MAT 4220 (2008-09) Partial differential

equations
Suggested Answer to Assignment 4

Exercise 4.1
3. A quantum-mechanical particle on the line with an infinite poten-
tial outside the interval (0,1) (“particle in a box”) is given by Schrodinger’s
equation u; = iug, on (0,1) with Dirichlet conditions at the ends. Separate
variables and use (8) to find its representation as a series.
Answer: Let u(z,t) =T(t) X (x), we get
/ 2
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X
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4. Consider waves in a resistant medium that satisfy the problem

U = CPUyy —Tuy for 0 <z <1
u =0 at both ends
U(l’,O) = ¢(£L’) ut(l’,O) = Qﬂ(l’),

where 7 is a constant, 0 < r < 27¢/l. Write down the series expansion of the
solution.
Answer: Let u(x,t) = T(t) X (z), we get

T// _|_7,,T/ B X// B
T X

Hence

Since 0 < r < 27me/l, we get

T, (t) = Apcos(v/—Apnt/2) + Bysin(v/ —A,t/2),n =1,2, ...,



where A, = r? — (%2r¢

¢)? relative to the equation

nmc

N 41+ (—— i )2 =0.

Therefore
u(z,t) = ZA cos(v/ —Aut/2) + By, sin(y/—A,t/2)] sin@ O
n=1

5. Do the same for 27mc¢/l < r < 4we/l.
Answer: Let u(z,t) = T(t) X (x). As above, we get
T// +TT, X//
— ==\
2T X

Hence
nw. o nwL

A = (T) ,X(x) =sin—,n=12,...

For n = 1, since 2wc/l < r < 4wc/l,

T1 (t) = Ale’\rt + Ble’\l_t,

where

be the roots of the equation
e

)\2—|—r)\+(l) =0.

For n > 2, as before,

t) = Ay cos(/—Ant/2) + By sin(v/ —Ant/2),n = 2,3, ...,

2_(M

7¢)? relative to the equation

where A,, =7

N4 PA+ ()2 = 0.

Therefore

u(z,t) = [1416A1t+BleA sin —+Z [A,, cos(v/ —Aut/2)+B, sin(v/ —A,t/2)] sin

nmwx
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6. Separate variables for the equation tu; = u,, + 2u with the boundary
conditions u(0,t) = u(m,t) = 0. Show that there are an infinite number of
solutions that satisfy the initial condition u(z,0) = 0. So uniqueness is false
for this equation!

Answer: Let u(z,t) = T(t) X (x), we get
(' —2r X'
T X 7

As before we have
A =12 X, (2) =sinnx, n=1,2,3,....
By the initial condition, we have
tT" — 2T = —\T, T(0) = 0.
Therefore

u(z,t) = ctsinz, for any constant c,

are solutions (You can check them directly). So uniqueness is false for this
equation! [

Exercise 4.2

1. Solve the diffusion problem u; = ku,, in 0 < x < [, with the mixed
boundary conditions u(0,t) = u,(l,t) = 0.

Answer: Let u(z,t) =T(t) X (x), we get

Tl X//
KT~ X

By the boundary condition, we have the following eigenvalue problem

= -\

— X" =AX, X(0)= X'(l) =0.

Since the eigenvalues be [(n+ 1)7]?/1? and the eigenfunctions be sin[(n +
%)ﬂ'fﬁ/l] forn=0,1,2,..., then we have

ZAe (nﬁ)mm ( +l) . O

2. Consider the equation u;; = c*uy, for 0 < x < [, with the boundary
conditions u,(0,t) = 0,u(l,t) = 0 (Neumann at the left, Dirichlet at the
right).



(a) Show that the eigenfunctions are cos[(n + 3)7z/I].
(b) Write the series expansion for a solution u(x,t).
Answer: (a) This can be proved as before (Please see it in the textbook).
Here we give another proof.
Since X'(0) = 0, by the even expansion X (—z) = X(z) for — <z <0,
then X satisfies
—X"=2X,X(-)=X()=0.

Hence
1 oy 1
An = [(n+ 5)7?] /1%, X (x) = cos|(n + 5)7Tx/l], n=0,1,2,...

