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Abstract We consider the following Toda system
n
Aui+2a,~je“f:4ny,-80 in R?, / elidx <oco, V1<i<n,

j=1

where y; > —1, o is Dirac measure at 0, and the coefficients a;; form the
standard tri-diagonal Cartan matrix. In this paper, (i) we completely classify
the solutions and obtain the quantization result:

n

E aij/ e“-’dx=47r(2+)/i+)/n+1—i), Vi<iz<n.
; R2

j=1

This generalizes the classification result by Jost and Wang for y; =0,V 1 <
i <n.(ii) We prove thatif y; +y;11+---+yj ¢ Zforall1 <i < j <n,then
any solution u; is radially symmetric w.r.t. 0. (iii) We prove that the linearized
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equation at any solution is non-degenerate. These are fundamental results in
order to understand the bubbling behavior of the Toda system.

1 Introduction

In this article, we consider the 2-dimensional (open) Toda system for
SUn+ 1):

Aui+ Y aijei =4x Y " yi;8p,  in R?
el J J (1.1)
Jge€"idx < +o0
fori =1,2,...,n, where y;; > —1, P; are distinct points and A = (a;;) is
the Cartan matrix for SU(n + 1), given by
2 -1 0 ... O
-1 2 -1 0
0o -1 2 0
A= (a;j) = : : : . (1.2)
0 -1 2 -1
0 -1 2

Here dp denotes the Dirac measure at P. For n = 1, system (1.1) is reduced
to the Liouville equation

m
Au +2e" =4JTZyj8pj (1.3)
j=1

which has been extensively studied for the past three decades. The Toda sys-
tem (1.1) and the Liouville equation (1.3) arise in many physical and ge-
ometric problems. For example, in the Chern-Simons theory, the Liouville
equation is related to abelian gauge field theory, while the Toda system is
related to nonabelian gauge, see [11, 12, 14, 20, 21, 30-32, 36, 37] and refer-
ences therein. On the geometric side, the Liouville equation with or without
singular sources is related to the problem of prescribing Gaussian curvature
proposed by Nirenberg, or related to the existence of the metrics with conic
singularities. As for the Toda system, there have been a vast literature to dis-
cuss the relationship to holomorphic curves in CP”, flat SU(n + 1) connec-
tion, complete integrability and harmonic sequences. For example, see [2, 3,
5,9, 10, 16, 21]. In this paper, we want to study the Toda system from the
analytic viewpoint. For the past thirty years, the Liouville equation has been
extensively studied by the method of nonlinear partial differential equations,
see [4, 6-8, 22, 25, 31, 32, 34] and references therein. Recently, the analytic
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studies of the Toda system can be found in [17-19, 23, 29, 32, 33, 35, 36].
For the generalized Liouville system, see [26] and [27].

From the viewpoint of PDE, we are interested not only in the Toda system
itself, but also in the situation with non-constant coefficients. One of such
examples is the Toda system of mean field type:

n B ol
Au,-(x)—i—Za,-jpj(f ]heje” |E|> 47‘[2%1 (5P |E|) (1.4)
x

j=1

where P; are distinct points, y;; > —1 and h are positive smooth functions
in a compact Riemann surface . When n = 1, the equation becomes the
following mean field equation:

he" 1 .
Au(x)+,0<f o _§> 4712)/](81: |Z|) in X. (1.5)

This type of equations has many applications in different areas of research,
and has been extensively investigated. One of main issues for (1.5) is to de-
termine the set of parameter p (non-critical parameters) such that the a priori
estimate exists for solutions of (1.5). After establishing a priori estimate, we
then go to compute the topological degree of (1.5) for those non-critical pa-
rameters. In this way, we are able to solve (1.5) and understand the structure
of the solution set. For the past ten years, those projects have been success-
fully carried out for (1.5). See [6-8, 22]. While carrying out those projects for
(1.4), there often appears a sequence of bubbling solutions and the difficult
issue is how to understand the behavior of bubbling solutions near blowup
points. For that purpose, the fundamental question is to completely classify
all entire solutions of the Toda system with a single singular source:

n
Aui+zaij€“j=4ny,-80 in R?, / elidx <oo, 1<i<n,
j=1 k2
(1.6)

where &g is the Dirac measure at 0, and y; > —1. When all y; are zero,
the classification has been done by Jost-Wang [18]. However, when y; # 0
for some i, the classification has not been proved and has remained a long-
standing open problem for many years. It is the purpose of this article to settle
this open problem.

