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ABSTRACT. We address the problem of the existence of finite energy solitary
waves for nonlinear Klein-Gordon or Schrodinger type equations
Au—u+ f(u)=0 in RN,uwe H'(RY),

where N > 2. Under natural conditions on the nonlinearity f, we prove the
existence of infinitely many nonradial solutions in any dimension N > 2. Our
result complements earlier works of Bartsch and Willem [1] (N =4 or N > 6)
and Lorca-Ubilla [13] (N = 5) where solutions invariant under the action of
0(2) x O(N — 2) are constructed. In contrast, the solutions we construct are
invariant under the action of Dy X O(N — 2) where D}, C O(2) denotes the
subgroup generated by the rotation of angle 27/k, for some integer £ > 7, but
they are not invariant under the action of O(2) x O(N — 2).

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

Nonlinear semilinear elliptic equations of the form
Au—u+f(u)=0 in RV, ue H' RY), (1.1)

arise in various models in physics, mathematical physics and biology. In particular,
the study of standing waves (or solitary waves) for the nonlinear Klein-Gordon or
Schrodinger equations reduces to (1.1). We refer to Berestycki and Lions [3], [4],
Bartsch and Willem [1] for further references and motivations.

Obviously (1.1) is equivariant with respect to the action of the group of isometries
of RV, it is henceforth natural to ask whether all solutions of (1.1) are radially
symmetric. In that regard, the classical result of Gidas, Ni and Nirenberg [7]
asserts that all positive solutions of (1.1) are indeed radially symmetric. Therefore,
nonradial solutions, if they exist, are necessarily sign-changing solutions. When the
nonlinearity f is odd, Berestycki and Lions [3], [4] and Struwe [16] have obtained
the existence of infinitely many radially symmetric sign-changing solutions under
some (almost necessary) growth condition on f (we also refer to the work of Bartsch
and Willem [2], Conti, Merizzi and Terracini [5] for different approaches and weaker
assumptions on the nonlinearity f).

The existence of nonradial sign-changing solutions was first proved by Bartsch
and Willem [1] in dimension N = 4 and N > 6. The key idea is to look for solutions
invariant under the action of O(2) x O(N —2) C O(N) to recover some compactness
property. Later on, this result was generalized by Lorca and Ubilla [13] to handle
the N = 5 dimensional case. The proofs of both results rely on variational methods
and the oddness of the nonlinearity f is needed. The question of the existence of
nonradial solutions remained open in dimensions N = 2, 3.
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In this paper, we construct unbounded sequences of solutions of (1.1) in any
dimensions N > 2. The solutions we obtain are nonradial, have finite energy and
are invariant under the action of Dy x O(N — 2) where D C O(2) is the dihedral
group generated by the rotation of angle 27 /k, for k > 7. Moreover, these solutions
are not invariant under the action of O(2) x O(N — 2) and hence they are different
from the solutions constructed in [1] and [13].

We set uy := max(u,0) and u_ := max(—u,0). We will assume that the non-
linearity f can be decomposed as f(u) = fi(us) — fa(u_) where the functions
fi : R = R are at least C1* for some p € (0,1) and satisfy the following condi-
tions :

(H.1) fi(0) = £;(0) =0 fori=1,2.

(H.2) For ¢ = 1,2, the equation
Aw; —w; + f,(w,) =0, (12)

has a unique positive solution w; which tends to 0 at infinity and achieves
its maximum at the origin.

(H.3) The solution w; is nondegenerate, in the sense that
Ker (A 14 (wi)) NL®(RY) = Span {8, wi, ..., dppwi} . (1.3)

A typical example of a nonlinearity f satisfying the above assumptions is given
by the function
fw) = @Wh —cru?) — (u?? =y u®),
where ¢; > 0and 1 < ¢; < p; < % (we agree that % = 400 when N =2). In
this case, the existence of w; is standard and follows from well known arguments
in the calculus of variation while the uniqueness follows from results of Kwong
[10] and Kwong and Zhang [11]. Concerning the nondegeneracy condition (which

follows from uniqueness), we refer to Appendix C of [15].
The energy functional associated to (1.1) is given by
1
E(u) = * / (Vuf? + ) de— [ F(u)de (1.4)
2 RN RN

where
Flu) = /Ouf(s)ds:Fl(u+)+F2(u_), and  Fiu) = /Ouf,-(s)ds.

We will denote by &; the energy of the function w;. Namely
1
£i= 1 / (Vs + w?) do — / Fi(w;) da. (1.5)
2 RN RN

Granted the above, we can now state the main result of this paper.

Theorem 1.1. Assume that the nonlinearity f satisfies the assumptions (H.1)-
(H.8) and that k > 7 is a fized integer. Then, there exist (m;); and (n;);, sequences
of integers tending to +oo, and (u;);, a sequence of nonradial, sign-changing solu-
tions of (1.1), whose energy E(u;) is equal to

S(u,) =k ((mz + nz) 51 + n; 52) + 0(1) .
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Moreover, the solutions u; are invariant under the action of Dy x O(N —2) but are
not invariant under the action of O(2) x O(N — 2).

Some remarks are due. The sequences of integers (m;); and (n;); are not arbi-
trary and in fact they are related by some highly nonlinear equations. To explain
these, we introduce the interaction function ¥;_,; is defined by

Tiy(s) = _/RN wi(- — s e) div (f;(w;) ¢) da .

where e € RY is any unit vector. It is easy to check that this definition is indepen-
dent of the choice of e. Then, the integers m; and n; are

(2 sin %) mil; = (2n; — 1) 45,

where £;,¢; are large enough and are related by
. =
U1 (4) = (2 sin E) Uy 1 ()

Observe that we do not assume that the function f is odd, and hence, oddness
of the nonlinearity is not necessary for the existence of nonradial solutions of (1.1).
The assumption (H.3) on the nonlinearity f reflects the techniques we use : Instead
of variational methods, we are going to use singular perturbation techniques to prove
Theorem 1.1. This might look counterintuitive since in most of singularly perturbed
problems, a small parameter is needed (generally as a coefficient in front of the
Laplacian or in the nonlinearity) in order to ensure that an appropriate sequence
of function constitute good enough approximate solutions as the parameter € tends
to its limit value (generally € = 0).