(b) As before, using (a) we have

o n+ Hmet + 5)met + 3
Z[A cosi—l—anin(n l2)7rc COS (n ZQ)WI.D

n=0

3. Consider diffusion inside an enclosed circular tube. Let its length
(circumference) be 2[. Let x denote the arc length parameter where —I <
x < [. Then the concentration of the diffusing substance satisfies

U = ktty, for —1 <z <]
u(=0t) =u(l,t) and wu.(—l,t) =u.(l,1).

These are called periodic boundary conditions.
(a) Show that the eigenvalues are A = (n7/l)? forn =0,1,2,3,....
(b) Show that the concentration is

nmx 2 2
= —a + <an cos— + b,, sin —)e’" k(1
u(, 0 Z ! I

Answer: (a) As before, let A be any complex number and 7 be either
one of the two square roots of —\; the other one is —v. Then
X(z) =Ce"™ + De™ %,
The boundary conditions yield

Ce ' + Dett = Ce? + De™ ' and Cye ™ — Dye? = Cvye’' — Dye .



Hence €' = 1 and then
y=dnmi/l and \=—7*= (nr/)* n=0,1,2,....
(b) As before, by (a) we get

1 - nm
u(w,t) = §ao + Z [an COoS ”lﬂ + b, sin nlﬂ] e~ (7 )kt
n=1

Exercise 4.3
1. Find the eigenvalues graphically for the boundary conditions

X(0)=0, X'()+aX(l)=0.

Assume that a # 0.
Answer: Firstly, let’s look for the positive eigenvalues A\ = 32 > 0. As
usual, the general solution of the ODE is

X(z) = Ccos Bz + Dsin fz.
By the boundary conditions,
C =0,and Dfcos Bl + aDsin 5l = 0.

Hence tan gl = —g. The graph is omitted.

Secondly, let’s look for the zero eigenvalue, i.e., X(z) = Az + B, by the
boundary conditions, al + 1 = 0. Hence A = 0 is an eigenvalue if and only if
al +1=0.

Thirdly, let’s look for the negative eigenvalues A = —v? < 0. As usual,
the solution of the ODE is

X(z) = Ccoshyx + D sinhyz.
By the boundary conditions,
C' = 0,and D~y coshvyl + aD sinh~l = 0.

Hence tanh~yl = —1 and the graph is also omitted. [
2. Consider the eigenvalue problem with Robin BCs at both ends:

-X"=)\X
X'(0) —apX(0) =0, X'(I)+aX(l)=0.
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(a) Show that A = 0 is an eigenvalue if and only if ag + a; = —agal.
(b) Find the eigenfunctions corresponding to the zero eigenvalue. (Hint:
First solve the ODE for X (z). The solutions are not sines or cosines.)
Answer: (a) If A\ = 0, then X (2) = Az+ B. By the boundary conditions,
we get
A—qyB=0,and A+ aq(Al+ B) =0,

which is equivalent to
ap +a; = —aoall.

Therefore A = 0 is an eigenvalue if and only if ag 4+ a; = —apayl.

(b) By (a), we have X (z) = B(apzr + 1), here B is constant. [

3. Derive the eigenvalue equation (16) for the negative eigenvalues A =
—~? and the formula (17) for the eigenfunctions.

Answer: If A = —v2 < 0, we have

X(z) = Ccoshyx + D sinh~yz.

Thus
X'(x) = Cysinhvyx + Dy cosh~yz.

Hence by the boundary conditions,
D~ — agC = 0,and Cysinh~yl + D~y cosh vl + a;[C coshyl + D sinh 1] = 0,

which implies
(ap + ar)y

tanh vl = — .
7 72 4 apay

And the corresponding eigenfunction

X(x) = Ccoshvyz + %C’ sinhyz,

where C'is constant. [
4. Consider the Robin eigenvalue problem. If

ag < 0,a; <0 and —ag— a; < apayl,

show that there are two negative eigenvalues. This case may be called
“substantial absorption at both ends.” (Hint: Show that the rational curve
y = (ap + a;)y/(7? + apa;) has a single maximum and crosses the line y = 1
in two places. Deduce that it crosses the tanh curve in two places.)
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Answer: It is easily known that the rational curve y = _%—(ng

single maximum at v = ,/aga; and is monotonic in the two intervals [0, \/aga;)
and [y/apa;, 00). Furthermore,

has a

Y0 = =G > 1 = 0 ) =~
Note that tanh [ is monotonic in [0, 00),
tanh(yl) < 11in [0, oo),ﬂylggo tanh~yl = 1, and(tanh~1)'|,—o =1 > —a(;:;lal.
_ (aotar)y

Therefore the rational curve y = o have two common points with the
curve y = tanh~yl and then there are two negative eigenvalues. [

5. In Exercise 4 (substantial absorption at both ends) show graphically
that there are an infinite number of positive eigenvalues. Show graphically
that they satisfy (11) and (12).

