Solutions to Assignment Six

Exercise7.1

1. The maximum principle:

If D is any solid region, a non-constant harmonic function in D can not take its
maximum value inside D, but only on 0D.

Proof: Suppose there exists one non-constant harmonic function w in D, which
attains its maximum M at xq € D.

By the mean value property, we have

u(zg) = //
ZE(), | B(zo 7“)

Thus u(x) = M for all + € B(xg,7) C D since u is continuous and M is its

for all B(zo,7) C D.

maximum.
Now since u is not a constant, there exists x; € D such that u(x;) # u(xg). Since
D is a region, we can find a curve y(t) C D,0 < ¢ < 1 such that v(0) = xq,v(1) = z;.
Set E := {0 <t < 1] u(y(t)) = M}, then E is closed since u and v are both
continuous. Let t, € E, then by the above result, u(z) = M for all z € B(v(t,),r) C
D. So E is open. Hence E = [0, 1] since E # () and [0, 1] is connected. But this is
contradict with u(xy) # u(zo).
2. Suppose u; and uy are solutions of the problem. Then u = u; — uy satisfies
Au=01in D, %:OonaD.

Thus by the Green’s first identity for v = u, we have

//BD“ _ds //D|VU|2d$+///DuAudx.
[ff

Hence



Therefore u(x) is a constant.

3. Suppose u; and uy are solutions of the problem. Then u = u; — uy satisfies
0
Au=0in D, —u—l-au:Oon(?D.
on

Thus by the Green’s first identity for v = u, we have

//BD“ _dS //D|VU|2d$+///DuAudx.
_//BDGUQZ///D\Vu\de.

Therefore Vu = 0 since a(x) > 0 and w is continuous. So u = ¢, where ¢ is a

Hence

constant. Finally, by the Robin boundary conditions, we have ca(z) = 0. Therefore
u = 0.

4. Suppose u; and us are solutions of the problem. Then u = u; — uy satisfies
uy = kAu in D x (0,00), uw=0on dD x (0,00), u(z,0)=0in D.

Thus by the Green’s first identity for v = u, we have

//M 55 = /// [Vl d:c+/// uluds.
0—//D|Vu|2dx+%/// uutdx_// Tl der%dt///

Hence E(t) := [[[,u*dx(> 0) is decrease. Since E(0) = 0,50 E(t) = 0. Thus we

[/ 1wias=o

Hence Vu = f(t) for some function f. So u(z,t) is a constant since u; = kAu = 0.

get

Now by the boundary conditions, we have v = 0. Thus we get uniqueness.

5. Suppose u(x) minimizes the energy. Let v(z) be any function, then we have

Elu] < Elu+ ev] :E[uHe//Dvuwczx—e//aD hodS + € ///D|Vv|2d:p
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for any constant e.

Thus by calculus, we have

// VuVudr — // hvdS =0
D oD

Now by Green’s first identity, we have

// Au - vdm—i—// dS // hvdS = 0.
oD 3” oD

Firstly, we let v vanishes on 0D, we get —Awu = 0. Thus we also have

JI o-Gaas— [ has—o

for any function v. Hence g—z = h. By uniqueness, it is the only function that can

for any function v.

minimize the energy.

Note: we assume functions u, v and the domain D are smooth enough, at least under
which the Green’s first identity can be hold.

6. (a) Suppose u; and uy are solutions of the problem. Then u = u; — uy tends to
zero at infinity, and is 0 on 0D. Suppose that v # 0, then without loss of generality,
we assume that dzy € D such that u(mo) > (). Since u tends to zero at infinity, so

there exists R >> 1 such that u(z) < “2 Va € B(0, R).

Then u is a harmonic function in DﬂB(O,R), But max wu < u(o) <
a(D N B(O,R)) 2
u(zg) < max u, this is contradict with the Maximum Principle. Hence u = 0.