To state our result, we should introduce some notations. For any solution
u=uy,...,u,) of (1.6), we define U = (U1, Us, ..., U,) by

n
Ui=Y_auy, (1.7)
j=1

@ Springer



C.-S. Lin et al.

where (a'/) is the inverse matrix of A. By (1.7), U satisfies
n ..
AU; + " =4ma;89 in R?, where o; = Za”yj. (1.8)
j=1

By direct computations, we have

_Jjm+1-1i)
o n—+1

4l , Vn>i>j>1 and M,'IZaijUj-

Our first result is the following classification theorem.

Theorem 1.1 Lety; > —1for1 <i <nandU = (Uy, ..., U,) be defined by
(1.7) via a solution u of (1.6). Then Uy can be expressed by

e Ut = 7|72 ()»0 + Z)»ilpi(z)lz) , (1.9)

i=1
where
i—1
Pi(z) =gttt 4 N " gt (1.10)
j=0

wi =1+y; >0, ¢;j are complex numbers and A; > 0,0 <i < n, satisfy

-2

j
AQ--- Ay =270 D ]_[ Z“k . (1.11)
k=i

1<i<j<n
Furthermore, if wji1 +---+ n; ¢ N for some j <i, then c;j =0.

In particular, we have the following theorem, generalizing a result by
Prajapat-Tarantello [34] for the singular Liouville equation, n = 1.

Corollary 1.2 Suppose pj +---+ pu; ¢ N forall 1 < j <i <n. Then any
solution of (1.6) is radially symmetric with respect to the origin.

We note that once Uj is known, Uz can be determined uniquely by (1.8),
ie., e 2 = 2UiAU,. In general, U;41 can be solved via (1.8) by the in-
duction on i. See the formula (5.16). In the Appendix, we shall apply Theo-
rem 1.1 to give all the explicit solutions in the case of n = 2. Conversely, in
Sect. 5, we will prove any expression of (1.9) satisfying (1.11) can generate a
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solution of (1.6). See Theorem 5.3. Thus, the number of free parameters de-
pends on all the Dirac masses y;. For example if all i ; € N, then the number
of free parametersis n(n +2). Andifall u; +---+p; ¢ Nfor1 <i < j <n,
thus the number of free parameters is n only. We let N(y) denote the real
dimension of the solution set of the system (1.6).

Next, we will show the quantization of the integral of ¢* over R? and
the non-degeneracy of the linearized system. For the Liouville equation with
single singular source:

Au+e" =4myd, f e'dx < +oo, y>-—1,
R2
it was proved in [34] that any solution u satisfies the following quantization:

/ e'dx =8 (1+vy),
R2

and in [13] that for any y € N, the linearized operator around any solution u is
nondegenerate. Both the quantization and the non-degeneracy are important
when we come to study the Toda system of mean field type. In particular, this
nondegeneracy plays a fundamental role as far as sharp estimates of bubbling
solutions are concerned. See [1] and [8].

Theorem 1.3 Suppose u = (uy, ..., uy) is a solution of (1.6). Then the fol-
lowings hold:

(i) Quantization: we have, for any 1 <i <n,
n
Zaij /2 eidx =4 2+ v + Vny1-i)
; R
j=1

and ui(z) = —(4 + 2yp41-i) log|z| + O(1) as |z| — oo.
(i) Nondegeneracy: The dimension of the null space of the linearized opera-
tor at u is equal to N (y).

In the absence of singular sources, i.e., y; = 0 for all i, Theorem 1.1 was
obtained by Jost and Wang [18]. By applying the holonomy theory, and iden-
tifying S2 = C U {00}, they could prove that any solution u can be extended
to be a totally unramified holomorphic curve from S2 to CP", and then The-
orem 1.1 can be obtained via a classic result in algebraic geometry, which
says that any totally unramified holomorphic curve of S? into CP" is a ratio-
nal normal curve. Our proof does not use the classical result from algebraic
geometry. As a consequence, we give a proof of this classic theorem in alge-
braic geometry by using nonlinear partial differential equations. In fact, our
analytic method can be used to prove a generalization of this classic theorem.
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For a holomorphic curve f of S? into CP", we recall the k-th associated
curve fy: 8> — GL(k,n+1)fork=1,2,...,nwith fi = fand fr =[f A
- A f%D] A point p € §? is called a ramificated point if the pull-back
metric (o) = |z — p|1**h(z)dz A dz with h > 0 at p for some y; > 0
where

wy is the Fubini-Study metric on GL(k, n +1) C CPM~1 N, = " 7(_ !
(1.12)
The positive integer yx (p) is called the ramification index of f; at p. See [15].