Answer: Since

(ao +a;)B [(—ao) + (—a)]B

P2 —apq 2~ (—ap)(~a)

and —ag > 0, —a; > 0, —ag — a; < apql, the graph is similar to the Figure 1
in Section 4.3 in the textbook. [

6. If ag = a; = a in the Robin problem, show that:

(a) There are no negative eigenvalues if a > 0, there is one if -2/l < a <
0, and there are two if a < —2/I.

(b) Zero is an eigenvalue if and only if a = 0 or a = —2/I.

Answer: (a) If a > 0, this is case 1 and there is only positive eigenvalue.
And if @ = 0, this is the Neumann condition. Hence there are only zero and
positive eigenvalues if a > 0.

By the result of exercise (4), we known that there is one negative eigen-
value if —2/1 < a < 0, and there are two if a < —2/I.

(b) By the result of exercise (2), we known that A = 0 is an eigenvalue if
and only if ag + a; = —apa;l, which is equivalent to a =0 or a = —2/I. O

7. If ap = a; = a, show that as a — +o00, the eigenvalues tend to the
eigenvalues of the Dirichlet problem. That is,

tim {1, (a) — (5T~

a—00



where A, (a) is the (n + 1)st eigenvalue.
Answer: Under the condition of ag = a; = a, the eigenvalue equation

(ao +a;)B
fan g — o T )P
anﬁ 52 — Aoy ’

is changed into the equation

2a/3
tan ﬁl = m
Thus
Bl — nm as a— +oo.
That is,

o frao- 252} o

11. (a) Prove that the (total) energy is conserved for the wave equation
with Dirichlet BCs, where the energy is defined to be

1/
E = —/ (c?u? +u?) dx.
2 Jo
(Compare this definition with Section 2.2.)
(b) Do the same for the Neumann BCs.
(c) For the Robin BCs, show that

1 1 1
Ern= / (72?4 u2) do + Saufull, #))? + Saolu(0, D)
0

is conserved. Thus, while the total energy Eg is still a constant, some of
the internal energy is “lost” to the boundary is ag and a; are positive and
“gained” from the boundary if ag and a; are negative.

Answer: (a) By the wave equation,

dE ‘1
% = [C—2ututt + uxuxt] dx
0

!
= / (Ut + Uptigy] dz
0

= (utu$)|é = (1, t)ug. (1, t) — ug(0,t)u(0,t).
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By the Dirichlet boundary conditions u(l, t) = u(0,t) = 0, us(l,t) = u(0,t) =
0. Thus Cfi—f =

(b) The proof is the same as above. Here we omit it.

(c) By the computation in (a) and the Robin boundary conditions, we

can get that

dE
cl_tR = wptg|h + apu (1, t)u(l, t) + aouy (0, t)uy(0,1) = 0. O
12. Consider the unusual eigenvalue problem

—Upe =M for0<z <l

[) —v(0
0(0) = v,(1) = M
(a) Show that A = 0 is a double eigenvalue.
(b) Get an equation for the positive eigenvalues A > 0.
(c) Letting v = %l\/x, reduce the equation in part (b) to the equation

ysinycosy = sin? v.

(d) Use part (c) to find half of the eigenvalues explicitly and half of them
graphically.

(e) Assuming that all the eigenvalues are nonnegative, make a list of all
the eigenfunctions.

(f) Solve the problem w; = ku,, for 0 < x < [, with the BCs given above,
and with u(x,0) = ¢(x).

(g) Show that, as t — oo, limu(z,t) = A + Bz, assuming that you can
take limits term by term.

Answer: (a) Let A = 0, we get —v,, = 0, which implies v(z) = Az + B.
Since v(z) = Az + B satisfy the boundary conditions for any numbers A and
B, so A =0 is a double eigenvalue.

