MAT 4220 (2008-09) Partial differential

equations
Suggested Answer to Assignment 2

Exercise 2.1

2. Solve uy = gy, u(x,0) = log(1 + 2?), us(z,0) = 4 + .

Answer: By the solution formula for the initial-value problem, due to
d’Alembert, the solution is

u(z,t) = %{log[l + (x4 ct)?] +log[l + (z — ct)?]} + — /Hd(il +s) ds

2C T—ct

= %{log[l + (z + ct)’] +log[l + (x — ct)?]} + 4t + at. O

5. (The hammer blow) Let ¢(x) = 0 and ¢(x) = 1 for |z| < a and
(x) = 0 for |x| > 0. Sketch the string profile (u versus x) at each of the
successive instants ¢t = a/2c,a/c,3a/2¢,2a/c, and ba/c.

Answer: By the formula,

z+ct

u(z,t) = % / P(s) ds = %[length of (x —ct, x+ct)N(—a, a)].

t

Then
[length of (x — g, x + g) N (—a,a)]

1
2c) =
u(z,a/2c) 5 i 5

Cc

(
0, T

u(z,a/c) = 5 [length of (xr —a, x4+ a) N (—a,a)]

Cc



(0, x> 2a;
2a —x, 2a>x>0;
2a+z, 02>x> —2a;

0, —2a > .
\
1 3 3
u(z,3a/2c) = 2—C[length of (x — Ea, T+ ?a) N (—a,a)]
(0, x> 5
5a 5a a.
5L, 52X >
= 2@, % Z x> _%a
r43, —2>p>
0, —57“ >
\

1
u(z,2a/c) = .
c
(0, x > 3a;

length of (z —2a, x + 2a) N (—a,a)]

3a—x, 3a>z>a;
— ! 2a, a> x> —a;

r+3a, —a>x>—3a;

0, —3a > x.
\
1
u(z,ba/c) = Z—C[Iength of (x — 5a, x + 5a) N (—a,a)]
(0, x > 6a;

6a —x, 6a > > 4a;

— { 2a, da > x > —4a;
x + 6a, —4a > x > —6a;
0, —6a > .

\
Hear we omit the figures. [
6. In Exercise 5, find the greatest displacement, max, u(x,t), as a func-
tion of t.



Answer:

2ct, t > 0;

maxu(x,t) = 9g O

S oo

>
>

ol

7. If both ¢ and ¢ are odd function of z, show that the solution u(z,t)
of the wave equation is also odd in x for all ¢.
Answer: By the formula,

x+ct

u(e,t) = S[o(w +et) 4 oa— et + o [ w(s)ds,

2C x—ct

thus
—x+ct
ul=a,t) = 3lo(—e +et) + o=t + 5 [ wlds
1 1 x+ct
= sltla =) = o+ el =5 [ wleds
1 1 x+ct
{5l et + ol el 5 [ vledsh = —ute.o)

Thus wu(z,t) is also odd in z for all t. [

8. A spherical wave is a solution of the three-dimensional wave equa-
tion of the form wu(r,t), where r is the distance to the origin (the spherical
coordinate). The wave equation takes the form

2
Uy = ¢ (Upr + —u,) (“spherical wave equation”).
r

(a) Change variables v = ru to get the equation for v: vy = c?v,.,.

(b) Solve for v using (3) and thereby solve the spherical wave equation.

(c) Use (8) to solve it with initial conditions u(r,0) = ¢(r), us(r,0) = (r),
taking both ¢(r) and ¥ (r) to be even functions of r.

Answer: (a) Change variables v = ru, then

Uy = T, Upp = (TUy + W)y = TUpy + 2U,,
which implies

2 2
vy = re (U + ;ur) = C Vpy.
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(b) Using the same skill related to the wave equation (1), we have v(r,t) =
flr+ct) + g(r — ct), where f and g are two arbitrary functions of a single
variable. Hence u = % f(r + ct) + tg(r — ct).

(¢) Since v(r,0) = r¢(r) and v,(r,0) = rp(r) are both odd, we can extend
v to all of R by odd reflection. That is, we set

v(r,t), r>0;

17(7“, t) = 07 r= 0;
—v(=r,t), 1 <O0.

