Solutions to Assignment Two

Exercise2.1

2. For ¢(z) = log(1 + 2?) and ¢(x) = 4 + z, the solution is

1 z+ct
u(z,t) = E{log[l + (2 4 ct)?] + log[l + (v — ct)?]} + 2—6/ 44 sds
xr—ct

_ %{log[l (@ + ct)?) + log[L + (x — ct)?]} + 4t + ot

5.We have

1 x+ct

u(z,t) = %

Then for t = -,

W(s) ds = %C[length of (x —ct, x+ct)N(—a, a).

x—ct

u(z,t) 21 length of (z — g, T+ g) N(—a, a)]

2 2 9

={ a, 5>r>—g;
x—i-%a, —%Z$>—37“;
3a
O, 72%
\
fort =7,
1
u(z,t) = Q—[Iength of (x—a, x+a)N(—a, a)

c

(
0, x > 2a;
26 —x, 2a>x>0;
20 +x, 02>x> —2a;
0, —2a > x.




— 3a
for t = 32,

3
u(z,t) = —|[length of (z 2a’ T+ ;) N (—a, a)
( 5a
0, T > 5
R ¢
={ 2a, §2>2x>—%

5a
0, —% >
\
for t = 27‘1 ,
1
u(z,t) = Q—[Iength of (x —2a, =+ 2a) N (—a, a)]
c
0, x > 3a;
3a—x, 3a>x>a;
={ 2a, a>x>—a;
r+3a, —a>1x>-—3a;
0, —3a > x.
\
for t = 57“ ,

u(z,t) 21 [length of (x —ba, x + ba) N (—a, a)]

C

0, x > 6a;

6a —x, 6a > x > 4a;

={ 2a, 4a > x > —4a;
r + 6a, —4a > x > —6a;

0, —6a > .




Omit the figures

6.
2t, % >1t>0;
max{u(z,t)} =
r 2a, t> 4
7.We have
1 x+ct
u(z,t) = 5[(}5(1: +ct) + oz —ct)] + % | Y(s) ds,
S0
—x+ct
u(=a,t) = 5lo(—e +et) + oo =t =5 [ w(=s) ds
B 1 . . 1 z+ct y
— gl -y oar e - oo [ wls) ds

T+ct
— _{%[gb(:p +ct) + o(x — ct)] + 2ic /_ t P(s) ds} = —u(x,t).

Thus u(z,t) is also odd in z for all t.

8.(a)Change variables v = ru, then

Uit = TUgp,  Vpp = (FUy + W)y = Ty + 20,

2
= vy = r* (U + —U,) = vy
r
(b)Using the same skill related to the wave equation (1), we have
v(r,t) = fr+ct) +g(r —ct),

where f and g are two arbitrary functions of a single variable. So

u= %f(r + ct) + %g(r — ct).



(c)Since v(r,0) = ré(r) and vy(r,0) = rip(r) are both odd. We extend v to all of R
by odd reflection. That is, we set

( v(r,t), r>0,t>0;
o(r,t) :==<¢ 0, r=0,t>0;

—v(=r,t), r<0,t>0.

\

Hence d’Alembert’s formula implies

r+ct

8(r,) = 1(r+ et)o(r + ef) + (r — ct)(r — )] - 2lc / si(s) ds.

—ct

Therefore

r+ct
u(r ) = %U(r, P = QL[(r b el + o) + (r — )bl — ct)] — —— / su(s) ds

r 2cr

forr>0,t>0

9.Using the same skill related to the wave equation (1), let v = u, + uy
= v, —4v; =0

= v(x,t) = h(x + it)

1
:>ux~|—ut:h(x+1t)

It is easy to check that one solution is

4h(s)

u(z,t) = f(x+ it),where f'(s) = =

So the general solution is
1
u(z,t) = flx + é_lt) +g(z — 1)
Since 2 = u(z,0) = f(z) + g(z) and €” = w(z,0) = 1 f'(z) — ¢'(z)

= f(z) = %(xz +e*+a), glx)= %(mQ —4e® — 4a)

t

4 . 1
= u(z,t) = g[(x + 1)2 +e"Ti +a] + 5[@ —1)* — 4e"" — 4d]
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1 t ¢
= Zl(20+ )+ (o — 1 + 4 — ter

Exercise2.2

1.By the law of conservation of energy, we have

1 +00 ) )
Ezé (pui + Tuy) dx

is a constant independent of ¢.
Since ¢ = 0 and ) = 0, we have £ = 0.