(b) Let A = 3% > 0 and suppose 3 > 0, —v,, = Av, then v(z) = C cos S+
D sin Bx. Hence by the boundary conditions, we have

Ccosfl+ Dsingl — C
l :

DB =—-Cpsin Gl + D cos Bl =
Hence A = 3?, where 3 is a root of the following equation
sin(31)(—sin Bl + B1) = (1 — cos Bl)*.

9



(c) Let v = %NX, then v is a root of the following equation

v siny cosy = sin? 7.

d) By (c), we have siny = 0 or v = tan~. Then \{ =0, A\, = "QJZ, for
y o v v : l
n=2,4,...,and \, = 492/I?, where 7, = tan~y,, forn =3,5,7,....
(e) By (a) and (d), for A = 0, the eigenfunctions are 1 and z; for A, =

n7-,n = 2,4,06, ..., the eigenfunctions are cos(nmz/l); for A, = 4+2/1?, where
Y, = tan~y,,n = 3,5,7,..., the eigenfunctions are

I/ A cos(v/ Anz) — 2sin(v/Anz).

(f) From above, we have

u(z,t) = A+ Bx + Z Apetnkt [l\/)\_nCOS(\/)\_n(ﬂ) -2 sin(\/)\_nx)]

n>1 and odd

+ Z Bpe " cos(nmx/l).
n>1 and even
(g) By(f), we have lim; ., u(x,t) = A+ Bz since tlim e Mkt =0, O

13. Consider a string which is fixed at the end x :OB and is free at the
end x = [ except that a load (weight) of given mass is attached to the right
end.

(a) Show that it satisfies the problem

Uy = Uy for 0 <z <1

uw(0,t) =0 uu(l,t) = —ku,(l,t)

for some constant k.

(b) What is the eigenvalue problem in this case?

(c) Find the equation for the positive eigenvalues and find the eigenfunc-
tions.

Answer: (a) Please see it in the textbook.

(b) Let u(z,t) = X (x)T(t), then

T X () = X" (2)T(t).
By the equation and the boundary conditions,

X//(x) _ T/l(t)
X(z) _ &T(t)

:—)\’
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X(0)=0,and A*X(I) = kX'(]).

(c) Let A = 8%, we obtain eigenfunction

X(z) = sin Sz,
where (3 satisfies
k
tanﬂl:@, ]{321,2,3,.... O

15. Find the equation for the eigenvalues A of the problem

(k(x)X") + Ap(2)X =0 for 0 <z < with X(0) = X(I) =0,
where k(z) = k% for z < a, k(x) = K3 for * > a, p(x) = p? for z < a, and
p(z) = p3 for x > a. All these constants are positive and 0 < a < [.

Answer: Let A\ = 32, then

X(z) = Acos ﬁzl L Bsin 0212
1 1

0 < x <a;

X(z) = Ccos 622 +Dsimﬁp23j
2 2

Hence by the boundary conditions,

a<x<l.

[ [
A =0, C’cosﬁp2 —i—DSinﬂp2 =0;

ko ko
. Bpia ﬁpa ﬁpza
B — Cco Dsi ‘
sin k?1 CO A + ky
Bp1 5,01@ Bpa . Bpea ﬁpz 502a
d B—-c¢ =-C D .
and B - cos T TP, T

Therefore A = 3%, where (3 is a root of the equation

p 501 P2 5P2(l —a)
Prll—a) o
BT TR YT

16. Find the positive eigenvalues and the corresponding eigenfunctions
of the fourth-order operator +d*/dz* with the four boundary conditions

X(0) = X (1) = X"(0) = X"(I) = 0.

11



Answer: Let A = 3% > 0, where 3 > 0 and X(x) = Acosh(3z) +
Bsinh(fz) + C cos(fBz) + D sin(fx).
Hence by the boundary conditions,

z?ﬂXﬂwzﬂmggxm:Lzm.m

nm

6 = 77 A= (

17. Solve the fourth-order eigenvalue problem X" = AX in 0 < z < [,
with the four boundary conditions

X(0) = X'(0) = X(I) = X'(1) = 0,

where A > 0. (Hint: First solve the fourth-order ODE.)
Answer: Let A = $* > 0 where 8 > 0, and X(z) = Acosh Bz +
Bsinh Sz + C cos(fz) + Dsin(fz). Hence by the boundary conditions,

A+C=0,B+D=0,

A cosh Bl 4+ Bsinh 5l + C cos(8l) + Dsin(pl) = 0,
and Asinh 5l + B cosh 8l — C'sin(5l) + D cos(Bl) = 0.

