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Abstract

We study the existence of 2m-periodic positive solutions of the equation

a(6)

U90+U:—3,
u

where a(6) is a positive smooth 2m-periodic function. A priori estimates and
sufficient conditions for the existence of solutions of the equation are estab-
lished.

1 Introduction and statement of the results

We are concerned in this paper with the equation

a(f)

)
ud

Ugp + U = 0 € Sl, (1.1)
where a(f) is a positive smooth function on S' = R/27Z. Equation (1.1) arises
from the study of the generalized curve shortening problem, which can be derived
as follows. Consider the following generalized curve shortening problem

g_z =®(0)k]° 'kN, o>0, 0€S, (1.2)

where (-, t) is a planar curve, k(-,t) is its curvature with respect to the unit normal
N, and ® is a positive function depending on the normal angle # of the curve. This
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problem has been extensively studied in the last two decades. See [1-7,15,16,18-
23,31]. Assuming that 7(-,¢) is convex, then we can use the normal angle 6 to
parameterize 7, and equation (1.2) is equivalent to

ow  —®(0)

— =t feS 1.3
ot (wgg + w)° (13)

where w(#,t) is the support function of (-, %). A self-similar solution is of the form
w(#,t) = &(t)u(#), which means that the shape of the curves does not change during
the evolution governed by (1.2). Such solutions are important in understanding the
long time behaviors and the structure of singularities of (1.2). It is rather easy to
see that &(t)u(#) is a self-similar solution if and only if u satisfies

a(f
Ugg + U = U}E+)1’ 6 e St (1.4)

with a() = @+ (0), p+ 1 = I and

E@)7E e () = =C,

where C is a positive constant. The case 0! = 3 or equivalently, p = 2, (1.2)

is called the affine curve shortening problem, and equation (1.4) becomes (1.1).
Thus a solution of equation (1.1) is a self-similar solution of the anisotropic affine
curve shortening problem. Note that in general a(f) can only be assumed to be
27m-periodic. Equation (1.4) also appears in image processing [31], 2-dimensional
LP-Minkowski problem [8],[26] and other problems [24].

Equation (1.1) is a special case of

W+ f(0,u) =0 (1.5)

where f : R x R* — R is continuous, T—periodic in the first variable, has a
singularity of repulsive type near the origin. The existence of periodic solutions of
(1.5) had been studied by many people. Using the Poincaré-Birkhoff fixed point
theorem, the following result was proved by del Pino, Manasevich and Montero in
[17]. Let {pn}22, be the eigenvalues of

u’ 4+ pu =0
with 27-periodic boundary conditions:
u(0) = u(2T), «'(0) ='(27),

that is, p, = (”—7?)2, n=0,1,---.If f satisfies

/

sc—,, < —f(,5) <

hd Vs € (0,9), (f1)

sv’
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for some positive constants ¢, c’,d and v > 1, and there exists a nonnegative integer
Hn

n such that 4 0
—< liminff( ,5) < lim sup 10, 5) < Hnt1 (f2)
s—+00 S s—+00 S 4

uniformly in 6 € [0, 7], then problem (1.5) possesses at least one T-periodic positive
solution. This result gives a Fredholm alternative-like result for the problem

u' 4 Au = “(f), (1.6)
U
which means that (1.6) possesses a T —periodic solution if A # £ foralln = 0,1,--- .
Thus for T' = 27, problem (1.6) has at least one 27-periodic solution for \ satisfying
oo d< & 0,1,

Equation (1.4) with p # 2 has been studied by many authors. When a = 1, all
solutions of (1.4) can be classified. See Abresh and Langer [1] in the case of p = 0
and B. Andrews [5] in the class of general p. When a is 27-periodic, Dohmen and
Giga [18], Dohmen, Giga and Mizoguchi [19] studied the p < 1 case. Matano and
Wei [28] proved that (1.4) is solvable if 0 < p < 7,p # 2 and a is 27-periodic.

These results do not cover the affine case, that is, equation (1.1). Indeed, the
situation for the affine case is quite different. It is known that there are some
obstructions for the existence and one can not get a priori estimates of the solutions
of (1.1) without additional assumptions on a due to the invariance of the problem.
To see this point, let us consider its simplest form

1 1
U(,w—i-uzﬁ, eSS . (1.7)

Equation (1.7) is invariant under the action of the special linear group SL(2,R).

For any matrix
a b
=(00)

in SL(2,R), we have an “affine diffeomorphism” on S! given by

. (cosf,sinh) A" S
(cosB,sinf) — T(cos 0, 5m 0)AT] (cos@,sinf),

that is,

tanf = ———— d—bc=1.
an a4+ btanf’ “ ¢

For any function u in S!, define

ua(f) = cos é\/(a tanf — ¢)2 4 (btan — d)2u(h).



Then u4(f) is a solution of (1.7) if and only if u(f) is a solution. Starting with
the trivial solution u = 1, one can show that all solutions of (1.7) are given by a
2-parameter family of functions

l\J\»—A

uet(0) = (2 cos?(0 — t) + e *sin®(0 — 1)) 2, (1.8)

for (g,t) € (0,1] x [0,7). Thus the set of solutions of (1.7) is not bounded. The
group SL(2,R) plays an important role as that of the conformal group Conf(S?) in
the Nirenberg’s problem in geometry, which has been extensively studied and many
significant results have been obtained. See [9-14, 25,27,32,34] and the references
therein.

In [2], Ai, Chou and Wei considered the solvability of problem (1.1) under the
assumption that a is m-periodic. After scaling, in this case the problem is equivalent
to the equation (1.6) with 7= 27, A = yuy = 1 and v = 3. Let

B(o) _ /07r (I,(o + t) - a(gszn;:—la/(e) sin Qtdt
_ / (a'(0+1) — a'(0))sin2t

sin?t

A function a is called B-nondegenerate if B(f) never vanish at any critical point 6
of the function a. They proved that if a is a positive, B-nondegenerate, C2-function

of period 7, then one can get an a priori estimates of m-periodic solutions of (1.1).
Moreover, if the Brouwer degree deg(G,R/7Z,0) # 0, where

G(0) = (—B(0),d'(0)), R/7Z — R?,

then problem (1.1) has a m-periodic solution.

