Solutions to Assignment Five

Exercise6.1

2.By (6.1.(7)) in the book, we have
2
Upr + =, = k2u.
r
Let u = v/r, we get
Uy = v, /7 —v/1r%
Upy = Upp /T — 20, /7% + 2075,

Hence

Vpr = k20 = v = Ae™F" + BeF”

where A, B are constants. Therefore

where A, B are constants.
4.From the book, we have known that —c;7~! 4 ¢, is a solution, where ¢; and ¢,

satisfy the equation:
—ca e =A—cb 4+ ¢ = B.

Hence

A-B B-A
U(:C,y):abb 7”71+A+bb , where r = /22 + y2 + 22
a

is a solution. Therefore it is the unique solution by the Uniqueness Theorem.

5. Firstly we find a solution that depend only on r. As in the book, we have

1
Upp + —up =1
r



Lo
:>u:17° +colnr+c

Thus by the boundary conditions, we get

1,
cp =0, —a®"+c,=0.

4
Therefore

1 1
u(zx,y) 2 Z4?, where r = /22 4 y2

=-r
4 4
is the unique solution by the Uniqueness Theorem.

6. Firstly we find a solution that depend only on r. As in exercise (5), we have

1
u=-r’+clnr+ co.

4

By the boundary conditions, we get

1 1
Za2+cllna+02:0, ZbQ—l—cllnb—i-cQ:O.

Hence

1 v — a?
u(z,y) = Z(TQ —a’) - Zl(lrlb——cina)(lnr —Ina), where r = /22 + y?

is the unique solution by the Uniqueness Theorem.

7 .Firstly we find a solution that depend only on r. As in the book, we have

Upp + —up =1
r

= 1ru, = =r"+
1
:>u:6r2+—2+02

Thus by the boundary conditions, we get
1 2 Co 1 2 (&)
- =2 =0,-0*+ —=
¢ T T Ty

Therefore

1 b1 1
u(x,y) = 6(T2—a2)+aba—g (;_5)’ where r = /22 + 12



is the unique solution by the Uniqueness Theorem.
10. Suppose u and v are two solutions. Let w = u — v, then w satisfies Aw = 0 in
D, w=0onbdy D

Hence by the divergence theorem, we have

O:/wAwdx:—/Dw-Dwds
D D

= Dw = 0.

Since w = 0 on bdy D.we get w = 0. Therefore the solution of the Dirichlet problem
is unique.

11. Integrating the equation Au = f, we get

[ [ sasavaz= [ [ [ sudzaya: = [ /bdy s = [ /bdy(D

Hence there is no solution unless
/// fdxdydz = // gdS
D bdy(D)

Exercise6.2
1. By the boundary condition, we can guess u,(x,y) = z —a and u,(z.y) = —y +b.
Luckily these also satisfy the equation. Hence

1
u(z,y) = §3U2 — §y2 — ax + by + ¢, where ¢ is any constant,

are solutions.
(Actually we can prove that they are all solutions by the Hopf maximum principle)

2. Since

/ / (sinmysinnz)(sinm'y sinn’z)dydz = (/ sinmysinm'ydy)~(/ sinnzsinn'zdz),
o Jo 0 0

so they are orthogonal.
3. We separate variables and use the homogeneous boundary conditions. Then we

get:
X// Y/l
=X(2)Y —+—==0
u(e.y) = X@Y (), 5+



Hence
An =12, Yo(y) = cos(ny), Xo =z, X1 = sinh[(n + 1)z]
n=0,1,2,..

Therefore,

u(z,y) = Apx + Z A, sinh(nx) cos(ny).
n=1

By the inhomogeneous boundary condition, we get

N 1
Agm + Z A,, sinh(nr) cos(ny) = 5(1 + cos 2y).

n=1
So
Ape Ay — 1 A 0202
0T o 2T Qg2 T T
Hence
(2,4) = 2 + —— sinh(21) cos(2y)
ulxr = — ————— S1n Z ) COS .
Y= o T 2sinh(2n) Y

4. Suppose u; satisfies

Au; = 0, in the square
uy(7,0) = z,u1 (7, 1) = u1,(0,y) = w1 .(1,y) =0

and wuy satisfies
Aug = 0, in the square

ug(2,0) = ua(x,1) = u2,(0,y) = 0,u2,(1,y) = Yy,

then u = uy + uy is a harmonic function which we want to find.