Hence A = 3%, where 3 is a root of the equation
cosh Blcos Bl =1,
and the corresponding eigenfunction is
X (z) = (sinh Bl—sin 1) (cosh fz—cos Bx)—(cosh fl—cos Bl) (sinh fx—sin fz). O

18. A tuning fork may be regarded as a pair of vibrating flexible bars
with a certain degree of stiffness. Each such bar is clamped at one end and
is approximately modeled by the fourth-order PDE wy; + c*tzppe = 0. It has
initial conditions as for wave equation. Let’s say that on the end x = 0 it
is clamped (fixed), meaning that it satisfies u(0,t) = u,(0,£) = 0. On the
other end z = [ it is free, meaning that it satisfies u,,(I,t) = Uppes (I, 1) = 0.
Thus there are a total of four boundary conditions, two at each end.

(a) Separate the time and space variables to get the eigenvalue problem
X/l// — )\X

(b) Show that zero is not an eigenvalue.

(c) Assuming that all the eigenvalues are positive, write them as A\ = 34
and find the equation for .

12



(d) Find the frequencies of vibration.

(e) Compare your answer in part (d) with the overtones of the vibrating
string by looking at the ratio 33/3%. Explain why you hear an almost pure
tone when you listen to a tuning fork.

Answer: (a) Let u(z,t) = X (x)T(t), then

T// X////
—_— = — = \.
—c2T X

(b) Let A = 0, then X(x) = Az® + Bz? + Cx + D. By the boundary
conditions, we get A = B = (' = D = 0. Hence zero is not an eigenvalue.
(c) Similar to the proof of exercise (17), we get [3 is a root of the equation

cosh Blcos Bl = —1.
(d) The frequencies are ¢32,
Bl = 1.88, 05l = 4.69, 0351 =7.85. ...

(e) For the bar 32/3 = 6.27, while for the string the ratio of the first
two frequencies if B5/3; = 2. Thus, relative to the fundamental frequency,
the first overtone of the bar is higher than the fifth overtone of the string.
After a short time the overtones are heavily damped and the fundamental
tone dominates. [J

Exercise 5.3

7. Show by direct integration that the eigenfunctions associated with the
Robin BCs, namely,

a
bn(x) = cos Bz + 5_0 sin B,z where \, = 32,
n
are mutually orthogonal on 0 < x < [,where (3, are the positive roots of

(4.3.8).
Answer: For m # n, since

(ﬁj2 — aow) tan B;l = (ap + a;) B4, j = m, n,

13



(b 60) = / Oon()bulz

= /0 (COS Bt + ﬁ_ sin ﬁmw) (COS Bnr + ﬁ_ sin 3,,x ) T

m n

!
= / [cos B cos Bpx —|— — 08 B sin B,x
0

5n
+B_ cos Bpx sin B,x + ﬁ_og_ sin B,z sin B,z ] "
- 1[5 1 i sin(Bm, + Bu)l + 3 1—ﬁ sin(ﬁm—ﬁn)l}
262) [ 3 iﬁ (cos(B + Bu)l — 1) + 3 1—ﬁ (cos(Bm — Bn)l — 1)]
e iﬂ (cos(fm +Pu)l = 1) = 5 1_5 (cos(Bn — Ba)l = 1)]
ag 1 . 1 ‘ -
+25m5n [ 5. 5. sin((,, + Gu)l + - sin(G,, ﬂn)l]
= 0.0

8. Show directly that (—X| X, + X;X5)|% = 0 if both X; and X, satisfy
the same Robin boundary condition at z = a and the same Robin boundary
condition at © = b.

Answer: If

Xi(a) — auXi(a) = Xj(a) — agXa(a) =0

and
X{(b) + ap X5 (b) = Xé(b) + apX2(b) =0,

then
(—X1X2 +X1X§)|Z = _X{(b)X2(b)+X1(b)X§(b)+X{(Q)X2(G)—X1(G)X§(a>

= CLle(b)XQ(b) — Xl(b)ang(b) —+ CL(ZX1<CL>X2(CL) — Xl(a)aan(a) =0. O
9. Show that the boundary conditions

X(b) =aX(a)+ X' (a) and X'(b) =~vX(a)+ dX'(a)

on an interval a < x < b are symmetric if and only if ad — Gy = 1.