In this paper we study equation (1.1) for 27-periodic function a, which is more
interesting and natural from geometric point of view. We will consider a slightly
general form, that is, for a fixed n > 2, the existence of nm-periodic solutions of

Ugy + U = a(f) (1.9)

w3
with a satisfying a(f + nm) = a(f). It is the same as the equation (1.6) with 7" =,
v =3 and A = n? by scaling.

Before we state our results, we comment on the difficulties in studying (1.9). A
major problem is to study possible blow-ups. In the case of m—periodic a(f), since
the blow-up sequence u.; (defined at (1.8)) is m—periodic, only single blow-up can
occur. However, when a is nm-periodic, there are n possible blow-ups. We have to
analyze the interaction between different blow-ups.

To state our main results, for any positive C?-function a(f), we define

a @+ (—1)m)
Z “ a0+ (G — )m) (1.10)
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B,(6) = /_% (Z;‘Zl a@+t+(j— D) — > i a(@+(j—1)m))sin Qtdt. (L.11)

% SiIl2 t

Following [2], a function a is called B,-nondegenerate if B,(f) does not vanish
whenever A, (0) = 0.
Our first result is the a priori estimates.

Theorem 1.1 Let a be a positive, C? and nrw-periodic function. Suppose that a(9)
1s Bp-nondegenerate. Then there exists a constant C' depending on a only such that

L
C

for any nm-periodic solution u of (1.9).

<u<C (1.12)

As for the existence we have

Theorem 1.2 Let a be a positive, C? and nr-periodic function. Suppose that

min B,(f) >0, or max B,(f) <0, (1.13)
An(0)=0 An(8)=0

then equation (1.9) has an nm-periodic solution.
An example of a satisfying (1.13) is
a() = (1 + by cos 0 + by cos 26)?, (1.14)

where b; and b, are some constants in (—%, %) to be determined later. It is easy to
see that Ay(#) = —8by sin 2. Hence A,(6) = 0 if and only if § = 0, Z, 7, 3* and

399

2(1 + by cos 2t)% + 2(b; cos t)?, 6 =0,m;
al@+t+7)+a@+1) =
2(1 — by cos 2t)% + 2(b; sint)?, f=13
Then
4(1 + by cos 2t) (—2by sin 2t) — 2b? sin 2t, 6 =0,m;
!
(a(0+t+7)+a(0+1)) =
4(1 — by cos 2t) (2b, sin 2t) + 2b? sin 2t, =12,%
and
—4(b? + 4by)T — 8b3, 6=0,m;
By(0) =
4(b? + 4by)m — 8b3m, 0=1,°

Thus (1.13) is satisfied if b? + 4b, = 0 and b, # 0.
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G.(0) = ( — B,(0), An(e)) . R/nZr — B2,

whose Brouwer degree deg(G,,R/nZm,0) is well defined if a is B,-nondegenerate.
With the condition (1.13), we see that deg(G,, R/nZm,0) = 0.
The following result concerns with the case deg(G,, R/nZm,0) # 0. Let

n

A,(0) = > a0+ (G - 1))

=1
and

(X d@+t+(—1)m) =X a0+ (j — 1)m)) sin 2

sin®t

o]
3
—~
S
SN—
I
‘\
wold

us
2

For 1+ ca we have A, (¢)(f) and B,(¢)(6) given by (1.10) and (1.11). Then

(_Bn(‘g) (0)5 An(‘g) (0)) = (_En(g)’ An(o)) + 0(5)
Thus for small €, 1 + a is B,-nondegenerate if G,(0) = (—B,(0), 4,(0)) # (0,0)

and deg(Gp, R/nZm,0) = deg(G,, R/nZm,0) by homotopy invariance of degree.

Theorem 1.3 Let a be a positive, C? and nm-periodic function such that for all 0,
Gn(0) = (—B,(0), A,(0)) # (0,0) and deg(G,,R/nZm,0) # 0. Then the equation

1+ ¢ca(6)

- (1.15)

Ugg + U =
has an nm-periodic solution if € is small.

It is not difficult to see that if n = 1, the map G, (f) is the same as the map G
in [2]. In this case, we fix ¢ << 1 and consider the homotopy of as(6) = (1 —s)(1+
ea(f)) + sa(f). For s € [0,1], the function a, is B—nondegenerate, and one can get
a uniform a priori estimate of the m-periodic solutions of

as(0)

u3

Ugy + U = (1.16)
for s € [0,1]. Using the degree argument, one can solve the problem up to s = 1 if
deg(G,R/Zm,0) # 0. However, for n > 2, we do not know how to construct a such
homotopy. The degree argument can only be used for small €.
We briefly sketch the idea of the proofs of our results. We only consider the case
n = 2 since that of n > 3 is the same. To prove Theorems 1.1 and 1.2, we take a
sequence A\ — 1 and consider the equation
a(6)

— 1
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According to [17], there is a 2m-periodic solution uy if Ay # 1. By careful analysis
of blow-up, we can get asymptotic estimates of u; and Ay — 1. Under the condition
(1.13), these estimates ensure that u; converges to a solution of (1.1) if A\, 1 or
A \¢ 1 as £k — o0o. The proof of Theorem 1.3 follows from the Liapunov-Schmidt
reduction and degree argument.

The paper is organized as follows. In Section 2, some asymptotical estimates are
given based on blow-up analysis, and in Section 3 we give the necessary condition
for the existence and sharp estimates. Theorem 1.1 and Theorem 1.2 are proved in
Section 4, and in Section 5 we provide a proof of Theorem 1.3.