Corollary 1.4 Let f be a holomorphic curve of S? into CP*. Suppose f
has exactly two ramificated points Py and P and y;(P;) are the ramification
index of fj at P;, where f; is the j-th associated curve for 1 < j <n. Then
Vj(P1) = Yn1—j(P2). Furthermore, if f and g are two such curves with the
same ramificated points and ramification index, then g can be obtained via f
by a linear map of CP".

It is well-known that the Liouville equation as well as the Toda system
are completely integrable system, a fact known since Liouville [28]. Roughly
speaking, any solution of (1.1) without singular sources in a simply connected
domain Q arises from a holomorphic map from €2 into CP". See [2, 3, 5, 9,
10, 16, 21, 38]. For n = 1, The classic Liouville theorem says that if a smooth
solution u satisfies Au + ¢* = 0 in a simply connected domain  C R?, then
u(z) can be expressed in terms of a holomorphic function f in :

81.f' @)

— 1.13
(1+1f@I»H? (119

u(z) =log

Similarly, system (1.1) has a very close relationship with holomorphic curves
in CP". Let f be a holomorphic curve from 2 into CP". Lift locally f to
C™*! and denote the lift by v = (vg, v1, ..., vy). The k-th associated curve of
f is defined by

fi:@— G+ HCPM fi@ =@ Av@ A D],
(1.14)
where Ny is given by (1.12), v/ stands for the j-th derivative of v w.r.t. z. Let

Ar =v(2)A---v* =D (z) then the well-known infinitesimal Pliicker formulas
(see [15]) is

9? I Ak—1112]| Ags1]?
~log || Axll* = -
0707 | Akl

fork=1,2,...,n, (1.15)
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where conventionally we put I Aoll* = 1. Of course, this formula holds only
for | Ag|l > 0, i.e. for all unramificated points. By normalizing || A,+1]| =1,
and letting

Ur(z) = —log [Ax@)|I> + k(n —k + 1) log2, 1<k=<n (1.16)

at an unramificated point z. Since leks” aixtk(n —k+1) =2, (1.15) gives

n
—AU,-:exp ZaijUj inQ\{Pl,...,Pm},
j=1
where {Py, ..., P,} are the set of ramificated points of f in Q. Since f is

smooth at P;, we have U; = —2q;jlog|z — Pj| + O(1) near P;. Thus, U;
satisfies

n n
AU; + exp Za,’jUj =4 Z(X,‘jﬁpj n Q.
Jj=1 j=1
The constants «;; can be expressed by the total ramification index at P; by

the following arguments.
By the Pliicker formulas (1.15), we have

n
exp ZaijUj dz Ndz.
j=1

fif(wi) =

Thus, the ramification index y;; at f; at P; is

n
Vij =) dikclij. (1.17)
k=1
Set
n
u,-:ZaijUj. (].18)
j=1
Then it is easy to see that u; satisfies (1.1) with y;; the total ramification index
of f; at P;.
Conversely, suppose u = (uy, ..., u,) is a smooth solution of (1.1) in a

simply connected domain €2. We introduce w; (0 < j <n) by
n
wi=2w; —w;i_1), » w;=0. (1.19)
i=0
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Obviously, w; can be uniquely determined by u and satisfies

wo e2(wi—wo)
. 1 2(wjy1—w;) : 2(w;—w;_1)
w; =3 e Wit =W _ gWi—Wi-1) (1.20)
wn/ - _62(wn'fwn—1)
For a solution (w;), we set
wo. ; 0 0 0 0 0
0 wi ¢ 0 1] evt=%0 0 0
U= ) ) . + = i
: .. : 2 : .. .. :
0 0 cee Wpg 0 c.oeWnTWn=1 ()
and
wo,z 0 0 0 ewt=wo | 0
0 Wi,z 0 110 0 0
V=- =51, ,
: 2 : eWn—Wn—1
0 0 Wy 7 0 0 0
where
1 /0w oJw d 1 8w+_8w h e
w,==——i— and w;=—-|—+i— wi =x+1iy.
=2 \ox 'y =2 Ty ¢ Y