Hence d’Alembert’s formula implies

B(rt) = S + ct)o(r + ct) + (r — ct)p(r — ct)] — / " u(s) ds
’ 2 2c r—ct '
Therefore for r > 0,

w(r ) = L@, 1) = 2i[(r+ct)¢(r+ct)+(r—ct)¢(r—ct)]—i / " s(s)ds. O

T T 2er Jo_ o

9. Solve Uy, — 3ty — duy = 0,u(x,0) = 22, us(z,0) = €*.
Answer: Using the same skill related to the wave equation (1), let v =
Uy + Uy, we must have v, — 4v, = 0. Thus we have two first-order equations

vy, —4v; =0

and
Uy + U = V.

As before, we can solve them one at a time and then solve the other one to
obtain the general solution is

1
u(z, t) = flx + Zt) + gz —1).
The initial condition implies

4
fle) = 2 (0 + ¢ + ), glw) = %(ﬁ _ 46" — 4a),

where a is a constant. Thus

4 t . 1
u(w,t) = Sz + )%+ e a4 (@ — )7 — 4e" — 4a]
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_ %[(295 + %)2 b (=) + 46"t —de" ). O

Exercise 2.2

1. Use the energy conservation of the wave equation to prove that the
only solution with ¢ =0 and v =0 is u = 0.

Answer: By the law of conservation of energy,

1 +o0 ) )
E= 5 (pui + Tuz) dx

is a constant independent of ¢.

Since ¢ = 0 and ¢ = 0, we have E' = 0. Thus the first vanishing theorem
implies u; = 0 and u, = 0. Thus u =0 since p =0. U

2. For a solution u(zx,t) of the wave equation with p =T = ¢ = 1, the
energy density is defined as e = 1(uf + u2) and the momentum density as
D = Uy

(a) Show that de/0t = Op/dz and JOp/ot = de/Ox.

(b) Show that both e(x,t) and p(z,t) also satisfy the wave equation.

Answer: (a) By the chain rule of differential,

0e /Ot = uguy + Ugtiy, 0e/0T = Usliyy + UpUyy

Op/O0t = Uiy + Ugglly, Op/OT = Upllyy + Upgly.

Hence
de/ot = Op/0z, and de/0x = Op/0t

Since Uy = Ugy, Ugt = Uy
(b) From the result of (a),

€t = Pat = Ptz = €z, Ptt = Cat = €ta = Pza-

Thus both e(z,t) and p(z,t) satisfy the wave equation. [
3. Show that the wave equation has the following invariance properties.
(a) Any translate u(z — y,t), where y is fixed, is also a solution.
(b) Any derivative, say u,, of a solution is also a solution.
(c) The dilated function u(ax,at) is also a solution.
Answer: (a) Let v(xz,t) = u(x — y,t), we have

Utt(a?) t) - utt<x - Y, t) = C2u$z(x - Y, t) - C2U$LE($7 t)7



so it is also a solution.
(b) Let v(x,t) = u,, we have

Utt(xa t) = umtt(ma t) = CQUxxx(za Zf) = czvm(x, t)a

so it is also a solution.
(c) Let v(zx,t) = u(ax,at), we have

2 22 2

vp(z,t) = a“uy(ax, at) = a*c uz,(ax, at) = vz (2, 1),

so it is also a solution. [J

5. For the damped string, equation (1.3.3), show that the energy de-
creases.

Answer: The energy function is

1 T, 2o
E = (ui + c“uz) dx.

2J)
Thus
1 [t
dE/dt = 5 / (2Ututt -+ QCzuxuxt) dx
— 0o
+oo
— / (CPUUpe — TUZ + CUpllyy) dT
oo
= / (Cutlyy — TUr — Clgeuy) d + [Pugug)| T
+o0

= —7’/ (u?) < 0.

Hence the energy decreases. [
More on 2.2. Consider the diffusion equation with Robin boundary
condition

U — kg, =0, O0<ax<I, t>0

u(z,0) = ¢()
uz(0,t) — apu(0,t) = 0, u (I, t) + aqu(l,t) =0

(a) Show that if ag > 0,a; > 0, then the integral fol u?(z,t)dr is a
decreasing function.