2 Preliminary Blow-up Analysis

Let a be a positive 2w-periodic function, Ay be a sequence such that A\, — 1 as
k — oo, and let u; be a 2m-periodic solution of

a(f)

Upgy + /\ku = 3
U

6 € [0, 27]. (2.1)
The aim of this section is to derive some asymptotical estimates of u and Ay — 1,
which will lead to sharp estimates in the next section.

Here and after, unless otherwise stated, the letter C' will always denote various
generic constants which are independent of €,. We denote A ~ B if there exist two
positive uniform constants C; and Cy such that C1A < B < CyA. Cy = o(1) means
that limk_H_oo Ck =0.

We start with the following simple but useful lemma.

a(f
Lemma 2.1 For any solution u of problem (2.1), defining Fy(0) = u%-l—)wf—l—ﬁ

u?’
then there is a constant C independent of k such that

C™1F(0y) < Fi(6)) < CFL(6y), V6,0, €0,27].
Proof: By equation (2.1), we can easily get that
a'(6)

u2

Fy(0) =

)

which implies that
|F(0)] < C|Fy(0)]

since a(f) is smooth and positive. Thus
|(10ng)l‘ < Ca

which leads to

<C, V¥ 0,0,€]027]



Thus we finish the proof. O

From the above lemma, we know that u, is bounded from above if and only if it is
bounded from below. Without loss of generality, we assume that mingepo ox] ux(6) —
0. Then Fy(f) — +oo uniformly in 6 as k — oo. This in particular implies that, as
k — oo,

either wug(f) or — 400 whenever u () = 0.

1
uk(0)
Then by equation (2.1) we see that uj, (f) # 0. Hence for k£ >> 1, the local minimum
and maximum points of u; are isolated. Therefore they appear alternatively and

satisfy
1

uk (6)’
where 7, and 6 are local minimum and maximum points of uy, respectively.

Let 7} < 72 be two consecutive local minimum points of u; and let 6 € [}, 77]
satisfy uy(0r) = My = maxpep1 2y ug(). Then ug(7y), ug(77) — 0 and My, — oo as
k — oo. We have the following convergence result.

U,k(Tk) ~

Lemma 2.2 For k — oo we have

™

ek—Té — 5, (22)
7',? — T,cl — T, (2'3)

7"3—7"%0 1
(0 + 7)) —sin@ uniformly in [0, 7). (2.4)

M,
In particular, ug has two minimum and two mazimum points on [0, 27).

2 1
Tk~ Tk

Proof. Let 4 = M“TICHT’CI). Then it follows from equation (2.1) that 4 satisfies
~ +(T,?—7'k1)2)\ ~ (7_]?_7_]3)2a(71?;71§9+7_é) (2 5)
a Uy, = .
k.00 KUk M2 @

Integration by parts gives that

2 1 m T A | T 713_750_{_ 1
& T’“)Q/\k/ aide—/ 12 4df = (“ Tk)?/ a0 45 g
0 0 0

2 ~9
T TM; uy

since @ (0) = @y g(m) = 0. Hence

/Wa d9<(M)QA /ﬂ~d0 (2.6)
k),0 -~ T k U/k . .
0 0



Using the fact that 0 < @, < maxi; = 1 and (2.6), we deduce that @ is bounded in
H'([0,7]). Thus we can assume iy, — @ weakly in H'([0,7]) and 7 = limy_, (77 —
7). Letting k — oo, one gets

/aﬁd&g(f)Q/ a%do. (2.7)
0 0

™

By the embedding theorem, @y — @ in C([0,7]), and so

1 2
70) = Jim "7 =0, (r) = fim "7 <o

and @ € Hi([0,7]).
On the other hand, by Wirtinger’s Inequality, we know

/ a*df < / ti5db), (2.8)
0 0

and equality holds if and only if & = C'sin 6. It follows from (2.7) and (2.8) that

7= lim (77 —7}) > 7.
k—o0

Applying the same argument to the interval [77, 2w + 7;}], we get

2r — 1 > 7.
Therefore, 7 = 7, and the equality holds in (2.8), which implies that & = C'sin#.
The assumption that maxgep - % () = 1 yields that maxgep @(f) = 1. Hence
i = sin@ and i, — sin @ in C2[0,7]. This proves (2.3) and (2.4). The proof of (2.2)
follows from (2.4). The proof of Lemma 2.2 is completed. O

The following so-called Pohozaev’s Identity will be used frequently in the rest of
the paper.

Lemma 2.3 Let a be a positive and 2mw-periodic function. Then we have

2T 1 4(1 — 3,,!
/ @ (0) + 4( _ AU 0526+ 1)d0 = 0 (2.9)
0 u
and 2% 0(0) + 4(1 — A\ )udl
/ > B sin26df = 0 (2.10)
0

for any 2m-periodic solution u of (2.1).

Proof. For any solution u of (2.1), we have

u? u? a(8) + (1 — M\p)u?)
Ly g gy = O 0 A) (211)
and the lemma follows from an integration over [0, 27]. a

Let e = ug(7k) = mingejo,or ug(d) — 0 and let 6, be the next local maximum
point of ux. Then My = ug(f;) — oo. The above lemmas lead to the following
estimate.



Proposition 2.4 There exists a uniform positive constant C such that

A\ — 1] < Cel. (2.12)
Proof. We first prove
2 1
/ —df < C. (2.13)
0 U

To this end, let u(0) = up(2%29 4 7,),0 € [0, 2] and X, = (2%=7))°)\,. Then
Uy, satisfies

- 20y — 1) 2 a(2Tg 4 7
g0 + Mol = ( ( kﬂ_ k))2 s - t) (2.14)
k
and
w W, 20k — i) \sa (Y 4 ) -
(25" +4(35) = ( ) r_ 41 - N, (2.15)
2 2 T U,
By virtue of 7, (0) = 0 and @, (3) = 0 we obtain
% ﬂ% nt H% ! :
((3) +4(3) ) sin 20d6 = 0. (2.16)
0
Consequently, from (2.15) and (2.16) we deduce that
2(0, — Ty 2(9k*7'k)0+ B us
(M)?’/z 0 G 90dn = 4y, — 1)/2 @, sin 20d9
m 0 i o (2.17)
—4(\ = 1) /2 Uy cos 20d6.
0
It follows from Lemma 2.2 that 3 C' > 0 such that
3
| / 26| < C| / 142 cos 20d6).
0
Hence for small ¢,
5 o (20— Tk)g 20
IAk—l\/ ukd0<0‘/ +Tk)sm dﬁ‘
el \/ (0 d0|+\/ (0)d6] + fk( dol)  (2.18)
5
<06 —d0 + C(0)M,
o Tj

’(72(9’c ) 9+Tk) sin 20
u’
k

by (2.4), where fi(0) =

and C(6) is a constant depending on §.