DN B(0,R)
(b) If not, then u(z) has a negative minimum. As above, by the Minimum Principle,

we known that u get its minimum on 0A or JB.

Now we assume that w attains its minimum on 0A, then £ < 0 by the Hopf
principle since u is not a constant. But this is contradict with the fact [, 84 3 Ju oadS =
@ > 0. Surely the same is true for another case. Hence u > 0 in D.

(c) Suppose that there exists zo € D such that u(xg) = 0. Then by (b) and the
Strong Minimum Principle, u is a constant in . But this is contradict with the

fact [, 54dS = @ > 0. Hence u > 0 in D.
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(Actually we can also prove that u > 0 on JA and 0B by the Hopf principle again
as in (b).)

Exercise7.2

(As in the dimension three, surely the same is true for any finite dimension)

Let D, be the region D with a ball (of radius € and center z) excised. For simplicity
let 2y be the origin, r = /22 + y2.

By the Green’s second identity, we have

[ o

But 0D, consists of two parts: the original boundary 0D and the circle {r = ¢}. on
the circle, aﬁ = —2 Thus the curve integral breaks into two pieces
[tea

logr —g— logr] dS = // u - —(logr)—g— logr] dS

This identity is valid for any small enough € > 0

8 “logr dS =0

Now the right side of the identity equals
1

// udS — loge// —dS =270 — 27relogea—u
€ r=e r=e or

where @ denotes the average value of u on the circle {r = €}, and
average value of a“

= €}, g denotes the
on this circle.
As e — 0,

<

0
2mu — 2me log e—u — 21U

5 (0)

because u is continuous and % is bounded. Thus this complete the proof
2. Let D, :=

= {x| € < |z| < R}, where R is large enough such that ¢ = 0 outside
|z| < R.

Using the Green’s second identity, let r = |z|, we have

ot . Y

8n 8n|x_|ds
0 1
__dg // ——dS
//|va R|m| 0n 8n|a:| o= |x| 8n —¢ on |z|



// ! a¢ + o- —dS = —dnp — 47rea¢
x| =€ € 87”

where ¢ denotes the average value of u on the sphere {|z| = €}, and % denotes the
average value of g—;‘, on this sphere.
As e — 0,

—4me — 47r6% — —47wp(0)

because ¢ is continuous and ¢ is bounded. Thus this complete the proof.

3. By choosing D = B(x, R) in the representation formula (1), we have

wa) = [ [=ute) () S
0) on |a:—x0| |z — 20| On- 4w

0B(z0,R)
1 1 Ou-dS
// (7@ + fan)ar

|z—zo|=R

:47T1RQ // udS—i—m///Audx

lz—zo|=R |lz—zo|<R

1
:47rR2 // udS.

|z—z0|=R

This proves the mean value property in three dimensions.
Extra Problem: Let ¢(x) be any C? function defined on all of two-dimensional

space that vanishes outside some circle. Show that

— [[ 1oglel00)57-

The integration is taken over the region where ¢(z) is not zero.
Proof: Let D. := {z| ¢ < |z| < R}, where R is large enough such that ¢ = 0
outside |z| < R.

Using the Green’s second identity, let r = |z|, we have

//1og|x|A¢ )dx = /log|m| ¢-%log|x|d8

ODc



B O¢ 0 0¢ 0
= / log | z| 5 0 5 log |z|dS + / log |z o o) o log |z|dS
|z|=R |z|=€
= — / loge - @ —¢- 1dS = 27 — 27reloge%,
or € or
|z|=€

where ¢ denotes the average value of u on the sphere {|z| = €}, and % denotes the
average value of g—f on this sphere.
As e — 0, o
2m¢ — 2me log e% — 27¢(0)

because ¢ is continuous and % is bounded. Thus this complete the proof.
Exercise7.3

1. Suppose GG; and G both are the Green’s functions for the operator —A and the
domain D at the point zy € D.

By (i) and (iii), we known that G;(z) + and Go(z) + =——— both are

1
4r|z—axo| Adr|z—ax0|

harmonic function in D. Thus by (ii) and the uniqueness theorem of harmonic

function, we have

1 1

dr|z — 0 Ar|z — xo|
Therefore the Green’s function is unique.