There is no such a small parameter in (1.1). Instead, we use the non compactness
of the space of finite energy solutions of (1.1) to build a discrete sequence of functions
which are as close as wanted from being solutions. The idea is to arrange k % (m+n)
copies of the entire positive solution w; and k x n copies of the entire negative
solution —w, at carefully chosen points in RV so that, as m and n tend to oo the
corresponding function is close (in a sense to be made precise) to a solution of (1.1).
We will adjust the discrete parameters m,n, the location of the points where the
solutions w; and —w-, are centered so that some global equilibrium is achieved.
A similar idea has already been used by Wei and Yan [17] where infinitely many
positive bound states for a class of nonlinear Schrodinger equations are constructed.
But the motivation for this construction certainly comes from a similar construction
which has been obtained by Kapouleas in the context of compact constant mean
curvature surfaces of Euclidean 3-space [9]. We shall return to this later on.

Incidentally, let us mention that Malchiodi [14] has recently constructed positive
(infinite energy) solutions of (1.1) by perturbing a configuration of infinitely many
copies of the positive solution w; arranged along three rays meeting at a common
point. The solutions he has constructed are bounded but they have infinite energy.
Our key observation is that solutions with finite energy can be obtained using
similar ideas provided one considers sign-changing solutions and this is precisely
the contribution of our paper. Let us also mention that positive solutions of (1.1)
with unbounded energy have also been constructed by del Pino, Kowalczyk, Pacard
and Wei in [6] again using ideas which steam from similar construction in the theory
of non compact constant mean curvature surfaces of Euclidean 3-space.
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The proof of the main result is rather technical and, in order to help allay the
complexity of the notations and present the ideas of the proof as clearly as possible,
we will prove Theorem 1.1 in the case where the nonlinearity is given by

fw) = uffu.

Mutatis mutandis, the proof goes through for any nonlinearity satisfying (H.1)-
(H.3). Therefore, from now on, we will be interested in solutions of

Au—u+uftu=0 in RV, (1.6)

which tend to 0 as |z| tends to co. We will assume that the exponent p satisfies
1<p< &2 when N >3 and 1 < p when N = 2. Observe that equation (1.6) is
the Euler-Lagrange equation of the functional defined by
1 1
E(u) =2 Vul® +u?) do — —— Pt d 1.7
W=3 [ (VuP+u)dom—= [ jurids, (17)
and let us recall that there exists a unique radially symmetric (in fact radially
decreasing) positive solution of
Aw—w+wP =0 in RV,

which tends to 0 as |z| tends to co. Moreover, all positive solutions to the above
problem which tend to 0 at oo are translations of w. The function w together with
its translations will constitute the building blocks of our construction.

As far as the asymptotic behavior of w at infinity is concerned, it is known that
there exists a constant ¢y, > 0, only depending on N and p, such that

!
. N1 . w
rlggo e'r 7 w=cnp>0, and Tlggo P -1, (1.8)

where we have set r := |z|. Of importance to us will be the interaction function ¥
defined by

B(s) = —/ w(- — s &) div(uw? e) da , (1.9)
RN
where e € RV is any unit vector. It is known (see Lemma 5.1) that
¥(s) =Cnpe? s (1+0(s7h) as s— o0,

where the constant C'n,, > 0 only depends on N and p also that

—(log ¥)'(s) =1+ % +0(s7?) as s—00. (1.10)

Finally, the solution w is nondegenerate in the sense defined in (1.3) (we refer the
reader to [15]).

This nondegeneracy property is crucial in our construction. Recall that being
nondegenerate is equivalent to the fact that the L*-kernel of the operator

Lo:=A—-1+pwlt, (1.11)
which is nothing but the linearized operator about w, is spanned by the functions
O W, ..., 0pyw, (1.12)

which naturally belong to this space.
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As already mentioned, the solutions we construct are invariant under a large
group of symmetries. More precisely, they will enjoy the following invariance :

u(z) =u(Rz), forall Re {L}xO(N -2), (1.13)

also
u(Rrz) =u(z) and u(Tz)=u(z), (1.14)
where Ry € O(2) x {In_2} is the rotation of angle 27 /k in the (z1, z2)-plane and

T € O(2) x {In_2} is the symmetry with respect to the hyperplane 22 = 0. Here
I,, denotes the identity in R™.

The solutions of (1.6) we construct are small perturbations of the sum of copies
of +w, centered at carefully chosen points in R? x {0} C RY. Let us now give a
precise description of these points. We fix an integer £ > 7 which will define the
dihedral group we are working with and we assume that we are given m,n two
positive integers and £, £ two positive real numbers related by

(QSin%) ml=(2n—1)7. (1.15)

The canonical basis of RV will be denoted by
e; :=(1,0,...,0), e :=(0,1,0,...,0) ... en:=(0,...,0,1).

We consider the regular polygon in R? x {0} C RY whose vertices are given by the
orbit of the point

i —e; €RY, (1.16)
%

under the action of the group generated by Rj. Observe that, by construction, the
edges of this polygon have length £.

" 2sin

We now define the polygon whose vertices are the orbit of the point
Umy1 =91 +mley, (1.17)

under the group generated by Rjy. Observe that, thanks to (1.15), the edges of this
polygon have length 2n £.

By construction, the distance between the points 91 and ¢,,+1 is equal to m ¢
and we will denote by g;, for j = 2,...,m the points evenly distributed on the
segment between these two points. Namely

:ljj :=gjl+(j—1)15e1 for j=1,...,m. (118)

As already mentioned, the distance between the points g,,+1 and R §m41 is

equal to 2n ¥, and again we distribute evenly points z,, h = 1,...,2n — 1, along
this segment. More precisely, if we denote by

t = —sin%e1+cos%e2 eERY, (1.19)

then the points 2, are given by
2= Umy1 +hlt for h=1,....2n— 1. (1.20)
Observe that, by construction
R mt1 = Gms1 + 200t

The solutions we construct will be perturbations of the function U which is the
sum of positive copies of w centered at the points g;, for j = 1,...,m+ 1, together



6 MONICA MUSSO, FRANK PACARD, AND JUNCHENG WEI

FiGURE 1. The location of the bumps. Here k = 7,m = 8,n =
4. The blue color indicates a positive bump, and the red color
indicates a negative bump.

with their images by the rotations Rt = Ry o...0 Ry, (composition of Ry, h times),

for i =1,...,k — 1, and copies of (—1)" w (hence with alternating sign) centered
at the points zp, for h =1,...,2n — 1, together with their images by the rotations
i, for i =1,... k — 1. To be more specific, we define
k—1 m+1 2n—1
U= | > wl=Rii)+ Y (~D)'w(-—Riz) | , (1.21)
=0 j=1 h=1

A picture of the locations of the bumps is given in Figure 1.