10



On the other hand, from (2.14) and (2.18) we get

z 20, — T (o=l g e
/ (ﬁi_ﬁiﬁ)doz(Mf/ S +Tk)d0+(1—)\k)/ w2do
0 0

& Uk 0
_ 5 a(X%=")p 3
> (72(9’“ T’“))Q/ al T +Tk)d0—05/ _%d@-()(a)M,;2
n 0 U 0o Uk
> minga(f) / "lw-c
2 0 U

(2.19)

since 0 is small. The left hand side of (2.19) can be estimated as follows. Reflecting
the function %, with respect to § = 7, we get a new function defined on [0, 7], still
denoted by ug. Then U (0) = u(7). By Sobolev Inequality (See Proposition 1.3 of

2) S
/0 %d&( /0 (@~ 2,)d0) < 7

Since Uy is symmetric with respect to 6 = 7, we see that

2 PP w2
/ L an( / (@ g)do) < - (2.20)
0o Uk 0
Combining (2.19) with (2.20) we obtain
jus 1 . s 1 2
/2 TQde(M/z —db — 0) < (2.21)
o Uy 2 o U 4
Consequently,
21
/ —do<C (2.22)
0o Uk
and ; x
L 2(0, — 2z 1
/ —df < M/ —df < C. (2.23)
Uk ™ 0o Uk
Similarly, let 7;, be the minimum point of u next to 6, we have
T, 1
/ —df < C. (2.24)
o, Uk
It follows from (2.23) and (2.24) that
T 1
/ lw<c (2.25)
u
Tk k
The same argument yields
27T+Tk 1
/ —df < C. (2.26)
7! U’k

k

11



(2.13) follows from (2.25) and (2.26) since u has two minimum and maximum points
on [0, 2m).
Now we can prove the estimate (2.12). Using the identity (2.10) we see that

27 27 1 0) sin 20
4 — 1||/ e (0)u, (6) sin 20d6] < ‘ / %‘ <c (2.27)
0 0 k
It is easy to see from Lemma 2.2 that
2w 2m
| / we (01, (0) sin 20d0) = | / W2(0) cos 200 > CM?. (2.28)
0 0
Inserting (2.28) into (2.27), we lead to
C
Thus (2.12) is proved. !
Let e = ming ug(0) = ug(7x) — 0 and
1
U.(0) = (e*cos® 0 + e 2sin®0)* .
We define a transformation
0 ’ ! d
= = —_ 2.29
T + Vi (y) Tk+/0 0% s (7) T, (2.29)
(ek)

where £, = a7 (0)e;. It induces a rule of transformation of the equation (2.1) as
follows: let

ve(y) = Uy -1 (y)ur(0) = U5 (0 — m)ux(0),

using
dy _ =2
@ = Uslk (9), and
d*y 2y . _
T2 = (e}° — €, ) sin 20UE%4(0),
one can verify that
d*vy a7k + V) U,
—_— = —— 1 =) —+—. 2.30
dyz "k v3 * k)U4, (y) (230)
€k

Using the estimate (2.12), we can prove the following result on the asymptotical
behavior of uy.

12



Proposition 2.5 Let a be a positive, C? and 2w-periodic function and let u; be a
solution of (2.1) such that e = ming ug(0) = ug(7x) — 0 and 7, — 6y. Then the
functions vg, Vg y, i are bounded. That is, 3 C > 0 such that

< vk(y) < 07 |Uk,y(y)| < Ca RS [07 271'], (231)

Ql =

which implies
C1Ug (0 — ) S ug(f) < CoU (0 — 1), 6 € [0,27]. (2.32)
Moreover, for any 1 > >0
vy = Ve in CY([0,27]), k — oo, (2.33)

where the function vy s given by

vly) = {a4(90), _VE -5, 51, (2.34)

(a (B0)sin? y + alf + ma~ (Bo)cos? ),y € 3, %5]

Proof. For simplicity of notations we assume 7, = 0 and 6y = 0. Let

Fi(y) = l(qﬂ +v,§+%).

2 k5y p
Then
dF, a(ge)\ , (al¥w),
dy = Uk’y<1)k,yy+’l)k ,U]?; + 21),%
VkVky Gg
= (1-X\ + . 2.35
N T i ) (2:35)
Using Proposition 2.4, we have
(1 — /\k) 82
s | S Cgm 55— < C. (2.36)
U2 1 (y) gl “cos?y + ¢} siny
k

Combining (2.35) and (2.36) we get that

‘ (1 — )\k)vkvk,y
U (v)

C|7)kvk,y|

r =2 2 12 2.2
€, COs“y+eg. sy

C|Fy|

S 1 =2 12 2
e, “cos?y+¢el sin®y
and -
ag Ca C|Fg|
2772 — L 2(.1—2 2 12 ;.2 < 1 =2 2 12 .2,
2ka5'—1 vp(el, T costy+ e sin“y) T e} “cos?y + e} sin“y
k

13



Thus B
dFy - 1

= k- ) 2 . :
dy el “cos?y + &)’ sin’y

2 2
= df = 2,
/0 el cos?y + e’ sin’y o

from (2.37) we derive that

Since

C 'Fi(y2) < Fi(yr) < CEy(ye), for any yi, .
In particular, since Fj(0) < C, this implies that
Cil S Fk(y) S Ca

that is,

1
Uk:(y) S 07 |Uk:,y(y)| S C and U— S C’
k

which concludes (2.31) and (2.32).
From (2.31) a better estimate for Ay, — 1 can be derived:

1

A — 1] < Ceflog —.