(b) Prove that if ag > 0,a; > 0, then the solution to the above problem
is unique.

Answer: (a) By the diffusion equation and the Robin boundary condi-
tion,

! ! !
— | WP(x,t)dr = / Quuy dr = Qk/ Uy AT
dt Jo 0 0

l
= (2kuu,)|h — 2k | w?dx
0 T
0

= 2k (u(l,t)ux(l,t) — u(O,t)ux(O,t)) — 2k /Ol u? dx
DA

2 2 !
- 2]{:(— Up(bt) _ (0 ) Qk/ u? dx
Qo

ap
Thus the integral fol u?(x,t) dx is a decreasing function.

(b) Let uy and ugy are two solutions of the above problem. Let w = uy —us,
then w satisfies the same equation and the same Robin boundary condition,
especially w(z,0) = 0.

By Part(a) we know that

[e=]

< 0.

! I
/ w?(z,t) dr < / w?(z,0) dz = 0.
0 0

Thus w = 0, i.e., u; = uy. Hence the solution of the problem is unique. [

Exercise 2.3

1. Consider the solution 1 — 22 — 2kt of the diffusion equation. Find the
locations of its maximum and its minimum in the closed rectangle {0 < z <
1,0<t<T}.

Answer: Let u(z,t) = 1 — 22 — 2kt, then

u(0,0) = nggnln,aétSTu(x, t)=0

uw(1,T) = min  u(z,t) = =2kT. O

0<z<1, 0<t<T

2. Consider a solution of the diffusion equation u; = u,, in {0 <z <[,0 <
t < oo}



(a) Let M(T') = the maximum of u(x,t) in the rectangle {0 <z < 1,0 <
t <T}. Does M(T) increase or decrease as a function of 77

(b) Let m(T") = the minimum of the u(xz,?) in the rectangle {0 < z <
[,0 <t <T}. Does m(T) increase or decrease as a function of 77

Answer: (a) By the definition of maximum, M (T') increase (i.e., nonde-
creasing).

(b) By the definition of minimum, m(7") decrease (i.e., nondecreasing). [

3. Consider the diffusion equation u; = u,, in the interval (0,1) with
u(0,t) = u(1,t) = 0 and u(z,0) = 1 — 2. Note that this initial function does
not satisfy the boundary condition at the left end, but that the solution will
satisfy it for all ¢ > 0.

(a) Show that u(z,t) > 0 at all interior points 0 < z < 1,0 < t < 0.

(b) For each t > 0, let u(t) = the maximum of u(x,t) over 0 < z < 1.
Show that u(t) is a deceasing (i.e., nondecreasing) function of ¢.

(c) Draw a rough sketch of what you think the solution looks like (u versus
x) at a few times. (If you have appropriate software available, compute it.)

Answer: (a) Use the strong minimum principle.

(b) Use the minimum principle or Let the maximum occur at the point
X(t), so that u(t) = u(X(t),t). Differentiate pu(t), assuming that X(t) is
differentiable, we have

1(t) = ua (X (), )X (t) + (X (1), 1) = uge( X (2),1) <O0.

Hence p(t) decrease.

(c) Hear we omit the figure. [

4. Consider the diffusion equation u; = u,, in {0 < z < 1,0 < t < oo}
with u(0,¢) = u(1,t) = 0 and u(z,0) = 4z(1 — z).

(a) Show that 0 < u(x,t) <1lforallt>0and 0 <z < 1.

(b) Show that u(x,t) = u(l — x,t) forallt > 0 and 0 < z < 1.

(c) Use the energy method to show that fol u? dx is a strictly decreasing
function of ¢.

Answer: (a) Use the strong minimum principle.

(b) Since both u(z,t) and u(1l — x,t) are the solution of

U = Ugp, 0< <1, 0<t <00

u(0,t) = u(1l,t) = 0,and u(z,0) = 4z(1 — z),

the uniqueness theorem implies that u(x,t) = u(1 — x,1).