So far, the approximate solution U depends on two discrete parameters (m and
n) and two continuous parameters (¢ and £) which are related by (1.15). It should
be clear from the construction that the function U we have constructed has some
dihedral symmetry and (1.15) is just a translation of the fact that the length of the
rays and the length of the edges of a regular polygon are related. The construction
of the approximate solution U also depends on the parameter k which defines
the dihedral group under the action of which our solution will be invariant. The
constraint k > 7 has a purely geometric origin, roughly speaking, we need 5 — 7,
which is the angle at 7j; between the edge of the exterior regular polygon and the
ray joining this vertex to the origin, to be larger than 7 /3. Hence

™

> .
3

T_T
2 k
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In turn, this last condition steams from the maximal number of number of tangent
non overlapping disks of radius 1 which are tangent to a given disc of radius 1.
When k < 6, the angle 5 — 7 is too small and the copies of w centered at the points
Um and z; interact too much to consider that Uis a good approximate solution.
This will become clear in the proof of Lemma 5.2 where the interaction between the
different copies of w is studied and where the fact that the distance from any point
where the copies of +w are centered to their closest neighbors can be estimated by
£+ 0O(1) as £ tends to oo is used in a crucial way.

We still assume that the integer k > 7 is fixed, that m, n are two positive integers
and £, £ are two positive real numbers satisfying (1.15). We now further assume that
£ and ¢ are related by

T(l) = (2 sin %) v(l), (1.22)

where ¥ is the function defined in (1.9). The origin of this second constraint on
the choice of the parameters is not obvious at all. It can either be understood as
a balancing condition which is a consequence of a conservation law for solutions of
(1.6) (corresponding to the balancing formula in the framework of constant mean
curvature surfaces) or it can be understood as a condition which will ensure that
the approximate solution we consider is, in a sense to be made precise, very close
to a genuine solution of (1.6) (we refer to §5 where this second equation will arise
and where some formal justification of this constraint will be given).

In any case, it follows from (1.22) that £ is implicitly given as a function of ¢
(provided this later is large enough) and that it can be expanded, in powers of £,
as

f=Cl+In (2 sin %) +O(e Y, (1.23)

as £ tends to co. Inserting this information back into (1.15), we find using Lemma 5.1,
that

2nn; 1 = 25in% (1 —In (2 sin %) ey 0(572)) . (1.24)

Theorem 1.1 is a direct consequence of the following result :
Theorem 1.2. Assume that the integer k > 7 and the real number 7 > 0 are fized.
There exists a positive constant Lo > 0 such that, for all £ > £y, if £ is the solution
of (1.22) and if n,m are positive integers satisfying (1.15) and
m</{",
then (1.6) has a sign changing solution u which satisfies the symmetry conditions
given in (1.13) and (1.14). Moreover
uw="U +o(1), (1.25)

where o(1) = 0 uniformly in RN as £ — oo, and the energy (1.7) of u is finite,
given by

Ew) =k (m+2n) & (w)+o(1), (1.26)
where o(1) = 0 as £ — oo.

The condition m < £7 is purely technical and is a drawback of our proof. Going
carefully through the last arguments of the proof, it will be clear that this condition
can be weakened to handle the cases where

mgeul,
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for some v > 0, small enough. This condition can be completely removed but since
this would enlarge considerably the size of the paper, therefore, we have chosen not
to follow this route.

Observe that, once £ is fixed large enough, the constant £ is given uniquely by
(1.22). Therefore, the existence of solutions of (1.6) depends on our ability to solve
(1.15) for some integers m,n. We now give examples of such solutions. As already
mentioned, for £ large enough, one can solve implicitly (1.22) as a function of £ and
one obtains the expansion given in (1.24). Certainly, for any integer m > 1, one
can choose n € N such that

1§2n—1—<2sin%)m§3. (1.27)

Then, provided m is chosen large enough, there will exist a unique £ > ¢y satisfying
(1.24) and (1.27) implies that there exist positive constants C; < Cs such that

Theorem 1.2 then ensures the existence of solutions of (1.6) for each such a choice.

To complete the description of our construction, let us briefly comment on the
relations between this result and the corresponding construction for constant mean
curvature surfaces in Euclidean 3-space. As already mentioned, the construction in
the present paper follows very closely a similar construction of compact constant
mean curvature surfaces given in [9]. In this framework one tries to construct com-
pact constant mean curvature surfaces in Euclidean 3-space by connecting together
spheres of radius 1 which are tangent. In the initial configuration, the center of
the spheres can be arranged along the edges of a very large regular polygon and
also along the rays joining the center to the vertices of the polygon. It is proven
in [9] that a perturbation argument can be applied and, as a result, a compact
constant mean curvature surface is obtained (provided the size of the polygon is
large enough). This surface can be constructed in such a way that the pieces which
are close to the rays joining the origin to the vertices are embedded and close to
nodoids while the pieces which are close to the edges of the regular polygon are
immersed and close to nodoids (in our framework, this corresponds to the fact that
we arrange solutions with the same sign along the rays joining the origin to the
vertices of the polygon and solutions with alternative sign along the edges of the
polygon). A similar construction with dihedral symmetry has also been obtained
by Jleli and Pacard in [8].

Remark 1.1. For the sake of simplicity, we have chosen to present the proof of the
ezistence of solutions which are invariant under the action of a rather large group
of symmetry. However, it is clear that a more general construction (i.e. with less
symmetry) for solutions of (1.6) can be obtained as is already the case for constant
mean curvature surfaces [9].

In the next section, we describe more carefully the solution predicted in the
above Theorem and we give an overview of the proof and of the plan of the paper.

Acknowledgments. This work has been partly supported by the contract CO5E05
from the ECOS-CONICYT. The research of the first author has been partly sup-
ported by Fondecyt Grant 1080099, Chile. The research of the third author is
supported by an Earmarked Grant from RGC of Hong Kong.



FINITE-ENERGY SIGN-CHANGING SOLUTIONS 9

2. ANSATZ AND SKETCH OF THE PROOF

We construct a finite dimensional family of approximate solutions of (1.6) which
are close to U and depend on 2n + m parameters which we now define. These
approximate solutions are in fact equal to U when all the parameters are set to 0.
This time, instead of centering the copies of fw at the points y;, Z, as well as at
their images by the rotations Rf, for i = 1,...,k — 1, we center the copies of +w
at points which are small perturbations of the points g;, 2,. To make this precise,
we set

yj:=9;+aje, for j=1,....m+1 (2.1)
and
zhi=3n+0nt+lyn, for h=1,...,2n—1, (2.2)
where £ has been defined in (1.22), t has been defined in (1.19) and
) T LT
n.=cosEe1 +smEe2.
Observe that, by symmetry

ﬂh = _,62n—h and Yh = Y2n—h for h= 1, Y (23)

and in particular 3, = 0. This is due to the fact that if we rotate by an angle of 27”
the point obtained reflecting z, with respect to the plane zo = 0 we reach za, .
We thus conclude that there are only 2n + m free parameters.

