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ABSTRACT. We consider the following stationary Keller-Segel system
from chemotaxis

, % =0 on 09,

where Q C R? is a smooth and bounded domain. We show that given any
two positive integers K, L, for p sufficiently large, there exists a solution
concentrating in K interior points and L boundary points. The location
of the blow-up points is related to the Green function. The solutions
are obtained as critical points of some finite dimensional reduced energy
functional. No assumption on the symmetry, geometry nor topology of
the domain is needed.

Au—au+u? =0, u>0in Q

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

Chemotaxis is the influence of chemical substances in the environment on
the movement of mobile species (amoebae). This can lead to strictly ori-
ented movement or to partially oriented and partially tumbling movement.
A positive chemotaxis is a movement towards a higher concentration of the
chemical substance while the movement towards regions of lower chemical
concentration is called negative chemotactical movement. Chemotaxis is
an important means for cellular communication. Communication by chem-
ical signals determines how cells arrange and organize themselves, like for
instance in development or in living tissues.

A basic model in chemotaxis was introduced by Keller and Segel [29].
They considered an advection-diffusion system consisting of two coupled
parabolic equations for the concentration of the considered species and that
of the chemical released, represented, respectively, by positive quantities
v(z,t) and u(z,t) defined on a bounded, smooth domain in RY under no-
flux boundary conditions. The system reads as follows:

vy = D1Av — xV(vV(u)), in Q@ x (0,T)
ut = DoAu + k(u,v), in Q% (0,7) (1.1)

u,v > 0 in €, %:%:OOHGQ,

where D1, Do, and x are positive constants; ¢ is a smooth function such

that ¢ (r) > 0 for 7 > 0; k is a smooth function with k, > 0 and k, < 0; Q
1
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is a smooth and bounded domain in RY; v denotes the outer unit normal
to 0. A commonly used k(u,v) is k(u,v) = —au + bv with a,b > 0. The
function ¢(u) is the so-called sensitivity function.

When ¢(u) = u, system (1.1) equals the most common formulation of the
Keller-Segel model. One interesting question in connection with this version
of the model is the possibility of “Chemotactic Collapse”, i.e., solutions may
become unbounded in finite or infinite time for n > 2. We refer the reader
for instance to [4, 7, 8], [21]-[28], [34]-[37], [44]-[45].

The functional forms in the most common version of the Keller-Segel
model are based on simplifying assumptions made by Nanjundiah in [33].
The original paper by Keller-Segel [29] allows more general functional forms.
There have been several attempts to introduce certain reasonable effects
in the Keller-Segel equations that might prevent blow-up. See [26] and
[27]. The boundedness and blow-up of solutions for Keller-Segel system
with general sensitivity functions are studied in [25].

In this paper, we are concerned with stationary solutions to Keller-Segel
system with logarithmic sensitivity function

d(u) = log u. (1.2)
This point of view was first taken by Lin, Ni and Takagi [31].
Since [ v(z,t)dz = [,vo(x)dz for all £ > 0 by virtue of the Neumann
boundary condition, the steady-state problem (1.1) for positive functions v
and u is reduced to a single equation for wu:

EAu—au+uP =0inQ, u>0inQ, ?:001189 (1.3)
v

for some constant € = €(D9,v), where v stands for the average of v, i.e.,
S _ 1
U= fQ vdzx, and

X
p= D, (1.4)

In the last decade, a lot of works have been done to (1.3) in the case of
small diffusion coefficient, i.e., ¢ << 1, after the fundamental works of Ni
and Takagi [38] and [39], in which they showed that the least energy solution
has a boundary spike at the most curved part of 9. See [3], [9], [17], [18],
[30], [32], [40], [47] and the references therein. In particular, we mention the
result of [17], in which they showed that for any two nonnegative integers
K,L > 0,K+ L > 0, (1.3) has a solution with K interior spikes and L
boundary spikes, provided that € is small and p is subcritical.

In this paper, we assume that N = 2 and ¢ is finite. (Without loss of
generality, we let € = 1.) We consider another limit p — +o00. In particular,
we show that for any two nonnegative integers K, L, K + L > 0, (1.3) has
a solution with K interior spikes and L boundary spikes, provided that p is
large. More precisely, we consider the following nonlinear problem

0
Au—au+u? =0inQ, u>0inQ, a—Z:OOnaQ (1.5)
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where (2 is a smooth and bounded domain in R2.
Let y € Q. We define G(z,y) to be Green function solving the following
problem:

A,G(z,y) —aG(z,y) + 6y = 0in Q, w =0 on 09.
Ve (1.6)

Now we define the regular part of G(z,y):

G(.ﬁ,y) + %log ‘:L' - y‘a lfy € Qa
H(z,y) i= (1.7)
G(z,y) + %log|x —yl|, ifye .
In this way, the function H(-,y) is Cb® in Q.
For d > 0 sufficiently small and m = K + L, we define a configuration
space as:

Ma = {€= (€1, m) € Q5 x (0)*

min (617 aQ) > d7

i=1,...,

min [¢; — &| > df. (1.8)
Let & = (&1, -y &m) € My. We set

m
om(€) = RH (& &) + Y ciciG(&i, &) (1.9)
k=1 i£j
Here the constants ¢; are defined as follows
8r, if i=1,...,K,
C; 1= (1.10)
dm, if i=K+1,...,m.
Our result is

Theorem 1. Let Q be a smooth and bounded domain in R?, and K,L €
IN* := IN U {0} be such that m := K + L > 1. There ezists pg,r, > 0
such that for p > pi 1, problem (1.5) has a positive solution u, with the
following property: u, has K + L local mazimum points ff,z’ =1,.,.K+ L
such that & € Qi =1,..,K and ¥ € 0Q,i = K+ 1,..,K + L. The m-
tuple €9 .= (&, ... , &) converges (up to subsequence) to & := (£1,... ,&n) €
QK x (09)F, so that
Pm (&7, - €)= om(&) == min pm(§) asp — oo.
§EMy
Furthermore, for any § > 0
up = 0 uniformly in  Q\ U;-nlets(é?)
and
sup up(z) = Ve
z€B;(€))
as p — oo.
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Remark 1.1. The existence of a global minimum for the function @, (&)
in My follows from the properties of the Green function - see the proof of
Lemma 6.1.