A straightforward computation shows that (w;) is a solution of (1.20) if and
only if U, V satisfy the Lax pair condition: U; — V, — [U, V] = 0. Fur-
thermore, this integrability condition implies the existence of a smooth map
d:Q— SU®@m + 1, C) satistying

D, = U, P;: =V (1.21)

or equivalently, @ satisfies O 1dd =Udz+Vdz.Let ® = (P, Dy,..., D).
By (1.21),

1
ddg = <w(),zq)o + Eewl—woq)l) dz —wo ;Podz,
which implies

1
d(e"0®g) = e"0d dg + e Dodwy = (Zwo,zewocbo + Eewl 6191) dz. (1.22)
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Therefore, ¢"0®dg is a holomorphic map from  to C"*!. We let v(z) =
2%ew0c1>0, By using (1.21), we have v®)(z) = 25 ke, fork =1,2,...,n.
Since wo + - - - + w, =0, we have [[v AV A ---v®(2)|| = 1. Note that

1i<n—j+1) - u

MW=L T T Ty

j=
hence we have e~U1 = ¢?W0 = 27"||v||%. Thus, (1.16) implies U is identi-
cal to the solution deriving from the holomorphic curve v(z). Therefore, the
space of smooth solutions of the system (1.1) (without singular sources) in a
simply connected domain €2 is identical to the space of unramificated holo-
morphic curves from €2 into CP".

However, if the system (1.1) has singular sources, then R? \{P1,..., Py}
is not simply connected. So, it is natural to ask whether in the case y;; € N,
the space of solutions u# of (1.1) can be identical to the space of holomor-
phic curves of R2 into CP" which ramificates at Py, ..., Py, with the given
ramification index y;; at P;. The following theorem answers this question
affirmatively.

Theorem 1.5 Let y;; € N and P; € R2. Then for any solution u of (1.1),
there exists a holomorphic curve f of C into CP" with ramificated points P;
and the total ramification index y;j at P; such that for 1 <k <n,

2
e Uk — p=k(nt+1-k) Hv(z) A A v(k_l)(z) H inC\{P1,..., Pu},
where v(z) is a lift of f in C"T! satisfying
@A @) =1,

Furthermore, f can be extended smoothly to a holomorphic curve of S? into
CP".

We note that if (1.1) is defined in a Riemann surface rather than C or §2,
then the identity of the solution space of (1.1) with holomorphic curves in
CP" generally does not hold. For example, if (1.1) is defined on a torus, then
even for n = 1, a solution of (1.1) would be not necessarily associated with a
holomorphic curve from the torus into CP!. See [24].

The paper is organized as follows. In Sect. 2, we will show some invariants
associated with a solution of the Toda system. Those invariants allow us to
classify all the solutions of (1.6) without singular sources, thus it gives an-
other proof of the classification due to Jost and Wang. In Sect. 5, those invari-
ants can be extended to be meromorphic invariants for the case with singular
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sources. By using those invariants, we can prove e~ U! satisfies an ODE in
C* := C\ {0}, the proof will be given in Sect. 5. In Sect. 4 and Sect. 6, we
will prove the quantization and the non-degeneracy of the linearized equation
of (1.6) for the case without or with singular sources. In the final section, we
give a proof of Theorem 1.5. Explicits solutions in the case of SU(3) are given
in the Appendix.

2 Invariants for solutions of Toda system
In this section, we derive some invariants for the Toda system. Denote A~! =
(a’%), the inverse matrix of A. Let

n
Uj=Y a*ur, Y1<j<n. (2.1)
k=1

Since A =449,3, it is easy to see that the system (1.6) is equivalent to for all
1<i<n,

n
—4U; ;z = exp ZaijUj —4ma;dy in]RZ,
j=1

whereo; =31 _ i, a/yj for 1 <i <n. Define

; (+D
Wi = -t (e_U') forl<j<n and

| -y (2.2)
Wl =22
k+1 Uk,Zf

forl <k<j-—1.

We will prove that all these quantities ij , 1 <k < j <n, are invariants

for solutions of SU(n + 1), more precisely, ij are a part of some specific
holomorphic or meromorphic functions, which are determined explicitly by
the Toda system.