€k

In fact, from (2.27), we have that
2 I 9
|Ak—1|/ d0<\/ a@(0)sin20
0
<C’/2W |sm29\

2T
|sm20\
§C/ df
. U0

1 1
<Ce}?log — < Cellog —,

which proves (2.39).
Let fr = (1 — M) g iy 71( - From (2.39), we see that for p > 1,

o G 1., o
/ | filPdy < C|1 — Ak|1°/ 5 dy < C(e} 1og€—)psi 50
0 0 ,k—1 k

where we have used the following estimate

2w 1 9 4
dy < Cep "
/0 (e, cos?y + &, ” sin? y) % v=

14

(2.37)

(2.38)

(2.39)

(2.40)



Standard regularity shows that {v;} converges to some v,, in C'**-norm for any
a > 0. Away from y = T 3¢ U:, _1(y) is bounded from below, so vy is C? if
k

2172
y# T, 3" and satisfies

27 2
a(0) T
00 0o — T2 € T a0/’ 2.41
v 7yy+v Ugo y ( 2 2) ( )
and (n) 5
a\m ™ m
00 0o — ; €cl=,—). 2.42
Hence

v(y) =ai(0) if ye(-3.3)

since veo(0) = limvy(0) = a1(0) and v’_(0) = limv,(0) = 0. It follows that

Uoo(5) = veo(0) = @i (0), () = ve(0) = 0.
Therefore, from (2.42) we get
vao(9) = (a1 (0)siny + a(ma=2(0) co?y)E, € [F, 0]
a
Remark: From equation (2.30) the following estimate can be obtained:
4
||Uk — voo||Cl([0,27r}) S 082 | 10g€k|§. (243)
Indeed, for y € [~7, 5] we have
d? (v, — Vo) a(fr) —a(0)  a(0) _a(0) (1A
A R B0
o (2.44)
a(¥x) — a(0) (1 — Ax)vg
= —— + W)V — Vo) + 77—
vl () (e ) Uj,kfl(y)
where ¢ is a bounded function due to (2.31). It follows from
ud ™ 1
: ()<
—a(0)|%dy = ) — a(0)]?
| tataton) — apan = [ ja0) o) i
! ¢ la(9) — a(0)| | sin 0]
= 0)e2
ax( )Ekf_g |sin@|9  a(0)sin®6 + £} cos® 0
1 2 |a(6) — a(0)|? | sin 0|
<ate [
< a3 )gk/g |sin@|¢  a(0)sin® @ + &} cos? 0
< Cez|logey|
(2.45)



for ¢ > 1. Let ¢ = 3 and applying the LP-estimate to (2.44), taking vj(0) = v (0)
into account, we have

% (1 — )\k)Uk

2 4.3 4, 3
o= ol g g g < (] latve() = a0 d)? + / gy !
4 4 *
< Celllogeg|3
(2.46)
according to (2.40) and (2.45). Using the same argument we can obtain
4 4

vk — Uoo”WQ,%([%,;%r]) < Celllogeg|s. (2.47)

Now the estimate (2.43) is a consequence of (2.46), (2.47) and the embedding theo-
rem.

3 Sharp blow-up estimates

In this section we will use Pohozaev Identities to get a sharp estimate of Ay — 1.
Let a(f) be a 27-period positive C? function and \; — 1, and let uy, be a 27-periodic
solution of

a(6)

Uk,00 + AkU:k = ?, RS [0, 27T] (31)
k

The main result of this section is

Proposition 3.1 Assume that mingep ox uk(f) = ur(m) = e — 0 and 7, — 6.

Then ” . p
Ao(0) = W) AT E ) _ (3.2)
a(by) a(m + 6p)
and
A — 1
4 jus ! ! ! ! .
Ep 2 (a'(0+6p) +a'(0+m+6y) —a'(6y) —a'(m +0)) sin 26 A
2ma?(0) /% sin? 6 4 + olér)
__%_p (B) + o(eh)
" 27a?(0) 2V kIt
(3.3)

16



Proof. For simplicity of notations, we assume 6, = 0. This can be achieved by
translation. Then 6, = 0. By (2.9) and Proposition 2.4 we get that

2 a'(6) 2 ,
5-(cos204+1)df = 4 (A — 1)uguy(cos 20 + 1)db
0 0

Uy

2w
= 4(/\k—1)/ u} sin 20d6
0

2T
= 4(Ak—1)/ (%)QSinQQdG-M,f
0

k
2w
= 4\, —1) (/ sin? § sin 20df + 0(1)) M}
0
= o(|1 = M| M;) = 0(1). (3.4)
On the other hand, as k — 400, using the change of variable 6 = 1)y (y) we have

a'(6)
ui ()

2T a/(a) _
/0 uk(e)(C0820+1)d9 =

!
-

(cos 20 + 1)do

(

y)) 2cos’y
y) cos2y+a 1(0)etsiny

3
2

- (
a’(0) a'(m)
= 2 / dy + / dy) + o(1
X ey A X0 K
'0) | d(r)
= 2n( + ) +o(1)
Va(0)  Va(m)
by Lebesgue Dominated Convergence Theorem and Proposition 2.5. This proves
(3.2).
The proof of (3.3) is more involved.
By (2.10) we see that

(3.5)

wald

Qo

2m (J,I( ) 2w
/ sin 20df = —4(\, — 1) ui (6) cos 26d6. (3.6)
o ui(0) 0
From g (v (y)) (e}, " cos? y + €} 2 sin? )7 — v (y) in C* we have

2

|uk(wk(y)2)(5;c_ cos?y + e}, sin? )2 — v (y)| (3.7)
=|ug(8) (g}, 00529+5k sin? )~ 2 —7)00(1/1,C (0))| = o(1).

