)(N + 10)(N + 12) (97V° + 1928800N° — 547

— 3857600N* — 8647 N3 — 293177600N? + 15847 N? + 648076800N 2
+ 28807N + 61721600N — 46087 — 740659200)
2(N — 18)(N — 16)(N — 14)(N — 4)\'8

5 5
(N +6)(N +8)(N +10)(N +12) (2411¢N + 72000000

— 144667 N* — 288000000N* — 1350167 N3 — 5760000000 N3
+ 3086087N? + 14976000000N2 + 3471847 N — 2304000000 N

— 6943687 — 13824000000)
24000(N — 18)(N — 16)(N — 14)(N — 12)(N — 4)(N — 2)7\'6

(N +6)(N +8)(N + 10)(N + 12) (N3—8N2

+ 16)
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(N 18)(N — 16)(NV — 1)(N — 12)(NV — 10)(V — 4)(N — 2)°7 2,\'4(N
N+ HN 16NV + )V + 10)(V + 12)
—4N—4)}.

Next we compute the Hessian of F at (0, \'). Because of Lemma 9.15, it is
obvious that

0? — _ _
5/ 65' { Z [2Hij (61'1'8817’0) + 2(63Hij)(8ijsa0) + (633Hij)(6ijﬂ0)

9,7,8

b2 (asstJ)(6z3u0) - bg(ajssﬁij)(aiaﬂ)]w}

g=0
=0.
Proposition 9.18. The second order partial derivatives of F(£',\') at (0,\")
are given by
62
0¢,,0¢,
_ (-4
~ N(N + 2)

F(0,\)

SN 1| Z ikjp t Wzmk)(Wiqu + I/I/viqjk))‘”\]i4
i,5,k

()\I2+,,.2)N ()\12 +,,.2)N—1

- B [ e 2000
(N _ ].)TN+7 27.N+5
’ [ ()\12+r2)N - ()\l2+,,.2)N—1:| dr
oo N — 1)pN+5 9pN+3
—2aN(N—2)/0 f(r*)? [(()\Iz +):2)N (a2 _:r2)N—1:| dr
8NN —1)(N —=2) [ ., e
N LEAAL e e
bv(N —2) [* e
2D [T 1622 4 )1 0] Gy
[e’s) N+3
+aby(N - 2) / 10216 + £0°)) Gy dr
4bn
_N+4/ fir )\I2+7.2)N ey el
b (N +2) N41
— L/ f 2 2Wdr
FN+3
—2bN/ f /\’2+T2)N zd'r
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1

pN+3

+ by /000 [(N+4)f(r2)f'(r2) + 22 f(r*) " (r?) Wdr

4(N —3)
(N = 1)(N +4)

BV 52 + a6 28 4 192 (6 60)
0
+ 2(N + 8)f(r2)f"(r2) + 47‘2f(’r‘2)flll(7'2) + 47'4fl(7'2)fm(7'2)]

T’N+5
+ 2T [T a7 + OV 91667 + 260

TN+3

’ (A2 4 p2)N=2 dr

8(N_3) = 10,2 2 e 2112 rN+s
(( | N ll Z zk]é +Wz£gk) )\IN 45pq
1,7k,

_ Na_l'\—/'4 /Ooo [T‘2fl(7‘2)2 + 2f(7'2)fl(7'2)]

[2(N —1)(IV — 2)rN+7 (N —2)(N + 8)7‘N+5 (N + 4)1"N+3 ]
’ (A2 4 p2)N - (A2 4 p2)N-1 (A2 4 p2)N-2

__/f

dr

1)(N —=2)rN*t5 (N =2)(N +6)rVN+3 (N 4 2)pN+1 ]

i ()\/2 ¥ N - (V2 4 p2)N-1 (V2 1 r2)N=2 | dr
S e s e
2(N — 1)rN+5 (N 4 4)pN+3
[ 2 +r2)N (V24 p2)N-1
4bn(N — 2 oo N+
N+4/ G /\12_+_T2N PRSIy el
T - )(N+4)

' /000 [3(N +8)f'(r?)? + 4r* " (r*)? + 2(N + 18)r* £/ (r*) " (1?)
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FAN + ()" (%) + 41 (07) [ (07) + 4t () 1" ()]

(N = 3)rN+e

(N + 4)rN+3 ]

[2
| (A2 + r2)N-2
)

()\12 + ,,.2)N—3 |

(N + 2)rN+1 ]

- ()\/2 +7.2)N—3

+ _Z(Nl_ 1) /Ooo [4T2fl(r2)2+(N+8 f( ) ( 2)+2T2f(7'2)f”(’l“2)]
O(IV — 3N
()N
N+2 ) N+1 NpN-1
/ 1 [ OV 12Nz ~ ()\’2+r2)N—3] dr

T (N-2)? (N-|-4)/0

(N +4)f'(r*) + 202 f"(r*)]

2

_ [Q(N — 3)riV+s

()\12 + ,,.2)N—2

Also by Mathematica, the following holds.