We will assume that the parameters which appear in the definition of both y;
and zp satisfy

laj|<1,j=1,....m+1, |G| <1,h=1,...,n=1 |w|<1,h=1,...,n.

(2.4)

In these inequalities, the constant 1 is arbitrary and could have been replaced by
any positive constant.

The set of points where the copies of w will be centered is now given by

k—1
M=) ({Riy; :i=1,...,m+1}U{Rjzp : h=1,....2n—1}) .  (2.)
i=0
We look for a solution of (1.6) of the form u = U + ¢, where
k=1 [m+1 2n—1
U@):=) | Y wl—Riy)+ Y (-D)'wlz-Riz)| - (2.6)
i=0 \ j=1 h=1

Observe that, by construction, the function U satisfies the symmetry assumption
(1.13) and (1.14). We set

L:=A-1+pUPt, (2.7)
k—1 m+1 ) 2n—1 )
E=[UP U= | Y w’(-Riy)+ Y (-D)'"w”(-—Riz) |, (28)
i=0 \ j=1 h=1
and
N(¢) = U+ P~ (U +¢) = [UP~'U - p|UPP~ ¢. (2.9)

With these notations, the solvability of (1.6) reduces to find parameters «;, 85 and
~r and a function ¢ solution of the nonlinear problem

Lp+E+N($)=0 in RV, (2.10)
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and which tends to 0 as |z| tends to oo.

Remark 2.1. Observe that we want to solve (2.10) in the class of functions ¢
satisfying (1.18) and (1.14). Therefore, from now on, we always assume that all
the functions we consider satisfy (1.18) and (1.14) without further mentioning it.

In order to solve this highly nonlinear problem, we apply a Liapunov-Schmidt
type reduction argument : first, we solve a projected problem which allows one to
reduce the solvability of (2.10) to the solvability of some finite dimensional nonlinear
system (the reduced problem), then, in a second step, we will explain how to solve
this reduced problem.

To proceed with the first step, we consider a cut off function x € C*°(0, c0) such
that
x(s)=1 for s<-1, and x(s)=0 for s>0. (2.11)

We fix a constant { > 0 (independently of £) so that the balls of radius Z*TC, centered
at different points of II are mutually disjoint, for all £ large enough. This is possible
thanks to our geometric assumption k£ > 7 and also thanks to (1.23) which implies
that the minimum distance between two different points of II is bounded from below
by ¢ — (o for some constant (o > 0 independent of ¢ large enough (say £ > £).
Observe that, when k£ < 6 the distance between y,, and z; can be evaluated by
2 sin(§ — 1) £+ 0O(1), as £ tends to co and therefore a proper choice of ¢ would not
have been possible in this case since 2 sin(5 — 7) < 1. We define the compactly
supported vector field

Ei=x(2 -+ Vw. (2.12)
Observe that, by construction (in fact given the choice of {), we have
[ (e EC =) (e B =2 dz =0, (213)
RN

ifi£jorify+#zell

It will be convenient to define the function

k=1 [m+1 2n—1
Mc,d):=> | Y ¢;-E(-—Rhy)+ > dn-E(—Rj2n) |, (2.14)
i=0 j=1 h=1

as well as the operator

L(¢,c,d) == Lo+ M(c,d), (2.15)
where ¢ is a function defined on RN, the (m + 1)-tuple ¢ = (¢1,...,Cmy1) €
(Rel)m'H and the (2’”/ — 1)—tuple d:= (dl, ey d2n—1) € (Rel D Re2)2n—1.

In the next section, we will define suitable function spaces in which the equation
L(p,c,d)=h in RV, (2.16)

admits a solution which tends to 0 as |z| tends to co and which satisfies the or-
thogonality condition

/ per1-E(-—y;)dx=0 for j=1,...,m+1, (2.17)
RN
and

/ pe;-Z(-—zp)dx =0 for h=1,...,n and i=1,2. (2.18)
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Observe that, given the symmetries we impose to all the functions we deal with
(see Remark 2.1), a function ¢ satisfies (2.17) and (2.18) if and only if it satisfies

¢ei'5('_y)d$=07
RN
foralli=1,...,N and all y € II.

In order to study the operator £, the key idea is that the linear operator L is
close to be the sum of many copies of

Lo=A—-1+puwP?t,
centered at the points of IT and the invertibility of Lg is well understood.
Once the linear theory will be understood, we will consider the following non-
linear projected problem : given the points y; and zp, defined in (2.1), (2.2) and
satisfying (2.4), find a function ¢, satisfying the symmetry assumptions (1.13),

(1.14), the orthogonality conditions (2.17) and (2.18) and tending to 0 as |z| tends
to oo and find vectors c;, dp, such that

L(p,c,d)+E+N(¢)=0 in RV. (2.19)

In the next sections, we show unique solvability of (2.19) by means of a fixed
point argument and we prove that the solution ¢ depends smoothly on the points
y; and 2. To achieve this, we first study the solvability of a linear problem and
then apply some standard fixed point theorem for contraction mapping to solve the
nonlinear problem.

3. LINEAR THEORY

The main result of this section is concerned with the solvability of (2.16), uni-
formly in ¢, as £ tends to oo, and also in the parameters «;, B, and v, satisfying
the constraints (2.4). We henceforth assume that the parameters £, £ are chosen so
that (1.22) holds and m, n are chosen so that (1.15) holds. We prove that, provided
£ is large enough, the linear operator £ defined in the previous section in (2.15) has
nice mapping properties.