The first vanishing theorem implies
u = 0,u, = 0.

Thus u = 0 since ¢ = 0.

2.(a)Since
Oe/Ot = uguy + Uptiy
0e/0r = Uty + Upliyy
Op/Ot = Uiy + Uggty
Op/0x = Upliyy + Uy
and
Utt = Uy
Uzt = Utz
we have

de/ot = Op/0x
de/0x = Op/ot

(b)By (a), we have

€t = Pat = Ptz = Cax,

Ptt = €zt = €tz = Pz,



so both e(z,t) and p(z,t) also satisfy the wave equation.
3.(a)Let v(z,t) = u(z —y,t), we have

v (2,1) = up(z — Yy, 1) = e (z — y, 1) = Pvge(, 1),

so it is also a solution.

(b)Let v(x,t) = u,, we have
Utt(xa t) = uxtt(xa t) = C2Uxxx($7 t) = CQ,UCECC(I’ t)a

so it is also a solution.

(c)Let v(z,t) = u(ax, at), we have
vy (z,t) = a2utt(a$, at) = a202um(a:1:, at) = czvm(x, t),

so it is also a solution.

5.The energy function is

1 [T
E = 5/ (u} + *u?) dz,

SO

1 [+~
dE/dt = 5/ (2ugtyy + 2 ugtyy) do

[e.9]

400
= / (CUllyy — TUT + CUplly) d
— o0

+oo
= / (Cugtige — 1] — Cggty) dv + Cugug |72

o +oo
—r [ <o

—00

Hence the energy decreases.
More on 2.2
Part(a)

! ! !
— [ WP(x,t)dx = / Quuydr = Qk/ Uy dT
dt Jo 0 0

! I
= 2kuug|, — 2k/ udr = 2k (u(l,t)um(l, t) — u(0, t)u, (0, t)) - 2k:/ uZdx
0 0

2 2 l
0

ap Qg

IN

0.



Part(b)
Let u; and wus are two solutions of the above problem. Let w = wu; — ug, then
w satisfies the same equation and the same Robin boundary condition, especially
w(z,0) = 0.

By Part(a) we know that

! !
/ w?(z, t)dr < / w?(x,0)dz = 0.
0 0
Thus w = 0, i.e. u; = us. Thus the solution of the problem is unique.

Exercise 2.3

lu(z,t) =1 — 2% — 2kt, then

u(0,0) = ogmgql,agigthu(x’ t)=0
u(1,T) = min  u(x,t) = —2kT.

0<z<1, 0<t<T

b)By the definition of minimum, M (7T") decrease(i.e., nondecreasing).

a) Use the strong minimum principle;

p(t) = u(X(t),t), Differentiate p(t), assuming that X (¢) is differentiable, we have

fo=uy(X (1), 1) X(t) +u(X(t),t) <O.

Hence p(t) decrease;
(¢)Omit the figure.
4.(a)Use the strong minimum principle;

(b)Since both u(z,t) and u(1 — z,t) are the solution of
Up = Uge, 0 < <1, 0<t <00
u(0,t) = u(l,t) = 0,and u(x,0) = 4x(1 — x),

the uniqueness theorem implies that u(z,t) = u(l — x, t);

(c)We have

1 1 1 1
d/dt/ u? dr = / 2uuy dor = 2/ Uy dT = —2/ u? dr.
0 0 0 0
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Since u(x,t) > 0 for all ¢ > 0 and 0 < < 1, so u, is not zero function.

Hence
1
d/dt/ u? dr < 0.
0

Therefore fol u? dx is a strictly decreasing function of ¢.
6.Set w = u — v and use the maximum principle.