14



Answer: For j = 1,2, suppose that
X;(b) = aXj(a) + BX}(a)

and
Xi(b) = vXj(a) + 0X](a).

J

Then

(X1X = XiXg)lo = X{(b)Xa(b) — X1 (b)X5(b) — Xj(a)Xa(a) + X (a)X5(a)
= [yXi(a) + 6X{(a)] [aXa(a) + BX)(a)]
—[aXl( )+ BX( a)] [fng(a )+ 0X5(a )}
—X{(a)Xs(a) + Xi(a)X5(a)
= (ad — By = 1)X{(a)Xa(a) + (1 + By — ad) Xi(a) X5(a)
= (ad — By —1)(X1X2) |s=a-

Therefore the boundary conditions are symmetric if and only if ad—py = 1.

10. (The Gram-Schmidt orthogonalization procedure) If X, Xo, ... is
any sequence (finite or infinite) of linearly independent vectors in any vector
space with an inner product, it can be replaced by a sequence of linear
combinations that are mutually orthogonal. The idea is that at each step one
subtracts off the components parallel to the previous vectors. The procedure
is as follows. First, we let Z; = X /|| X1||. Second, we define

Ys

}/2 = X2 — (XQ, Zl)Zl and ZQ = m
2

Third, we define

Y;

Y = X3 — (X3> Zz)Z2 - (XS, Zl)Zl and Z3 = m7
3

and so on.

(a) Show that all the vectors Z;, Zs, Zs, ... are orthogonal to each other.

(b) Apply the procedure to the pair of functions cos x+cos 2z and 3 cos x—
4 cos 2z in the interval (0, 7) to get an orthogonal pair.

Answer: (a) This can be proved by Mathematics induction. Firstly,
since

(Yo, Z1) = (X2, Z1) — (Xa, Z1)(Z1, Z1) = 0,

15



we get (Zq, Z1) = 0.
Secondly, suppose that 71, , Z,, ..., Z, are orthogonal to each other, then
we have

(Yn—i-l; Z]) = (Xn-‘rl; Z]) — (Xn—‘rb Z])(Zj, Z]) = O,] = 1, 2, N

Hence 7,1, is orthogonal to 23, Zs, ..., Z,.
Therefore Z,, Zs, ... are orthogonal to each other.
(b) Let X; = cosz + cos2z and Xy = 3cosx — 4cos2z, applying the

procedure above,
X cos x + cos 2x

Sl v
7
and Y, =Xy — (Xy,21)2, = E(cosx — cos 21).

Zy

Hence
Y, CcoS X — coSs 2%

byl VT

11. (a) Show that the condition f(z)f’(z)|> < 0 is valid for any function
f(z) that satisfies Dirichlet, Neumann, or periodic boundary conditions.

(b) Show that it is also valid for Robin BCs provided that the constants
ao and a; are positive.

Answer: (a) For the Dirichlet boundary condition,

f@)f'(@)la = f)f'(b) = f(a)f'(a) = 0;

For the Neumann boundary condition,

f@)f (@)]a = f)f'(b) = f(a)f'(a) = 0;

For the periodic boundary condition,

f@)f'(@)]a = f®)f'(b) = f(a)f'(a) = 0.

(b) For the Robin boundary condition,we have

fla)f'(@)ly = FOF (1) = F0)f(0) = —arf?(1) — aof*(0) <0,

provided that the constants ag and a; are positive. [

Ly = .G
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12. Prove Green'’s first identity: For every pair of functions f(z), g(z) on

(a,b), .
/a f"(x)g(x) / F(@)d (z) dz + f'g|".

Answer: By the divergence theorem,

Fglt = /( [(2)g d:z:—/f” 2) + f'(2)g'(2)dz,

which implies

/ab f(x)g() / f'(@)g (x)dz + f'gl;. O

Exercise 5.4

1. 307 (—1)"a® is a geometric series.

(a) Does it converge pointwise in the interval —1 < z < 17

(b) Does it converge uniformly in the interval —1 < z < 17

(c) Does it converge in the L? sense in the interval —1 < x < 17
(Hint: You can compute its partial sums explicitly.)