Lemma 2.1 For any classical solution of (1.1), there holds:
k k—1
WE=Y Wi = U2+ Y Ui Upr: forl<k<n,  (23)
i=l1 i=1
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sz,z =—Uk,zUk41,; forl <k<n-—1, (2.4)
Wl = Ui-r: = U oW + W+ W fori<k<j<n, @25
where for convenience Uy = 0 and W({ =0forall j.
Proof First, we show that (2.3) implies (2.4). By the equation for U,
Ujzz:=UjzQUj ;- Ujt1.—Uj-17), V1=<j<n, (2:6)
where for the convenience, U,,+1 = 0 is also used. Thus,
—UjzUj+1:+Uj—1.2Uj ¢
=Ujzz —Ujzz (2Ujz: = Uj-1.2) + Uj-1.22Uj

_ (UJ-,ZZ ~U3,+ UJ-,ZUJ-_LZ) 2.7)

.
Taking the sum of (2.7) for j from 1 to k, we get

k
2 k
—Uk,:z2Uk41,: = Z <Uj,zz - Uj,z + UJ',ZUj—LZ)Z = Wiz
j=l1

where (2.3) is used.
Next, we will prove (2.3)—(2.5) by phe induction on k. Obviously, (2.3)

holds for £ = 1. By the definition of W/, for j =2, we have
Wi = —eUi (e~ UnU+D = Ui (e—Ul Wli—l)Z —wi ' —w/ v,

which is (2.5) for k = 1. To compute W}, (2.5) with index k implies

—Uk,zzW/fill = W;fgl = (Uk=1,2z — Uk .2) W + (Up— 2 — Uk,z)W;f,z
k k
t Wiz + Wiz
Since Uy—1 ;3 W,f + W,f_ 1.z =0, the above identity leads by (2.4) with index ,

W,fgl = Uk, zWf — U=,z — Ue DUk 2:Ukt1 2 — Uk 2zUk1,0)2
= Ui ;s Wf — (Uk—1.; — Uk ) Uk 23Ukt1.2 — Up 2z QUK ; — U1

- Uk—l,z)Uk—l—l,z - Uk,zZUk—I—l,zz

=—Uk <W;f + Ukszz — Uy + Uk+1,zUk,z) :
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where (2.6) is used. Hence

k+1 _ ik 2
Wk+1 = Wk + Uk+1,zz - Uk+1,Z + Uk+1,ZUk,Z’

and then (2.3) is proved for k + 1.
To compute WkJJrl for j > k+ 2, we have j — 1 >k + 1 and by similar
calculations:
' i—1 i—1 i1 i—1
ij,Z = (Uk—l,zZ - Uk,zE)Wk] + (Uk—l,z - Uk,z)Wk],z + Wk],zZ + ij—l,i

1 j—1

:_m@wf‘—ahqx—Umﬂ@ﬁng—QhﬁngZ
= —Uk,zszj_1 — (Uk=1,z — Uk,z)Uk,zszjJ:l1 — Uk, zQUy z
~ Utst: = Ukmr D)W = U zW)
= U,z [(Uk,z - Uk+1,z)W]g;11 + Wk];l’Zij_l] ,
which leads to
ij—H = Ukz — Uk+1,z)ng;11 + ij-;ll,z + ij_l-

Therefore, Lemma 2.1 is proved. U

3 Classification of solutions of SU(n + 1) withm =0

Here we show a new proof of the classification result of Jost-Wang [18]. That
is, all classical solutions of (1.1) with m = 0 is given by a n(n 4+ 2) manifold
M. Our idea is to use the invariants W]’7 for solutions of SU(n + 1). Consider

n

—Au; = E ajje"’ in R?, / elidx <oo, V1<i<n. (3.1
. RZ
j=1

Theorem 3.1 For any classical solution of (3.1), let U;, Wj’7 be defined by
(2.1) and (2.2), then
Wi=0 inR>V1<j<n.

Remark 3.2 The fact W)} = 0 has been proved by Jost and Wang in an equiv-
alent form, which is just the function f in the proof of Proposition 2.2 in [18].

Proof The proof is based on the following observation:

W;-=0 in RR? for any solution of (3.1). (3.2)
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In fact, using formula (2.3) and the equations of U;,

n n n—
= Z(Ui,zz)z -2 Z Ui Uiz + Z (UizUit1c + Ui Uiy1,22)
i=1 i=1 i=1

n

n
=ZU1',ZE Z al]U]Z 2Ui,z+Ui+1,z+Ui—1,z
— =

=0. (3.3)

Here we used again the convention Uy = U,+1 =0 for SU(n + 1).
Furthermore, ¢* € L'(R?) implies that for any € > 0, there exists R > 0

such that
/ e'dz<e, 1<i<n.
R\ B,

For sufficient small € > 0, applying Brezis-Merle’s argument [4] to the sys-
tem u;, we can prove u;(z) < C for |z| > R, i.e. u; is bounded from the above
over C. Thus, u; can be represented by the following integral formulas:

I A S W .
ui(Z)ZE/RZIOg = e d +¢;, V1<i<n, (34

e =21

for some real constants c;.

