MUTUALLY EXCLUSIVE SPIKY PATTERN AND SEGMENTATION MODELED BY THE
FIVE-COMPONENT MEINHARDT-GIERER SYSTEM*
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Abstract. We consider the five-component Meinhardt-Gierer model for mutually exclusive patterns and segmentation which was proposed
in [11]. We prove rigorous results on the existence and stability of mutually exclusive spikes which are located in different positions for the two
activators. Sufficient conditions for existence and stability are derived, which depend in particular on the relative size of the various diffusion
constants. Our main analytical methods are the Liapunov-Schmidt reduction and nonlocal eigenvalue problems. The analytical results are
confirmed by numerical simulations.
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1. Introduction. We analyze the five-component Meinhardt-Gierer system whose components are two activators
and one inhibitor as well as two lateral activators. It has been introduced and very successfully used in various modeling
aspects by Meinhardt and Gierer [11]. In particular, it can explain the phenomenon of mutual exclusion and handle
segmentation in the simplest case of two different segments. This model has been reviewed and its many implications
have been discussed in detail by Meinhardt in Chapter 12 of [10].

The most important features of this system can be highlighted as lateral activation of mutually exclusive
states. To each of the local activators a lateral activator is associated in a spatially nonlocal and time-delayed way.
The consequence of the presence of the two lateral activators in the system is the possibility to have stable patterns
which for the two activators are mutually exclusive, or in other words, the patterns for the two activators are located in
different positions. It is clear that mutually exclusive patterns are not possible for a three-component system with only
two activators and one inhibitor since mutually exclusive patterns for the two activators could destabilize each other in
various ways. Therefore the lateral activators are needed.

Numerical simulations of mutually exclusive patterns have been performed in [11], [10]. Many interesting features
have been discovered and explained but those works do not give analytical solutions and they are not mathematically
rigorous. To obtain mathematically rigorous results, in this study we show the existence and stability of mutually exclusive
spikes in such a system.

The overall feedback mechanism of the system can be summarized as follows: Lateral activation is coupled with
self-activation and overall inhibition. We will explain this in more detail after the system has been formulated
quantitatively.

A widespread pattern in biology is segmentation. The mutual exclusion effect described in this paper is a special
case of segmentation where only two different segments are present. Examples for biological segmentation are the body
segments of insects or the segments of insect legs. The segments usually resemble each other strongly, but on the other
hand they are different from each other. Segments may for example have an internal polarity which is often visible by
bristles or hairs. This internal pattern within a segment depends on the position of the segment within the sequence
in its natural state. In some biological cases a good understanding of how segment position and internal structure are
related has been obtained. One famous example are surgical experiments on insects, e.g. for cockroach legs. Creating
a discontinuity in the normal neighborhood of structures by cutting a leg and pasting one piece to the end of another
partial leg creates a discontinuity in the segment structure as some segments are missing their natural neighbors. This
forces the emergence of new stable patterns in the cockroach leg such that all segments get back their natural neighbors.
However, the resulting pattern can be very different from any naturally occurring pattern.

For example for cockroach legs, if the normal sequence of structures within a segment is 123...9, a combination of a
partial leg 12345678 to which the piece 456789 is added first leads to the structure 12345678456789. Note the presence of
the jump discontinuity in this sequence between the numbers 8 and 4. Now segment regulation adds the piece 765 which
removes the discontinuity and leads to the final structure 12345678765456789. This is different from the original natural
structure but nevertheless each segment has the same neighbors as in the natural situation.

In this example which was experimentally verified by Bohn [1], it is not the natural sequence but the normal neigh-
borhood which is regulated. It is exactly this neighboring structure which can be modeled mathematically using the
system from [11] which is considered here and this paper can be the starting point to a rigorous understanding of more
complex segmentation phenomena.

Now we give a sociological application of mutual exclusion (see[11]): Consider two families. They can hardly live
in exactly the same house as this would lead to overcrowding and is therefore less preferable. But if they live in the
same street or neighborhood they can support, nurture and benefit each other. Thus this collaborative behavior can
lead to a rather stable situation. Indeed, stable coexisting states with concentration peaks remaining close but keeping
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a certain characteristic distance from each other are typical phenomena which are observed in quantitative models of
systems modelling mutual exclusion and they obviously resemble real-world behavior in this example very well.

This feedback mechanism of lateral activation coupled with overall inhibition can be quantified by formulating the
effects of “activation”, “lateral activation” and “inhibition” using the language of molecular reactions and invoking the
law of mass action. Now we are going to discuss this in a quantitative manner. We will introduce the resulting model
system first and then explain how these feedback mechanisms are represented by the terms in the model.

The original system from [11] (after re-scaling and some simplifications) can be stated as follows:

2 2
cS2g CS5139
g1t = ezgl,rm -0+ r ! y 92t = 6292,1.% — g2+ r 25
(1.1) Try = DyTag — 7+ 5297 + €513,

TS1,t = Dssl,mm — 81+ g1, TS24 = DSSQ,mx — 82+ go.

Here 0 < € << 1, D, > 0 and Ds > 0 are diffusion constants, c is a positive reaction constant and 7 is nonnegative
time-relaxation constant (in [11] the choice 7 = 1 was made).

The z-indices indicate spatial derivatives. We will derive results for the system (1.1) on a bounded interval Q@ =
(=L, L) for L > 0 with Neumann boundary conditions. Some results for the system on the real line (L = oo) will also be
established and they will be compared with the bounded interval case.

The first two components, the activators g; and go activate themselves locally which is due to the terms g? and g3,
respectively, in the first two equations.

The lateral activators are introduced in (1.1) by the fourth and fifth components s; and ss as follows: To both
the activators, g;, i = 1,2, there are nonlocal and delayed versions s;. Now s; acts as an activator to g2 and s acts as
in activator to g; due to the terms ss in the first and s; in the second equation which have a positive feedback. The
expression lateral activation is used since g; activate gs_; laterally through its nonlocal counterpart s; rather than locally
through g; itself.

Lateral activation is finally coupled with overall inhibition as follows: The third component r acts as an inhibitor
to both g; and gs due to the term r in the first and second equations which has a negative feedback. Note also that both
the local and the nonlocal activators have a positive feedback on r due to the terms s2g? and s1¢3 in the third equation.

This feedback mechanism is a generalization of the well-known Gierer-Meinhardt system [6] which has one local
activator coupled to an inhibitor. We recall that the classical Gierer-Meinhardt system as well as the five-component
system considered here are both Turing systems [13] as they allow spatial patterns to arise out of a homogeneous steady
state by the so-called Turing instability. (Some analytical results for the existence and stability of spiky Turing pattern
for the Gierer-Meinhardt system have been obtained for example in [3], [4], [5], [9], [12], [14], [17], [18], [19].)

Now we state our rigorous results on the existence and stability of stationary, mutually exclusive, spiky patterns for
the system (1.1).

We prove the existence of a spiky pattern with one spike for g; and one spike for g, which are located in different
positions under the following conditions:

(i) the diffusivities of the two lateral activators are large compared to the inhibitor diffusivity and

(ii) the inhibitor diffusivity is large compared to the diffusivities of the two (local) activators.

We summarize the two main conditions (i), (ii) which guarantee the existence of mutually-exclusive spike patterns
for (1.1) in the following;:

(1.2) We assume that €2 << C;D, < D, for some constant C; > 0.

We also prove the stability of these mutually exclusive spiky patterns provided certain conditions are met which are
of the type (1.2) with C; replaced by some new constant Cs.

In this paper we consider a pattern displaying one spike for g; and one for g, which are located in different positions.

In particular, we prove the existence of a mutually exclusive two-spike solution to the system (1.1) if Ds/D, > 4.
We show that this solution is stable if (i) Ds/D, > 43.33 for L = oo, or in general if (5.3) holds (condition for O(1)
eigenvalues) and if (ii) Ds/D, > 4 (condition for o(1) eigenvalues).

The main results will be stated in Theorem 3.2 (Section 3) on the existence of solutions and in Theorem 2 (Section 5)
as well as Theorem 3 (Section 6) on the large and small eigenvalues of the linearized problem at the solutions, respectively.

What do these results tell us about segmentation? As a first step, we have proved that in the case of two segments
which we call 1 and 2 the sequence 12 can exist and be stable, and we have found sufficient conditions for this effect to
happen.

The case of n > 2 components will lead to a system with 2n + 1 components which is very large and not easy to
handle. Even in the case n = 2 for the five-component system investigated in this paper the analysis becomes rather
lengthy. We expect that, following our approach, we will be able to prove existence and stability of n spikes in n different
locations. We do not see any major obstacle, only the proofs become more technical. We are currently working on this
issue.

The outline of the paper is as follows: In Section 2, we compute the amplitudes. In Section 3, we locate the spikes
and show the existence of solutions. In Section 4, we first derive the eigenvalue problem. Then we compute the large (i.e.
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O(1)) eigenvalues and we derive sufficient conditions for the stability of solutions with respect to these. In Section 5, we
solve a nonlocal eigenvalue problem which has been delayed from Section 4. In Section 6, we give the most important steps
and state the main result on the stability of solutions with respect to small (i.e. o(1)) eigenvalues. Sufficient conditions for
this stability are derived. The technical details of the analysis of small eigenvalues is delayed to the appendices. Finally,
in Section 7, our results are confirmed by numerical simulations.