Answer: Firstly, the partial sum is given by

1— (_1)711:271

S, =
1+ 22

1

(a) Obviously for any x, fixed, S, — T

Thus it converges to ﬁ
pointwise.
(b) Let @, =1 — <, then 2°" — 6_2 Thus it doesn’t converge uniformly.

(c) It will converge to S(x) = 175z in the L? sense since

1 ) 1 x4n
[ smstae = [ G

1
< / " dx
-1

2
dn +1

< —0 asn—oo. O

3. Let v, be a sequence of constants tending to co. Let f,(x) be the
sequence of functions defined as follows: fn(%) =0, fu(x) = 7, in the interval
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3 — 1. 3), let f,(z) = —v, in the interval (3,3 + %], and let f,(z) = 0
elsewhere. Show that:

(a) fn(x) — 0 pointwise.

(b) The convergence is not uniform.

(¢) fu(z) — 0 in the L? sense if 7, = n'/3.

(d) fa(x) does not converge in the L? sense if ~,, = n.

Answer: (a) For any fixed point 2o, W.L.O.G., we assume zo < 3. Then

there is Ny such that for n > N,

<1 1
I‘ —_—— —
0 92 n7

which implies that f,(z9) = 0. Thus f,(x) — 0 pointwise.
(b) Let @, = 5 — %, then f,(x,) = —7, — —oo, which implies that the
convergence is not uniform.

(c) First, by direct computation, we can get

1 i1
/fﬁ(x)dx = /2 ’ygd:v—i—/ V2dx
1_ 1

5 2

= 4 X —.
"n

N

3=

For%z:n%a /fi(x)d$:2Xn_i13—>0 as n — oo.

(d) By the computation in (c), for v, = n,

/fg(:v)d:v:2n—>oo as n—oo. O

4. Let
1 in the interval [} — #, I+ #), for odd n;
gn(z) = { 1in the interval 32— 5,2+ 3), for odd n;
y+1, for all other .

Show that g,(x) — 0 in the L? sense but that g, (z) does not tend to zero in
the pointwise sense.
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Answer: For odd n,

1%2der = — — 0.

»M»—‘\
| FS
+
-

3[0 <)

:m‘ —-

For even n,

12der = — — 0.

Mw\
| IS —l‘— w
w‘ = 31\:"“
3[\) O

3

Thus for any n,
9 2
[gn(2)]|72 = 2 —0 as n—oo0 U
7. Let
—1—z —1<x<0;
@) =0 s 0<r<l

(a) Find the full Fourier series of ¢(x) in the interval (—1,1).
(b) Find the first three nonzero terms explicitly.
(c) Does it converge in the mean square sense?
(d) Does it converge pointwise?
(e) Does it converge uniformly?
Answer: (a) Obviously ¢(z) is odd. Thus its full Fourier series is just
the Sine Fourier series, i.e.,

oo
g B, sinnmx,
n=1

where B,, satisfies

1
2
B, = / ¢(z) sinnrrdr = —.
-1

nm

(b) By (a), the first three nonzero terms are

2 . 1. .
—sinx, — sin 27z, — sin 37x.
s s 3T

(c) Since

/_1 () [2dx = 2/01(1 —2)2da < 2,

1
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it converges in the mean square sense according to Corollary 7.
(d) According to Theorem 4, it converges pointwise.
(e) No. Since

o0

ZB” sin(mr%) = ; n%r =o00. O

n=1

9. Let f(x) be a function on (—I,[) that has a continuous derivative and
satisfies the periodic BCs. Let a,, and b, be the Fourier coefficients of f(z),
and let @/, and b/, be the Fourier coefficients of its derivative f’(z). Show

that ;
nm —nra
a, = l “ and U, = =
(Hint: Write the formulas for a/, and b/, and integrate by parts.) This
means that the Fourier series of f’(z) is what you’d obtain as if you dif-
ferentiated term by term. It does not mean that the differentiated series
converges.

Answer: By the definition,

for n # 0.

= 7 oS ?f / f(z)sin —da:
_ n7b,
o

Similarly, we can get b), = —"%t=. [

10. Deduce from Exercise 9 that there is a constant & so that
k
|an| + |bn] < —  for all n.
n

Answer: Since f’(z) is bounded, we can obtain that |a)| < 2max|f’|.
Thus using the result of exercise 9,

2l max | f'|

|bn| <
nim

Let k = 4l max |f’|/m, then |b,| < £ for all n. Similarly we can get that
|a,| < £ for all n and then complete the proof. O
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Exercise 5.6

1. (a) Solve as a series the equation u; = u,, in (0,1) with u,(0,t) =0,
u(1,t) = 1, and u(z,0) = 2. Compute the first two coefficients explicitly.