(¢) By the equation

d 1 1 1 1
— u?dr = / 2uuy dxr = 2/ Ulyy AT = —2/ ui dx.
dt Jo 0 0 0

Since u(z,t) > 0 for all ¢ > 0 and 0 < 2 < 1, so u, is not zero function.
Hence £ 01 u? dx < 0. Therefore fol u? dx is a strictly decreasing function of
t. O

6. Prove the comparison principle for the diffusion equation: If u and v
are two solutions, and if u < v for t = 0, for x = 0, and for = [, then u < v
for0<t<oo,0<z<I.

Answer: Let w = u — v and then use the maximum principle. [J

7. (a) More generally, if u; — kuy, = f,v — kv = g, f < g, and u < v
at t =0,xr =1[and t =0, prove that u <wv for 0 < x <[,0 <.

(b) If v;—vyp > sinxfor0 <z < 7,0 <t < oo, and if v(0,t) > v(m,t) >0
and v(z,0) > sinx, use part (a) to show that v(z,t) > (1 — e ") sin .

Answer: (a) Let w = u — v and use the generalized Maximum Principle
(which will be proved in Extra 2 (a)):

If wy —wy, <0in R=[0,!] x [0,7T], then

mgxw(x, t) = gnax, w(x,t).

(b) Let u(z,t) = (1 — e *)sinz, then u(0,t) = 0,u(m,t) = 0,u(z,0) =0
and uw; — uy, = sinxz. Hence the result of part(a) shows that v(x,t) >
(1—e)sine. O

8. Consider the diffusion equation on (0,!) with the Robin boundary
condition u,(0,t) — apu(0,t) = 0 and u,(l,t) + aqu(l,t) = 0. If a9 > 0
and a; > 0, use the energy method to show that the endpoints contribute
to the decrease of fol u?(x,t)dz. (This is interpreted to mean that part of
the “energy” is lost at the boundary, so we call the boundary conditions
“radiating” or “dissipative.”)

Answer: Please see the answer of More on 2.2 (a). O

More on 2.3.

Extra 1. Consider the diffusion equation u; = kg, + au in {0 < z <
1,0 <t < oo} with u(0,t) = u(1,t) = 0 and u(z,0) = sin(7x), where k > 0,
a are real numbers.

(1) Show that 0 < u(x,t) < e forallt >0and 0 <z < 1.

(2) Show that u(z,t) =u(l —xz,t) forallt > 0and 0 <z < 1.



Answer: Note: In (1), the conclusion “0 < u(x,t) < 1”7 has changed to
“0 < u(w,t) < e™”. If the conclusion does not change, the real number a in
the equation must limited to a < 72k.

(1) Let v(x,t) = e “u(x,t), then v will satisfies

Ut = Vg,
v(0,) = v(1,t) = 0,
v(z,0) = sin(7x).

Using the strong maximum principle, we have 0 < v(x,t) < 1, therefore
0 <u(x,t)<e®forallt>0and 0<x<1.

(2) Let v(x,t) = e~ *u(x,t), then both v(z,t) and v(1—x,t) are solutions
of the diffusion equation v; = v,, with the boundary conditions:

v(0,t) =v(1,t) =0, wo(z,0)=sin(2z).

Hence the uniqueness theorem implies that v(z,t) = v(1 — x,t). Therefore
u(z,t) =u(l —z,t) forallt >0and 0 <z < 1.

Another Proof:

Let v(z,t) = e"“u(x,t),then v satisfies

Uy = Vg,
v(0,t) =v(1,t) =0,
v(x,0) = sin(2x).

Using the method of separation of variables, v(z,t) = e ™ *sin(rz) and

then u(z,t) = e® ™  sin(nz). Therefore 0 < u(z,t) < e* for all t > 0 and
0<z<l1, and u(z,t) =u(l —x,t) forallt >0and 0 <z < 1. O

Extra 2. (a) Prove the following generalized Maximum Principle:

If uy — kug, <0in R =10,1] x [0,77], then

t) = t).
mlgxu(x, ) I%%Xu(l’, )

Hint: follow the proof of Maximum Principle.
(b) Show that if v(x,t) satisfies

vy = kg + fx,t), —00 < < 400,00 <t <T
v(xz,0) =0
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then
v(z,y) <T  max  f(x,1).