2. Computing the Amplitudes. We construct steady states of the form

—x1

(@) =tow (© (14+0(e), g2() = tzw ( “="2) (1 + O(e)),
(=) (=)

where w(y) is the unique positive and even homoclinic solution of the equation
(2.1) Wyy — W+ w? =0

on the real line decaying to zero at +oo. Here we assume that the spikes for g; and g, have the same amplitude, i.e.
t1 = to. We often use different notations for the two amplitudes as this will be important later when we consider stability
since there could be an instability which breaks the symmetry of having the same amplitudes. The analysis will show
that ¢1, t2 and z1, x2 depend on € but to leading order and after suitable scaling are independent of €. To keep notation
simple we will not explicitly indicate this dependence.

All functions used throughout the paper belong to the Hilbert space H2(—L, L) and the error terms are taken in the
norm H?(—L, L) unless otherwise stated. After integrating (2.1), we get the relation

(2.2) oy = [ vty

which will be used frequently, often without explicitly stating it. We denote

(2.3 @) =w (), ) = (T2,

€ €

Note that g; and go are small-scale variables, as € << 1, and r, s1, and s are large-scale (with respect to the spatial
variable). For steady states, using Green functions, these slow variables, to leading order, can be expressed by an integral
representation.

To get this representation, g; in the last three equations of (1.1) can be expanded as

nie)=ne( [ w) 5, (2) + O(), g2lx) = Be ( / w) bes () + O(E),

where d;, (x) = d(z — 1) is the Dirac delta distribution located at x;. Similarly, for go we have

g2(x) = tae (/ w) 32, (2) + O(e%),  g3(x) = t3¢ (/ wQ) 0z, () + O(€%).
R R
Using the Green function Gp(z,y) which is defined as the unique solution of the equation
(24) DAGD($7y) - GD(xay) + 5y(x) = 07 _L <z < L7 GD,I(_Luy) = GD,I(Lay) = 07
we can represent sq(x) by using the fourth equation of (1.1) as
(2.5) s1(z) = tie (/ w) Gp,(z,21) + O(e?).
R

An elementary calculation gives

mcoshO(L+x)cosh0(Lfy), -L<zx<y<lL,
26) Goay)={ "
smnaary Cosh O(L — x) cosh O(L + y), —-L<y<z<lL
with @ = 1/v/D. Note that
1
(2.7) Gp(r.y) = s=e VP — Hp(,y),

2v/D
where Hp is the regular part of the Green function Gp. In particular, for L = oo, we have

1
VD

(2.8) Gp(x1,29) = 5 e~lz=ul/vD _. Kp(x1,x2).
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In the same way, we derive

(2.9) $2(2) = tae ( / w) G, (z,22) + O(c).

Now we compute the last two terms on the r.h.s. of the third equation of (1.1) as follows:
2
cs2gi(x) = csa(x)tie (/ w) 5z, (2) + O(%) = ctitye® (/ w) 8a, (2)Gp, (z1,12) + O(€3)
R R
and, similarly,
2
cs1g5(x) = ctytie? (/ w) a0y (2)Gp, (1, 12) + O(€3).
R

Now, using the third equation of (1.1), we can represent r(x) by the Green function Gp,

(2.10) r(x) = ctita€? (/R w) Gp.(w1,22)(t1Gp, (x,11) + t2Gp, (1, 13)) + O(?).

Going back to the first equation in (1.1), we get

csottw?

csags csot
(2.11) eAg1 — g1+ %gl =t (EAw; —wy) + +0(e) =ty { ; L 1} w? 4 O(e).

To have the same amplitudes of the two contributions in (2.11), we require

esa(x1)ty
2.12 ——— =14 0(e).
(212) s (©
Now we rewrite (2.12), using (2.9) and (2.10):
CSQ(.’L‘l)tl 1
2.13 = + O(e).
(2.13) r(21) e([rw)(t1Gp, (v1,21) + t2Gp, (71, 22)) ©
Thus, (2.12), for z = x1, gives
1
(214) t1GDT(fE1,$1)+t2GDT(90179€2) = 7"‘!‘0(1)
€ [pw
In the same way, from the second equation in (1.1), we get
1
(215) thDr (1’1,1’2) + tQGDT(xQ,xQ) = —+ O(].)
€ fpw

The relations (2.14), (2.15) are a linear system for the amplitudes ¢1, 2 of the spikes if their positions state that the
amplitudes z1, x2 are known. Note that the amplitudes depend on the positions in leading order as also the Green function
Gp, depends on its arguments in leading order. We say that the amplitudes are strongly coupled to the positions.

Note that the system (2.14), (2.15) has a unique solution ¢, t2 since by (2.6)

2

G , Gp. , —(Gp. , 2__  r
p,(x1,21)Gp, (x2,22) — (Gp, (21, x2)) Snl%(26,L)

cosh6,.(L — x1) cosh 0,.(L + z2)

x[cosh 0, (L + x1) cosh 0, (L — z3) — cosh 0, (L — x1) cosh 0,.(L + z2)] > 0

for —L < 29 < 1y < L, where 0, = 1/1/D,..

By symmetry, for 1 = —x9, we have t; = t5. This is the case we are interested in. But we have not shown that there
are such positions x1, 2, yet. This will be done in the next section.

For the special case L = oo, we have Gp_(x1,z2) = Qije_‘”_yV\/Dif and (2.14), (2.15) in this case are given by

r

b + tae—lm—eal/vDr _ 2V Dr

€ fpw

by + tye—lm—wal/VDr _ 2V Dr

€fpw

R

)

Finally, we summarize the main result of this section
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LEMMA 2.1. Assume that € > 0 is small enough. Then for spike-solutions of (1.1) of the type

xr — X r — T2

n0) =t (T0) 14 00). o) =t (T2 (14 000,

where w(y) is the unique positive and even solution of the equation
Wyy — W + w? =0

on the real line decaying to zero at oo, the amplitudes t1 and ty are given as the unique solution of the system

1 1
+0(1), tGp,(z1,22)+ t2Gp, (T2, 22) = ——
ewa

where Gp is the Green function defined in (2.4).

t1Gp, (z1,21) + t2Gp, (x1,22) =

3. Existence of Mutually Exclusive Spikes. In this section, we use the Liapunov-Schmidt reduction method
to rigorously prove the existence of mutually exclusive spikes. We will get a sufficient condition on the locations of the
spikes.

The problem here is that the linearization of the r.h.s. of the first equation in (1.1) around w; has an approximate
nontrivial kernel. This comes from the fact that a derivative of the equation (2.1) with respect to y gives

(wy)yy — wy + 2wwy = 0.

Thus, w, belongs to the kernel of the linearization of (2.1) around w. Note that the function w, represents the translation
mode. Therefore a direct application of the implicit function theorem is not possible, but one has to deal with this kernel
first. This is the goal in this section.

Recall that for given gi,92 € H% (), where Q. = (—L/e, L/e) and H% () denotes the space of all functions in
H?(Q,) satisfying the Neumann boundary condition, by the fourth equation of (1.1) s; is uniquely determined, by the
fifth equation ss is uniquely determined, and finally by the third equation r is uniquely determined. Therefore, the steady
state problem is reduced to solving the first two equations.

We are looking for solutions which satisfy

xr— I T+ 1

nl0) =t (T22) (1400). ) = (ZE2) (14 0(0)

€
with g1(z) = go(—z) (z1 > 0). By this reflection symmetry the problem is reduced to determining just one function:
g1(x) = tywy(z) + v.

We are now going to determine this function in two steps. Denoting the r.h.s. of the first equation of (1.1) by
Se[tiwy + v], which is well-defined for steady states, our problem can be written as follows: Sc[t;w; + v] = 0, where
Se + HZ(Q2) — L2(9,).

First Step. Determine a small v € H?(€2) with [, v% dz = 0 such that

d
(31) Sé[tlwl + U] = 66%

Second Step. Choose z; such that
(3.2) 8=0.

We begin with the first step. To this end, we need to study the linearized operator

Leg, : H3(Q) — L*(Q) defined by Ly, = S.[tywr]¢,

where S_[tjw;] denotes the Frechet derivative of the operator S, at tyw;.
We define the approximate kernel and co-kernel, respectively, as follows:

- dwi | g - dwil g2
Ke,z, = span {e . } C H*(Q.), Cegy :=span {e . } C L*(9).

By projection, we define the operator

0 Lea, : Kt —Ct

L =7t
6r1 — ex €,T1 €,r1?

1

where ﬂégjl is the orthogonal projection in L*(£2) onto CZ, .

Then we have the following key result for the Liapundv—Schmidt reduction.
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PROPOSITION 3.1. There exist positive constants €, 6, X such that we have for all € € (0,€), z1 € Q with min(|L +
$1|, |L — .’L‘ll) >0,

(3.3) L, ll2(0) = Adlln2,) forall ¢ € K,

Further, the map L. 5, is surjective.
Proof of Proposition 3.1: We proceed by deriving a contradiction.

