MAT 4220 (2008-09) Partial differential

equations
Suggested Answer to Assignment 3

Exercise 3.1

1. Solve uy = kug,; u(z,0) = e*; u(0,t) = 0 on the half-line 0 < z < 0.

Answer: By the method of odd extension or formula (6), we have

1 o e—y)? wty)2
u(x7 t) 47Tkt ; 6_( 415) — 6_( z—kyt) ]e_y dy
1 o0 (y+2kt—=)> (y+2kt+a)2
= [Q*T“ﬂt*z — e A +kt+"f} dy
Varkt Jo
I g v > —p? L ige [ g2
o 7'('6 2kt—x € dp B ﬂ'e 2kt+x € dq
\/_ Vakt Vakt
= M- er _ Sk gy ,
I e (] = e e )

where €rf(z) is defined by

¢rf(x \/_/ e dp.

2. Solve u; = kugy; u(x,0) = 0; u(0,t) = 1 on the half-line 0 < x < 0.
Answer: Let v(z,t) = u(z,t) — 1. Then v(x,t) will satisfy

vy = kU, v(z,0) = —1,0v(0,¢) = 0.

Hence
G u)2 (z+p)?
vz, t) = — e akt | d
e = =7 Jdy
= —¢r :
1 Tkt)
Therefore,
x
u(x,t) =v(z,t)+1=1—¢Er .0
(@.6) = vl Al

3. Derive the solution formula for the half-line Neumann problem w; —
kwg, =0 for 0 <z < 00,0 <t < oo;w,(0,t) = 0;w(x,0) = ¢(x).
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Answer: By the method of even reflection, we can translate the original
problem for the half-line to the problem for the whole line and then using
the formula for the latter to obtain

1
VAarkt

For the details, please see your lecture notes of Prof.Wei. [
4. Consider the following problem with a Robin boundary condition:

w(z,t) =

+o00
/ [6—(fc—y)2/4kt + e_(””+y)2/4kt]¢(y)dy.
0

DE : u; = kug, on the half —line0 <z <oocand 0 <t < 00
IC: u(z,0)=x fort=0and 0 <z < o0 (1)
BC: wu,(0,t) —2u(0,t) =0 for x = 0.

The purpose of this exercise is to verify the solution formula for (1). Let
f(z)=a for z >0, let f(z) =x+ 1 for x <0, and let

1 ©
[ e dy

v(z,t) = T

(a) What PDE and initial condition does v(z, t) satisfy for —oo < z < 00?

(b) Let w = v, —2v. What PDE and initial condition does w(z,t) satisfy
for —oco < & < 00?

(c¢) Show that f'(x) — 2f(x) is an odd function for x # 0.

(d) Use Exercise 2.4.11 to show that w is an odd function of z.

(e) Deduce that v(z,t) satisfies (1) for x > 0. Assuming uniqueness,
deduce that the solution of (1) is given by

I
T / e ) dy.

Answer: (a) With the rule for differentiation under an integral sign and
the property of source function, v(x,t) satisfies

u(z,t) =

vy = kg, v(x,0) = f(x).
(b) By (a), w(z,t) satisfies

wy = kwee, w(z,0) = f'(z) — 2f(x).



(c) By the definition of f,

1 =2z, x>0;

flla) =2f() = —1—-2z, z<0.
And
142z, x>0
fl(=2) = 2f(~z) = 14 2z, z < 0.
= —[f'(z) = 2f(2)].

Hence f'(x) — 2f(z) is an odd function.

(d) Since w(z,0) is an odd function, using the conclusion in Exercise
2.4.11, w is an odd function of x.

(e) By (a), v(x, t satisfies DE and IC. By (d), v(z, t satisfies BC. Thus we
have proved that v(z,t) satisfies (1) for x > 0. Hence using the assumption
for uniqueness, the solution of (1) is given by

where
Y, y > 0;
TW=Y y+1, y<o

Exercise 3.2

1. Solve the Neumann problem for the wave equation on the half-line
0 <z <o0.

Answer: By the method of even extension, we have

x+ct

v<x7 t) = %[¢even(x + Ct) + Qbeven(x - Ct)] + 2_6 i 7vZ}even(y) dy

[6(z + ct) + ¢(x — ct)] +20fx+6t y)dy, for x > ct > 0;

[p(x + ct) + o=z + ct)] + [ [ D(y)dy + [ (y)dy], for 0 < x < ct.

|
N N

It is similar for t < 0. [
5. Solve uy = 4uy, for 0 < z < oo,u(0,t) = 0,u(z,0) = 1, u(x,0) =0
using the reflection method. This solution has a singularity; find its location.
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Answer: Using the odd reflection method or formulas (2) and (3), we
have
1, x> 2|t];
wE =90 <o
Hence the singularity is on the lines z = 2[¢t|. O
6. Solve uy = c*uy, in 0 < x < oo, u(z,0) = 0,u(x,0) =V,

u(0,t) + au,(0,t) =0,

where V| a, and ¢ are positive constants and a > c.
Answer: By the method of reflection and the Robin boundary condition,
we should make the following extension:

Gext(x) =0, for any z

and
V, if x>0,
Year(2) = { ey if oz <0,
Then we get
1 x+ct
ert — S ex d
Uext 2% ). ., Vewt(y) dy

Its restriction on x > 0 is our solution. That is,

A — tV, if x>ct>0,
(z.1) a2y if ot > x>0, O

9. (a) Find u(2,2) if uy = tg, in 0 < 2 < 1,u(z,0) = 2?(1—2), u(z,0) =
(1 —2)%,u(0,t) = u(1,t) = 0.

(b) Find u(%,%).

Answer: (a) Using the reflection method, we have

2/3
u(2/3,2) = 1/2[¢(2/3) + ¢(2/3)] + 1/2 " U(y) dy
= (2/3)*(1—2/3) =4/21.



(b) Using the reflection method, we have

1/4
W(U/47/2) = 1200/ + 66/ +1/2 [ 0 dy
1/4
- Uﬂ—ﬂﬂfﬂ—1M%+BMFG—3MH+MQL%(1—w%y

= —1/48. O

10. Solve uy = Yuy, in 0 < x < 7/2,u(x,0) = cosz, uy(x,0) = 0, u,(0,t) =
u(m/2,t) = 0.

Answer: Since it is Neumann boundary condition on line z = 0 and it
is Dirichlet boundary condition on line x = 7 /2, by the method of reflection,
we extend the initial data ¢(x) and ¥ (x) to the whole line to be even with
respect to x = 0 and to be odd with respect to z = 7/2.The simplest way to
do is to define

( ¢(x), for 0 <z < m/2;
o(—1), for —7m/2 <2z <0
Poxt = 4 —p(m — x), for m/2 < x < 3mw/2;
\ extended to be of period 27.

and ey = 0. Now let v(z,t) be the solution of the infinite line problem
with the extended initial data. Then u(x,t) be the restriction of v(zx,t) to
the interval (0,7/2).

Thus u(x,t) is given by the formula

x+ct
1) = Sl t) 4 oo =]+ 50 [ a(s)ds

Note ¢(x) = cosz and 9 (x) = 0 are our extended functions.Hence
1
u(z,t) = §[COS(.T + 3t) + cos(x — 3t)] = cosx cos(3t). O

Exercise 3.3
1. Solve the inhomogeneous diffusion equation on the half-line with
Dirichlet boundary condition:

u — kg, = f(z,t) (0<z<00,0<t<0)
uw(0,t) =0, wu(zr,0) = ¢(x)
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using the method of reflection.
Answer: Using the method of reflection and the formula (2) in Section
3.3, we have

u(z,t) :/ S(x =y, t)poaaly dy+// S(x —y,t — 3)foaa(y, s)dyds
= [ 15606 = S+ wlotwdy
—i—/ot/ooo[S(:E—y,t—s)—S(:U—l—y,t—s)]f(y,s)dyds,

where foaa(y, s) is the odd extension of f (y, s) in the variable y, and

e~ 4kt t>0.0

1
S(x,t) =
(@.1) = o=
3. Solve the inhomogeneous Neumann diffusion problem on the half-line

—kwgz =0 for0<x<o00,0<t<o00,
w,(0,t) = h(t), w(z,0)=¢(z)

by the subtraction method indicated in the text.
Answer: Let W(z,t) = w(x,t) — zh(t). Then W(x,t) will satisfy

Wy — kW, = —xh/(t) for 0 < x < 00,0 <t < o0,
W,(0,t) =0, w(z,0)=¢(x)—xh(0).

Using the method of reflection and the formula (2) in Section 3.3, we have
W) = [ 860 t00a@dr+ [ [ 86— 0t = ol s
= [ 15t =060+ Sta -+ o) - ah(O)ldy
+ /Ot /OOO[S(x —y,t —s)+ S(x+y,t —s)|[—yh'(s)|dyds,

and thus w(z,t) = W(z,t) + zh(t), where feen(y, s) is the even extension of
f(y, s) in the variable y, and




Exercise 3.4
1. Solve uy = g, + xt,u(z,0) = 0, us(x,0) = 0.
Answer: By the Theorem 1 in Section 3.4, we have

1
u(z,t) = %//ysdyds
x+c(t—s)
= _// ysdyds
0

xt3
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2. Solve uy = gy + €, u(z,0) = 0, us(x,0) = 0.
Answer: By the Theorem 1 in Section 3.4, we have

1
u(z,t) = —//e“ydyds
z+c(t—s)
= / / e%dyds
z—c(t—s)

ea® ( act+e—act - 1), fOI‘ a # O’

a202 2
= O
142 for a = 0.