Proposition 9.19. Assume N > 25,
62
——F(0, X
0&,0¢, ( )
vV —4)

|S™

T RN(N-2)(N-1)(N +2)(N +4)

.3,k

+ > (Wikje + Wijr)*0pg T2 (N)

i,5,k,€
where

Ji(XN)

_ AN = (N +10)(N + 12)(N + 14)(N + 16)X"8

(N + 4)rN+3
(V2 4 r2)N=3

L -7 (5+5)

' { > Wikjp + Wipjt) Winjq + Wigje) J1(N)

(N = 22)(N — 20)(N — 18)(N — 16)

T(N +1)

}

(N7 + 31N + 3156N°

dr

dr

dr}.

+ 42380N* — 2000002 + 520800N? — 788864 N + 460800)

_ 1080(N — 1)(N + 10)(N + 12)(N + 14)X16

(N = 20)(N — 18)(N — 16)

(N7 + 27N 4+ 2180N?®

+ 25044 N* — 118704 N3 + 312096 N2 — 482816 N + 286720)

4(N = 1)(N + 10)(N + 12)\'14
(N — 18)(N — 16)

+ 318781420N* — 1528367840N° + 4088463840N? — 6478002432N
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+ 3912975360)

120(N — 1)(N + 10)\"2
N —16
+ 151493620N* — 734575072N° + 2011573728 N2 — 3318136192N

+ 2061219840)

(22499N7 + 427481 N°® + 19767516 N'®

+4(N = 1)\ (27N7 + 9052921N7 + 307N + 135793815N + 5207 N

+ 4332060500N° + 26167 N* + 25029894268 N* — 120967 N>
—123671649760N 2 + 301447 N2 + 353038701792N? — 678407 N

— 619870766720N + 512007 + 400569799680)

120(N — 14)(N — 1)\'®
N +38
+ 11887 N® + 424336000N° + 40687 N* + 1674198400N* — 203047 N*

— 8486720000N3 + 555847 N? + 26478566400N2 — 1405447 N
— 51846144000N + 1105927 + 35551641600)

8(N — 14)(N —12)(N — 1)\’
(N +6)(N +8)
+ 504000000N% + 1060847 N> + 5184000000N° 4 2025247 N*
+ 11808000000N* — 10415527 N3 — 57600000000 N2 + 37804487 N>

+ 241920000000N2 — 129615367 N — 589824000000 + 111098887
+ 442368000000)

_ 96000(N — 14)(N — 12)(N — 10)(V — 2)(V — 1)7\"
(N +6)(N +8)

(ng7 + 1928800N7 + 997 N6 + 21216800N°

(241 17N7 + 72000000N7 + 168777 N°

(N5 + N* 4 2N?

+16N? + 80N — 128)

LAV -1V 12)(N(N13)g\(7N i)gv 2)(N —1)°N7A (Nz AN
+8)
and
J2(X)

_ 32(N —1)(N + 10)(N + 12)(N + 14)\8 . i )
T (N -22)(N - 20)(NV - 18)(N - 16) (31.° + 1816N° + 15780N
— 79984 N? + 206368 N2 — 315648 N + 188416)
_ 1080(N — 1)(V +10)(V + 12)A\"¢
(N —20)(N — 18)(N — 16)

(189N6 + 8914N® + 62004N*
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— 323544 N2 + 838688 N2 — 1314112N + 802816)
8(N — 1)(N + 10)\'4
(N — 18)(N —16)

— 1724484376 N?® + 4511759584 N2 — 7272932160N + 4564175616)

120(N — 1)\12
N —16

— 1323783112N3 + 3484637248 N? — 5893950528 N + 3867347200)

16(N — 1)\'10
N+8

+ 7927 N* + 5860002912N* — 48967 N3 — 42292954688 N3 + 92807 N2

+ 111452683936 N2 — 235527 N — 203797809280N + 204807

(1590243N6 + 59252435N° + 313715178 N'*
(2137405N6 + 60099118 N® + 220894524 N'*

(307'N6 + 135793815N° + 4407 N°® + 2733505510V °

n 143346417664)

120(N — 14)(N — 1) \'8
N +8
+ 470627200N* — 59407 N® — 2198832000N° + 112327N?