Hence

27 27
/ u} (0) cos 20df = / (Ugo(qpk’l(ﬁ)) + 0(1))(522 cos? 6 + 6;‘:2 sin? 0) cos 20d6
0 0
3

zeg2a% (0) / ’ v2 (¥ 1 (6)) sin® 0 cos 20d0 + o(g}?).

_T

N

(3.8)

17



For 6 € [-%, 7], we have ¢ '(0) € [-F, %], so vX (¢, ' (0)) = az(0) and

a4 (0) /_ "2 (6)) sin® 0 cos 208 =~ a(0). (3.9)

ME]

Similarly, if 6 € [Z, 37], we have 1 ' (0) € [%, %] and

v (Y5 (0)) = a2 (0) sin® ¢ () + a(m)a™2(0) cos® vy (6)

e'ta(m)a~2(0) cos 6 + a2 (0) sin® 0
gt cos2 0 + sin? § '

Then

aé(O)/2 v2, (1, 1 (6)) sin? 0 cos 20d0

T e a(m)a3(0) cos? 0 + a? (0) sin2 0

=a2(0 in? § cos 20df

a2 (0) z g'} cos? ) + sin? 0 S e (3.10)

27

=a(0) sin? 0 cos 20d6 + o(1)

- za(O) +o(1)

4
Substituting (3.9) and (3.10) into (3.8), we get
27
/ 3(0) cos 2000 = —Z a(0)e;? + ofc;?). (3.11)
0

Now we estimate the left hand side of (3.6). It follows from (3.7) that

wla
wlA

a'(6) sin 26

/ d(O)sin2 / 0
oz HC) B _roup (0)(e}2 cos? 0 + &}, " sin? )~ (g4 cos2 0 + ), " sin® 0)
3 1 4 i €'2a'(6)sin 26
- 4+ O(g}|loge|3)) —£ dy
/_g(vgo( Ty OB ) o T
2 1 e'%a’ () sin 26 9
= do +
/§ v2, (¥ (0)) e,* cos2 0 + sin® 6 o(ek)
12 3 ! in?2
=k / 2 (0) sin 26 —df + o(2)
az(0) J-= g} cos?f +sin” 0
12 s ] ! . .
5 ~ 2
_ fk / a(0). a'(0) 4sm0s1n ez 40 + o(c2)
az(0) J-x sin 6 gh.” cos?  + sin”
2 5 !
e [? d(0) —d(0) 2
= 260d0 3.12
2(0) /_% o sin + o(gy), (3.12)

18



where we have used (2.43).
Similarly, we have

/ a'(0)sin20 ) _ / 1 £ 24/ (6) sin 20
2

df + o(e;
= V2 (¥, 1(0)) 4" cos? § + sin? @ o(ek)

37

,2/2 a'(6) sin 20
= €y

- - df + o(c2
= ¢'za(m)a"2(0) cos?f + az(0) sin® 0 (&)

3

B 5'2 /; CL'(@) _ a’(ﬂ) sin @ sin 20 o + 0(82)
k sin  erdg(r)a7(0) cos? 0 + a3 (0) sin? *

g2 / a'(0) — a'()

20 /- g sin 20d0 + o(e})
3
e2 [ d@+m)—d(r) |
a(f)) /7r ( sin)20 ( )sm20d0+0(5i).
Combining (3.6) and (3.13) we can obtain that

27 1 : 2 ! ! ot
/ a(9)s;n20d0: £x / a'(0) CL(O)-|-CL2(9+7T) a' () Sin 20d0 + o(c2).
. u a(0) J = sin® 6
This completes the proof of Proposition 3.1.

vl

(3.13)

vol3

4 Proof of Theorem 1.1 and Theorem 1.2

In this section, we prove Theorem 1.1 and Theorem 1.2. We only discuss the
case n = 2 since for n > 2, the proof is the same.

Proof of Theorem 1.1: This is an immediate consequence of Proposition 3.1.
Indeed, if there is a sequence uy of

a(6)
Uk 00 + ug = 3
Ug

0 e St (4.1)

such that ex = mingeg1 ug(0) = ug(7x) — 0. Let 7% — 6, then by Proposition 3.1,
we have

i a’(Qo) CL’(ﬂ' + 90)
Ay(6)) = e " it 0 (4.2)
and

4

P ™ (a'(0) +a' (0 + 6p) — a'(0) — d(m)) sin 20 A
2ma? (6o) ( /0 sin” 0 )d& +o(ek)
:W’“(HO)BQ(OO) +o(e}) = 0.
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Hence

By (6y) = 0. (4.3)
This contradicts the assumption that a is Bs-nondegenerate and proves Theorem
1.1. O

Proof of Theorem 1.2: Without loss of generality we suppose min 4,g)—o B2(0) >
0. We take a sequence A\ < 1 and Ay — 1. According to [17], there is a 27-periodic
solution uy of

a(6)

Ugoy + )\ku = F (44)

If e = mingeg ug(f) = ug(rx) — 0, then by Proposition 3.1 we have Ay(6y) = 0
and

4
€

M—1=—F_—_By(0 ) 4.5

k 2ma2 () 2(6o) + o(z) (4.5)

So Bs(fy) < 0, which is impossible. Thus the sequence uy are uniformly bounded

from below and above. By taking a limit, we obtain a solution u of (1.1). a

5 Proof of Theorem 1.3

In this section, we will use Liapunov-Schmidt reduction and degree theory to
prove Theorem 1.3. Similar approach has been used by Rey-Wei ([29], [30]) and
Wei-Xu ([33]). For simplicity we only give the proof of 2r-periodic case and that of
n > 2 is similar and hence it is omitted.

Let € be a small positive number and

1+ 6@(9).