Remark 1.2. A biological interpretation of Theorem 1 is as follows: The
Keller-Segel model with logarithmic sensitivity function suggests that it is
possible for amoebae to form stationary aggregates if p = Dil is large. An
interesting question is the stability of such solutions. We believe that the
one with K + L = 1 is stable. (The stability of spike solutions when € is

small has been studied in [43].)

It is important to remark the analogy existing between our results and
those known for the Dirichlet problem

Au+4v?=0in Q, u =0 on 9. (1.11)

Asymptotic behavior of least energy solutions of (1.11) is well understood
after the works [1, 19, 41, 42]: puP approaches a Dirac delta at the harmonic
center of 2. Construction of solutions when p is large has been achieved in
[16], in which it is shown that problem (1.11) has solutions with K interior
spikes if €2 is not simple connected. Note that our results here do not require
any properties of ).

Our basic strategy is to connect problem (1.5) when p is large with the
following nonlinear Neumann problem

Au— au + €% =0 in ©, ? =0 on 0f. (1.12)
v

It has been shown in [14] that problem (1.12) admits solutions with K
interior spikes and L boundary spikes when € is small. A main difficulty in

(1.5) is that the error term is only O(I%) = O(m). On the other hand,
1

the spectrum gap is of the order O(|10g6|) which makes this problem more
difficult than (1.12). (For (1.12) the error is of the order O(e).) A further
expansion of the approximate solution and the errors up to the order 0(1714) is
needed. Finally, we remark that related constructions for problems involving
exponential nonlinearity have been performed in [2], [10], [11], [13] and [15].

The proof of our result is based on a Liapunov-Schmidt reduction. The
scheme of the proof is the following: we introduce a first approximation for
the solution (ansatz) and we reduce problem (1.5) to a fixed point problem.
This is contained in Section 2. We solve the fixed point problem first in the
orthogonal of a finite dimensional space. In order to do so, we first need
to study the invertibility of a certain linear operator, subject to suitable
orthogonality conditions. This is done in Section 3. Section 4 is devoted to
the resolution of the complete fixed point problem. In Section 5 we prove
that finding a solution to (1.5) becomes at this point equivalent to finding a
critical point of the function ¢, introduced in (1.9). The proof of Theorem
1 is contained in Section 6.
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Throughout the paper, without loss of generality, we will assume that the
constant a which appears in Problem (1.5) is equal to 1. The letter C' will
always denote various generic constants which are independent of p > 1.

2. ANSATZ

In this section we introduce the basic elements to build a solution to
problem (1.5). The basic idea is to build a solution (see (2.13)) with error
in the order of O( #) (see estimate (2.24)-this estimate is needed to control

the spectrum gap, see Lemma, 3.2). -
Let us first introduce the standard single bubble solution. Given §; € {2,
pi > 0 we call

wo;(y) = w;(ly — &),
where w;(r) is the radial solution to Au+e* = 0 in R? with [ e* < oo given

by
2

(7 +
and
/ p
§; = e1g;.
In order to construct a first approximation for a solution to (1.5), we intro-
duce the following functions

ug;(z) :=p+ woj(e%x), z €, (2.1)
which has the explicit expression
8/1?
€ F + 1o — &P

It turns out that ug; is not good enough. We have to introduce the next
two terms in the expansion. Thus, for i = 1,2, we define

uij(z) == w,-j(e%:v), z €1, (2.2)

where the functions w;;, for ¢ = 1,2, introduced above, are defined as follows.
Let wy; be the solution to

Awyj + ewojwlj = fi;, (2.3)

ug;(z) = log

where f; is given by
1
fiily) = Eewongj,
with the properties that
wij(y) = wij(ly — &)
and that

!
5l oL Y as =g - oo,

“aly) = Ciilog = ly — &
j j
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where the constant C1; in the above formula is explicit, namely
C1; = 8logu; + 12 — 4log 8. (2.4)
Let us now define fo; to be given by
15, 1, 1

. 1
faj(y) = foj(ly — &51) = (w0jw1j — 39 T 5wl §ng + ingwu')

and wy; a solution of

Awyj + € wy; = fo; (2.5)
with the property that

waj(y) = waj(ly — &)
and

!
ly — & Lo ,

1 ly — &
for some explicit constant C3;, depending on uj;. It is easy to prove the
existence of wy; and wo;.

As we will see below, a direct computation shows that a proper multiple
of the sum of u;j, for ¢ = 0,1,2, defined in (2.1) and (2.2), almost solves the
equation in Problem (1.5). In order now that this first approximation fits
the boundary condition, we need to introduce a further correction.

Let H;; be the solution of

—AHZ'j + H,'j = —Ujj, in §,

wa;j(y) = Cajlog ) as |y — & = oo (2.6)

2.7
8H;; _ Ouy; 27)
5. =—5, ond.

Using the asymptotic behaviors of the functions w;j, one can easily prove
the following

Lemma 2.1. For any 0 < a < 1,
Hoj(z) = ¢;H(x,&5) — log 8u? + O(e %) (2.8)
and, fori=1,2

cj Cis op
Hij(z) = —Z]Cin(iB,§j) + Cijlog pj — %p +0(e %) (2.9)

uniformly in Q, where H is the regular part of the Green function defined
(1.7), the constants C;j are given by (2.4) and (2.6), while c; is defined in
(1.10).

We postpone the proof of this Lemma, to the end of this section.