3. In the book,

where u(x) = G(z,a) and v(z) = G(z,b).
Now, Let’s computer A,. Firstly note that

1

u(z) = G(z,a) = QP pe—] +

H(z,a),

where H(z,a) is a harmonic function throughout the domain D. Secondly v(z) =
G(z,b) is a harmonic function in {|z — a| < €}. Thus

1 ov 0 1
4= [] (g Bz = v =gy + Hw s

|x—al=¢



_ // (_mgw%(m))du // (H(x,a)g—Z—v%H(x,a))dS

|z—al=€ |z—al=¢
=v(a)— [f[ (H(z,a)Av —vAH(z,a))dz
lx—al<e
= v(a).
(Here we use the representation formula (7.2.1) and note that & = —2).

Hence lir% A =v(a).
Exercise7.4
1. By (i), we known that G(x) is a linear function in [0, zo] and [zo,]. Since (ii)

and G(z) is continuous at zg, we have

kx, 0 <z <zp;
G(r) =
Koo (g 1), xo <z <l

xo—I

Hence G(z) + 3|z — xo| is harmonic at xy if and only if

(C(@) + gl — wol) I(z) = (G(a) + o — wol) |7

if and only if
[ — ZTo
k= :
)

Therefore the one-dimensional Green’s function for the interval (0,1) is

l—xq
l

x, 0 <z <z
G(r) =

—2(r —1), 2o <w<I

2. Assume that h(z,y) is a continuous function that vanisher outside {(z,y)| ** +
y*> <r?} and |h(z,y)| < M. Then by the formulas (3), we have

M

< =
- 27
{(zy)] 22+y2<r2}

[u(o, Yo, 20)| [(x — 20)* + (y — o) + 25] "dxdy

Mr?
< L ,when /a3 +y3 + 28 > r.
2§+ yg + 25 —1)?
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Therefore, u satisfies the condition at infinity:

w(X) — 0 as|X| — 0.

3. From (3), we have

u(zo, Yo, 20) // w —20)% + (y — y0)? + 222 h(w, y)dzdy

= QZ_;:— //(x2 + 1y + zg>—%h<x + 20,y + Yo )dxdy.

Now we change variables such that © = zpscosf, y = zgssinf. Then we have

u(o, Yo, 20) =3 / / (2252 + 23) 2 h(zos cos O + xq, 205 sin  + yo ) z3sdsdf

1 s o
= —/ / s(s% + 1)_%h(z03 cos 0 + xg, zpssin 6 + yo)dsdb.
o Jo
Since
/ (2 + 1) bds = —(2 + 1) 3 [F = 1,
0
SO

Zlgr_)nou(mm Yo, ZO) = h(x07 yO)

5. Suggested explain: Since the half-plane {y > 0} is not bounded, this only
means that the solution is not unique under the (uncompleted) boundary condition
or it is not a well-posed problem. But generally it will be a well-posed problem if

we add another boundary condition, such as

w(X) — 0 as|X| — 0.

6. (a) As in the dimension three, we have

1 1
G(X, Xy) = %log|X — Xo| — %log|X—X§|,



where X = (z,v), Xo = (20, v0), X§ = (o, —Yo)-
(b) Since

oG Y+ Yo Y — Y

0y 2m((z— )+ (y+w)?) 27((z — 20)® + (y — v0)?)

Yo
7((z — 20)? + 1)
on y = 0, Therefore, the solution is

w(zo, yo) = @/( h(z) da

m ) (x—w0)*+ 45

(¢) By (b), we have

Thus

1
Uy + Uy = Ef”(y

Hence the ODE satisfied by f is
(1+2)f"(t) +2tf'(t) = 0.