Slu] := ugg +u — 03

(5.1)

In order to prove Theorem 1.3 we need to find a solution of S[u] = 0. In following
we consider S[u] = 0 as a perturbation of

1
Uge + U = E (52)

It is known that all solutions of (5.2) are given by

N|=

Unt(0) = (A*cos®(0 — t) + A *sin*(6 — 1)) 2,

where (A, t) € (0,1] x S'. We are going to find a 27-periodic solution u of S[u] = 0
having the form
u(0) = Un(0) + 6(0), (5-3)
where (A, t) € (0,1] x S' and ¢(#) is relatively small.
Substituting (5.3) into the equation (5.1) we obtain

S[Uprs + ¢) = S[Un,] + L[] + Nl9], (5.4)

20



where

d?Uny 1+ ca(h) ea(f
S[UAt] d02 +UAt Ugt __U;?{t,
3¢

L[¢] = ¢pg + ¢ +

T4
UAt

and

_ ([ l14ea(d) 1+ea(f) 3¢
Vol =Tt gr TR o)

It is easy to see that

OUn,; OU,
{6 € C*(S")|L[#] = 0} = span{— 1, =2},

One should note that the linear operator L depends on (A, t).
For h € C(S') we consider the following linear problem:

mA¢+08MU
oA 2ot

./¢ mmw_/ ¢6?wgo

where (c1, c2) € R?. From linear Fredholm theorem we know that (5.5) is solvable if
and only if (¢, cp) satisfies

2T 2 2T
/ 4ﬁwﬂw+q/ ﬁw“fw+@/'am”w“w
0 0 0

6 e S,

Lig|=h+c
(5.5)

T aUA )t m aUA,t aUA’t aIJJX ,t '
/0 —h ot df +c C1 /0 ot —BA df + Co /0 ( ot ) df = 0.

It is easy to see that (ci,cp) is uniquely determined by (5.6). Moreover, if (5.6)
is satisfied, then the solution is unique and there is a positive constant C' which
depends on the lower bound of A only such that

|8llcsty < Cllhllesh (5.7)
and
1| + |ea| < Clhlle(syy.- (5.8)

The estimate (5.7) is a consequence of the fact that h — ¢ is a bounded linear
operator from C(S') — C(S'), and (5.8) follows from (5.6).
Using the above discussion, now we can solve the nonlinear problem:

oU oU
L(¢)=—S[UM]— (>+1 S eSt
oA ot (59)
8UAt 3UAt :
cb() b= 406 5, d0 =0,
0 0

for some coefficients ¢; and c;. Namely we have
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Lemma 5.1 For Ay > 0, there exist eg > 0 and C which is independent of € such
that for any e < g9, Ag < A <1 and t € S, problem (5.9) has a unique solution

¢ = da satisfying
[¢lleest < Ce. (5.10)

Moreover, the maps (A, t) — ¢ay and (A, t) — (c1(A, 1), c2(A, 1)) are continuous.

Proof. We will use the contraction mapping principle to prove the lemma. To this
end, we write the first equation of problem (5.9) in its equivalent form:

¢ = A( — S[Un,] = Nlg]) :== B(¢). (5.11)

For a positive constant &; < 42, define a convex set in C(S*) b

7 = {qj‘ ¢ is 2m — periodic, ||¢||c(st) < €1,

/qs aU“de_/ b(0 aU“d()_o}

It follows from the mean value theorem that

IN(®)llcesty < C(Ao)ll 4¢ 5 ||C(Sl) < CO(Ao)(erie+¢l), V ¢eZ (512
Usre  URy
We know that S[Up,] = U3 , thus for ¢, ¢, € Z,

1B()llesy < C(Ao)(ISWUalloesy + IN(D)]lesn)

< C(Ag)(e + 61 +€9) (5.13)

and

|B(¢1) — B(®)llcsy < C(Ao)|[N[#1] — N[9]lleesh)
< C(Ao)(e +llosy + [llesy)lidr — dllosy  (5.14)
< C(Ao) (e + 2e1) |61 — 9llc(sm)-

Letting €0 = 75055y, €1 < 4C(A y, then (5.13) and (5.14) imply that the operator B
is a contraction mapping from Z to Z. Hence B has a unique fixed point ¢, € Z
and

|acllcesty = |B(@)|lesy < C(Ao)e.

The continuity of @y, (c1(A,t),c2(A,t)) on parameters A, ¢ also follows from the
contraction mapping theorem. Hence Lemma 5.1 holds. O

The proof of Theorem 1.3 will be finished if for ¢ < &7 we can find some (A, t) €
(0,1] x S* such that (ci(A,t,€),ca(A,t,€)) = 0 in problem (5.9). This will be
accomplished by degree theory. In order to use the degree theory we need the
asymptotic expansions of ¢;(A,t) and co(A,t) as A — 0.
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First similar to (5.6), ¢;1(A, t,€) and ca(A, t,¢) satisfy

2n oU o oU. 27 U, OU.
/ (S[Uny) + N(9) 22dh + ¢ / (2)?d0 + ¢ / Ar Mg = o,
0 0 0

) O\ , oA 28t O\
g GUM /ﬂaUAtaUAt /W aUAt 2
N : =0.
/0 (S + N(@) g 0+ x| - =gt =pidbten | (Z50t)"do =0
(5.15)

Noting that
/27r Uz aUA,tdg _ /2“ Acos?6 — A3sin% 6
o OA ot o A2cos?f+ A-2sin?f
thus (5.15) leads to

(

(A2 — A?)sinf cos 0dO = 0,

| sl + Nen ki

|Gy
/0 (U + N () 22t ag

Cl()\, t, 8) =

(5.16)

ot

02()‘1t75):_ 27 aUAt
\ A ( ot )

4 2w
S[Un4) ag[t’t do
a(\te) = —L0 de,

2m aUA
/0 ( t) (5.17)
8U )
/ S[Un] “
2(\ T, €)

\ [ <a§$f>

Lemma 5.2 For A — 0 we have

Let

¢i(A te) = s(—B;(:) A® +0(A%)) (5.18)
and _
G (A, t,e) = S(AQT(t)A2 + o(A?)). (5.19)