Given n € R, we consider the weighted norm
|||« :== sup Z e M7=Vl p(a)] | (3.1)
z€RN yell
where we recall that the set of points II was defined in (2.5).
With this definition at hand, we prove the following a priori estimate :

Lemma 3.1. Assume that € (—1,1) is fized. There exist £y > 0 and C > 0 such
that, for all £ > £y, the following inequality holds

llell +1ldll < C (I1£(¢, ¢, )l + €Y e ¢ [Ig]ls)

where we have defined
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Proof. The proof follows from some simple integration by parts. Thanks to (2.13),
we obtain

cven [ (oS- = [ Led) (e 20— de

RN
— ¢L(615(—y1))d$
RN
Obviously,
1
im [ (e1-3(—y1)2ds = —/ IVl de,
N RN

t—o0 JpN

therefore
/ (e1 -E(- —11))2dx > Co >0,
RN

for all £ large enough (say £ > £y). Thanks to (1.8) we also have

‘C(¢7 ¢, d) (ei : E( - yl)) dz
RN
for ¢ large enough. Finally, using the fact that
(A—].-{-p’wpil) (e1 E) :0

it is easy to check that there exists a constant C' > 0 and dg > 0 such that

¢L(es-E(-—p1))dz
RN

< ClL(g, ¢, d)l,

<CeNe %t gy,

where §p = 177" To obtain the last estimate, two different effects have to be taken
into account : the first one is the effect of the Laplace operator on the cutoff function
and this accounts for the choice of g < 1—7177 the second one is the difference between
the two potentials pUP~! and pwP~! which appear respectively in the definition
of L and Lo, this later accounts for the choice of do < 25™. Collecting the above
estimates, the proof of the estimate then follows at once for ¢, provided £ > £3. A
similar proof holds for any c¢; and also for d;,. We leave the details to the reader. O

Thanks to the previous estimate, we can prove the following :

Proposition 3.1. Assume that n € (—1,0) is fized. There exist o > 0 and C >0
such that, for all £ > £y, the following inequality holds

¢l < ClIL(@, ¢, d)lls, (32)
provided ¢ satisfies (2.17) and (2.18).

Proof. To begin with, we make use of the result of the previous Lemma together
with the fact that |Z| is bounded by a constant times e~'*!. This later fact follows
at once from (1.8). Since we assume that € (—1,0), we conclude that

1M (e,d)ll, < C (I£(¢, ¢ D)l + Y e YI]L.) (3.3)
for some constant C' > 0, which does not depend on £ > {.
It is easy to check that the function

k—1 m+1 2n—1

W = § eﬂ\'—Riyﬂ_l_ E en|'—Rizh|

j=1 h=1

s
I
o
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satisfies )
LW< S -)W,

in RNV \ UyepB(y, p) provided p is fixed large enough (independently of £). Hence
the function W can be used as a barrier to prove the pointwize estimate

l(z) < C [ ILglls + > 8llz=0Bw.0) | W), (3.4)

yeP
for all z € RN \ UyepB(y, p) (this is where we use the fact that n € (—1,0)).

Granted these preliminary estimates, the proof of the result goes by contradic-
tion. Let us assume there exist a sequence of £ tending to oo and a sequence of
solutions of (2.16) for which the inequality is not true. The problem being linear,

we can redupe to the case where we have a sequence £(?) tending to co and sequences
#D e d such that

1669, ¢D,dD)]l. 0, and (|| = 1.
But (3.3) implies that we also have
12 ¢l 0.
Then (3.4) implies that there exists y(¥ € P such that
161 oo By oy > C (3-5)

for some fixed constant C' > 0. Using elliptic estimates together with Ascoli-
Arzela’s theorem, we can find a sequence y(9 and we can extract, from the sequence
¢ (- — y@) a subsequence which will converge (on compact) to ¢o, a solution of

(A_ 1+pwp—1) ¢OO = 07

in RV, which is bounded by a constant times e”!*! with n < 0. Moreover, recall
that ¢(? satisfies the orthogonality conditions (2.17) and (2.18). Therefore, the
limit function ¢, also satisfies

Poo Vwdzr =0.
RN
But the solution w being non degenerate, this implies that ¢o = 0, which is
certainly in contradiction with (3.5) which implies that ¢ is not identically equal
to 0.

Having reached a contradiction, this completes the proof of the Proposition. O

We are now in a position to prove the main result of this section :

Proposition 3.2. Assume that j € (—1,0) is fized. There exist o > 0 and C > 0
such that, for all £ > {y, and for all h € L™ (RN) satisfying ||h||« < oo, there exists
a unique triple (¢, c,d) solution of

L(¢,c,d) =h,
in RN | such that ¢ satisfies (2.17) and (2.18). Moreover
gl < CllAll. - (3.6)
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Proof. We consider the Hilbert space

H:{¢eH1(RN):/ PE(-—y)dx =0, yEH},
RN

and as usual, we also assume that the function enjoy the symmetries described in
Remark 2.1.

Standard arguments imply that
1
pEH— = / (|V®]? + ¢?) dx + ¢ hdz,
2 RN RN

has a unique minimizer ¢ € H (here we implicitly use the fact that n < 0 so that
the last term is a continuous linear functional on #H). Then ¢ is a weak solution of

Ap—¢p—he @f, (Span{ei-Z(-—Riy;):j=1,....,m+1}
®Span{e; -E(-—Rizp) : j=1,2,h=1,...,2n—1}) .
Setting Lo(¢,¢,d) := A ¢ — ¢ + M(c,d), we have solved

£0(¢a c, d) = h7
for some c; € Re; and d, € Re; @ Rez. The solvability of
£(¢’ c? d) = h )

in H x (Re;)™*! x (Re; @® Rey)?"! can then by rephrased in the invertibility of
the operator I + K in H x (Re1)™! x (Re; ® Rey)?" !, where by definition

K(¢,¢,d) = (Lo) "' (pUP™" ¢). 3.7)

Using the fact that U decays exponentially at oo, it is easy to check that the
operator K is compact, hence the invertibility of (3.7) follows from the application
of Fredholm theory. Injectivity follows from the results of Proposition 3.1 and
Lemma 3.1. Fredholm alternative implies that I + K is therefore an isomorphism
provided £ is chosen large enough.

So far, we have obtained a solution which belongs to H'(RY) but elliptic reg-
ularity implies that ¢ € L>°(RY). One can then use the result of Lemma 3.1 to
conclude that

llell + [ldll < C (IIAlls + €Y e~ [|g]]) -
Writing
L¢o=h—M(cd),
and using the function W defined in the proof of the previous Proposition as a
barrier, we also get

18]« < C ([[Bll« + llell + llall) -
Collecting these two estimates, we conclude that
l¢lle < C (IIRll + €Y e~ flgll.)
and hence
¢l < CllAllx,

if £ is chosen large enough. This completes the proof of the existence of the solution.
The uniqueness follows at once from the result of Proposition 3.1 and Lemma, 3.1.
O
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4. THE NON LINEAR PROJECTED PROBLEM

We keep the notations and assumptions of the previous sections. In this section,
we prove that we can apply some fixed point theorem for contraction mapping to
solve the nonlinear problem

L(p,c,d)+E+N(p)=0 in RN, (4.1)
provided the parameter ¢ is chosen large enough. This is the contain of the follow-
ing :

Proposition 4.1. Assume that n € (—1,0) is fixzed. Then, there exist g > 0 and
C > 0 such that, for all £ > {y, there exists a (unique) solution (¢, c,d) to problem
(4.1) such that ¢ satisfies (2.17) and (2.18). This solution depends continuously
on the parameters of the construction (namely a;, B, and v,) and satisfies

gl < Ce 2, (4.2)
where & = min(1, Z£7).