(b) What is the equilibrium state (the term that does not tend to zero)?

Answer: (Using the method of shifting the data)

Let v(x,t) := u(x,t) — 1, then v solves

Uy = Vga, V2(0,1) = v(1,t) = 0,and v(z,0) = 2 — 1.
By the method of separation of variables, we have

- 1 1
v(x,t) = ZAne—(rw%)?ﬁzt cos [(n + 5)7%] VA, = (1) 4 (n + 5)—37r—3.
n=0

Hence

- ! 1 1
u(x,t) =1+ Z Ane= 2™ cos](n + E)mc], Ay = (=1)"M4(n+ 2) 33

2
n=0
(b)y 1. O
2. For problem (1), complete the calculation of the series in case j(t) =0
and h(t) = e’

Answer: In case j(t) = 0 and h(t) = €, by (10) and the initial condition
u,(0) =0,
2nrk

t —Ankt
oETDEC )

up(t) =

Therefore

=~ 2nrk
u(z,t) = Z (et — e~ ) sin nlﬂ O

4. Solve uy = Py, + k for 0 < x < [, with the boundary conditions
u(0,t) = 0,u,(l,t) = 0 and the initial condition u(z,0) = 0,u(z,0) = V.
Here k and V' are constants.

Answer: It is easy to check ¢ 2kx(l — 1x) solves

Vg = Cge + Kk, v(0,1) = v, (I, 1) = 0.
Using the method of shifting the data, we have

(n+ )met (n+ 3)mct

+B,, sin

- IR
u(z,t) =c Qkx(l—§x)+z (A, cos

n=0

) sin [(n—l—%)mz/!] :
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where

l
A, = _2/ c_2kx(l - %x) sin [(n + %)Wx/l} dx,
0

and B, = , n=0,1,2,.... O

(n+ 1)%m2c
5. Solve uy = *ug, + €'sinbz for 0 < z < m, with u(0,¢) = u(m,t) =0
and the initial conditions u(z,0) = 0, u¢(x,0) = sin 3x.
Answer: It is easy to check 1:2% sin 5z solves

Vgt = CPVgy + €' sin bz and  v(0,t) = v(7,t) = 0.

Using the method of shifting the data, we have

1 oo
u(z,t) = met sin 5z + Z (A, cos(nct) + B, sin(nct)) sin(nz),

n=1

where

2 [T 1
A, =—— / ———— sin Sz sin(nx)dz,
T Jo 14 25¢2
2 o
and B, = — [s1n3:c —

ner |, 15052 sin 5z sin(nz)dz. O

6. Solve uy = g, + g(x)sinwt for 0 < x < [, with u = 0 at both ends
and v = u; = 0 when t = 0. For which values of w can resonance occur?
(Resonance means growth in time.)

Answer: Let
nwT

t) = (1) sin ——
u(zx,t) ;u (t) sin i
by the Expansion Method or (12) in the book,

d?u,,
dt?

with the initial conditions

+ EXtin (1) = fult)

where

) =3

! . . nmx .
/ g(x) sinwt sin de = gp sinwt.
0
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Hence when w = ”?C resonance can occur. [

9. Use the method of subtraction to solve uy; = 9u,, for 0 < x <1 =1,
with u(0,t) = h,u(1,t) = k, where h and k are given constants, and u(z,0) =
0, us(x,0) = 0.

Answer: To use the method of subtraction, we firstly find a solution of

vy = g, and  v(0,t) = h, v(1,t) = k.

Obviously v(x,t) = h + (k — h)z is a solution.
By the method of subtraction, we get u(z,t) — v(x,t) satisfying

w = Wy, and  w(0,t) =0, w(l,t) =0,
with the initial conditions
w(x,0) = —[h+ (k — h)x], w(z,0) = 0.

Hence by the method of separation of variables, we have

= 2
t) — t) = —I(=D)"k+h 3nmt
u(z,t) — v(z, ; — + h] cos 3ntsinnmz.
Therefore
u(z,t) =h+ (k—h)x + Z 1)"k + h] cos 3nwtsinnrz. O
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