Suppose that (3.3) is false. Then there exist sequences {ex}, {z1*}, {¢*} with ¢, — 0, 1% € Q, min(|L + 2%, |L —
) >0, ¢F = ¢, € K:;,z’f’ k=1,2,... such that

(3.4) ILepwrv 8" ll2 0. ) = 0, ask—o0, [["m2, ) =1, k=1,2,....

At first (after rescaling) ¢. is only defined on Q.. However, by a standard result (compare [7]) it can be extended to
R such that its norm in H?(R) is still bounded by a constant independent of ¢ and z; for € small enough. It is then a
standard procedure to show that this extension converges strongly in H?(£).) to some limit ¢; with ||¢; |z2(ry = 1. For
the details of the argument, we refer to [8].

The same analysis is performed for wy and its perturbation ¢, 2. Then ® = (¢1,¢2)” solves the system

fRi}dy [2£1GDT($17$1) </1;U}¢1 dy) +21?1GDT(£E1,ZL'2) </RU}¢2 dy)
(3.5) +65Gp, (31, 72) < ([ e dy) G, (z1,22) ( ([ dy)] 0,

fRiny 265G p. (12, 29) (/wqbg dy) + 265G p, (21, 72) </w¢l dy)
(3.6) +t1Gp, (71, 72) (/ ¢2dy> —t2Gp, (21, 22) (/ ¢ dy)] =0,

where Lo = 62qbyy — ¢ + 2w and

Log1 —

Logo —

(3.7) aﬁ:(elewdy) and  t; = (o) "Mt

This system is the special case with A = 0 of (4.7), (4.8) derived in Section 4. To avoid doing this computation twice
we have delayed it to Section 4, where the more general case is considered.
Now, adding (3.5) and (3.6), we obtain

2 )d
Lo(p1 + ¢2) — ( I T ¢ul)::ij2 y) 0.
R

This implies by Theorem 1.4 of [15] that ¢ = —¢2, and, setting ¢ := ¢1, for ¢ we must have

4 w?
4—co [w?dy

where 0 < ¢y < 2 (compare (5.1) for A = 0). Now by Theorem 1.4 of [15] we must have ¢ = 0. This contradicts
|ll2(ry = 1. Therefore, (3.3) must be true.
By the Closed Range Theorem it follows that the map L. ,, is surjective. (The details are given for example in [8].)
Based on this key result for the Liapunov-Schmidt reduction it is now fairly standard (see for example the works [8]
and [16]) to derive that there exists a small v € H2(.) with [, v dz = 0 such that

(3.8) Loo - [wody =0,

d
Stywy + v] = Pe ﬂ

This completes the first step.
We now turn to the second step. We have to show that 3 = 0 for a certain z;. This amounts to showing that

/QS[tlwl + v}(z)e% dr =0
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for a certain x;. Note that computing x; in fact means determining the locations of the spikes.
To this end, we have to expand S[tyw; + v](z1 + €y).
We compute

csa(z1 + ey)ty

Sltywy +v](z1 +ey) =t e

1] i+ ) + 0.
Using (2.9), (2.10) and the expansions
Gp(z1 + ey, x2) = Gp(x1,72) + Gp o, (71, 72)ey + O(€2|y]?)
and
1 1 2 12
Gp(z1 +ey,z1) = Gp(xy, 1) — ﬁe\m — iHD,zl(xl,xl)ey + O(e”|y|*),
where we have used (2.7), we get

csy(wy +ey)ts  Gp, (w1,21) +Gp, (v1, —21)

r(r1 + €y) Gp, (71, —21)

Gp,(z1,—21) + 3Gp, o, (21, —21)ey + O(|y[?)
Gp, (x1,71) + Gp, (x1,—21) — €ly|/(2D) + 5(—Hp, &, (x1,71) + Gp, &, (21, —21))ey

X

Gp, z (z1,—21) Gp, =, (x1,—21) — Hp, 2, (z1,21)
3.9 =14 2L ey — Lz .
(39) 2Gp, (a1, —w1) ¥ 2[Gp, (a1,21) + G, (o1, 1)

ey + O(€*y?) + even term in y.
This implies

dw

1
/QS[wl—Fv](m)e T dr =

Gp, e (21, —21) GDT,xl(fh—l“l)—HDT,ml(xhwl)} 6y/ ywzdﬂ

1
=3 — i dy + EW(z1),

Gp,(z1,—71) Gp,(z1,21) + Gp, (71, —21)
where We(x1) = O(€), uniformly for 0 < z; < L.
Using (2.6), we further compute

Flay) = Gp, i (21, —21)  Gp,wi(®1,—21) — Hp, o (21, 21)

Gp.(z1,—x1) Gp,(z1,21) + Gp, (x1,—21)

sinh 20(L — 1) sinh 260,21 — sinh 26,.(L — 1)

*cosh?0,(L — 1) coshb,(L — x1)[cosh,(L — x1) + cosh 0, (L + z7)]’

where § = 1/v/D. We have to determine 2, such that F(x;) = 0. Note that

sinh 20, L sinh 26,.L
F(0) =—0; — + 0, >0
) cosh? 0, L 2cosh? 0, L
if
(3.10) 0, 1 tanh 6, L

E < itanhesL'

The inequality (3.10) is satisfied if, for fixed L, 0, is large compared to 6.
In the limit L — 0 the condition (3.10) converges to % < 1/+/2. In the limit L — oo, (3.10) gives % < 1/2. For
general L € (0,00) we can write (3.10) as follows: z—j <a(L) with 1<a(L)< %
Going back to the original diffusion constants, the inequality (3.10) is equivalent to
D, _  tanh®0,L
3.11 — >4d——.
(311 D, ~ tanh®6,L

In the limit L — 0, (3.11) gives 2= > 2 and, in the limit L — oo, we can write (3.11) as follows: 2= > 4.




8 J. WEI AND M. WINTER

Ds > B(L) for some continuous function 3(L) € (2,4).

For all L € (0,00) we can write (3.11) as follows: 7=

o,
Note that (3.11) holds if

Dy
(3.12) o4

This is not the optimal condition, but it is rather handy and easy to check.
On the other hand,

sinh 6, L

F(L/2) = =0, cosh?(A,L/2) =

By the intermediate value theorem, under the condition (3.11), there exists an x1 € (0, L/2) such that F(x1) = 0. There
exists no such x; € [L/2, L) since the function F' is negative in that interval.
Note that F'(L/2) — 0 as 65 — 0. This implies that z; — L/2 as §; — 0.
We now show that the zero x1 € [0, L/2] of F is unique by proving that F’'(x1) < 0 for z; € (0,L/2) if
0 tanh(6,L/2)

(3.13) 0, = V2tanh(0.L/2)°

We compute

1 1
F/(ml) :293 2 —03 p)
cosh” 04(L — x1) cosh® 0, (L — x1)

[cosh @, (L — x1) + cosh 0,.(L + x1)]? — [sinh 6, (L — x1) + sinh 0,.(L + x1)]?
[cosh ,.(L — 1) + cosh 0,.(L + z1)]? '

—0?2

Therefore, taking into consideration only the first two terms and noting that the last term is negative, we have
F’(x1) < 0 if (3.13) holds, and in this case, the solution for z; is unique.

Note that (3.13) holds if g—s < % or, equivalently, gs > 2.
Therefore (3.10) and (3.13) are both true if 3—5 < 1 or, equivalently, gs > 4.
Now for (3.13), since F'(x1) # 0, a standard degree argument shows that for e << 1 there exists a unique z§

depending on € such that [, S[w; + v}(x)edd% dx = 0. Further, 2§ — x; as ¢ — 0, where x; satisfies

Gp.a (®1,—71) G, (#1,—21) — Hp, o, (€1, 21)
Gp,(z1,—21) Gp,(z1,71) + Gp, (x1, —21)

=0.

Thus we have shown existence and at the same time located the positions of the spikes. We summarize this result in
the following theorem:

THEOREM 3.2. There exist mutually exclusive, spiky steady states to (1.1) in (—L,L) with Neumann boundary
conditions such that

(3.14) g () = 5w (”” - ) 1400, g5() = tiw ( ”5) (14 0(e))
with
(3.15) o = ! +o(1)

€ [pwdy (Gp, (x1,21) + Gp, (x1,—21))
and x§ — 1 as € — 0, where

GDS,:L'I (:L'la 7371) B GDr,ﬂﬁl (xla 71’1) — HDr7m1 (%1,1‘1)
Gp, (71, —21) Gp,(z1,21) + Gp, (z1, —71)
If D;/D, > 4 equation (3.16) has a unique solution x1 € (0,L/2] and no solution in (L/2,L]. Further, x1 — L/2 as

s — 0.
Finally, we compute the equation for z; in the limit L — oo. In this limit, x; satisfies

(3.16) =0.

og 6729,«I1 _cL
7 Sl T + O(e )

for some C' > 0 independent of z;. This is equivalent to

(3.17) Aal/VDr _ % — 14 0(e=Ch).

This concludes our study of existence. In the following sections we consider the stability issue.
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4. Stability I: The Eigenvalue Problem and the Large Eigenvalues. Now we study the (linearized) stability
of this mutually exclusive steady state. To this end, we first derive the linearized operator around the steady state
(g5, 95, ¢, 85, s5) given in Theorem 1.