By the method of separate variables, as in the book, we have

Uy = —%(y — 1)+ Z A, cos(nmzx)(cosh(nmy) — coth(nm) sinh(nmy))

n=1
where

1
2

Aozl,An:2/ x cos(nmz)dr = (=1)"=1),n=1,2,..

0

n2m2

4



Uy = Z By, cosh(nmx) sin(nmy),

n=1
where
2 1 2 (_1>n+1 9
mrsinh(mr)/o y*sin(ny)dy sinh(mr){ n2m2 n47r4[( ) I}
Therefore

U= —A?(y —1)+ Z A,, cos(nmz)(cosh(nmy) — coth(nr) sinh(nmy))

n=1

+ Z B,, cosh(nmz) sin(nmy),
n=1

where A,,, B,, be given above.

6.We separate variables and use the homogeneous boundary conditions. Then we

get:
w(z,y,z) = X ()Y (y)Z(2), XYH + Y7” + 27// =0
X'(0)=X'(1)=Y'(0) =Y'(1) = Z'(0) = 0.
Hence
X (x) = cos(mmz),m =0,1,2,...

Y. (y) = cos(nmy),n =0,1,2, ...
so that

7" = (m?+n*)n?Z, Z'(0) = 0.
Therefore

w(z,y,z) = Z Z A cos(mmx) cos(nmy) cosh(vVm? + n?rz).

n=0 m=0

Finally, by the inhomogeneous condition, we get

g(z,y) = Z Z ApnVm? + n?r sinh(vVm?2 4 n?n) cos(mnz) cos(nmy).

n=1m=1
Thus
4 11
Apn = —m2+n27rsinh(\/m7r)/o /0 g(z,y) cos(mmzx) cos(nmy)dxdy.
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Hence the solutions can be expressed as u(z,y, z) + ¢,where ¢ is any constant, with
the coeflicients A,,,,,.

(Actually we can prove that they are all solutions by the Hopf maximum principle.)
7. (a) As before, we separate variables and use the homogeneous boundary condi-

tions. Then we get:

XI/ Y//
= X(2)Y —+—==0
ulr,y) = XY (), 5+
X0)=X(m)=0
Hence
X, (z) =sin(nz),m = 1,2, ...
so that
Y" =n%Y, lim Y(y) = 0.
y—00
Thus
u(z,y) = Z A, sin(nz)e ™.
n=1
Finally, by the inhomogeneous condition, we get
h(z) = Z A, sin(nx).
n=1
Hence
2 K
A, = —/ h(x)sin(nx)dz.
T™Jo
Therefore
o0 9 T
u(z,y) = Z _(/ h(z) sin(nx)dx) sin(nx)e ™.
T Jo
n=1

Exercise6.3

1. (a) By the Maximum Principle, we have

maxu = maxu = max(3sin260 + 1) = 4.
D oD 0



(b) By the Mean Value property, we have

7

1 27
u(0,0) = 2—/0 3sin260 4 1df = 1.

2.By the formula (10),(11),(12), we have

1 [o.¢]
u = §A0 + ; (A, cosnf + B, sinnf),

where
1 27
A, =— h(®) cos npde
mTa™ Jo
1 2m
B,=— h(¢) sin ngda.
Ta” Jfo
Since h(¢) =1+ 3sin ¢, we get
3
Ao :2,An =0 (n > 0),31 = E,Bm =0 (m> 1)

Hence

u(r,0) =1+ S sin 6.
a

(You can also solve the equation by Poisson’s formula.)

3. Since h(¢) = sin® ¢ = 3sin ¢ — 4sin 3¢, we get

3 4
An:O,Bl :—,Bgz——g,Bm:O (m;él,?))
a a
Hence
4 3
u(r,0) = S sin f — Ls sin 36.
a a

4Let u > 0 and Au = 0 in a unit disk D = {(z,y)|2? + y* < 1}. Using the

Mean-Value Property to prove the following so-called Harnack inequality

1—7r 147
0,0) < <

u(0,0)



where r = /22 + 42 < 1.