Before giving the proof of this result, let us briefly comment on the value of the
constant ;. Observe that, given p > 1 it is always possible to choose n € (—1,0)
such that

p+n>1,
and hence, §; > % for this choice. We shall assume from now on that 7 is chosen
so that 6; > %

Proof. The proof relies on a classical fixed point argument for contraction mapping
together with the following identities. First of all, it is easy to check that there
exists Cy > 0 such that

1Bl < Co (et +e ) .

In view of this estimate, we see that we can chose d; = min(1, 22) in the statement
of the result. We set
Cy:= (4Coe Y /|17
It is easy to check that there exist §; > 0 and Cy > 0 such that
IN(¢1) = N(¢2)l« < Cae™® (|61 — g2l
for all ¢q, ¢, satisfiying [|¢;||« < Cp.

There is no difficulty in proving the first estimate. The second estimate is slightly
more delicate and follows from the observation that either one tries to get the
estimate where |¢1| + |¢2| < |U]/2 in which case one can use the inequality

IN(¢2) = N(¢1)| < CIUPT? (|| + |¢2]) 62 — u ],

or one tries to get the estimate where |¢1|+ |¢1| > |U|/2 in which case one can use
the inequality

IN(¢2) = N(¢1)| < C (Ign[P" + |42 ) g2 — ]
We leave the details to the reader.
The result of Proposition 3.2 allows one to rewrite (4.1) as a fixed point problem

(¢a ) d) = _‘Cil (E + N((ZS))
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Provided £ is chosen large enough, the above estimates readily yield the existence
of a unique fixed point in the ball of radius Cy in the space H x (Re;)™*! x (Re; ®
Res)?" 1. This completes the proof of the existence of a solution.

Observe that elliptic estimates imply that the solution we get satisfies
9l + IVl + V28]l < C e (4.3)

It remains to check that this solution depends continuously on the parameters.
Assume that we have two solutions corresponding to two sets of parameters. Say

L¢+ M(c,d) =E+ N(¢)
corresponding to the points y; and z, and
Lo+ M(éd) +E+N(p) =0
corresponding to the points §; and 2;, (we will adorn all functions and operators with
a ~ when they correspond to the points §; and 2,). Observe that, by construction,
¢ is L*-orthogonal to e; - Z while ¢ is L2-orthogonal to e; - 2. We choose v and §
so that ¢ := ¢ — M (v, §) satisfies the same orthogonality condition as ¢ (namely is
a function L2-orthogonal to Z) and we can write the second equation as
L+ M(é,d) + (L — L) ¢+ L(M(v,8)) + (M(é,d) — M(é,d)) + E+ N($) = 0.
Taking the difference with the first equation, we get

+ (E-E)+(N($) - N(¢))-
Using the arguments we have already used to prove the existence of a solution
together with (4.3), it is easy to check that

¢ = Gll +lle—éll + [ld—dll < Ce 2" (sup; |g; — y;| + supy |4 — 2u])
+ O+ 1)+ Ce 16— gl -

Observe that we have the estimate

Il + 1161l < Clloll« (sup [g; — y;] + Sup |2n — 2nl) -
j
and hence, we conclude that

¢ = @lls + lle = éll + [ld = dl| < C e (supg; — y;| + sup |n — znl) -
J

This shows that the solution depends continuously on the parameters defining the
points where the copies of +w are centered. Indeed, this even proves that the
solution is Lipschitz with respect to these parameters. O

Let us summarize what we have obtained so far. Given points y; and zj, defined in
(2.1) and (2.2), satisfying constraint (2.4), the previous Proposition 4.1 guarantees
the existence of a unique solution (¢, ¢, d) of (4.1). Moreover, we have some estimate
on the function ¢ the L*°-weighted norm and classical elliptic regularity theory
implies that these estimates extend to higher derivatives of ¢. The function u =
U + ¢ will then be the solution of (1.6) we were looking for if we can show that
there exists a configuration for the points y; and 2, for which the parameters c;
and d, are all equal to zero.
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In the next section, we find a precise expansion of the parameters ¢; and dj in
terms of the free parameters in the construction (namely the parameters o, 8, and
v, which have been used to define the points y; and z5,). This expansion is obtained
by projecting, in L?(R"), the equation (4.1) into the space spanned by e; -Z(- —y),
for y € I, as was already done in the proof of Lemma 3.1. We also explain how to
solve the projected problem and this will complete the prof of Theorem 1.2. Observe
that we have 2n+m free parameters a1, ..., &m+1, 81, -+, 0Bn—1 and ¥1,...,v, and
and, given the symmetries of the solution, there are obvious relations between da,,_,
and dy, for h = 1,...,n. In particular d, is collinear to n and hence the number of

equations to solve is also equal to 2n + m.

5. PROJECTIONS OF THE ERROR AND THE PROOF OF THE THEOREM
Again, we keep the notations of the previous section.

We define the following 2 X 7 matrix

2 -1 0 ... 0
-1 2 :
T:=1¢9 . . . 0 | €Maxa, (5.1)
.20 —1
0 0 -1 2
It is easy to check that the inverse of T" is the matrix whose entries are given by
(¥

(T™');; = min(i, §) — e
We define the vectors S* and ST by

TS*:=(0,...,0,1)eR* TS":=(1,0,...,0) e R". (5.2)
We will remove the subscripts corresponding to the dimension of these matrices
and vectors since there will be no confusion.

It will be convenient to adopt the following notations a := (a4, - .., ¥m+1), B :=
(B1,---,0n=1) and v := (M1, --.,7Yn), Wwhere the parameters a;, fj, and v, are the
one involved in the construction of the points y; and 2, which were given in (2.1)
and (2.2). As usual, we assume that these parameters satisfy (2.4).

As in the introduction, we define
U(s) := —/ w(- — se)div(w? e) dz (5.3)
RN

where e € RV is a unit vector. The proof of our result is based on the following
key Lemma :

Lemma 5.1. The following equality holds for any unit vector e and any s > 0
U(s)e=—p / w(-—se)wP I Vwde.
RN

Moreover, there exists a constant Cn,p > 0 only depending on N and p such that,
the following expansion holds

N-—1

U(s):=Cnpe®s = (1+0(s7h) as s— oo
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The proof of the above result is by now standard, we refer to [14] and [12] for
details.