Therefore,

t
f(t):/ d ds + b= aarctant + b,
0

1+ 52
where a, b are constants.
(b) Since
u(z,y) = f(g) = aarctang + 0,

SO

Ou _Oudv Oudy o lz o —vy
or  Ozor | Oyor 1+ (x/ylyr L1+ (z/y2 2 r

9



(c) Using the polar coordinate, we have
v(r,0) = cl +d,
where ¢, d are constants. Hence in the (x, y)-coordinate, we have
o )
v(z,y) = carctan = + d.
x

(d) By (a), we have

u(z,y) = f(i) = aarctang + 0.

Thus

sa+0b, x> 0;

h(z) =limu(x,y) =< —5a+b, <0

y—0

b, x = 0.

\

(e) By (d), we see that h(x) is not continuous unless u is a constant. This agrees
with the condition that h(x) is continuous in Exercise 6.

9. We have known that the Green’s function for the half-space is

X Xty =~ TP 4 P+ (7~ %P

+o- \/ (¥ = y0)? + (2 + 2))2.
Now suppose that ¢ # 0 and make the linear transformation: 2’ = z,y =y, 2 =
ax+by+cz, then the Green’s function for the tilted half-space {(z,y, z)| ax+by+cz >
0} is

G(X, Xp) = ——\/x—xo + (y — y0)? + (ax + by + cz — axg — byy — ¢zp)?

+E\/(x —20)2+ (y — y0)? + (ax + by + cz + axg + byy + c29)?

since the linear transformation present the harmonic property and the uniqueness
of the Green’s function. It is similar for cases a # 0 and b # 0.
10. In case Xy = 0, the formula for the Green’s function is

1 1

X,0) = — .
G(X,0) 47T]X|+47ra
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It is easy to check (i),(ii) and (iii).
13. We have known that

1 1

G(X, Xy) =—
(X, Xo) 47| X — X * Art|roX/a — aXo/ro|

is the Green’s function for the whole ball.
Let X{ = (x0, Y0, —20), then

1 1
CAm|X — X * Am|roX/a — aX{(/ro|

is also the Green’s function for the whole ball. Note that G(X, Xo) = G(X, X{)) on
0D and G(X, X{) is a harmonic function in D. Hence G(X, Xy) — G(X, X{) is the

G(X, Xg) =

Green’s function for D by the uniqueness of the Green’s function.

2

15. (a) If v(x,y) is harmonic and u(z,y) = v(z? — y?, 2xy), then

Uy = 200V, + 2Y0y, Uy = —2Yv, + 220,,.
Thus
Ugp T Uyy = 2@x+4xzvm+4xyvxy—|—4xyvyx—i—4y2vyy—21}1+4y2vm—4:cyvxy—4acyvym+4a:2'uyy

= 4(2? + y?) (Vgz + vyy) = 0.

(b) Using the polar coordinates, the transformation is
(rcosf,rsin @) — (r? cos 20, r* sin 20).

Therefore, it maps the first quadrant onto the half-plane {y > 0}.

(Note that the transformation is one-one which also maps the x-positive-axis to x-
positive-axis and y-positive-axis to x-negative-axis. )

17.(a) We have known that

1 1

G'(X, X,) = —
(X, Xo) X — Xy X — X

is the Green’s function for the half-plane. Now by the Exercise 15, we find the
Green’s function for the first quadrant is

1 1

G(X, Xy) = G'(X', Xg) = —
( , 0) ( ) 0) 47T‘X,_X6‘ +47T|X/_(X6)*’
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1 1
N 2 2 + 2 2
/(22 + 2§ — y? — y3)? + Alay — zoyo)?  Am/ (22 + x5 — y? — 15)? + A(zy + 2oyo)?
where X = (z,y), Xo = (%0,%0), X' = (22 — 9%, 22y), X}, = (23 — 92, 2w0y0), since the

Green’s function is unique.
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