We have now all the elements to define a first approximation for a solution
o (1.5). Set

’l]ij(:L‘) = uU(:E) + Hij(:E), z € Q. (2.10)
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A direct consequence of Lemma 2.1 is
iig;(z) = ¢;G(x,&) + Oe %) (2.11)
and, for 1 =1, 2,
O
iy (@) = —¢;— > Glw, &) + O(e~*%) (2.12)

uniformly in C! sense over compacts of Q\ {¢;}.
We will look for solutions to (1.5) whose main part is given by the function
U(z) defined as a proper multiple of the sum of the functions #;;, namely

eﬁ k 1
Uz) := Z Z i Ui;(z) | - (2.13)

_p_
prt =1 \i=0,1,2

In order to understand better the problem, it is now useful to perform the
change of variables

o(y) = e - Tu(efy) (2.14)

fory € Qp := €39, Observe that u is a solution of problem (1.5) if and only
if the function v is a solution to

0
A'u—e_%v—l—'up:OinQp,u>OinQp, —U:(]onBQp.
v

0 (2.15)

In the expanded variable y € Q,, we define V(y) = e G- U(e™ 1y) whose
explicit expression is given by

1 & 1 .
Vi) =—>_ | D 5 ) (2.16)

2
pP T 501 \izo1,2P

where 4;; are defined as follows

ij(y) = iigg (e 4y), y €Dy (2.17)
We will seek for solution v of (2.15) of the form
v=V + ¢.

Problem (2.15) can be stated as to find ¢ a solution to

—Ap+e tp—We=R+N(¢), inQ,
(2.18)
g—f =0, on 9Q,

where the “nonlinear term” N(¢) is given by
N(¢) = (V + ¢ = VP —pVPl¢ (2.19)
and the “error term” R is given by

R=AV —¢ 5V + VP, (2.20)
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Finally,

W(y) =pV? (). (2.21)

At this point it is convenient to make a choice of the parameters y;, the main
objective being to make the error term small. We assume the parameters
pj to be given by the relation

Cqs
log 815 = CjH(fj,fj)_'_ZciG(fiafj)_%
i
1|Cy Co.
— | S |l (& &) + Y eiGle &) +4logp; | + =2
i#]
Cs:

—ﬁ ciH (&, &) + Y ciG(&, &) +dlog ;| - (2.22)

i#]

Taking into account the explicit expression (2.4) of the constant Cy;, one
easily sees that p; bifurcates, as p gets large, by

fij = e det(CGHE &) 4 CiG(&',ﬁj))’

solution of equation

C .
log 8415 = ¢;H(&,&) + Y, eiGl&i &) — —.
(E]

Observe that, with this choice of the parameters u;, we get

D 1 1 _nk _b
P71V (y) = p+woi(y) + —wij(y) + 5w2;i(y) + O(e™*1) + O(e™1y)

p p (2.23)
uniformly in the region |y — &}| < e,

for any fixed and small § > 0.
Indeed, using (2.8), (2.9), (2.11), (2.12) and taking into account (2.17) and
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(2.10), we get

P 1 1
pr=1V(y) —p —woi(y) — Z_)wlj(y) - PWQJ'(?J)

1 _p 1.
= HHlj(e 4y)+Z Z puli(y)

1=0,1,2 i#j |1=0,1,2

= ¢jH(&,€) —log8uf + ) aiG(&, &)
i#£]

Cy | ¢ p ci
+ =L =T H(&, &) +logu; — = — > —G(&,6)

p 4 4 vy 4

C ; Ci P C; _p p
+ p—? —ZJH(fiaij)+10g/£j—Z— ZZG(EJ',&) +0(e %)+ 0(e Ty)

L i£] ]

in the considered region. From (2.22), estimate (2.23) follows.

We claim that, with the previous choice (2.22) of the parameters u;, we
achieve the following behavior for R and for W: there exists a constant
C > 0, independent of p, such that, for any y € Q,,

| |
[RW)I<C 2]: Th—ap (2.24)
and
W(y) = e W1+ 0,(y)] (2.25)
J
where
) <O S L +ly—¢] (2.26)
j

for any p large enough.

Proof of (2.24). Directly from (2.10) and (2.17) we argue that, for all j,

—Adigj + e 3 a9, = €%, inQ,
(2.27)
i — 0, on 89,

and, for 1 =1, 2,

~ _P L . .
—Auij +e 2Us5 = e“oi Wi — fija m Qp,
(2.28)
daij _
5y — VU, on an
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Hence one gets directly that

(2.29)
Fix § > 0 small. From the explicit expression of wg; and the asymptotic
behavior of w;;, i = 1,2, we get easily that in the region |y — &| > et for
all j,
—1
YA+ JAV(@) —eEV(y)| = O(p~ eTh).
J
In the same region, by using that (1 + %)p < e®, we obtain
-1
- p
D+l =&H VP =0 1).
J

2
4

Let us fix now j and the region |y — &;| < de1.
From (2.23) we get

1 1 1 » T p
VP0) = 3 [p+onylu) + T+ T+ O D) + O Ha)|
pit p p
1 1 1 1 1 _»p 1 _» P
_ L [1+—w0j<y>+—2w1j+—3w2j+o<p o8) + O(p~'e 4\y|>] .
prot p p p

P
8

Let us restrict our attention to the region |y —&;| < des. Here we use Taylor

expansion and we obtain

1 1 , 1 ,
VP(y) = — [ewm + (e wij — fij) + (€Y wa; — fo))
pp—l b b
log®(2
+e%0i O ( 0g (p;_ |y|) +p—4e—% +p—4e—%|y|>:| ) (230)

i
8

Joining together (2.29) and (2.30), we get that in the region |y — &i| < de
the following estimate holds true:
-1

D+ =gR)7TH AV(E) - e TV ) + V()]
log”@+1y) 4

<O U+l =GPy~ <
J
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Finally, in the region des < |y — &l < e, we have

-1

YA+ =R 1AV —e FV(y) + V()|

J

Aty - 1
— U <K - .
Crly—&pe =P °

ool

<Cp~ +p7?)
Thus we get estimate (2.24).

Proof of (2.25)-(2.26). Fix a § small and positive. First observe that, if
ly — §§| > de1 for all 4, then

pVP~ ()| < Ce®.