We perturb the steady state as follows:

g1 =95 + o€, g2 =g5+5eM, r=r"+ye,

€ € At € € At
51 =51 tne", S2=53+1e.

By linearization we obtain the following eigenvalue problem (dropping superscripts €):

gt " 2c829191 52930
T r 7"2

2 2 2

Ae¢2 = 62¢271’x _ ¢2 + C1193 + 831g2¢2 _ cglg2w

(4.1) r r r
TAY = Dythyy — U + c1agi + 2¢5201 01 + cnigs + 2¢s19202,

7-/\57]1 = Dsnl,xac —m+ ?1,

)\5¢1 = 62¢1,xm - ¢1 +

)

T)\enQ = Dsn2,$a: —n2+ ¢2-

where all components belong to the space H% ().

We now analyze the case Ac — A9 # 0 (large eigenvalues). After re-scaling and taking the limit € — 0 in (4.1) and
noting that ¢; converges locally in H?(—L/¢, L/¢), we get for the first two components, using the approximations of g;
and go given in Theorem 3.2:

9 2cso(z1)tiwidy  eso(xr)t3w? cng () tiwi
(4.2) €A¢g1 — ¢1 + () TP Y(z1) + T @) Ad1,
(4.3) Ay — by + 2cs1(z2)tawaga 051($2)t§w5¢(x2) + cip(z2)t3ws _ Aoy

r(72) r2(22) r(22)

Now, in (4.2) and (4.3) we calculate the terms ¢ (x) and n;(x) and na(x), respectively. To get 1(x), using the Green
function G p,, we solve the linear equation for ¢ given by

Dythyr — 3 + 2csat1wi 1+ 2cs1tawady + cnatiwd + emtaws = 0,

where again for g; and g we have used the asymptotic expansions of Theorem 3.2. For simplicity, we study the case
7 = 0. Then the stability result extends to small 7 as well, since we know that |\ < C for all eigenvalues such that
Ae > —cg for some small ¢y > 0, which can be shown by a simple argument based on quadratic forms. This gives

0o ~ |2esatenel [ wordy) + em(entte [

w? dy} Gp, (x,21)
R

(4.4) + |:2081(1'2)t26(/R wes dy) + cm(:ﬂg)tge/ w? dy} Gp, (z,z2).

R
Similarly, using Gp,, we compute
(4.5) m(z) ~ €Gp, ($7$1)/R¢1 dy, ma(x) ~ eGp, (35’132)/R¢2 dy.
Recalling from (2.5) and (2.9) that

s1(z) ~ etl(/Rwdy)GDS (x,21), S2(x)~ etg(/Rwdy)GDs (x,22),

we get from (4.4)

vy~ et [ wan) [ wordy + ([ wa) [ onay] G (o an)G, (2,00

(4.6) + [20??175262(/1%“}6@)(/1% wos dy) + Ct§€2(/RUde)/R¢1 dy} Gp,(z1,22)Gp, (2, T2).
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Further, recall from (2.10) that

r(z) = Ct1t2€2(/ wdy)ZGDS (x1,22)(t1Gp, (z,21) + t2Gp, (z,x2)) + 0(63).
R

Substituting into (4.2), we get for the coefficient of [, ¢1 dy on the r.h.s.

cso (21 )t2w?
_esa(@)huT o / wdy)t3Gp, (x1,22)Gp, (z1,72) + O(c)
R

r2(71)
2
=3 1:; )62(/ wdy)t%GDS (x1,22)Gp, (z1,22) + O(e?) = —€t2w%GDT(J:17$2) + O(€%).
2(21 R

Similarly, the coefficient for || R $2dy is calculated as

_esa(z)tiui

ceGp_ (21, z2)t2w?
. ([ B, (21,36, (11,) + “ELLELLION
r (1‘1) R

r(z1)

+O(€?)

2

= — 62(/ w? dy)t%GDs (x1,22)Gp, (z1,21) + LethDS (z1,22) + 0(62)
R s2(21)

et2w?
2

I B
ty [pwdy

Gp, (r1,21) wi + 0(62) = etlwaDT (z1,22) + O(€).

Here we have used (2.14). Then (4.2) gives the nonlocal eigenvalue problem (NLEP)

Loy — th];de [2£1GDT($17$1) (/R weor dy) +2t,Gp, (21, 72) (/R wWoo dy)

(4.7) +t2Gp, (71, 72) (/R b1 dy) —11Gp, (21,72) (/R¢2 dyﬂ = A1,

where Lop = €2¢,,, — ¢ + 2we and #; has been defined in (3.7). In the same way, for (4.3) we obtain

Logz — 2t5Gp, (w2, 22) </R wo2 dy) + 205G p, (21, 22) (/R wo1 dy)

1
Jpwdy

(4.8) +1Gp, (21, 22) (/R b2 dy) — bsGp, (x1,22) (/R 1 dy) ] = A¢2,

where ¢1, ¢o € H*(R). Set ¢ = (¢1,¢2) and denote by L¢ the left-hand sides of (4.7) and (4.8), respectively.
Then, writing (4.7), (4.8) in matrix notation, we have following the vectorial NLEP:

-1
Lo =A¢ — ¢+ 2wep — [B/R¢dy+2c(/Rw¢dyﬂ (/Rwdy) w?,

(4.9) B:GDT(J%@)( t:Q 775:1 ) - & Gp,(r1,22) < _1 *} )

—t2 4 z1,21) + Gp, (1, 22)
and
(4 10) C = ( tilGDr(xl’xl) t:1GDr(a31,x2) ) _ 1 ( GDT(£17$1) GDr(x17$2) )
. t2Gp, (z1,22) t2Gp, (v2,22) Gp, (x1,71) + Gp, (x1,22) \ Gp,(21,22) Gp, (v2,22) )"

Here we have used that (2.14), (2.15) imply

(411) tAlGDT(l‘l,.Tl) + £2GDT($1,JL‘2) =1, thDT(l‘l,ZZ?Q) + £2GDT($2,JL‘2) =1
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and therefore

n GDT(IB—Z'7I3—’£) - GDT(Il,:CQ)

(4.12) i = S, i=1,2
Gp, (1,21)Gp, (2, 22) — (Gp, (1, 22))
In the special case when Gp_(x1,21) = Gp, (z2,22) we have
(4.13) t) =ty = !
. ' Gp, (21,11) + Gp, (w1, 22)
Now, adding (4.7) and (4.8), we obtain
2 [ w(¢r + ¢2) dy
I 2 R -\
o(d1+ ¢2) —w ( Tow?dy ) (¢1 + ¢2)

which implies by Theorem 1.4 of [15] that ¢1 + ¢2 = 0 if Re(Ag) > 0. So we set ¢ = —¢p1 = —¢.
From (4.7), we obtain a scalar NLEP for ¢

w?
where

Q(GD (.’El,l'l)—GD (1’1,1’2))
4.15 = o =
(4.15) T TGp, (w1,71) + Gp, (01, 22)

do _ ZGDT(xl,xg)
Gp,(r1,21) + Gp, (w1, 22)
Note that 0 < cg < 2 and 0 < dg < 1.
In the following section we study the NLEP (4.14). It determines the stability or instability of the large eigenvalues
of (4.1) if 0 < € < ¢ for a suitably chosen €¢y. By our analysis instabilities for small ¢ > 0 imply instabilities for ¢ = 0.
On the other hand, by an argument of Dancer [2], an instability for ¢ = 0 also gives an instability for small € > 0.

Note that the NLEP problem here is quite different from those studied in [4], [5], [14] and [15].
In the next section we study this eigenvalue problem and complete the investigation of O(1) eigenvalues for (4.1).

5. Stability II: A Nonlocal Eigenvalue Problem. In this section, we study the NLEP (4.14) to determine if or
if not there are large eigenvalues, i.e. eigenvalues of the order O(1) as ¢ — 0, which destabilize the mutually exclusive
spiky pattern. Integrating (4.14), we have

2—60 /
dy = ———— dy.
/R¢ Y ity [0

Substituting this back into (4.14), we can eliminate the term [, ¢ dy. This gives

2

(5.1) o6 = ) T Jwody =20, where () = 52
R

- )\ + 2 — 00/2 '
Here we have used that ¢y + 2dy = 2. Applying inequality (2.22) of [18], we get

Jpw?dy
waQdy

Observe that after multiplying (2.1) by w and by w’, respectively, and integrating we get

/w3dy:§/w2dy.
R 5 Jr

So, assuming without loss of generality that A\g = +v/—1A;, we get for the Lh.s. in (5.2)

+ Re <)\O(CO>‘0+2 1))

(5.2) lt(Xo) — 1) + Re(Mo((Ag) — 1)) <0 if Re()\g) > 0.

6 2

5

Co>\0 +2

AU |
Ao+ 1+ dp

N+ 14+dy

_ 6(co— 1)2[Xo|? + (1 — do)? 4 Re ((Co|)\o|2 +2X0) (Ao + 1+ do))
5 Ao + 1+ do? Ao + 1+ dol?