Finally, we define

Kk := —(log ¥)'(¢), % := —(log ®)'(¢),
and
oo _ .7 1 s ™
/\13=H—2ESIHE and /\2:=/$+I$SIHE—Z7CO’CECOSE-

The main result of this section is the proof of the following :

Proposition 5.1. Let ¢ be the solution of (4.1) which has been obtained in Propo-
sition 4.1. The coefficients c¢; and dp, are all equal to 0 if and only if the parameters
a, 3,7 are solutions of the nonlinear system

A 1
%a1$T+E (R/6’1+c0t%71+)\2am+1) St+e 2044+ Q e R

a
5:—sin%am+1ST+6_‘wA+QER"_I,

1
7 cos%am+1ST+'ynS¢+e_62lA+QE]R”,

2
Il

(54)
where 62 > 0, A = A(a,3,7) and Q = Q(«, 8,7) denote smooth vector valued
functions (which vary from line to line), uniformly bounded as £ — oo and the
Taylor expansion of Q) with respect to a, 3, does not involve any constant nor any
linear term.

Proof. Observe that

[ eSS —ando= 5 [ V0l 1+ o),

ifi = j and y = z € II and is equal to 0 otherwise, as was already mentioned in the
proof of Lemma, 3.1.

Now, we use

[ (€ecd) + B+ N(@) (o0 E( ~9)) da =0
so that all ¢; and dp, are zero, if and only if
| (E6+E+N@) (e = p)da =0

for all y € P. Using the Lemmas below, it is easy to check that this reduces to the
solvability a nonlinear system in «, 3 and . With little work, we find that this
system can be written in the desired form using the inverse of the matrices 7.

Observe that we implicitly use the fact that the integers n and m are bounded
by ¢7, for some fixed 7 > 0 so that the norms of the inverses of the matrices T'
under consideration blow up at most polynomialy in terms of £ and this can easily
be absorbed since the error tends to 0 exponentially fast in terms of /. O

The proof of this result is based on the following technical Lemmas. First, using
elementary geometry, we find the :
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Lemma 5.2. The following expansions hold

1 = = 1 L —d2d

T(0) /RNH(-—yl)Eda: = (H(Oz1—a2)+251ngnal) el +e A+Q,
and, for j =2,...,m,
1
(L) / E(—y))Edr = K (—oj1+20—ayq1) er+e 2 A+Q,
RN

: S — . T

‘I’(é) /RN :.(- - ym-i-l) Edx = (I‘L (am+1 - am) —K (61 -+ Sin E am-{—l)

s 1 ™
— cot E(’yl — 7 o8 Eam_l,_l)) e1 +e 244 Q.

We also have

1 —_ _ .
—_/RN:(-—zl)Eda: = n(2ﬂl—ﬂ2+sm%am+1)t

1
+ (72—271+z7 cos%am+1)n+e’62[A+Q,

(1" /RN E(-—zp)Edx = F (Br-1—20n+ Bry1)t

= (V-1 =2+ mi)n+e 24+ Q,
forallh=2,...,n—1, and finally
(—1)"/ = 6t
~ E(-—zp) Edx =2 (v — Yoo 2t A ,
T@) Jan (—2z) Edz =2(7 —Yn-1)nte +Q
where 62 > 0, A = A(wa,8,7) and Q@ = Q(a, B,7) denote smooth vector valued
functions (which vary from line to line), uniformly bounded as £ — oo and the

Taylor expansion of Q with respect to a, 3, does not involve any constant nor any
linear term.

Proof. Given y € II, we would like to estimate

/ E(-—y)Edx.
RN

Observe that, given the structure of U and the fact that the function w decays
exponentially, we can write using Taylor’s expansion

50— = €z -— Pl ) E(- — —53t
</]RNH( y) Edz =) /wa( 2)pwP” (- —y)E( —y)dz +e " A

z€Ily

where II, is the set of closest neighbors of y in II, namely the set of points in II
whose distance from y is equal to £ + O(1). Here €, = £1 according to the sign
which is used in front of w(- — 2) in the definition of U and d3 > 1.

Observe that, given e € RV with |e| = 1 and a € RY. The following expansion
holds

le +a (Ze-l—a) = 0) (e —Ral laJ‘ al?
Wi+ a)ZEE = w() (o= ral+ a4 O())
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as { — co. Here, we have decomposed a = a/l + a® where al' is collinear to e and
a' is orthogonal to e. Here

& :=—(log®)'(¥).
Using Lemma 5.1, together with the previous expansion, we find

p/RNw(-—(Zejta))w”—lde = —9(l) (e_,ga||+%aL)

+ el A@@) + (@) Qa). (5.5)
This fact, together with (1.16), gives that in the expansion of [, E(- — 2) Edx
the main terms are the interaction of z with closest neighbors.

We recall that I' denotes the symmetry with respect to the x5 = 0 hyperplane.

Proof of the first estimate. In II, the closest neighbors of y; are y2, Ry y1 and
}_2,;1 y1. It follows from the definition of the points in IT as well as the definition of
¢ given in (1.22) that

_ .
y2—y1 =Le; + (a2 —aq) ey, Rky1—y1=€t+2s1nEa1t,

and -
R;lyl —yp =Lt" +2 sinEalt*,
where t* := 't and where we have used the identity

LT
Rrei—e; =2sin—t.

k
Using the expansion (5.5), we get

/ S(—y)Ede = (¥(0)er+¥(D) (t+t%) — T(E) k(a2 — ar) e
RN
- ¥()2sinTRay (t+t%)+e A+ T(0)Q.

The first estimate in Lemma 5.2 follows from the fact that £ and £ are related by
(1.22) and t + t* = —2 sin [ ey.

Proof of the second estimate. In II, the closest neighbors of y; are y;_; and
yj+1 (observe that, thanks to the fact that k¥ > 7, the distance between y,, and 2;
can be estimated by 2sin6 £+ O(1) where § = T — 5 > % and hence is much larger
than £ + O(1) and hence, the closest neighbors of y,, are again y,, 1 and ym,41).
Since

Yji+1 —y; =Ler + (aj1 —aj)er, and yi1—y; =—Ller+(aj_1 —aj)er,
we can make use of (5.5) and conclude that

/ 2(-— yj) Edz = —-9{)k (ij,I — 205 + Olj+1) e+ e Bt A 4 T Q,
RN

and this completes the proof of the second estimate.