P
4

Fix now j and assume |y — £;| < de?. Using (2.23) and Taylor expansion,

one gets

pVPl(y) = {1 + “’OJ]') ), ‘*’ggy) + “’2;?{1") +0(e0%) O(e—%y)]p

, 1
=m0 [1420(1 + - )
from which estimates (2.25)-(2.26) follow.

Proof of Lemma 2.1. A direct computation shows that, for ¢; € €2, we

e oMy _,(x—&) v(a)
0j xr — j) " 144 _p
=4 Q
o U oge O end
and, if i = 1,2,
OH;; (x—¢&)-v(z) _p
aVZ = _CZ]LT—]—&”Q + 0(6 2) on 0Of).
On the other hand, for &; € 02, we have, for all z € 00\ {¢;}
. OHy, (z — &) v(z)
1 J —4 J
M D= e
and, if i = 1,2,
. 8Hij _ B (:L' — fj) - I/(CC)
T A A Pl 2

Recall that the regular part of Green function H(z,y) satisfies the following
equations: if y € €,

—AxH(l',’y)‘l‘H(.’E,y) :_%logﬁa .’,EEQ,

oH (z,y) = 1 (z—y)v(z) T € 00

vz 2 Jz—y?

while, if y € 992,
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A H(z,y) + Hiz,y) = ~Llog plo, zeQ,

8%( z,y) = %% T € 0Q2.

Define the following differences: zy(z) := Hyj(z) + log 8/1? —¢;H(z,¢;) and,
ifi =1,2, zj(z) == Hj(z) + ”p — Cyjlog pj + CiiCjH(a:,fj). Then we have
—Az;+ 2z =f; inQ

% =g; on 0f),

where
0Hy; (v —¢&;)-v(x)
fo=—1o +lo , = I 4
ST e g gl T T e gP
while, if i = 1,2,
Cijp 1 0H;; (x —&;) - v(z)
= — —Cj; 1 —Cj; 1 ;= L4 O, J .
fi Uzg+ ij 108 Ui —C55 108 ——— | _§j|’ gi o +C5; |.’L‘ _fj|2

A direct computation shows that, for any ¢ = 0,1, 2, for any 1 < g < 2 there
exists C' > 0 such that

gi < Ce_p/4-

< Qe ‘ 1

L2(89)
By L9 theory

0z;

lzillwrsai) < C(I1 5 luan) + 1AzilLaq) ) < Ce7/

for any 0 < s < %. By the Morrey embedding we obtain

lzill @y < G/

for any 0 < y < 1 + %. This proves the result (with o = %) O

3. SOLVABILITY OF A LINEAR EQUATION

The main result of this section is the solvability of the following linear
problem: given h find ¢, c;; such that

—Ap+e sp—Wo=h+ it m 21:1,.]3- CijXjZij, Iy,

QJ|QJ
NS

=0, on 9Q,, (3.31)

prXjZij¢:0 V] = 1,...,m, 7 = ].,Jj,
where m = K + L, W is defined in (2.21) and satisfies (2.25), h € L*°(€,),
Jj=1ifj=K+1,..,K + L while J; = 2if j = 1,..., K and Z;;, x; are
defined as follows.
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1 g Yi .
205 = — — 2 Zij = ———= 1 =1,2. (3.32)
T Ty YT

The following fact are very well known:

e any solution to
Ap+eiWg=0in R, |¢| < C(1+]y))° (3.33)

is a linear combination of z;;,7 = 0,1,2;
e any solution to

Ap+ ey =0in R, |g] < C(1+y) (3.34)

where R2 = {(y1,y2) : y2 > 0}, is a linear combination of z;;,i =
0,1 (see [6]).

Next we choose a large but fixed number Ry and nonnegative smooth
function x : R — R so that x(r) = 1 for r < Ry and x(r) = 0 for r > Ry+1,
0<x<L

For j =1, ..., K (corresponding to interior bubble case), we define

xiW) = x(y = &), Zij(y) = zi5(y), i=0,1,2. (3.35)

For j = K + 1,..., K + L (corresponding to boundary bubble case),
we have to strength the boundary first. More precisely, at the boundary
point {; € 0f), we assume that £; = 0 and the unit outward normal at
€ is —eg = (0,—1). Let G(z1) be the defining function for the boundary
0Q in a neighborhood B,(§;) of &, that is, Q N B,(§;) = {(z1,z2)|z2 >
G(z1), (z1,72) € B,(&;)}. Then, let F; : B,(¢;) N — R? be defined by
Fj = (Fj,l,Fj,g), where

xo —G(z1)
Fgl 1 + 1—|—|G’($1)|2G (,’171), 5,2 o G(.’El)
Then we set
FP(y) = ef Fj(e"1y). (3.36)

Note that F; preserves the Neumann boundary condition. Define, for j =
K+1,..., K+ L

xiW) =x(EF W), Zij(y) = 2;(F}(y))  i=0,1.

The functions Z;; satisfy the Neumann boundary condition (since F} pre-
serves the Neumann boundary condition).
It is important to note that

AZ()J' + e“0i Zoj = 0(67%(1 + |y - §;|)73) (3.37)

since

Vao; =0 (L+ ]y — &)%),
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Equation (3.31) will be solved for h € L*°(,) but we will be able to
estimate the size of the solution in terms of the following norm

h(y)
Moo i= sup [B)l, [l o= sup ——— O
yeQ, yep e” 2 + 3000 (1 + |y — &) (3.38)

where we fix 0 < o < 1 although the precise choice will be made later on.

Proposition 3.1. Let d > 0 and m a positive integer. Then there exist
po, C > 0 such that for any p > po, any family of points (&1,... ,&n) such
that

miné — & >d,  min_d(&,00)>d (3.39)
1#£] j=1,..,K

and any h € L>(Q,) there exists a unique solution ¢ € L*(Qy), c;j € R to
(3.31). Moreover,

[Blloc < Cpl|Rllx-

We begin by stating an a-priori estimate for solutions of (3.31) satisfying
orthogonality conditions with respect to Z;;,7 =0, J;,j = 1...,m.