Proof: From the definition of U, we have

/27r (aUA,t)QdO _ /2” (A cos?(0 —t) — A3sin?(0 —t))2d0
0 oA o AZcos?(0 —t) + A-2sin?(f — t)
)

df (5.20)

2m
= A2 / (A’cos® 0 + A ?sin* 0
0

2 49 — cos? 0
AN? cos d9 = 7A "t +0(1
+ /0 A2 cos?20 4+ A—2sin? 0 mA T +0()
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and

—1 [ OUp 4 2m Acos? — A 3sin? 6
— S[U. =df = 0+t db. 5.21
e Jo Ul OA /0 af + )(A2 cos? ) + A—2sin? §)2 (5.21)
Let y J
-
0 = =
Ua(y) /0 A-2cos? T + AZsin? 7’
then v : S — S is a diffeomorphism and
cos® 0 1
df = — cos’ yd 5.22
(A2 cos? 0 + A—2sin? )2 A2 €0 VA (5:22)
sin” 0 df = A%sin®yd (5.23)
= 11 .
(A2 cos? § + A—2sin? §)2 v
and Y -
sin sin 2y
df = 5.24
A2 cos? § + A—2sin? @ A=2cos?y + A?sin’y Y (5:24)
Inserting (5.22) and (5.23) into (5.21), as A — 0 we get
-1 2m 8UAt 1 2w
— ~df = — 2
=/ SUxal=55 A /0 a(pa(y) + 1) cos 2ydy
1 2w . . )
=—5+ [ dWa(y) +)¢i(y)sin 2ydy
2A J,
A [ sin 26
= —— 0+t db
2 /o @0+ )A4cos29+sin20
A [T sin 26
=—= 'O+1t)—d(t df
2 /0 @6 +1) a()]A4cos29+sin29 (5.25)
A [P sin 26
- — "O+1t)—d(t de
AUl y vy vy
A /7r [a'(0+1t)—d'(t)] sinfsin26
2 sin 6 sin® § 4+ A4 cos? 0
_é/% [@'(0+1t) —ad(t+m)] sinfsin26
2 J, sin # sin? @ + A% cos? 0
A
= —532(7?) +o(A)

by the dominated convergence theorem. Hence it follows from (5.17), (5.20) and
(5.25) that B
_ Bs(?)

EI(A,ta 6) = ‘S( I

A® + o(AP)). (5.26)
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Similarly,

/2” (aUA,t)Qde _ /27r (A2 — A?)2cos?(6 — t) sin?(0 — t) "
0 ot o AZcos?(0 —t) + A2sin*(0 —t)

2T (A2 — A?)2 cos? fsin? 0
/0 A2cos20 4+ A~2sin? 6

do

2m A? cos* 0 (5.27)
:A2A2—A22/ 20 — df
( ) 0 (cos A2 cos? f + A=2sin? 0)

27
= A*(A? - A_Z)Q/ cos® fdf + O(1)

0

=7A"2+0(1)
and

(A=%2 — A?)sinf cos b

-1 2w
— S
A2 cos? § + A~2sin? §)2

ouv,
U] At

de
e Jo ot

dH:/OZWa(H—i-t)(

A2 A2 27 )
=5 [ et + 1) sin2udy
0

A A / " da(Pa(y) +1)
4 0 dy

(cos2y + 1)dy

A2 A2 cos2y + 1
1 /0 a (d)l\(y) )A—Z cos2 y+ A2 Sin2 Y Y

L—A] 2 cos®y
= t
2 [/_ @ (¥aly) + )cos2y+A4sin2y Y

s
2
3

°r 2
d (Ya(y) + 1) ——— Y

_|_
-

cos?y + Atsin?y Y

~

_ a(t)+a’(7r+t)7r+o(1)

B 2
— A22(t)71' + 0(1)

(5.28)

3

provided by ¥ (y) — 0 for y € (=5,%) and Y (y) = = for y € (3,5). So from

(5.17), (5.27) and (5.28) we have

(A, t,e) = 6(@1\2 +o(A2)). (5.29)

This completes the proof of Lemma 5.2. O
Now we fix Ay such that

(@ (Ao t,), (Mo, 1,2)| > (A" (A + Ba (OAK]E, Ve e S
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Lemma 5.3 For e — 0 we have
C1 (A07 ta 8) = E1 (AOa ta 6) + 0(82) (530)

and
ca(No,t,6) =T (Mg, t,€) + O(e?). (5.31)

Proof: From (5.12) and the definitions of ¢;(Ay, ¢, ) we have

/ N(¢ aU“de

2w aUAt
[ G

< Ce?

le1(Ag, t,€) —C1(Ag, t,e)| = |22

for some constant C' depending on Ag. The proof of (5.31) is the same. O
Set A2=)X2+4+1—+/A2+42) with A > 0 and

(0 1), s\ 1) = (a1 (A1), e2(A, 1), (@ (1), 8N 1) = (@ (A, 1), (A, 1).

We see that A > ocoas A - 0and A =0ifand onlyif A=1. For A=0o0r A =1,
it is easy to see that ¢;(\,t) and ¢;(A, t) are independent of ¢, i = 1,2. Therefore we
have continuous maps from D()\) = {(X,Y) € R*| X% + Y? < M2} to R? given by

F(X)Y) = (e;(\ 1), (N, 1), F(X,Y) = (&(\t), (N 1)),

where (X,Y) = (Acost, Asint) and A2 = X2+ 1 — /A2 + 2.
Proof of Theorem 1.3: Let

G.(X,Y) = (—53223) AP, gAQQ(t) A%): D(A) = R2.

It follows from the homotopy invariant of the degree that, for € small,
deg(F, D()\g),0) = deg(F, D(\), 0)
= deg(Ge, D(Xg),0)
= deg(G9,R/27Z,0) # 0.

Therefore, there exists (A, t) € D()\g) such that (c¢;(A,t),ca(N, t)) = (0,0). This
completes the proof of Theorem 1.3. O
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