7.(a)Set w = uw—wv and use the generalized Maximum Principle(which will be proved
in Extra(2)(a)):
If uy — uze < 0in R =1[0,1] x [0, T], then

max u(z,t) = max u(z, t).

(b)Let u(x,t) = (1 — e *)sinz, then u(0,t) = 0,u(nw,t) = 0,u(z,0) = 0,u; — Uy, =

sinz. Hence part(a) show that v(x,t) > (1 — e ") sinx.

8.We have
! l ! !
d/dt/ u?(z,t) dv :/ 2uuy dr = 2k/ Ullyy AT = 2kunt,|h — Qk/ u? dx
0 0 0 0

!
= 2k[u(l, t)u,(l,t) — u(0,t)u,(0,t)] — Qk/ u? dw

w00 w00

= 2k]
a; Qo

!
]—Zk/ u? dr <0,
0

SO fol u?(x,t) do decrease.

Extral. Note: In(1),the conclusion 70 < u(z,t) < 1” has changed to "0 < u(z,t) <
e If the conclusion does not change, the condition of @ must limited to a < 72k.

(1)Let v(x,t) = e *u(x,t),then

UVt = VUge



v(0,t) =v(1,t) =0
v(z,0) = sin(7x)
Using the strong maximum principle, we have 0 < v(z,t) < 1, therefore
0 < u(x,t) <e®

forallt >0and 0 <z < 1.
(2)Let v(x,t) = e “u(x,t), then both v(x,t) and v(1 — x,t) are solutions of the

diffusion equation v; = v,, with the boundary conditions:
v(0,t) =v(1,t) =0
v(x,0) = sin(2x).
Hence the uniqueness theorem implies that v(x,t) = v(1 — z,t). Therefore
u(z,t) =u(l —x,t)

forallt > 0and 0 <z <1.
Another Proof:
Let v(x,t) = e~ %u(z,t),then
Uy = Uga
v(0,t) =v(1,t) =0
v(z,0) = sin(2x)

Using the method of separation of variables, we setv(x,t) = X (2)7T'(t), then

XT —kXT =0
=
X KT

= X+AX =0, T =—-\kT.
Hence by the boundary conditions
X(0)=X(1)=0, X(x)T(0) = v(x,0) = sin(7x),

9



we have

—m2k

v(z,t) = e ™ *sin(rx)

at—m2kt

= u(z,t) =e sin(mx)

Therefore 0 < u(z,t) < e for all t > 0 and 0 < x < 1, and u(x,t) = u(l — x,t) for
allt>0and 0 <z <1.
Extra2.(a)Let € be a positive constant and let
v(z,t) = u(x,t) + ex®.
This function v satisfies
Uy — kvge = uy — k(u+ €1?) e = uy — ktige — 2ek < —2¢k < 0,

which is the ”diffusion in equality.” Now suppose that v(z,t) attains its maximum
at an interior point or on the top edge (z¢, to).That is, 0 < xo <1, 0 <ty < T. By

ordinary calculus, we know that
vz (%0, to) = 0, Vza(2o,t0) <0

and

(o, t0) > 0

This contradicts the diffusion inequality. So
v(z,t) < M+ €l?

= u(w,t) < M +e(l* — a?),

= u(z,t) < M
where M := max,—g z—;+—0 u(x,t).
Therefore
max u(z,t) = nax u(z,t).
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(b)Consider

U(.T,t) = U(l’,t) - tfoo<mrggo},<(:)<t<Tf(x’ t)7

then
_kuxm:_ max f(xat)—i_f(x?t) Soa

—oo<r<00,0<t<T

u(z,0) = 0.

Hence part(a) or the proof of (a) implies that u(x,t) < 0.Therefore

v(z,t) <T max f(z,t).

—oo<r<00,0<t<T

Exercise 2.4

1.By the general formula, we have

u(z,t) = e (@) 4kt dy

VAarkt
1 l—x 7p2
N ﬁ /—l—x ‘ dp
= 1/2{&xf[(x +1)/(2Vkt)] — &rf[(x — 1)/(2Vkt)]}.
2.By the general formula, we have

)2 /4kt d

1 " o (a—v)?/akt
Varkt Y Varkt /_oo ; i
=1/2+1 /2(’3rf[x/(2\/H)] +3/2 — 3/2€rf[x/(2V/kt)]

u(z,t) =

= 2 — erfx/(2Vkt)].