Lemma 3.1. There exist Ry > 0 and pg > 0 so that for p > pg and any
solution ¢ of (3.31) with the orthogonality conditions

/ Zijxj =0 Vi=0,.,J; Vi=1,...,m (3.40)
QZ’
we have

[#llcc < C[Rl]s,
where C is independent of p.

Proof of Lemma 3.1. We divide the proof into three steps.
Step 1. We first construct a suitable barrier. Namely, we show that, for
p large enough there exist Ry > 0, and

Y :Q, \ UL Bg,(§) = R
smooth and positive so that

m
p 1 _n m
—Al/)-l-e 29p — Wap > E W‘i‘e 2, anp\jngRl(g_;')a

Jj=1 J

— >0, ondQ,\ _@1 Bg, (¢3),
]:
. m
P >0, inf, \]_L:J1 B, (f;)a

m '
=1, on{ynN (jgl aBRl(ﬁj))'
Take 1
Prj(r) =1 — et where r = |y —f;‘
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Then
1

_Awlj = 02 ']"2+0—’
and, for |y — f;\ > R,
1 o2 1
— At + e Ty — Wepy; > o ~Wipj 2 -
r? (3.41)

since
Z 1+ Iy 3

If §; € p, then we have
Y]
ov
If f; € 09y and |y — §;| > R, we have
o1y ('!/ f ) v
o r2to

As before, we write 0€2, near £} as the graph {(y1,42) : y2 = eiGe iy}
with G(0) = 0 and G'(0) =

= o(e” 1) on 09Qy.

Then
o ; o 1 _p 2 _p
% = 270 = (—ylG’(e fy1),e1G(e fi(yl))
G'(e"1y1)2+1
ag 1 P

— — 22 P
T p2+0 0(52)+1O(e ir ) V Ry <r<de1

L]

= O(era ) V Ry <7< dei. (3.42)
Combining together the previous estimates, we see that
O _»
8—11‘7 =o(e” 1) on 0%Q,. (3.43)
Now let 19 be the unique solution of
Ay — e_%'tpo +e 5 =0in Q,, % —e¢ 1 o0n 0Y,.
v
Set
m
=11 + Cbo. (3.44)

j=1
It is easy to see that 1) is the function we are looking for. Observe that the
constants R; > 0 can be chosen independently of p and that 1) is uniformly
bounded, that is,

0<9<C inQ,\UL Bg (&)
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with a positive constant C' independent of p.

Step 2. We take Ry = 2R;. Thanks to the barrier v of the previous step,
we deduce that the following maximum principle holds in €, \ UL | Bg, (§}):

if ¢ € H'(Qp \ UJL, Bg, (£})) satisfies

(

—Ap+e tp>W¢, inQ, \jg Br, (§7),

m
{ %2 =0, onoQ, \jL:Jl Br, (&),

$>0 onQ,n (j[:’jl 0B, (&),

then ¢ > 0 in Q, \ UL Bg, (£})-

Let h be bounded and ¢ a solution to (3.31) satisfying (3.40). We first
claim that ||¢||e can be controlled in terms of |||/, and the following inner
norm of ¢:

[¢llin == sup ||
QN(Um, B, (£)))
Indeed, set

¢ :=Cip(lliv + I f[l+)
with €1 a constant independent of p. By the above maximum principle we
have ¢ < ¢ and —¢ < ¢ in Q, \ UL, Bg, (§}). Since 1 is uniformly bounded,
we deduce

[Blloc < C (llpllzn + 1F1l+) (3.45)

for some constant C' independent of ¢ and p.

Step 3. We prove the lemma by contradiction. Assume that there exist a
sequence p, — 0o, points (£7,... &) satisfying (3.39) and functions ¢y, fn
and h,, with ||¢,|lec = 1 and ||hy||« — 0 so that for each n, ¢, solves (3.31)
and satisfies (3.40). By (3.45) we see that ||¢,||;n stays away from zero.
For one of the indices, say j, we can assume that sup B, (€)) |pr| > ¢ > 0 for

all n. Consider ¢p(z) = ¢n(z — (€7)"). We may assume, up to subsequence,
that £ converges to ;. Let us translate and rotate €lp, so that f; =0 and
€1, approaches the entire plane R? if j = 1,..., K or the upper half plane

]Ri ifj=K+1,... ,m. Then by elliptic estimates ¢, converges uniformly
on compact sets to a nontrivial solution of

Ap+ ey =0, |¢| <C.

Thus ¢ is a linear combination of Zij,1 =0,...,J; (see (3.33) and (3.34)). On
the other hand, we can take the limit in the orthogonality relations (3.40),
observing that limits of the functions Z;; are just rotations and translations
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of z;, and we find fR%r X(;Aﬁ zij = 0 for 4 = 0,J;. This contradicts the fact
that ¢ 0. O

We will establish next an a-priori estimate for solutions to problem (3.31)
that satisfy orthogonality conditions with respect to Z;;,4 = 1, J; only.

Lemma 3.2. For p sufficiently large, if ¢ solves
~Ap+eip—Wh=h in Q

(3.46)
g—f = 0 on 6Qp
and satisfies
/ Zixj $=0  Vj=1,...,mi=11Jj (347)
QP
then
I¢lloo < Cplfll, (3.48)

where C is independent of p.

Proof. Let ¢ satisfy (3.46) and (3.47). We will modify ¢ to satisfy all
orthogonality relations in (3.40) and for this purpose we consider modifica-
tions with compact support of the functions Zy;. Let R > Ry + 1 be large
and fixed.

Let

1
agj = (3.49)

pi(z; log d L HE.E)

Set

~ 1 P
Zoj(y) == Zo;(y) — o + ag;G(&5,e” 1y). (3.50)

Note that by our definition, Z\o,j satisfies the Neumann boundary condition.
Let 7 be radial smooth cut-off function on R? so that

0<n<1, |Vg<C in R
n=1 in Bg(0), n=0 in R®\ Bgry(0).