~XolP12(1 = o) 4 (1 + do)eo — 2] + 1.2(1 — dy)?
|Ao + 1+ dol? '
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Thus if 1.2(1 —¢p)? + (14dg)co — 2 > 0, we have stability by (5.2). Using cg+2dy = 2, we calculate that this is equivalent
to 7c2 — 4co — 8 > 0 which is true if ¢ > %(1 +v/15) ~ 1.3923.
We compute, using (2.6),

2(cosh 8, (L 4 1) — cosh 0,.(L — 1)) 2cosh 6, (L — z1)

cosh6,(L + 21) + cosh0,(L —x1) *~ °  cosh@,(L+ 1)+ coshb,(L — z1)

Note that for L = co we have

2(e20rlerl — 1) 2
Co = 46297“11‘ T 1 ) 0 = 7@297v|$1| I 1

By (3.17), this implies 4/ B—i — 1 =¢rlml > 55822 and B—i > 43.33. If the last condition is valid, we have stability.

We summarize the stability result for the O(1) eigenvalues as follows:
THEOREM 5.1. The mutually exclusive, spiky steady state given in Theorem 3.2 is linearly stable with respect to large
eigenvalues \e = O(1) for 7 > 0 and € > 0 small enough if

cosh 0, (L + z1) — cosh 0,.(L — x1)

(5-3) cosh 6,.(L + z1) + cosh,. 0,.(L — x1)

> %(H\/ﬁ).

For L = oo, this corresponds to

Dy
— > 43.33.
D > 43.33

T
Now the study of the large eigenvalues is completed. In the next section we study the small eigenvalues.

6. Stability ITI: The Small Eigenvalues. Now we study the small eigenvalues for (6.3), namely those with Ac — 0
as € — 0. In this section we summarize the main steps and results in several lemmas. Their proofs are rather technical
and we therefore delay them to the appendices.

For given f € L*(Q), let T,.[f] be the unique solution in H% () of the problem

(6'1) DTA(Tr[f]) _Tr[f} +ac.f=0.
In the same way, the operator T is defined with D, replaced by D;.
Let
ge,l = flwe,mi + ¢e,zi7 g2 = £2we,z§ + ¢5,x§7
(62) Te = CTr [Ts [?];2]?]62,1] + Ts [ge,l]g?,Q]v 56,1 - Ts [ge,Q]a 56,2 = Ts [ge,l}v

where #; has been defined in (3.7) After re-scaling, the eigenvalue problem (4.1) becomes

Ne2Jc1 . 2c8e, C8¢292 1Y
Atber = EAGe1 — ot + o2 el 20101 CSe20c1 Ve

— — )
e e 72

Ne,1§ 2¢3 ) C8c19z 2%
2 €,15¢,2 €,19¢,2P¢,2 1Je,2
)\6¢6,2 =€ A¢e,2 - ¢e,2 + - + = - - s
Te Te TE

T)\e’(/}e = DTAQ/JS - we + Caene,lg?’] + 20&656,2§6,1¢6,1 + Caenglg?@ + 20a€§€,1g6,2¢6,27

TAene,l = DsAne,l — Me,1 + ae¢e,1a

TAene,Z = DsAne,Z —Ne,2 + a6¢€,27

where all functions are in H%(€2), and o, has been defined in (3.7).

For simplicity, we set 7 = 0. Since 7A. << 1 the results in this section are also valid for 7 finite. The case of general
7 > 0 can be treated as in [18]. We will see that the small eigenvalues are of the order O(e?). To compute them, we will
need to expand the eigenfunction up to the order O(e) term.

Let us define

T — x§

(6.4 ge,ju):x( J>ge,j<x), j=12

To
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where x(x) is a smooth cut-off function such that x(z) =1 for |z| < 1 and x(z) = 0 for |z| > 2. Further,

(6.5) | 1| |
M 7"() - 10 .’172, '/L'17 2 'Tl .’L’Q .

In a similar way as in Section 3, we define approximate kernel and co-kernel, but in contrast now we can use the
exact solution given in Theorem 1:

new d ~ d ~
Ke%é = span {emge,l} @ span {degﬂ} C (H%(90))2,

d . d .
Cl%¢ = span {edxge,l} @ span {edxgea} C (L*(Q0))?,

where x¢ = (z{,25) and Q. = (—£, £).
Then it is easy to see that
(6.6) Gi(x) = Jei(x) +est, i=1,2.

Note that, by Theorem 1, . ;(z) ~ t;w (m_f’) in H2.(Q) and g, ; satisfies

o )2z .
NG — g+ Tl Seazi oy o g

Thus g;j = dg;'j satisfies
2 A~ ~! 26§€,j§€,3—j ! ge,] _! cgg,jgﬁ,ff*j _/
(67) € Agw‘ - 967]' + T = Ye,j + —786,3—j - _727‘6 =+ e.s.t. = 0
¢ Te (Te)
Let us now decompose
(68) ¢6,j = ea’;ge,j + ¢£:]7 .7 =1,2

with complex numbers af, where the factor € is for scaling purposes, to achieve that af is of order O(1), and
¢el = (¢el,1a¢é2) € (’C?,fﬁf)ﬁ

where orthogonality is taken for the scalar product of the product space (L?(2.))2. Note that, by definition,
¢e = (¢e,17¢6,2) € ]CZ;:(?

Suppose that ||¢c||g2(q,) = 1. Then we need to have |a§\ <C.
Similarly, we decompose

2
(69) wﬁ = €Z@;¢€7j + ¢€J" Nej = ea;ng,j + ’r)eJ:_]? .] = 17 27
j=1
where 1) ; satisfies
(6.10) DAy = ey + 206CGe,5. j5e3—5 + il ml; =0,
n?, is given by
(6.11) DsAng,i - 778,i + aeg;,i =0,
Pt satisfies
(6.12) Dy AYE = + 20, 056,155,2‘253:1 + e 05762,1772:2 + 2a C§5,256,1¢é2 + Qe Cg?,ﬁiﬁ =0,
and finally n;- is given by

(6.13) DyAnz; =z + acde,; = 0.
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Substituting the decompositions of ¢ ;, 1. and 7. ; into (6.3) we have

~ 2_ 2 2_ ~ ~
¢ (9ej) Sesz—j + ¢ (Ge,j)*Se it | — e (Ge)” e (Gey) o
€c g —2 € a —2 €k e\ a;—— €3—j — A3_j—— €,3—j
TE T€
k=1
2A 4L L 20GejSes—j 1 CPejSes—i o COej | 1
+e A¢5,j - ¢e,j + —— ¢5,j —— Vo + — c3—j — )\egbwv + e.s.t.
e T2 e
e~ .
(6.14) = Ae€ajge i, J=1,2,
since
r | 2C0ej53—jie

€2A§;,j —Gejt+ g j+est. =0.

€

Multiplying both sides of (6.14) for j = 1,2 by gé’l for I = 1,2 and integrating over (—L, L), we obtain

L
(6.15) r.h.s. of (6.14) = )\ea;e/Lge,jgejl dzr = \Sjaf(4)? /R(w (y))?dy (1+0(1))
and
2 b (§eg) e (5 /
Lh.s. of (6.14) = ceZafﬁjl/ ”Tegﬂ <5ij€ - 1/)67;@) e dz
k=1 —L €
: b (§ey)? Y
+CGZ a0 / ; 7—:] <6j,3—k772,3—j - 6j,/€§e73—j) Gedx
k=1 - €
Loz 2z . (& 5. .
+C($jl/ (ge,l)isé,‘i*j (7’5 . e,3]> j_j de
L Te Te Se,3—j ’
Loz V25 o [t wt)
+cdj (ge’j),se’S_J 725,3—3 - dife G, dx + o(€®)
J —L Te 36,37]’ Te ’
(6.16) =Jig+ o+ I3+ Jag =,

where J; ;, 9 =1, ...,4 are defined by the last equality. The following is the key lemma for the asymptotic behavior of the

small eigenvalues:
LEMMA 6.1. We have

2
1 ~ ~
J = —¢2 (/ §w3 dy) Za;{{ — Ve Vae (Hp, (27, 27)) + t3-1Var Vae (GDT(%E’%%I))}
R k=1
. Ok,3-1Vas_ Gp (2], 25_;)
o Gp, (zf,25_)

(6.17) —l—{(Vx;tAg(xi,x;))VxleGDr (x7,x7) + (Vl-;fg_l(a:i,x;))V%eGDT (xf,x%_l)}} + o(€?).

Lemma 6.1 follows from the following series of lemmas:
LEMMA 6.2. We have

(6.18) Ner(@5_1) = & Vo Gp, (a5 4, 75) + O(e).
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LEMMA 6.3. We have

’

(6.19) Ser(@5_y) = gkvxg,kGDs (z5_1, 73) + O(e).

LEMMA 6.4. For k,l = 1,2 we have

<5klf; - %ffe,k) (z) = Cflfz{ — 4 Vae (Hp, (a7, 27)Gp, (x],25_,)) + 131 Vae (Gp, (2], 25_,)Gp, (5, 2]))

(6.20) L., <x7,x§_z>} 0.

1
2v/D,
Similar to Lemma 6.4, we get

LEMMA 6.5. For k,l =1,2 we have

i — Ve ) (25 + €y) — (Opr, — Ve ) (2f) = eyctitad — 1V Vae (Hp, (zf,2f)Gp, (2], 25_)))
l k

7 € € € € 1 7 € €
(6.21) +t3,le;VI; (GDT (z7,25_;)Gp, (z5_;, :L’l)) + ﬁtlvmf VI;GDS (z7, xgl)} + 0(52).