3. Solve uy = 2y, + cosx,u(x,0) = sinz, uy(z,0) = 1 + .
Answer: By the Theorem 1 in Section 3.4, we have

z+ct 1
u(z,t) = 1/2[sin(x + ct) + sin(x — ct)] + 20/ (1+s)ds + % // cos ydyds
T—ct N
1
= sinwcos(ct) + (v + 1)t + — cosz[1 — cos(ct)]. U
c

4. Show that the solution of the inhomogeneous wave equation

Uy = gy + f,  u(z,0) = ¢(x), w(x,0)=1(z),

is the sum of three terms, one each for f, ¢, and .
Answer: Let u; be the solution of the wave equation

Uy = gy + f,  u(z,0) =0, wu(z,0) =0,
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ug be the solution of the wave equation

U = Cttge,  u(@,0) = ¢(z),  w(r,0) =0,
and uz be the solution of the wave equation

Uy = gy, w(x,0)=0, wulx,0)=1(x).

Then u = wuy + ug + ug is the unique solution for the original problem
since the equation and conditions are linear and the uniqueness of the wave
equation. Note that uy,us,us are terms each for f, ¢, and 1. Hence the
solution of the original problem can be written in the sum of three terms,
one each for f,¢, and ¢. [

11. Show by direct substitution that u(z,y) = h(t — z/c) for x < ¢t and
u(z,t) = 0 for & > ct solves the wave equation on the half-line (0, c0) with
zero initial data and boundary condition u(0,t) = h(t).

Answer: By the chain rule, it is easily to check the conclusion. [J

12. Derive the solution of the fully inhomogeneous wave equation on the
half-line

Vg — CUge = fx,t) in 0 <z < o0

U(IaO) = ¢(x)u Ut(xa()) - ¢(£U)

v(0,t) = h(t),
by means of the method using Green’s theorem.
Answer:
slo(z +ct) + oz — ct)] +26ff+§w+2%fff, if > ct >0,
t) = xr+cC
wz, ) to(x + ct) — ¢t — x)] + f+t¢+ht———i- fff if 0 <z < ct.

Please see the details on the Page 76 in the textbook. [

13. Solve uy = c*uy, for 0 < x < oo, u(0,t) = t?,u(x,0) = z,u(z,0) =
0.

Answer: By the formula in the answer of Excrcise 3.12 (the above one)
with f =0,¢(x) =z, = 0,h(t) = t?, for x > ct, we have

x—ct

wot) = Slotwret) +otw—cl+ o [ wldr+ g [[ 1

1
= 5[(3: + ct) + (v — ct)]



For x < ct, we have

w(w,t) = Slola+et) — o~ + )] +hlt — )
= %[(m +ct) + (x —ct)] + (t — %)2
= o+ (t— %)2

Hint of another proof: Let v(z,t) = u(z,t) — t* and use the method of
reflection. [J

Exercise 3.5

1. Prove that if ¢ is any piecewise continuous function, then

\/E/ 7p/4¢$+\/_p)dp—>i p(zE) ast\,0.

Answer: Since

1 o0
Var / e P hdp =1/2,
0

we obtain

= [ et + Vi — ol

< \/E/ e Pz + Vitp) — d(z+)|dp
N WEZ;‘#H¢x+¢7n o(z-+)|dp

+—/ e P p(x 4+ VEtp) — d(a+)|dp.
= | e o+ Viip) — o)
Let € > 0. The first part is

vﬂ/wwwf@<mw

1 & 2 €
< —— - 2max]|d¢| - e P tdp < =

by choosing pg sufficiently large, since the integral fooo e P/ 4dp converges.



Fix pg, let 6 > 0 be so small that
¢z + VEtp) — d(a+)] < e

for all p < pg,t < 6. Then the second part is

o= [ e ot + Vi) = (el
e P /A _ £
\/E/ dp) - 5
Hence
\/E/ e P/ x+\/_p)dp—>—¢(x+) as t \, 0.

Similarly we can prove that

\/E/ _p/4¢a7—|—\/_p)dp—>——¢( —)ast\,0. O

2. Use Exercise 1 to prove Theorem 2.
Answer: The proof of the infinitely differentiable is the same as before.
So we only need to prove that

limue,0) = 3[6(a+) +6(a-).

By the result of Exercise 1, we have

u(z,t) = \/E/ ep/4 p\/_)
— e~ P /4 e~ P /4 oz —
- \/E/ p\/_ dp + — / p\/_)
- 7= " (et pVR)dp + v | e tot - pityap
— %[(b(x—) +¢(xz+)] ast\,0. O
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