If &5 € Q, we write

n;(y) = n(ly — &|)-
If £ € 09, we write

ni(y) = n(|F} (y)])- (3.51)
Now define

Zoj =205 + (1 =) Zoj.- (3.52)
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Given ¢ satisfying (3.46) and (3.47) let

- moo ZojX;j ¢
qﬁ::gb-l-Zdeoj, where d; := —f%’#.
j=1 pr ZOij
Estimate (3.48) is a direct consequence of
d;] < Cpllhll. Vi=1,..,m. (3.53)

We start proving this by observing, using the notation L = —A + e 5 — W,
that

m
L(¢)=h+ Y d;iL(Zy;) inQy, (3.54)
j=1
and
9%
i 0 on 0Q,. (3.55)
Thus by Lemma 3.1 we have
~ m ~
19llso < C Y ldj 1 L(Zoj)lls + ClAll (3-56)
7j=1

Multiplying equation (3.54) by Zok, integrating by parts, and using (3.55)
we find

S /Q L) 7o < CllLI+ 3 IE(Zop)]l]
j=1

D j=1

m
+C Y |d;|l| L(Zog) 2 (3.57)
j=1

We now measure the size of ||L(Zoj)||*. To this end, we have for \y—§;| > R,
according to (3.37),

L(Z\Oj) = —e*% Zy; — WZOj +O0(e 51+ ly — §;|)_3)
) _» 1
= €% (ag;G(&j, e 1y) — —)

i
! (2+a)
O 5 (1+ly—&) P +e 1), (3.58)

Thus

o~ C
10 = i) L{Zoj)ll+ <

where the number C' depends in principle of the chosen large constant R.
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So
L(Zoj) = mnL(Zoj) + (1 —mj)L(Zog) + 2Vn;V(Zo; — Zoj) + Ani(Zo; — Zoy)
_(+a) wos _® 1
=0(e™ i)+ (1 — n)e” (ag; G(¢&, e~ iy) — )
]
+2Vn;V(Zoj — Zoj) + An;(Zoj — Zoj). (3.59)

Note that for r = |y — E;\ € (R,R+1), we have

Zoj — Zoj = agjG(Ej, e Ty) — L

Hj
_p
j

Hence we derive that for r € (R, R+ 1),

ap

~ 1 -
Zoj — 75 = S1og = + 0(—1), (3.60)
P r
~ C1 e 1
V(Zo; — Zyj) = ——=+ O( ). (3.61)
br p

From (3.59), (3.60) and (3.61), we conclude that
~ C
L(Zoi)|l« < —.
1L(Zos)ll+ <

Now we estimate the left hand side integral of (3.57). From (3.59), we see
that for j # k,

~ ~ _ap ]_ 7 ~ ].
| 1) Za = 06 )+ [ OG (1 + 18m) Zas = O).
» Q P p
For j = k, we decompose
/ L(Zow) Zow = I + IT + O(e” 1)
QP
where
(2+a) , 1. =
= / O™ %) + (1 — )€ (agr G (€, e~ y) — —) Zo
Qp Mk
P 1
= O(efr”)+0(p72)
and

I= /Q @VneV (Zok — Zok) + Ani(Zok — Zok)) Zok.-
4

Thus integrating by parts we find

I= /VHV(ZOk — Zo) Zor, — /Vﬁj(ZOk — Zok)VZoi + O™ 5).



20 MONICA MUSSO AND JUNCHENG WEI

Now, we observe that in the considered region, r € (R,R + 1) with r =
ly — &5 | Zok — Zok| < § while [VZy,| < 35 + 1. Thus

~ ~ D
|/V71j(ZOk — Zok)VZok| < o

where D may be chosen independent of R. Now
N ~ R+1 , 1 A
/VnkV(ZOk — Zok)Zow = / 1 (aok - + O(e™1)) Zoprdr
R

R+1
= aok /R T ot + o)

E
= —5[1 +O(R™Y)], (3.62)
where F is a positive constant independent of p. Thus we conclude, choosing

R large enough, that I ~ —%. Combining this and the estimate for IT we
find

~ - E B
| 120 = =11+ O, (3.63)
Qp p
| B(Zu)Zo = 0(R) ) toxj £ 1. (3.64)
P
This, combined with (3.57), proves the lemma.
O
Proof of Proposition 3.1.
First we prove that for any ¢, ¢;; solution to (3.31) the bound
[#llec < Cpllhll- (3.65)
holds.
The previous lemma yields
m Jj
1lloc < Co(Ill + YD leis)- (3.66)
j=1i=1
So it suffices to estimate the values of the constants c;;. We show that
|eij| < Cpl|hllx- (3.67)

To this end, we multiple (3.31) by Z;; and integrate to find

/Q H6)Z) = /Q W+ e /Q il (3.68)

Note that for ¢ # 0
Zij=O0((L+ly = &N



STATIONARY STATES 21
So
| 1z =o(al.) (3.69)

4
and

| 1@z = [ 1258 =0 Mol (3.70)
QP

P

Substituting (3.69) and (3.70) into (3.68), we obtain (3.67).
Now consider the Hilbert space

H:={¢eH(): %

:0, / XjZij(/):O Vj:1,...,m,’i=1,Jj
o0 2
P

with the norm ||¢[%, := fﬂp Vo2 + e~ 2¢2. Equation (3.31) is equivalent
to find ¢ € H such that
/ (VY + e~ 2 dp) —/ Wep= [ hp Ve H.
Qp QP Qp

By Fredholm’s alternative this is equivalent to the uniqueness of solutions
to this problem, which is guaranteed by (3.65).
a

Remark 3.1. Given h € L*®(§y,) with ||h|« < oo, let ¢ be the solution
to (3.31) given by Proposition 3.1. Multiplying the first equation in (3.31)
against ¢ and integrating by parts, we get

Il = [ (vop et = [ wo- [ he
Qp QP QP
Taking into account (2.25) we conclude that
18]l < Cll$lloo + [[2]]+)-
4. THE NONLINEAR PROBLEM
Consider the nonlinear equation
—Ap+e ip—We=R+N($) +X;cixiZij in Q
g—f =0 on 09,

(4.71)
prXjZij¢:0 Vj = 1,... , M, ’l = 1,Jj,

where W is as in (2.25) and N, R are defined in (2.19) and (2.20) respectively.

