Sample Solutions of Assignment 4 for MAT3270B: 3.1,3.2,3.3

Section 3.1

Find the general solution of the given. differential equation
Ly 42y =3y=0
4.2y =3y +y=0
7.y =9 +9y =0

Answer: 1. The characteristic equation is
P42 —3=(r+3)(r—-1)=0

Thus the possible values of r are r; = —3 and ro = 1, and the general
solution of the equation is
y(t) = cre’ + cpe™.
4. The characteristic equation is
2r —3r+1=2r—1)(r—-1)=0

Thus the possible values of r are r; = % and 79 = 1, and the general

solution of the equation is
y(t) = cre’ + coet.
7. The characteristic equation is
=9 +9=(r—4)(r—5) =0

Thus the possible values of r are ry = 5 and ro = 4, and the general

solution of the equation is

y(t) = cre* + cpe™.
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17. Find a differential equation whose general solution is y = c;e?® +

cpe 3

Answer: The the characteristic equation is
(r—2)(r+3)=r*+r—-6=0

So the equation is

y,,+y,—6y:0,

21. Solve the initial value problem y" —y —2y = 0, 3(0) = «, 3 (0) = 2.

Then find « so that the solution approaches zero as t — oo.

Answer: The characteristic equation is
r2—r—2=(r+1r—-2)=0

Thus the possible values of r are r; = —1 and ry = 2, and the general

solution of the equation is
y(t) = cre® + cpe .
Using the first initial condition, we obtain
c1+ = .
Using the second initial condition, we obtain

261 — Cg = 2.

By solving above equations we find that ¢; = QT” and ¢ = 2(0‘; D
Hence,
a+2 ., 20 +1) _,
t) = e+ eg=——"—"¢€".
y(t) = —3 2 3
From y(t) — 0 as t — oo, we find a = —2.
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22. Solve the initial value problem 4y” —y = 0, y(0) = 2, 3 (0) = 5.

Then find 3 so that the solution approaches zero as t — oo.

Answer: The the characteristic equation is

4 —1=(2r+1)(2r—1) =0

-1

Thus the possible values of r are r; = % and 7 = 5, and the general

solution of the equation is
1y _ 1y
y(t) = cre2’ + cpe™ 2",
Using the first initial condition, we obtain
1+ = 2.
Using the second initial condition, we obtain

261 — Cg = Qﬁ

By solving above equations we find that ¢; = 8+ 1 and ¢o =1 — .

Hence,
y(t) = (B +1)ezt + (1 - B)e 2",

From y(t) — 0 as t — oo, we find § = —1.

In each of the following problem determine the value of «, if any, for
which all solutions tend to zero as t — oo; Also determine the value
of «, if any, for which all (nonzero) solutions become unbounded as
t — 0.

23y — 2a—1)y +ala—1)y=0

Answer: The characteristic equation is

P —QRa—r+ala—1)=(r—-a)(r—(a—-1))=0
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Thus the possible values of r are r; = a and 7y = a—1, and the general

solution of the equation is

y(t) = cre® + cpel@ V1,

If we want y(t) — 0 as t — oo, then @ < 0 and o — 1 < 0. Hence, in
this case o < 0;
If we want y(t) become unbounded as t — oo, then « > 0 and a—1 > 0.

Hence, in this case a > 1.

-

27. Find an equation of the form ay” — by + cy = 0 for which all

solutions approach a multiple of e~ as t — oco.

Answer: We select y; = et and yp = et Let y(t) = cryi(t) +caya(t)

satisfy ay’ — by + cy = 0, then the characteristic equation is
(r+1D(r+2)=@*+3r+2)=0.

Hence the equation is 3" + 3y + 2y = 0.

Section 3.2

Find the Wronskian of the given pair of functions.

=3t
1. e* ez

2t 4,—2t
3. e ) te

6. cos?d, 1+ cos20

Answer: The computation is easy, so we just give the final result.

1. W= _776%



3. W =
6. W=0

In the following problems determine the longest interval in which the
given initial value problem is certain to have a unique twice differen-

tiable solution. Do not attempt to find the solution.