—oo<x<00,0<t<T

Hint: Consider

u(z,t) =v(x,t) —t max f(z,t)

—oo<r<00,0<t<T

and then use (a).
Answer: (a) For any positive constant ¢, let v(x,t) = u(x,t) + ex?, then
v satisfies

Uy — kvge = up — k(U + €2?)pe = Uy — kg — 2ek < —2¢k < 0,

which is the “diffusion inequality”. Now suppose that v(x,t) attains its
maximum at an interior point or on the top edge (xo,ty). That is, 0 < 2o <
1, 0 <ty <T. By ordinary calculus, we know that

Ve(T0,t0) = 0, veu(To,t0) < 0, and vy(wo,t0) > 0.
This contradicts the diffusion inequality. Thus v(z,t) < M + €l?, where
M = _Omg?t_ou(w,t), which implies
w(z,t) < M+ e(I* — %)

and then u(x,t) < M since € can be choose small enough. Therefore

max u(z,t) = L nax u(z,t).

(b) Consider u(x,t) = v(x,t) —t max f(z,t), then u satisfies

—oo<xr<00,0<t<T

ut_kuz‘x:_ max f(l’,t)"‘f(ﬂf,t) SO, U($,O):O

—o00<r<00,0<t<T
Hence the result of (a) implies that u(z,t) < 0. Therefore

v(x,t) <T max flz,t). O

—oo<r<00,0<t<T

Exercise 2.4
1. Solve the diffusion equation with the initial condition

¢(x) =1 for|z| <l and ¢(x)=0 for|z|>I.

11



Write your answer in terms of &rf(z).
Answer: By the general formula,

u(z,t) = (=0 4kt gy

Varkt

G x)/(2f )
= — e P’ dp

VT ey v
= 1/2{€xf[(z + 1)/ (2Vkt)] — Exf[(x — 1)/ (2Vkt)]}.

2. Do the same for ¢(z) =1 for > 0 and ¢(x) = 3 for x < 0.
Answer: By the general formula,

1 0 2
u(z,t) = Y)?/4kt g + / 3o~ (@—v)*/4kt g
(=) Varkt Y Varkt J oo Y
= 1/2+ 1/203rf[x/( 2Wkt)] + 3/2 — 3/2€rf[z/(2Vkt)]
= 2— &rf[z/(2Vkt)]. O
4. Solve the diffusion equation if ¢(z) = e~ for z > 0 and ¢(z) = 0 for

r < 0.
Answer: By the general formula,

uz,t) = /_47rk e N ke dy
_ (y+2kt—2)? Skt
= e Ikt T d
Varkt Jo Y
= ekt":/ e dp/\/T
221@%
kt—x 2%kt —
= ekt Ot
2 2vkt

6. Compute [;° e da.

12



Answer: Note that

/ e dm~/ eV’ dy = / e~ (@ +y?) dxdy
0 0 o Jo
= g/o e dr
7r —T2 o
= T
_ T
1
Hence .
/ e_a’de:ﬁ. O
0 2

7. Use Exercise 6 to show that ffooo e P dp = /7. Then substitute
p = z /v 4kt to show that

/ S(z,t)dx = 1.

Answer: Firstly,

0

/ e 7’ dp = eV’ dp+/ eV dp
— 0 —co

[e.e]

Then

/ S(z,t)de = / 47Tkt€—(:c—y)2/4kt de — ﬁ/ o7 dp=1. O

—00

8. Show that for any fixed 6 > 0 (no matter how small),

max S(z,t) —0 ast— 0.
0<|z| <0

[This means that the tail of S(z,¢) is “uniformly small”.]
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Answer: By the definition of S(x,t),

1 2
max S(x,t) = ———e 0 /M,
0<z<00 (@) Varkt
SO
1
lim max S(z,t) = lim /AR iy ﬁe*x‘p/% =0. U

t—0 §<z<co t—0 \/Arkt r—+00 \/ 47k

11. (a) Consider the diffusion equation on the whole line with the usual
initial condition u(z,0) = ¢(z). If ¢(z) is an odd function, show that the
solution u(z,t) is also an odd function of x.