Lemma 6.1 will be shown in Appendix A, proving Lemmas 6.2 — 6.5 first.

After obtaining the asymptotic behavior of the small eigenvalues, our next goal is to study their stability.

Combining Lemma 6.1 with (6.15) and (6.16), the small eigenvalues A\ are given by the following two-dimensional
eigenvalue problem, where (a$,a$) are the corresponding eigenvectors:

2
. 1 . .
— €%, ( / gwi’» dy> Za;{{ — 1/ Vae Ve (Hp, (2, 27)) + t3-1V e Vae (Gp, (2f,25_,)) }
R k=1

. Ok3-1Vag Gp, (2], 25 )
“ Gp. (=}, 25_)

+{(Vx;fl($i £5))V s Cip, (25, 25) + (Vi F (25, 25)) Vs O, (2, x;,_o}} T o(@).

(6.22) = Addjaf (in)? /R (w () dy (1 + o(1)).

From (6.22) it follows that the eigenvectors (a?,a9) = lim._o(a§, a§) satisfy (a,a3) = (1,—1) or (a,a3) = (1,1), up

to a constant factor.
For the eigenvector (a,a3) = (1, —1), the computations of the eigenvalue \§ are similar to those given in Section 3.
We get

XS = Cse? M (x5) + o(€?),

where
sinh 6, (L — ) — sinh 0,.(L + x)
M(z) = —26stanhf,(L — 0, tanh 6, (L — 0,
(z) stanhfy(L —z) + 6, tanh 0, (L — z) + cosh@,.(L — x) 4 cosh 8,.(L + x)
and
1 3d
(6.23) Cs Jnwdy

B 371?1 fR(w/)2 dy

This implies

/ 262 _ 62 (o [sinh 0,.(L — x) — sinh 6,.(L + x)]2
cosh? (L —2)  cosh®0,.(L — ) [cosh 6,.(L — ) — cosh 0,.(L +z)]* )
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Obviously, M'(z) < 0 if 8 = 0 or if 5 is small compared to 6,.. A simple sufficient condition is obtained by taking into
account the first two terms of M’(x) which has been derived in Section 3 and is given by (3.13). Recall that (3.13) holds
if D,/D, > 4.

If Dy/D, > 4, the eigenvalue A§ has negative real part.

Now we consider the eigenvalue A§ with eigenvector such that lim._,¢(a§,as) = (1,1). We have
LEMMA 6.6. Suppose A§ is the eigenvalue with eigenvector lim._,o(a$, a5) = (1,1). Then we have
(6.24) A = C3e® P, x5) +o(€?),  where C3 > 0 has been defined in (6.23),
and

— Vag )G, (a1, 75)

GDs (l‘i, .’L’S)

Vze
P(xf,25) = (Vae + sz,){( !

— (21, 25)(Vag — Vag)Hp, (a1, 27) — #5(21,25) (Vag — Vm;)HDr(a?i’xi)}-

We have P(z§,z5) < 0 with equality if and only if z§ = 2§ = 0.

Lemma 6.6 will be proved in Appendix B.

By the argument of Dancer [2] the eigenvalue problem (6.22) captures all converging sequences of small eigenvalues
A€ and so A§ and A§ are all o(1) eigenvalues for € small enough. Therefore we have the following main result on o(1)
eigenvalues:

THEOREM 6.7. Suppose Ds/D, > 4 and lim._,gx§ = x1 # 0. The mutually exclusive, spiky steady state given in
Theorem 3.2 is linearly stable with respect to small eigenvalues A\e = o(1) if T > 0 and € > 0 are both small enough. More
precisely, we have Re(\.) < c€? for some ¢ > 0 independent of € and 7.

7. Numerical Simulations. For the simulations we use the domain Q = (—1, 1) and Neumann boundary conditions
for all components. The constants in the five-component Meinhardt-Gierer system are chosen as follows:

=.001,D,=.1,D,=1,¢c=1,7=1.

The pictures show the numerically obtained long-term limit of the five components g1, g2, 7, s1, S2, i.e. the state at
t = 3,000. After that the solution is numerically stable and does not change anymore. This confirms the analytical result
that the steady state with two mutually exclusive spikes for the two activators which are located in different positions is
stable.

Our simulations support the conjecture that the spikes are not only linearly stable as steady states but that, at least
locally, they are also dynamically stable for the parabolic reaction-diffusion system.

The choice of constants for the numerical simulations has been motivated by the analysis. In particular, D, has to
be rather small compared to Dy by the stability result in Section 4. On the other hand, D, cannot be too small since
otherwise by the results in Section 3 the distance between the spikes becomes very large and there is no such solution on
the interval (—1,1). So the parameters have to be chosen very carefully, and without any analytical results it would be
very hard to find the parameter range for which stable mutually exclusive spikes exist.

The pictures show that the inhibitor 7 has two peaks which are near the peaks of the local activators ¢g; and go. The
profile of the peaks of r is “smoother” than for those of the local activators. The lateral activator s; has a peak near the
peak of g; and its profile again is smoother than the latter.

Time=3000  Line: Concentration, ¢ Time=3000  Line: Concentration, c2

@

S

-

o
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Time=3000  Line: Concentration, ¢3

S

"

Time=3000  Line: Concentration, c+ Time=3000  Line: Concentration, <5

Figure 1. The stable, mutually exclusive, two-spike steady state. All five components have been plotted to highlight the
interactions between them.

We expect Hopf bifurcation and oscillating spikes to occur for sufficiently large tau. We analyzed only the case
7 = 0 and did not observe oscillations numerically for 7 = 1. The instabilities of the spikes which we encountered in
the numerical calculations were (i) disappearance of spikes when their amplitudes becomes unstable (related to large
eigenvalues) — this happens if the ratio of the diffusion constants ID)j is too small (ii) movement of the spikes to the
boundary or towards each other when their positions became unstable (related to small eigenvalues) — this occurs if D,
is too small.

For numerical simulations with very large 7 we expect oscillations to occur.

8. Appendix A: Proof of Lemma 6.1. In this appendix we prove Lemma 6.1 in a sequence of lemmas. First we
introduce some notation.
Using the notation (3.7), we introduce matrix notation

€= (171)T7 t= (£11£2)T7v3:i£: (vxiflavxi£2)Ta 1= 1727

Gij=( Gleyzy) ), 4,j=12, VoGu=(Ve,Glarz) ), ijk=12,

(8.1) 0= (Ve G) 1+ G (Var i),
0= (Ve G) t+ G (Vayt) -

The system (8.1) has a unique solution (¢, V,,#, V) since det(G) # 0 which can be written as follows:

(8.2) t=Glte, V,l=-G1(V,G) G e, i=12.
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Let us put
= 2¢Je ;8¢ 3 2 i5e3—j cg? .
1 2A 41 1L 5e,3 € Joe3—3 1 gL
(83) Le,j¢e =€ A¢e,j = Pe,j + ‘ { o ¢ - J72 ’ll)e + —6 . €,3—j
€ Te Te
and a, := (a§,a$)’.

We now prove the key lemma, Lemma 6.1, in a sequence of lemmas.
Proof of Lemma 6.2: Note that for kK =3 — [ we have

L J—
it = ac [ Go, 01, + 000 = eV, atai) [ o (27 ()a:
L
(8.4 — VG Gafoalac (¢ [ wl)dn) + 00 = 9,56, (ot 1) + O

Proof of Lemma 6.3: Note that for k = 3 — [ we have

’ Z— Tk

L L
SLated) = v [ G (0. 2) () 2 = 0.V G, 5) [ i (

—L

) (2)dz + O(e)

o0

(8.5) = aEtAng;leGDS (xf,x,) (e/ w(y) dy) +O(e) = fkvw;GDs (xf,zy,) + O(e).

—o00

Proof of Lemma 6.4: We first consider the case k = and compute 9. ;(zf) as follows:

L
Yei(r]) = Cae/ Gp,(z],2) (2§e,z§e,l§e,3—l + §e2,37ﬂ78,z) (2)dz + O(e)
L

0o L
= clo [ Ko (el) (2ata +2iutai +9) [ Go.laf + 2 0)da-iy) dudz

o [ o, o1, (6a?) [ G, o) v

() / G, (15, %) (Fes1(> / G, (2, 9)7.4(y) dy dz + O(e)

0o L
— ol [ Ko, (D) (2ealaf + 25ialai +9) [ G (o + 20)aiy) dyds

—L
[CIPNEPNEIN
+ st (Vo Hp, (of.20)) G, (0,25
ettty (Hp, (af,2) Vo G, (v, 5))

(8.6) bty (GDT (wf, 25 ) Va: G, (xg_l,z;)) +0(e).