(297TN5 + 63650400 N5 + 14047 N*

+ 4937728000N2 — 250567 N — 8455859200N + 207367 + 5925273600)

N 16(N — 14)(N — 12)(N — 2)(N — 1) X6
(N +6)(N +8)

+ 819747 N3 + 2952000000N2 — 578647 N2 — 40320000002

(16877TN4 + 504000000N*

+ 2700327N + 11520000000N — 4629121 — 16128000000)

~ 96000(N — 14)(N — 12)(N — 10)(N — 2)(N — 1)7A"*
(N +6)(N +8)

(3N3 —2N?

+8N — 16).
Lemma 9.20. Assume that N > 25. Then there exists a T € R such that
r'y)y=0,1"1)>0, I(1) <0, Ji(1) >0 and J5(1) > 0.
Proof. By the software Mathematica, I'(1) = 0 is equivalent to
A(N —18)(N — 16)(N — 14)(N — 12)(N — 10)(N — 4)(N —2) (N2 — 4N —4) 72
(N +4)(N +6)(N + 8)(N + 10)(N +12)
4(N — 18)(N — 4)(N — 2)
(N +6)(N + 8)(N + 10)(N +12)
— 273305456 N2 + 893995744 N2 + 378381120N — 1876068864)7’
B 8(N —4)
(N — 24)(N — 22)(N — 20)(N + 6)(N + 8)(N + 10)(N +12)
— 10938700432N'° 4+ 598157791200 — 17529195040256 N'®

+

(270251\76 — 1481614N°® + 30312640N*

(84113673N11
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+ 283729391286736 N7 — 2092231289713280N% — 4536333083997056 N
+ 195286068740668928 N* — 1181494667636928512N°
+ 1811151426900393984 N2 + 274396140023021568 N

- 1766811639068098560) =0.

Since N > 25, the above equation has two real solutions. Let 7 be one of them,
that is

Al ++As
T=——
As

where

Ay = 27025N"" — 3643614N'° 4 210999260NY — 6810840856 N
+ 132295854944 N7 — 1534324494976 N® + 9346495290496 N
— 11159485467904N* — 183018831796224 N3 + 745142082785280N2
+ 205924147789824N — 1426412678676480,
Ay = 57441241 N?2 — 17912057020 N2 + 2618664424988 N 20
— 238118535739200N " + 15063089407047536 N '
— 702280213198643392N'7 + 24934025190545250880N 16
— 686653269120561219072N"° + 14791902504139923647488 N 14
— 249302232577387990290432N 13 + 3259352423223475632402432 N 12
— 32388940524728700064022528 N1 + 234675169275055587268968448 N'1°
— 1126393736705881095131955200N? 4 2494958946356596711482261504 N8
+ 7374887457753764509916332032N7 — 78586427159754019630286372864 N6
+ 278427222229099295548410691584N° — 560779470613827428532149551104N*
+ 764771178562157714441678880768 N> — 159342150144758078717426663424 N>
— 1263144326261770762588929392640 N
+ 879163881274963620673250918400,
Az = 2(N — 24)(N — 22)(N — 20)(N — 18)(N — 16)(N — 14)(N —12)
(N —=10)(N —2) (N> —4N — 4).

For this 7, other conclusions of the lemma can be checked by computers. O

Proposition 9.21. For 7 chosen in Lemma 9.20, the function F(&',N') has a
strict local minimum at (0,1).

Proof. Since I'(1) = 0, we have :2,F(0,1) = 0. In addition Proposition 9.1
shows 8%,F(O, 1) = 0. Therefore, (0,1) is a critical point of F(&', \').
Since J1(1) > 0 and J3(1) > 0, it follows from Proposition 9.19 that the

matrix F(0,1) is positive definite. Lemma 9.20 again tell us I"(1) > 0,

82
0§,,0¢],
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which implies %F(O, 1) > 0. Consequently, (0,1) is a strict local minimum
point. o

10 Proof of the main theorem

In this section we prove the main result of this paper by a gluing method.

Proposition 10.1. Assume N > 25. Moreover, let g be a smooth metric on
RN of the form g(z) = e™®), where h(x) is a trace-free symmetric two-tensor
on RN such that

[h(@)| + |0h(z)| + |0°h(z)| + 8°h(z)| + 0" h(z)| < @
for all z € RN, h(0) =0, h(z) =0 for |z| > 1, and
hik () = pe® f(e%|2]?) Hx (x)

—2

for |z| < p. If a and p* "u 2N 24 are sufficiently small, then there exists a

positive solution u(zx) to

Pyu = g U in RN
U™
RN ey \ 1+ [y[?
4—N
sup u > Ce™ 2

Proof. By Proposition 9.21, the function F(£',A') has a strict local minimum
at (0,1) and F(0,1) < 0. Hence, we can find an open set M C A such that
(0,1) € M and

F(0,1) < inf F(§',X) <0.