Proof of the third estimate. The closest neighbors of y,,,+1 in II are y,,,, 21 and
R;lzgn_l =T 2. We have

Ym — Yms1 = —Ler + (am — amy1) €1,
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_ . - o
21 — Ymy1 =Lt + (ﬂl - smEamH) t+ <E71 - cosEamH) n,

and

Z . . (7 T .
T2 — yme1 = £t + (ﬂl —smEamH) t* + (5’71 _COSEamJ,_l) n*,
where n* = I'n. Making use of (5.5), we get
/ S —ymp) Ede = — (T()er + T(0) (t* + 1)) — T(0) & (@m — amsr) &1
RN

+ U()E (B +sinf amyr) (B* +t)

— U(0) (1 — § cosf amy) (0 +n)

+ e BALTW)Q.

Be careful that the copies of w come with positive signs at y,,+1 and y,, while they
come with negative signs at z; and T z;. The formula follows at once from the fact
that t -e; = —sin%, t*+t=-2 sin%el and n* +n =2 cos%el.

Proof of the fourth estimate. The closest neighbors of 2; in II are y,,+; and
2z2. We can write

= . T 1«
Ymt1 — 21 = Lt — (ﬁ1+SIHEOém+1) t—/ (71 -7 s1nzam+1> n,

and
z2—z1=Lt+ (B —P1)t+L(y2—m)n.
Arguing as above, we get

/ E(-—z)Edx = W(E)R(Zﬂl—ﬂz+sin%am+1)t
]RN

+ U (v —2m + % COS % Q1) D

+ e AL T(0)Q,

Be careful that the copies of w come with alternative signs. The proof of the fourth
estimate then follows at once.

Proof of the fifth and sixth estimate. For h = 2,...,n, we have
zh—1—2n = =Lt + (Bp—1 — Br) £ + L (ya—1 — ),
and

Zhy1 — 2 = Lo 4 (B = Br) v + € (Yat1 — ) 0.
Applying (5.5), we conclude that

(0" [ Ee—m)Bdr = O & (s =280+ ) ¢

- ¥() (Vo1 =27 ++1) m

+ e BtA+T(0) Q.
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Again, one should be careful that the copies of w come with alternative signs. This
completes the proof of the sixth estimate. The fifth estimate follows from similar
considerations. a

The next result is easier to get. It reads :

Lemma 5.3. The following expansions hold

/ E(-—y)(Lp)de =T{l)e %2t A,
RN
and

/RN E(-—y) N(p)dx = T(L) e 2 A,

where 02 > 0 and A = A(a, 8,7) denote smooth vector valued functions (which vary
from line to line), uniformly bounded as £ — co.

Proof. The proof of the first estimate is easy and follows the line of the proof of
Lemma 3.1.

The proof of the second estimate follows from the estimate in Proposition 4.1
together with the choice of 5 so that 6; > % Details are left to the reader. |

We now explain how (5.4) can be solved. We claim that this system is equivalent
to

a=e 2t A4 Q,

p=e4+Q,

v = el AYQ, (5.6)
where §, > 0 and A = A(e, 8,7) and Q = Q(«, 8, 7) satisfy the usual assumptions.

Observe that the system (5.4) is almost of the correct form. In fact, using the
second and third equation together with the expression of ST and S¥ one checks
that

n—1 . =w 5
B =— - s1nEam+1+e B2t A4 Q,
and also
]. ™ _52e
fyl—icoszamﬂ-l-e A+Q,
and )
. _
ryn:zcoszam+1+e_‘52fA+Q,

where §, > 0. Hence we get

o +c0t%71+)\2am+1 = (/e—}—%sin%) Q1 +e’52[A+Q.

Introducing these in the first equation, we are left to solve a coupled system in a3
and a,,,4+1. This system reads

K T 1k s H
1 2 1) — si _) — 1 — — sin — = 762£A
( +2(m+ )nsmk a1 ( +an1nk Qmt1 e +Q,
K m 1 K s H
—(1-2%si —) 1-= 1) = sin = = e®A+Q,
( ~ sin o a1+( n(m-i- )Hsmk Qmt1 e +Q
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where d, > 0 (possibly different from the previous one). This system can be solved
to be put in diagonal form provided D, the determinant of the 2 by 2 system on
the left had side, is non zero. But we have

K . mm+2 LT
D—gﬁlnET ((2”-1)&-2777,5111%/‘6).
Using (1.15) and (1.10), we get
E . mm+2 {—7
D—?smg - (2n-1) (T+O(€ )),

which, thanks to (1.23), is certainly bounded from below by some constant times
m /¢ for all £ large enough. This completes the proof of the claim.

It is now straightforward to prove, using Browder’s fixed point theorem, that

Lemma 5.4. There exist C > 0 and £y > 0 such that, for all £ > ly, there exists a
solution of (5.6) such that

o] + 8] + |7 < Ce ¢

The proof of this last lemma is standard and left to the reader. Observe that,
with some more care, one can prove that the solution in Proposition 4.1 depends
smoothly on the parameters and then one can use (increasing the value of £y if
this is necessary) one can use a fixed point theorem for contraction mapping to
prove Lemma 5.4. This has the advantage to prove some local uniqueness for
the solution of (5.6) and in turn, this shows the unique (local) solvability of the
nonlinear equation once the parameters m,n and £, solutions of (1.15) and (1.22)
are fixed.

This last result completes the proof of Theorem 1.2.

To complete the paper, we now explain how to formally justify this constraint
we impose on the choice of the parameters ¢ and £. Let us recall that if u is a
solution of (1.6) then

. ) 1 2 .2 1 1) —
d1v<(a Vu) Vu 2(|Vu| +u)a+p+1|u| al =0,

for any fixed vector a € RN (just multiply (1.6) by a - Vu). In particular, the
divergence theorem implies that, for any smooth domain Q C RV, the vector

1
V) = [ (V) Va0V + )+ a0 do.

is equal to 0. Here v is the outside unit vector field to 9. If, as we hope, a function

of the form u
=w+ Z €W )+ 0(e"2),
where €; € {1} and where the pomts z; have the property that
|zi| = £+ O(1)

is in By/,, the ball of radius £/2 centered at the origin, close to a genuine solution
of (1.6), then the above vector should be reasonably close to 0 as £ tends to co.
Taking ) = By, and u = U we find that

Y (U, Bys) Ze, |zz| +O(e‘”),
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for some & > 1, as £ tends to 0. Therefore, it is reasonable to ask that

Z

Z € U(|z) Tl 0.

This is precisely the balancing condition we were referring to. Applying this to the
approximate solution U at the points y; and y,,,41 leads to (1.22).
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