(b) Show that the same is true if “odd” is replaced by “even”.

(c) Show that the analogous statements are true for the wave equation.

Answer: (a) Since both wu(z,t) and —u(—=z,t) are solutions, by the
uniqueness, we have u(z,t) = —u(—z,1t).

(b) Similar to (a).

(c) Similar to (a). O

14. Let ¢(x) be a continuous function such that |¢(z)| < Ce®”. Show
that formula (8) for the solution of the diffusion equation makes sense for
0 <t < 1/(4ak), but not necessarily for larger t.

Answer: Since

|e—(w—y)2/4kt¢(y)| < Qe (v)?/4kttay? _ C«e(a—ﬁ)y%ﬁy—%?

so that formula

1
VAarkt

makes sense for 0 < ¢ < 1/(4ak), but not necessarily for larger ¢, for example,
o(x) = e O

15. Prove the uniqueness of the diffusion problem with Neumann bound-
ary conditions:

u(z,t) =

[ et ay

Up — kg = fx,t) for0<zxz <l t>0 wu(zr,0)=0¢(x)
ur(0,8) = g(t) wug(l,t) = h(t)

by the energy method.
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Answer: Support that both v and v are solution of the diffusion problem
with the same Neumann boundary condition. Let w(x,t) = u(z,t) — v(z,t),
then w satisfies

wy = kwye, w(x,0)=w,(0,t) = w,(l,t) = 0.
Thus by the integration by part and the Neumann boundary condition,

G [ e == [ opds <o

Hence by the initial condition,

/0 1/2w(z, )2 de < /0 1/2fw(z, 0)]2 dz = 0

Therefore, w = 0 and thus u = v for all ¢t > 0. [
16. Solve the diffusion equation with constant dissipation:

U — kg +bu=0 for —oo <z <oo with u(z,0) = ¢(z),

where b > 0 is a constant.
Answer: Let v(z,t) = e’'u(z,t), then v satisfies

vy — kv, =0, v(z,0) = u(z,0) = ¢(x).

By the general formula,

SR (y) dy,

v(x,t) = ! h e
7 Varkt J oo

which implies

u(z,t) =

6_bt [e’e] e
i [ e ) ay. O

18. Solve the heat equation with convection:
up — ktgy + Vu, =0 for —oo <z <oo with u(z,0) = ¢(x),

where V' is a constant.
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Answer: Let v(z,t) = u(z + Vt,t), then v satisfies
v — kvg, =0, v(z,0) = u(z,0) = ¢(z).

By the general formula,

1 )
lent) = e [ ) ay,
which implies
1 )
uant) = o | ey o

19. (a) Show that Sy(x,y,t) = S(x,t)S(y,t) satisfies the diffusion equa-
tion Sy = k(Sue + Syy)-

(b) Deduce that Sy(x,y,t) is the source function for two-dimensional dif-
fusions.

Answer: (a) By the chain rule,

S2t(x7y7t) - St(xat)s(y7t> + S(.T,t)St(y7t),
and
SQxx(zyyat) = wa($7t)s(yat)a Sny(I'af%t) = S(zat)syy(y7t)

Hence

Sor(z,y,t) = Si(x,t)S(y,t) + S(x,t)S:(y,t)
= k‘(ng + Sny)-

(b) By the definition of S(z,t),

1 2 1 )
So(x,y,t) = S(z,t)S(y,t) = ———e = /2Kt e
2(2,9, %) (@, 8)S(y, t) — -
1 22442
arktt

Exercise 2.5
1. Show that there is no maximum principle for the wave equation.
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Answer: Let u(z,t) = —2% — (t — 1)? be the unique solution of the wave
equation with boundary conditions:

Uy = Uy, for — 1 <2< 1,0 <t < 00,
u(z,0) = —2? — 1, w(x,0) =2,
u(—1,t) = u(l,t) = —t* + 2t — 2.

But u(z,t) attains its maximum 0 at (0,1). O
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