Using Lemma 8.2, we obtain

20N 20N

2F5(€,X) = 2 + R (€, N) + 0 (<X +p¥ie®) +0a0)N 1),

Hence, if p*~"u~2eN =24 is sufficiently small, we have
5(0,1 inf 75 (&', X' E.
F5(0,1) < inf 75(¢, X) <
Consequently, there exists a point (¢, X') € M such that
(& )/ : f (¢! ! E
‘7:9(6 7/\ ) < (191/1\/1‘7:9(5 7)‘) <

Then @o(y) + ¢(y) is a solution of (8) with ||¢[|. < C.
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Note that since ||¢]|« < C' we have

a
o) < Cor—n— < Cau 51
OIS O —gpr T = G o
which shows that ug + ¢ > 0 provided « is small. Thus ug(z) +e~ "2 @(z/e) is
the positive solution we need. O

Proposition 10.2. Let N > 25. Then there exists a smooth metric g on RV
with the following properties:

1) gij(x) = 855 for |z| > 3,

2) g is not conformally flat,

3) There exists a sequence of positive function u, (n € RY) such that

N—4 N
PgunzTu 5

2 1 \"
ud < —
/RN " /RN (1+Iyl2)

Proof. Choose a smooth cut-off function 1 such that n(r) = 1 for r < 1 and
n(r) = 0 for r > 2. We define a trace-free symmetric two-tensor on RV by

hij(@) = 3 n(n*le —zal)2 ¥ F(@" @) Hyg (@ = @),
n=Np
where z,, = (1,0,...,0). Clearly h(z) is C™.

Moreover, if Ny is sufficiently large, then we have h(z) = 0 for |z| > 1 and
|h| + |0h| +|02h| +|0h| + |0*h| < . Provided that n > Np and |z — z,| < 11z,
we have

hij(z) = 227 f(22" |2 — . |) Hij(z — o).

Hence we can apply Proposition 10.1 with g =27"/3, e =27", p = ;5. From

this the assertion follows. O

11 Appendix

In this section we will give the proof of (23) and (26). The proof of (23) can
be found in [18] and we repeat it here for the sake of convience.

Lemma 11.1. Assume that 0 < s < N and t > s. Then

. , C(1 + |z|) ift <N,
dy < ¢ C(1+ |2)*N|1 +log(l + |z ift=N,

L T € 0N [ g 4]
(1 +al)~ 1> N.
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Proof. First, observe that the above integral is well defined since ¢t > s. So we
only need to consider the case that |z| is large. Next we decompose it as follows:

1 1
+/ +/ — dy
</|yw|s;' 2l <Jy—g|<2]a| |yw|22|w> |z — gV (1+ [y])*

= Il +I2 +I3

I may be estimated as follows. Since |y — z| < |z|/2 implies |y| > |z|/2,

1 1
n<f ay
=y sy o=y (T o727

1 |z|/2 1 No1
<1+|x|/2)/0 e

< Clz|*~.

IA

I3 may be estimated similarly. Because |y — z| > 2|z|, |y — z| < |y| + |z] <
lyl +ly — 2|/2. Thus |y — z| < 2[y| and

1 1
I3 S/ dy
ly—ai>2a [T —y[N =5 (1 + |z —y|/2)!
R | 1
< L1~y
_/Zva:| rN-—s (1+T/2)tr d
< Clz|*".

Finally, we observe that

1
A e
|$|N_S lel <)y ai<afe] (1+ [y])*

N |$|N g </y|<1 /<|y|<3|a:> +|y|)
C 3|z|
<Cx— C+c/ Nty
||V s 1

Clz|*~t ift<N,
<< Clz|*~Nlog |z| ift=N,
Clz|sN if t > N.
Now it is easily seen that the lemma holds. O

Next we come to the proof of (26).

Proof of (26). Now t = N — k. Let L > 0 is a large number. If |y| < Lr, we
have

/ 1 L.
B, 1y — 2N (L+]2)NF
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1 1
< dz
- /]RN ly — z|N=5 (1 +|2[)N -+
CA+ [y))™ N <ork(1+ [y

For |y| > Lr, obvious % < C since |z| < 7. Thus, recalling that k& > 0,
we get
1 1
d
/ = TR ?
<O+ y))N / v 7 4%
WD I, Bk

< Crf(+ [y
This concludes the proof. O
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