Tty +3y=ty(l)=1,9(1) =2
11. (z = 3)y" +zy + (In|z))y = 0,y(1) =0,y (1) = 1

Answer: 7. The original solution can written as

"

y + %y =1.

and p(t) = 0, q(t) = 2, g(t) = 1. Then then only point of disconti-
nuity of the coefficients is ¢ = 0. Therefore, the longest open interval,
containing the initial point ¢ = 1, in which all the coefficients are con-

tinuous, is 0 < t < o0.

Answer: 11. The original solution can written as

” x ’ ln’.flj‘ .

0.
J:—3y r—3

and p(t) = %5, q(t) = 1;12', g(t) = 0. Then the only points of
discontinuity of the coefficients is t = 0, and t = 3. Therefore, the
longest open interval, containing the initial point ¢ = 1, in which all

the coefficients are continuous, is 0 < ¢ < 3.

EI

14.Verify that y,(t) = 1 and y,(t) = ¢2 are solutions of the differential
equation yy" + (y')2 = 0 for t > 0. Then show that ¢; 4 ¢»¢2 is not, in
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general, a solution of this equation. Explain why this result does not

contradict Theorem 3.2.2.

Answer: It is easy to verify y; and y, are solutions of the differential
equation yy 4 (y)? =0fort > 0, and y = ¢; + et isnot a solution(in
general) of this equation.

This result does not contradict Theorem 3.2.2 because this equation is

nonlinear.

D

15. Show that if y = ¢(¢) is a solution of the differential equation
y 4+ o)y +q(t)y = g(t), where g(t) is not always zero, the y = c¢(t),
where ¢ is any constant other than 1, is not a solution. Explain why

this result does not contradict the remark following Theorem 3.2.2.

Answer:

[eo(®)]” + p(t)[ea()] + qt)[co(t)]
= clp(t) +pt)o(t) + q(t)p(t)]
= cg(t) # g(t)

if ¢ is a constant other than 1, and g(¢) is not always zero.
This result does not contradict Theorem 3.2.2 because this equation is

not homogeneous.

EI

17. If the Wronskian W of f and g is 3¢, and if f(t) = €*, find g(¢).

Answer:

W = f(t)g (1) — [ (1)g(t) = € (t) — 2¢™g(t)



Let W = 3e*, we get the following equation
g —2g(t) = 3e*.

From the above equation, g(t) = te? + ce*.

19. If W (f, g) is the Wronskian of f and g, and ifu = 2f—g, v = f+2g,
find the Wronskian W (u,v) of u and v in term of W (f,g).

Answer:
W(u,v) =uv —uv
= (2f —g)(f —29) = (2f —g)(f +29)
=5f9 =59

=5W(f,9).

20. If the Wronskian of f and ¢ is tcost —sint and if u = f +3g, v =
f — g, find the Wronskian of v and v.

Answer:
W(u,v) = w' —u'v
= (f+39)(f —g) = (f +39)(f —9)
=—4fg +4f'g

= —4W(f,g) = —4(tcost — sint).
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In the following problems verify that the function y; and ys are solutions
of the given differential equation. Do they constitute a fundamental

set of solutions?

23,y +4y =0, yi1(t) = cos2t, y,(t) = sin 2t
25. 2%y —z(z+ 2y + (x+2)y =0, >0, y1(z) =z, yao(z) = z€”

Answer: 23.

y1(t) = cos 2t, y,(t) = —2sin2t, y, (t) = —4cos 2t

Yo (t) = sin 2t, yy(t) = 2cos 2t, 1y, (t) = —4sin 2t

From above equation, we can verify that the function y; and y, are
solutions of the given differential equation 3" + 4y = 0.

They constitute a fundamental set solutions because W (y1,y2) = 2.
25.

(@) =z, y1(2) =1, yi(x) =0
ya(w) = we®, () = (L+)e”, yo(w) = (14 2)e”
From above equation, we can verify that the function y; and y, are

solutions of the given differential equation 2%y" —z(x42)y + (z+2)y =
0.

They constitute a fundamental set solutions because W (yy, y2) = z2e®.

J

Section 3.3

In the following problems determine whether the given pair of functions

is linearly independent or linearly dependent.



3. f(t) = eMcosput, g(t) = eMsinput, p#0
4. f(z) = e¥, g(z) =&

Answer:

3.