Lemma 4.1. Let m > 0, d > 0. Then there exist pg > 0, C > 0 such
that for p > py and any (&1, ... ,&m) satisfying constraint (3.39) the problem
(4.71) admits a unique solution ¢, c;; such that

[plloc < Cp~? (4.72)
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and
%

C
Z|0U| < E s Nollm < P

1,

(4.73)

Proof. Let us denote by C, the function space C(f2) endowed with the norm
| - ||«- Proposition 3.1 implies that the unique solution ¢ = T'(h) of (3.31)
defines a continuous linear map from the Banach space C, into Cp(Q2), with
norm bounded by a multiple of p. Problem (4.71) becomes

¢ = A(¢) == —T(R+ N(¢)).

For a given number v > 0, let us consider the region

Y
Fy:={d € Co(Q) : [[¢lloc < 5}'
We have the following estimates

IN(@)ls < Cpllgll3,

IN(¢1) = N(d2)ll« < Cp (maxi=12[|filloc) Ip1 — d2lloc,  (4.74)
for any ¢, ¢1,¢2 € F,. In fact, by Lagrange theorem we have that
1.\"?% ,
NI <ptr-1 (Vo) 6
and

p—2
NG - Nl <po-1) (V+0C5)) (maxléd ) 161 o

I

for any z € Q, and hence, we get (4.74) since || 70", eYill, = O(1). By
(4.74), Proposition 3.1 and (2.24) imply that

D
[A@)lloo < D'p (IN(@)]« + [IRIl+) < OW°[I¢ll5) + o

and
46 - A < CPIN ()N < O (a6 ) 612l

for any ¢, ¢1,¢2 € F,, where D is independent of v. Hence, if ||¢]| o < %?,

we have that

1 D _2D
Ao = O(Z_)||¢||oo) tES

Choose v = 2D. Then, A is a contraction mapping of F, since

[4(1) = Ao < 3ll61 = ol
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for any ¢1, ¢2 € F,. Therefore, a unique fixed point ¢ of A exists in F,. By
(3.67), we get that

1 C
> leii©)l=0 (||N<¢)||* + IRl + —||</>||oo) <=
ij p p
and by Remark 3.1 we deduce that

16l = O (¢l + IN(D)ll+ + [ R]l) <

’Ew| Q

O

Remark 4.1. The function V+¢, where ¢ is given by Lemma 4.1, is positive
in Qp. In fact, we observe first that V is positive. Indeed, from (2.23) we
argue that, in the region |y—§;-| < 56%, V is positive. Qutside this region, we
may conclude the same from (2.11), (2.12). Finally observe that p|¢| — 0
uniformly over compacts of Qp.

5. VARIATIONAL REDUCTION

In view of Lemma 4.1, given & = (&1,... ,&n) € My, we define ¢(£) and
cij(€) to be the unique solution to (4.71) satisfying the bound (4.72). Define
the following function of &,

Fy(€) = J,(U[E] + $l¢)), (5.75)
where J, is the functional defined by
_ 1 2, .2y 1 1
To(v) = 5/Q(|vv| o) = /QW , (5.76)

Ul¢](z) is the function defined in (2.13) (with this notation we just would
like to stress the dependence on &) and

PlE)(z) = 7o D gl¢](eFz), =€ Q. (5.77)

Lemma 5.1. Let p be large. The function Fy is of class C'. If £ =
(é1y... ,&m) € My is a critical point of F, then u(z) = U[€](z) + ¢[¢](z) is
a critical point of J,, that is, a solution to (1.5).

Proof. Fix p large. Since all the terms in (4.71) depends C! on &, the map
¢ = ¢ in a C'-function in L*(2,), as consequence of the Implicit Function
Theorem. From Remark 3.1 one gets that F, € C*.

Let

1 1
Lw) == [ |Vo?+e%v? - —/ vPTL,
2 Ja, p+1 /g,

Then, performing a change of variable, F),(§) = J,,(U[f]—i—([ﬁ[{]) — g1 L(V[E+
#[¢']) where &' = e1¢ and V is given by (2.16). Therefore

208 _ rpr e o gen [ 2VIEL 99L€1
¢ g = DLV + D | T+ e
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Since v = V[¢'] + ¢[¢'] solves (4.71),

s OF, [ VI | 9dE]
e 4e » 35]:1 = Z CZJ/QPXJZZ [ Bfk,l + afk,l ]

i=1,J,j=1,0ym

Let us assume that DF(£) = 0. From the previous equation and the orthog-
onality condition fﬂp XxjZij¢ = 0, we conclude that, for all £ = 1,... ,m,
1=1,J;

V¢ (xjZij)
Cij [/ X;jZij 85[ Ly g 36 = 0.
j=1,.;mi=1,J; Qp k.l Qp ki
Now direct computation shows that —aa‘g,[fl] = +Zj; + o(1) where o(1) is in
k,l

the L° norm and that

OxiZi) Ve
/ gen2 8sz — o(1) /Q %

Hence, equation DF(¢) = 0 is reformulated into

Z Zcz]/ XJ ij :EZkl"i‘ ()) 0 VE=1,...,m.

j=1,...,mi=1,J;

This is a strictly diagonal dominant system. We thus get that ¢;; = 0, for
all j =1,... ,m,i = 1,J;. Positivity of the function u follows from Remark
4.1.

O

Next Lemma shows that the leading part of Fj,(£) is given by ¢p,.