Next we consider the case k = 3 — [ and compute ¥ 3_;(xf) as follows:

L
Veaiaf) = cae [ G, (w.2) (2 iGeat5er + 3 meat) () dz + O(0)
—L

00 L
= cl0? [ Ko () Guatai +2)° [ Go(af +20)L ) dy s
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d
clae) / Gp, (zf,2 ( (Ge,3—1(2 )/ Gp,(2,9)Jeu(y) dy dz

c(ae) / Hp, (7, 2) (Ge,1(2 / G, (2,9)3e5-1(y) dy dz + O(e)

=t [ Z Ko, (

+ehiiaty (HDr(xf’xf)ng,,GDs (xf’xg—z)) — clitatsy ((ng,,GDr(ﬂ?f,%%—z)) G, ($§—u$7)>

L
) Ger(a + 2))° / G, af ) () dy s

(8.7) —ctibats (GDT (af,25_)Va: G, (a5, x;)) +0(e).

Next we compute 7e(zf):

L
re(a]) = aec/ Gp, (zf,2) (952,156,2 + 962,25551) (2)dz + O(e)
-L
o0 L
= (e [ KDT<|z|>{ Gealet +2)* [ G, (ot +2.0)5e5-100) dy} 0
—00 —L

—(ae)QC_/_LL HDr(xlevz){(gel / Gp,(2,9)Ges-1(y )dy}d

L L
Hape [ o, z>{ Gesi)? [ Go. ity dy} dz + 0(¢).

-L
So we have
/7 © 7 L
riaf) = @0 [ Ko (D] (2eatat + ilatef +) [ Goaf + i) do
—00 —L
) L
et + 2 [ VaiGo, (o + 2010 dy} az
—L
(o) /verD (2, 2) Gea 2 / G, (2, 9)es1(y) dy dz
(o) /veanul,)(gegl /GD (2, 9)dea () dy + O(e)

= @e [ Ko (0] (25eso + 2t +2)) [ G 20

L
+ (Ge 1 (zf + z))Q/ Ve Gp (7] + 2,Y)Fe,3-1(y) dy} dz
-L

Cnr ~ ~ A A A
(88)  —Shish ((VarHo, (af,20)G, (af,25) ) + chdada—t ((Va; G, (o, 75_,) G, (w5 1,2f) ) + ().

Now we compute (51@17’; — we,k) (xf). Again we consider the two cases k = and k # [ separately.
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First, for k = [, we get

(f; - M,z) (xf) = —ctitaliVae (Hp, (af,2)Gp, (2], 25_)))

+etitats Vg (Gp, (2], 25_,)Gp, (€54, 7))

L
o) (Gea(af + 2))? / G, (af + 2 9)dca-1(0) dy dz -+ 09

Haoe [ Kn,(
—o0
= Cfﬂf}{ — iV (Hp, (2], 27)Gp, (a7, 25_)) + 1321V e (Gp, (], 25_)Gp, (x5, 27))

1 7 € ,.€
+27 Etlvz{GDg (xl 5 Ig_l)} + O(E)

Next we consider the case k = 3 — [ and get

—ez-i(xf) = —chitaliVag | (Hp, (], 27)Gp, (xf,25_)))

+£1£2£3,lvx§4 (Gp, (zf,25_,)Gp, (z5_;, z}))
') 9 L
(o) / Ko, (12]) (Gea(af + 2) / VG, (& + 2. )es1(y) dy dz + O(e)
oo L

_ cflfz{ Ve (Hp, (55, 20)Cp. (25, 25_)) + FsiVas (G (af.25_ )G, (51 20))

1
20D,

This implies (6.20). The proof of Lemma 6.4 is finished.

Remark: Note that Lemma 6.4 can be written in the simpler way

(5klf; - we,k) (z7)

+

6V G, (af, xéz)} +O(e).

(39) — chiia {192, (G, (f.a0)G, (.25 )) + a1V (G (.25 )G, 05 1) | + 010

with the understanding that at jump discontinuities the derivative is defined as the arithmetic mean of its left hand and

right hand derivatives.
Proof of Lemma 6.5: The proof of Lemma 6.5 follows along the same lines as that for Lemma 6.4 and is therefore

omitted.

Before we can complete the proof of Lemma 6.1, we need to study the asymptotic expansion of ¢ as € — 0 first. Let
us denote

v Pen N e (Vati)w e [ (Vayt1)wn GTWANGp, (21, 22)
(8.10) P = ( oL, ) B! ( (Vayto)ws ) T2\ (Vout)uwy ) 7€ Gp,(z1,22)

where w;, i = 1,2 have been defined in (2.3) and

0 __ 0 a; _ w1 0
A€_<a§ 0/’ W= 0 we /°

Then we have the following estimate.
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LEMMA 8.1. For e sufficiently small enough, it holds that

(8.11) 6 — oLl (r2(a.y)2 = O(€).

Proof: To prove Lemma 8.1, we first need to derive a relation between ¢ N7 nt - and 1[1 Note that similarly to the

proof of Proposition 3.1 in Section 3 it follows that L. is uniformly invertible from (K?f}") (C?fc“’) . By this uniform
invertibility, we deduce that

(8.12) |6l iz = Ole),  where o = (¢, 6%5) " € (KI5)*

~ L ~
Let us cut off and re-scale gbéj as follows ¢, ; = Pes X (I 5 ) Then (;5 = €pc,; +e.s.t.

Choose ¢, ; such that ||qz~56’j\|H1(R) = 1. Then we have, possibly for a subsequence, that gzNSE’j — ¢; in HL (R).
By (6.12) and (6.13), ¥ can be represented as follows (the proof is similar that of Lemma 6.4):

L 2 - k
= € E Gp.
(i (xj) e(a) ck 1/_L D, (ac] z

{QQek( / Gp,(z, y)ge3 k(Y )dy+gek / Gp,(» y)éf’eg k(Y )dy}dz

2

L L
= €qecC E Gp,(z§,2},)Gp, (%), T5_4) <2f3k/ Je,kPe i dx + (fk)2/ e 3—k d(L’) + o(e)
-L -L

k=1

2

. » o Jpwordy o [p s dy
=ecy t,Gp, (z5,2,)Gp, (xf, x5 )<2t3k £ + 1,22 + o(e)
; 7 k k 3—k waQ dy wady

€c f wo;dy . f ¢3—;dy
= G Gp, (25, 25_;) ( 203 ;" B—7 t; B
GDT(‘Ti;xi)'FGDT(xiy:E;) { D7~( Ljs _]) D (ﬂfja.r?)—j) ( 3—j fR Qdy J wady

Jailnsty i, dnts ) }+0<6>.

(8.13) +Gp, (x5, 25_)Gp, (x5_,,5) <2t + 13
Jr3=3 3—=303 wa2d ij

In the same way, we calculate

7753 (5 —eag/ Gp, (x5, 2)pes—j(2) dz = eaeGp, (x5, 25_;) / bes_jdr + O(e?)
€ € f P3—j dy
(8.14) =eGp, (mj7x37j)lj}zTZiy + o(e)
and
&1 5 (5) = 0(0)

Substituting (6.18), (6.19), (6.20), (8.13), (8.14) into (6.14) and calculating the limit ¢ — 0 as we have done in Section
4, it follows that ¢ = (¢, ¢2)7 satisfies

—1 ~
(8.16) Lo = Ap — ¢ + 2w — [3/¢+ 20 (/ wqﬁ)] (/ w) w2 — fl(a . Vg)g—lew2 _ t1A°VGp. (m,xz)wz.
R R

Gp,(z1,x2)

In the previous calculation we have used (4.9), (4.10), (8.2), the notations

T : e _e\T : (S
a=(ay,az) :lg%(al’a?)’ a-V=a1Vy +aVy,, :z:j:lgr(l)xj,jzlﬂ,
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0 a
0 _ 2
©= (%)

(8.17) Te(x5) = ct1t2Gp, (x5,25_;)+O0(e), j=12,

and (compare Section 2)

(8.18) Ses(25) = f5_;Gp,(25,75_) + O(e), j=1,2.

We compute

Id-B-2C=-

1 Gp, (r1,21) Gp, (x1,22) — _i,G
Gp,(z1,21) +Gp, (71,22) \ Gp,(x1,22) Gp, (22, 72) 1.

By the Fredholm alternative and since det(G) # 0, equation (8.16) has a unique solution ¢ which is given by

gilAOVGDS (Il, .Z‘Q) w
Gp,(z1,22)

(8.19) ¢=-Ga - VGG tew +

Now we compare ¢ with ¢!. By definition and using (8.2), we get
G WANGp, (71, 22)

qﬁi = (6 (ajvxifl + a;vzgtAl) ge,lv € (aivzifg + a;vngg) geﬁg)T +e€

Gp, (r1,72)
e - G TAVGp, (11, 22)
=e(a® Vyet)w + ¢ G @r.12) w + o(e)
—1 40
(820) — 76g71(a . Vg)gflew + Eg A VGDS (m17$2)w + 0(6).

Gp.(z1,22)

On the other hand, using (8.19) gives
= \T T —t5
o =¢ ((Z)e,l, ¢E72) +est. =€ <¢5J < )) + o(e)
j=1,2

g 1A0VGD (%1,«%2)
Gp, (z1,22)

(8.21) =G Ha-VG) G tew + ¢ w + o(e).

From (8.20) and (8.21), it follows that ¢. = ¢} + o(1).
Finally, we complete the proof of the key lemma — Lemma 6.1.
Proof of Lemma 6.1: The computation of J; follows from the Lemmas 6.4 and 6.5 and the equations (8.17), (8.18).