W(f,9)=1fg —fg
= €M cos pt(Asin put — psin pt) — e* sin pt (A cos put — psin ut)

= —pueM £0 for p#0

Hence, the given pair of functions is linearly independent.

4.
W(f,9)=1rfg —fg
— €3x3e3($71) _ 3631‘63(x71) =0

Hence, the given pair of functions is linearly dependent.

9. The Wronskian of two functions is W (¢) = tsin®t. Are the functions

linearly independent or linearly dependent? Why?

Answer: The functions is linearly independent because W is not al-

ways Zero.

11. If the functions y; and y, are linearly independent solutions of

y' + p(t)y + q(t)y = 0, prove that ciy; and cyys are also linearly

independent solutions, provided that neither ¢; nor cs is zero.
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Answer: Obviously, W(ciy, coya) = c1eaW (y1,y2). so c1y; and cays
are also linearly independent solutions, provided that neither ¢; nor cs

1S zero.

-

13. If the functions y; and y, are linearly independent solutions of
y" +p(t)y + q(t)y = 0, determine under what conditions the function
Y3 = a1y1 + asys and yy = biy; + bays also form a linearly independent

set of solutions.

Answer: W (ys,ys) = (a1y1 + asy2) (b1yy + bays) — (a1yy + asys) (brys +
boya) = (a1by — asb))W(y1,y2). So if y3 and y, also form a linearly

independent set of solutions, then W (ys,y4) is not always zero. Hence

(albg — &le) 7é 0. I:I

19. Show that if p is differentiable and p(¢) > 0, then the Wronskian

W (t) of two solutions of [p(t)y'] + q(t)y = 01is W(t) = o> Where ¢ is

constant.

Answer: The original equation can be written as

pt)y +p )y +q(t)y =0
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20. If y; and y, are linearly independent solutions ty” + 2y + tely = 0
and if W (y1,y2)(1) = 2, find the value of W (y1,y2)(5).

Answer: The original equation can be written as
" 2 ’ t
y + 7Y +ey=0

From Abel’s theorem W (y1,y9)(t) = cexp[— f %dt] 3.

We can find ¢ = 2 by W(yy,y2)(1) = 2. Hence, W (y1,y2)(5) = % 0

In the following problems through 24 to 26 assume that p and ¢ are
continuous, and that the functions y; and ys are solutions of the dif-

ferential equation 3" + p(t)y” + ¢(t)y = 0 on an open interval 1.

24. Prove that if y; and ys are zero at the same point in I, then they

cannot be a fundamental set of solutions on that interval.

Answer: Wy, ys) = yly'2 — yllyg = 0 at some point in [ because y;
and 1y, are zero at the same point in I. Hence, from Theorem 3.3.3

they cannot be a fundamental set of solutions on 1.

EI

25. Prove that if ; and y, have maxima or minima at the same point in

I, then they cannot be a fundamental set of solutions on that interval.

Answer: From y; and y, have maxima or minima at the same point
in I, saying to, we can get v, (to) = y5(to) = 0. Therefore W (yy,1s) =
Y1Ys — Y1y2 = 0 at ty in I. Hence, from Theorem 3.3.3 they cannot be

a fundamental set of solutions on I.

EI
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26. Prove that if y; and y, have a common point of inflection ¢y in
I, then they cannot be a fundamental set of solutions on that interval

unless both p and ¢ are zero at .

Answer: If y; and ys have a common point of inflection ¢y in 7, then
Yy, (to) = yo(to) = 0. Therefore W(y1,y2) = y1yy — yyy2 = 0 at to in
I. Hence, from Theorem 3.3.3 they cannot be a fundamental set of

solutions on 1.

D

Supplement Problem: Consider the following two functions:

wo={ 5 150 )

0, t<0

we={ % 150 2)

Show that yi,yo is linearly independent but Wy, y.] = 0. What is

wrong?

Answer: If there exist two constants k; and ks such that kyy;, +koys =
0, then [klyl +l€2y2](1) = ]{fgyg(l) = kQ = 0. Slmllarly, ]Cl =0. So Y1,Y2
is linearly independent. This result does not contradict Theorem 3.3.1

because Theorem 3.3.1 does not include this case.

EI