Proof: By the Poisson’s formula, we have

ulr,9) = 10 /0 ) W9) o,

2 1 —2rcos(6 — ¢) + 12
where
h(¢) = u(1,¢) >0
Since
(1—7)2<1—2rcos(d — o) +r* < (147)%
we get

1= [ o) L= [ ho)
o /0 (H»r)?dd)gu(r’e)S o /0 (1—r)2d¢'

Now by the Mean-Value property, we have

w0.0) =5 [ hio)de,

Therefore
1—7r 1+7r

0,0) < <

u(0,0).

5. Suppose that u satisfies u,, +uy, = 0 for all (z,y) € B1(0) except (z,y) = (0,0).
Show that if u is a bounded function, the (z’yl)iirzo,o)u(x,y) exists and by taking
u(0,0) = (x,yl)ii{%o,()) u(z,y), u is actually smooth in B;(0).

Hint: Consider the following function: v, = elog %

Proof: Firstly, we consider the following lemma (a uniqueness lemma):

Lemma: Suppose that v satisfies v, + vy, = 0in D = {(z,y)| 0 < 22 + y* < 1}
and v = 0 on {(z,y)| #* + y* = 1}. Show that v = 0 if v is bounded.

Proof of the Lemma:

Fix (xo,y0) € D. Ve > 0, we consider the harmonic function v, := elog%, where

r = /2% +y?. Since lir%vE = 400 and v, = 0 on {(z,y)| 2* + y*> = 1}, so we can

choose r small enough so that v. > supwv (since v is bounded) and x3 + y3 > r2.



Hence by Maximum Principle, we get

1
U(.ZTJ(), ZUO) S EIOg R
To

where r = /a3 +y2. Thus v(zg,y0) < 0. Similarly, we can get v(xg,yo) > O.
Therefore v(zg, o) = 0. O
Now we use the lemma to prove the statement.

By Poisson’s formula, we consider the following harmonic function

o 1— 7,2 27 h(¢)
w(r,9) = 27 /0 1 —2rcos(f — ¢) +r2d¢’ (r<1)

where

Here we use polar coordinate.
Let v = u — w, then v satisfies the conditions of Lemma, thus v = 0. Hence u = w
for all (z,y) € B1(0) except (z,y) = (0,0). Therefore the lim wu(x,y) exists

(z,y)—(0,0)

and lim wu(x,y) = w(0,0). So by taking «(0,0) = lim wu(x,y), u(= w) is
i ulzy) = w(0,0) y gu(0,0) = lim u(z,y), u(=w)
actually smooth in B;(0).

Exercise6.4
1. Since the only difference between the formulas of interior and exterior of a disk is

that r and a are replaced by 7~! and a~!. Therefore by the exercise 6.4.2, we have

u(r,0) =1+ 3—asin6’.
r

6. Using the separation-of-variables technique, we have
0"+X0 =0, *R"+rR — AR = 0.
So the homogeneous conditions lead to
"+ X0 =0, 6(0) =06(x) =0.

Hence

An = n?, O(A) = sinnd.
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As in the book, we also get

R(r) =1r".
Thus
= Z A,r'tsinnf.
n=1

Finally, the inhomogeneous boundary condition requires that

msinf — sin 260 = ZA" sin nb.

n=1
So
Al :7T,A2 = —1,1471:0,717'é 1,2

Therefore

u(r, ) = mrsinf — r?sin 26.

9. It is obvious that u(r,0) = 6 is a solution. Hence by the uniqueness theorem,
u(r,0) = 0 is the unique solution.

10. By the example 1 in the book (Please do again), where 5 = 7/2,h(f) = 1, we

have
= Z A,r*™ sin 2n6,
n=1
where
2 [T/ 1
A, = alfQ"% i sin(2n0)df = alfQ"%(l — (=1)").

The first two nonzero terms are

2 2
—r?sin20, ——1r%sin66.
am 9a’m

11. Multiply u in both sides of equation and integrate by part, we can get that

u—|3D _ / IVl = 0.



Using Robin boundary condition we can get that

—au®|ap —/ |Vul? = 0.
D

The only possibility is Vu =0 in D and v = 0 on 0D. Hence u =0 in D.

13. Very similar as to the computation of Example 1. Here we only give the
result.

2
For eigenvalue problem we get A = (5“—”&> and O(f) = sin % — cos gfi tan 7%
nmd

Also we have R(r) = =5« Thus

> nm nw 9 0
Hnh=2 (A”M_i " B"T_ﬁ_i) <Sm o O F—at™ ﬁniao) |

The coefficients are determined by setting r = a and r = b.
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