4.By the general formula, we have

u(x,t) = —(@—y)*/akt o=y g
( Varkt Y
1 _2ki-a)® g,
= e Ikt zd
varkt Jo Y

> 1 k= 2kt —
= ekt== eV’ dp//m = =eM™" — ¢ erf( X)

2kt 2 2 2kt

2vkt
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6.Since

Hence
/OO e dg = ﬁ
0 2
7.We have
fe’e) fe'e) 0
/ eV’ dp:/ e v’ dp+/ e dp
NN 0 —00
= / e dpz?ﬁ:\/_
0 2
So

[o¢] o0 1 5 1 (o] 9
) do = —(@—y)?/4kt g :_/ 7 gy =1
/—OOS(x,) ! /—oo 47Tkt€ ! ﬁ —ooe r
8.We have

max S(z,t) = ——e ,
Sl t) = e

SO

1
lim max S(z,t) =lim R iy ﬂ@—mQ/‘lk -0

t—0 <z <00 t—0 \/A1kt z—+00 \/4k

11.(a)Since both u(z,t) and —u(—=z,t) are solutions, by the uniqueness, we have
u(x,t) = —u(—z,1t);

(b)Since both wu(z,t) and —u(—z,t) are solutions, by the uniqueness, we have
uw(z,t) = u(—x,t);

(c)similar.
14.Since
| e~ (04Kt ()| < Qo= (ew)*/httay® Ce(a—ﬁ)y“rﬁy—%zi,

so that formula

Lo
uw,1) = \/47rk:t/ e~ g y) dy
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makes sense for 0 < ¢ < 1/(4ak), but not necessarily for larger ¢.

15.Support that u, v are solution of the diffusion problem with Neumann boundary

condition. Letw(x,t) = u(x,t) — v(x,t), then
Wy = kw:px

w(z,0) = w,(0,t) = w,(I,t) =0,
and l l
d/dt/ 1/2[w(z,t)]? dv = —k:/ [w,(z,t)]? dv < 0.
So l l
/0 /2w, O dr < /0 1/2w(z, 0)]? dx = 0

Hence w =0 and v = v for all ¢ > 0.

16.Let v(z,t) = e®u(x,t), then

v — kvge = 0, v(x,0) = u(z,0) = ¢(z)

= o t) = —— / @V dy

varkt J_co
= u(r,t) = i e~V Mkt g(y) d
T Varkt J- v

18.Let v(x,t) = u(z + Vt, t), then

vy — kvg, =0, v(x,0) = u(z,0) = ¢(x)

1 [
> olet) = / eIk dy
1

47Tkt/ e—(x—Vt—y)2/4kt¢(y) dy
19.(a)Sz(x,y,t) = S(x,t)S(y,t),s0

= u(x,t) =

SQt(x7y>t> = St<x7t)5(y7t) + S<x7t)st<y7 t)
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Sch(x? ya t) = Sﬂvw(x? t)S<y7 t)

Sny(x, y,t) = S(z, t)Syy(ya t).

Hence
SQt(x> Y, t) = St(xa t)S(y7 t) + S(:L‘, t)St<y7 t)
= ksmz(xa t)S(y, t) + /{ZS(!E, t)‘syy(y? t) = k(SQMC + SQQ?J);
(b)We have
52(1" Y, t) = S([E, t)S(ya t) =
1 —x2 /4kt 1 —y?/akt _ 1 67““24;;/2
Varkt varkt dmkt
Exercise 2.5
1.Let u(z,t) = —2® — (t — 1)? be the unique solution of the wave equation with

boundary conditions:
Uy = Ugg, for —1 <x<1,0<t

u(z,0) = —2® — 1, uy(z,0) =2, u(—1,t) = u(l,t) = —t* + 2t — 2.

But u(x,t) attains its maximum at (0, 1).
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