Lemma 5.2. Let d > 0 be small and p1; be given by (2.22). Then

pt1 L » 2
Fp(§) =8n(K+ )”IP ”1+(C—?87T)(K+2)”1P p=1
1 & [ 4 (&, & ] -1 p Py
_52% §Ja§J Zcz i165) | € P
Jj=1 i#]
1
+1§9p(§), (5.78)

where ©,(&) is uniformly bounded in My as p — oo and C is a universal
constant.
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Proof. Observe first that

/Q(U+<Z’)p+1=ep%l/ (V+¢)p+1

Qp

p
= er—1

2 7% 2 . e
/Qp[|v(v+¢)| +e (V+¢) ]+ZZJ-:CZ]/QPX]ZUV]

[IN@ +HP + @ + 371+ 0()
Q p

since (4.73) holds true. Hence
1 1

&) =G~ 37 /Q[IV(U + )P + (U + )% + O

)
p! (5.79)

Now,
[Iv@+ 3P +@+d71= (V0P + 07 +2 [ VUVG+Uq
+ [ 1v3E+ )
— et /Qp[|vw2+e—’2’v2]+2epf1 /Qp[vvvczs+e—‘z’v¢]

+ o [ [vgP et
QP
_p_
= er-1[A+B+C].
We observe first that, as a consequence of (4.73)
1
3

B+C=0(

) (5.80)

uniformly for ¢ € M as p — 0.
We will devote the rest of this proof to estimating A. Define

Vily) == Y ptagly) yeQ
i=0,1,2

(see (2.10)) so we may rewrite (2.16) in equivalent form V (y) = —— ZT:l Vi(y).

pP=T

Note that V; satisfies

1 1
—AVj+e 2V = e 4 Z;(_Awlj e twy) —I—p(—Awlj te twy)  inQ,

oV
a—yj = 0 on 02,
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Then

2p

prTA :/ (—AV + e 5V)V
QP

:Z/ AV 4V o(ed). (5.81)
j B(é‘;‘a(sez)
Let us fix 5. We have

/ L (CAV + eV
B(&],0e1)
wo; 1 L _p 1 _p
= . e J 4+ —(—Awlj +e 2w1j) + —2(—AWQj +e 2w2j) X
B(g},0e1) p p
1 1 _p
P+ wpj + ];wlj + ngj + o(e™ %)

:p/ , e“oi +/ b (ewoijj — Awyj + 67%0.)1]')
B(¢;,0e4) B(¢},0e1)

+0(). (5.82)

Define n; to be equal to 1 if 7 = 1,... ,K and equal to % if j = K+
1,... ,K + L. We have

/ , €% =8mn; + O(ef%p); (5.83)
B(¢},0e7)
. _ 8 8
if we call 8= [g» EEERE log EEREE
8 P
€% wy zﬁn—?n-logu'/ Ao mz tole )
/B(gg,,geg) ! ! ! T Jre (14 |2[2)?

= fnj — 16n;mlog u; + o(e™ %)
= Bnj + 12m; — 3 [e;H (&), €) — Y ciG(6 &)
i#]
1

_|_O(];) (5.84)

because of (2.22). Since wi;(y) = &)1(|y;fj|) for a certain real function @y,
we get

/ , Awij=an; + o(e™ %) (5.85)
B(E deh)

for a certain universal constant o, and

/ , Wij = 0(6_%). (586)
B() ek

e

™S
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Summing up all the information contained in (5.81)—(5.86), we obtain

8T L 08—a+ 127 L
A =— (K+§)P+T(K+§)
pr-t pr-t
1 1
—— |DIGHE ) + ) aciG(€,&)]| +O0(=). (5.87)
2pr-1 |7 vy p
The expansion (5.78) thus follows from (5.79), (5.80) and (5.87). O

6. PROOF OF THEOREM 1

This section is devoted to the proof of Theorem 1. We first need the
following

Lemma 6.1. We have

i -+ 6 — 0. 6.88
(in em(§) oo as (6.88)

Proof: The proof of this Lemma is similar to [14], we briefly reproduce it
here for completeness. Let & = (&1, ...,&n) € OMy. There are two possibil-
ities: either there exists jo < K such that d(&j,,09) = d, or there exists
B0 7# Jos [§io — &jol = d-

In the first case, a consequence of the properties of the Green function is
that for all £ € Q

1
H >Clog ——. 6.89
In the second case, we may assume that there exists a fixed constant C' such

that d(&,00) > C,i = 1,..., K, as otherwise it follows into the first case.
But then it is easy to see that

G(¢i,&) > Clog ———. (6.90)

& — &l
The statement of the Lemma follows from (6.89) and (6.90). O
We are now ready to give the

Proof of Theorem 1: According to Lemma 5.1, the function U[¢] + B[¢],
where U and ¢ are defined respectively by (2.13) and (5.77), is a solution
of Problem (1.5) if we adjust £ so that it is a critical point of F,({) =

Jo(U[€] + [¢]) defined by (5.75). This is obviously equivalent to finding a
critical point of

~ __p_  2p _p_ _pH1 _p_ 2
Fp(€) = —2e »—1pp-1 (Fp(f)+Aep—1p »=1 4 Bep-1p P—l)

for suitable constants A and B. On the other hand, from Lemma 5.2, we
have that for £ € My,

Ey(€) = om(€) + 00 )0,(6), (6.91)
where ¢, is give by (1.9), ©, is uniformly bounded in My as p — oo.
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From the above Lemma, the function ¢,, is C', bounded from below in
My and such that

min N — 4+ooas d— 0.
£COM, om (&1 §m)

Hence, for d is arbitrarily small, ¢y, has an absolute minimum M in M.
This implies that F,(£) also has an absolute minimum (&1, ...,&5,) € My
such that

(€D, 2) > 1min om(£) a5 p - oo. (6.92)
EeMy

Hence Lemma 5.1 guarantees the existence of a solution w, for (1.5). The
qualitative properties of the solution follow directly from the ansatz (2.13).
O

Remark 6.1. By using Ljusternik-Schnirelmann theory, one can get an-
other distinct solution satisfying Theorem 1. The proof is similar to [10].
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