We get

283 ; 7 ,
€

€ €

~ 553 ,F; /llje,k ~!
—GZ%%/ ge,y)QTJ( zp) <5le = )Sk,ldx

€

2 Lo o ,
7 C(ge j) Se,3—j € '(/)e,k en |~/ 2
, CGe,j) " Se,3—5 Te .
+6kz=:1ak5jl /_L - Okl 7. = (27) | ey dx + o(€?)
1 2
- (/R 5" dy) 2 k{v{ ~ {1V (Hp, (af,2§)G, (xf, 25_,))

+t31Vae (Gp, (f,25_)Gp, (x5, 27)) + 61V Gp, (ﬂffaxéz)}

1
2D,
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-1
{ (LG, (5, 25) + F1Go (a5, 25_0)) G, (o, x)}
—{ — Vs (Hp, (a5, 5)Gop, (15, 25_)))

7 € ,.€ € € 1 7 € €
+t31Vae (Gp, (af, 25_,)Gp, (25, 27)) + T/D—Ttlvm,zGDs (T/z,fs—l)}

{9216, ot 15 [ G, <>}} e

2

N 1 € N € € 7 € €
= —EQtl (/R g’U}S dy) Z ak{{ - tlvvawzHDr(fL'l,xl) + tgflvwlﬁvszDr (.7/'17.'1}3[)}

k=1

Ve (vmiGDs Emf’emg_l))
! Gp, (xpngz)

_{ — [V Hp, (5, 5) + fs 1Via: G, (5,05, )}

X { — 6V Hp, (2], 27) + 1321V G, (af, 3351)}} +o(e?).

In the previous computation of J;; we have used the condition for the positions of the spikes given in the derivation
of Theorem 3.2 which implies that >~ () = O(e). More precisely, this condition implies that the second line in the

previous computation has only a contribution which was included into the error terms. We will use the same condition
in the computation of the other J; ; without explicitly mentioning it again.

Similarly, we compute Jy ;. We get

2 L (=~ \2g 0 o
(Je.j)"5e3—; Ne,3—j Se3—j |
Jag=c¢€ E ai/ —=——— = | f3_j k= — Ojk= G dx
L Te S i i
k=1

€,3—7 Se,3—j

Y /L (§e.)25csj <(5jkvm; + 03—k Vag )G, (25,25 )

— ~; dx + o€
G, (25,25 )g’l )

—L Te

(051Vas + 0k,3-1Vas )G, (7], 25_) 5
+ o(€?).

2
N 1
= 2, (/ —w3(y dy) agyV ze
R3 ) ,;1 b Gp, (2}, 25_)

Note that we need to have k = 3 — j and j = [; otherwise Ja; is of the order o(e?).
The estimate J3; = o(e?) follows by the fact that ¢F; L ge ;.
Next we determine Jy ;. We compute, using (8.13), (8.14) and Lemma 7, that

Loz V25 o . (0t . L1\
Jug = cdjy / (Feg) Sesg (ne"” - > Jey da

_L Te Se,3—j Te

2
; 1 - N
= —thl (/R gwg dy) Zai{{(vmitl(’xi,x;))vwam (xle,xf) + (Vﬁztg_l(a:i,ajg))Vw;GDT(xf,xg_l)}

—{m;a(wi, 25))Cip, (25, 25) + (Vs Fat (a5, 29)) G, x§l>}
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X { — t}leeHDT (xf, xf) + l?g_lvzlsGDT (l’le, xg_l)}} + 0(52).
Here we have used the relation
/L €2 j5e3—5 Meog—j -

2
€g. - dxr = o(e
—L Te Seg—j (€)

GDS((E;,$§_j) -0
GDS (:ZZ;, ch_j)

v t;Gp, (x5, x5) + ts_;Gp, (x5, 25_;) o
x t;Gp, (x5, 25) + ts_;Gp, (x5, 25_;) ;

which follows from the trivial identity

Va

~n

In a similar way, using the identity

WA VG, (z5,25)

it can be seen that the contribution of the term —e ™ in 1> to Jy; is of the order o(€?).
Gp, (z],z5) € )

Adding Jy 4, J2; and Jy; we get

2
N 1 A N
J, = —€*y (/R ng dy) E ai{{ — Ve Ve Hp, (27, 27) +t31VIlveZGDT(mf,m§l)}

k=1

€

l

xT

<5klvm;GDs (zf, $§—z))
Gp, ($7> $§_z)

—{ — 1 Vae Hp, (2, 25) + t3_1Va: Gp, (af, $§z)}{ — 4y Vue Hp, (f,2f) 4+ t3-1V4:Gp, (2], 3351)}

—V..e
R

(0kVas + 0,31 Ve )G, (2], 25 )
Gp, (x],25_)

+{ (Tugftas, 09)) V.G, a0) + (Tughaa(af o) Vi G, a0 |
A (Vaehtet. o) G o) + (Vogfactat, o) G a5 |

X{ o ElvwleHDr (], 27) + f3—lv93fGDr (@7, xg—l)}} + 0(62)'

This expression consists of 3+1+42=6 parts, which are given in one line each, with the exception of the last part which

is given in the last two lines. Part 3 is minus Part 6 (up to o(€?)) by (8.1) and they cancel. Part 2 and Part 4 cancel
partially.

Making these simplifications, we finally get

2
“ 1 . .
P ( /R Lus dy) Z“fc{{ — 81V Ve (Hp, (25,25)) + Bs 1V Var (G, (a5, 25_)) }

x

Ok3-1Vag Gp, (2], 25 )
! Gp, (zf,25_)
+{ (vzifl(xia x;))vmfGD7 (xlsv xle) + (Vmit}’*l(mi’ xg))VIZCGD’ (xls’ xgl)} } + 0(62).

This finishes the proof of Lemma 6.1.
Em
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9. Appendix B: Proof of Lemma 6.6. Proof of Lemma 6.6:
We show that

— Vag)Gp, (21, 75)

Gp, (], 5)

Ve
P(x],25) = (Vae + VIQ){( L

— (21, 25)(Vag — Vag)Hp, (a1, 27) — #5(21,25) (Vag — ng)HDr(xi’xi)} <0.

We compute
(Vas + Vag)Gp, (27, 25) =0,
and
(Vs + Vag ) (Vas — Vae )Gp, (25, 25) = (Vas)? = (Vag)*)Gp, (2, 75) = 0.

Therefore, the first term coming from Gp, gives no contribution at all.
Further, we get

vm; GDr (:CE, (EE)

(vxi + ng)ti (z],25) = det G

To simplify the previous expression, we use the identity
(9.1) (Ve + Ve )(det G) = 0.

which is easy to derive.
Using (9.1), we get

vngDT (zga ZIJ;)

(9.2) (Vo + Voo )i (25, 25) = Y

which gives

. vw; GD'r' (3’35, .Tg)

~[(Vag + Vg1 (1, 25)](Vay — Vag)Gp, (25, 25) = det G

vmiGDr (27, x1€).

_ VIEGDT (xiv xi)

(9.3) Vi Gp, (27, 21).

det G
In analogy to (9.2), we get
e/ € € Ve GDT(Iiaxi)
(9.4) (Ve + Vg )t5 (27, 25) = W
which implies
re € € € € v$§ GDT(Z‘E, .Iji) € €
(9~5) _[(vri + vx;) Q(xlva)](vri - VIE)GDT(xpfz) = ——QinGDT (x1ax2)~

det G

Finally, we compute
—11 (21, 25)(Vas + Vag)(Vas — Vag )G, (21, 21) = —1{ (a5, 25) V3 Gp, (21, 29)
Gp, (2§, 23) — Gp, (21, 25)

(9.6) =— P vi;GDr (x],29).

Now P(x5,x§) is given by the sum of (9.3), (9.5) and (9.6).
Using the explicit expression of the Green’s function (2.6), we get for the sum of (9.3) and (9.5):

vﬂﬂi GDr (lﬁ, :L'i)

doi G (Vs Gp, (21, 27) — 2V Gp, (21, 25)]
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94

= Soi720. Lot “(2fr — o) [sinh 26,2] + sinh 26, (L — )]
sin L de

For (9.6), we get

Adding all

Gp, (25, 25) — Gp, (25, 25
_ Gp, (x5, 75) DT(xl’xQ)Vi;GDT(wiaxi)

detG
94
= —m cosh 20,.(L + z5) [cosh 6,.(L — z5) — cosh 0, (L — x7)] 2 cosh 26,.21.
up, we get
94
P(xy,z5) = m —2cosh20,.(L + x5) [cosh 0,.(L — x5) — cosh 0, (L — )] cosh 20,.x{

-+ sinh 26,.z{ [sinh 26,z + sinh 26,.(L — x9)]

04
= ——5——+———4 cosh20,L - [1 — cosh20,z{]
sinh® 26, L det G

Note that for z; = lim._,o z{ we have

and

Therefore,

cosh 20, L - [1 — cosh26,z1] <0

cosh20,.L - [1 —cosh260,21] =0 if and only if 21 = 0.

if 1 # 0, then for € small enough we have P(z§,25) < 0.

This concludes the proof of Lemma 6.6.
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