This gives us the asymptotic behavior of u; and their derivatives at in-
finity. In particular, for any k > 1, VAu; = O(|z|™%) as |z| goes to co. So
VkU; = 0(|z|7%) as |z| — oo, for k > 1. Therefore, W} is a entire holomor-
phic function, which tends to zero at infinity, so W,) =0 in R? by classical
Liouville theorem. As W' 1z = —Un—1,2 Wy, we obtam Wy 1;=0in R2.
By (2.3) and (2.5), it is not dlfﬁcult toseethatfor1 <i<mn-—1, W" are also
polynomials of VXU; with k > 1, so they tend to 0 at infinity, hence Wr’f_ 1 =0

in R?. We can complete the proof of Theorem 3.1 by induction. OJ
Furthermore, we know that e~Y! can be computed as a square of some

holomorphic curves in CP", see the Introduction. Thus, there is a holomor-
phic map v(z) = (v9(2), ..., Vx(2)) from C into C"*+! satisfying

n
”M,/.../\v<n>(z)“:1 and ¢V =3" )P inC.

Since W' =0 in R? yields (e~U1)"*1) = 0, we have v"*"(z) = 0. By the
asymptotic behavior of u;, we know that e~Y! is of polynomial growth as
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|z] = oo. Hence v;(z) is a polynomial and vy, ..., v, is a set of fundamental
holomorphic solutions of "+ = 0. Thus

n
Vi)=Y ezl with det(cij) #0. (3.5)
j=0
By a linear transformation, we have
v() =r(,z,2%,...,2"), AreC

and [v] is the rational normal curve of S2 into CPP". Hence we have proved
the classification theorem of Jost and Wang.

Remark 3.3 Here we use the integrability of the Toda system. In Sect. 5, we
actually prove the classification theorem without use of the integrability.

Remark 3.4 The invariants W’ are called W-symmetries or conservation
laws, see [21]. It is claimed that for the Cartan matrix there are n linearly
independent W-symmetries, see [38]. However, as far as we are aware, we
cannot find the explicit formulas in the literature (except for n = 2 [35]).
Here we give explicit formula for the » invariants.

4 Nondegeneracy of solutions of SU(n + 1) without sources

Let M be the collection of entire solutions of (3.1). In the previous section,
we know that M is a smooth manifold of n(n + 2) dimension. Fixing a solu-

tion u = (uy, ..., up) of (3.1), we consider LSU(n + 1), the linearized system
of (3.1) at u:
n
Agi+ Y aije"ig;=0 inR>. 4.1)
j=1

Let s € R be any parameter appearing in (3.5) and u(z; s) be a solution of
(3.1) continuously depending on s such that u(z; 0) = u(z). Thus ¢(z) =
%u(z; $)|s—0 is a solution of (4.1) satisfying ¢ € L>°(R?). Let T, M denote
the tangent space of M at u. The nondegeneracy of the linearized system is
equivalent to showing that any bounded solution ¢ = (¢1, ..., ¢,) of (4.1)
belongs to this space.

Theorem 4.1 Suppose u is a solution of (3.1) and ¢ is a bounded solution of
(4.1). Then ¢ € T, M.
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Classification and nondegeneracy of SU(n + 1) Toda system

Proof For any solution ¢ = (¢, ..., ¢,) of (4.1), we define
n .
®;j=) alf¢, Vi<j=n. (42)
k=1

We have readily that bounded (¢;) solves (4.1) if and only if (®;) is a solution
of

n n
_4q)i,zZ =exp ZaijUj X Zal’jq)j in ]RZ, P, € LOO(RZ)V 1<i<n.
j=1 j=1

4.3)
Our idea is also to find some invariants which characterize all solutions of
(4.3). Indeed, we find them by linearizing the above quantities W;' for U;.

Let
Y — U |:<e—U1(D]>(n+l) _ (e_Ul>(n+l) q)l}
and
Y= —Y]?’z T With1 iz forl <k<n-—1.
Uk,zz

The quantities Y are well defined and we can prove by induction the follow-
ing formula: With any solution of LSU (n + 1), there hold

vr=yi =y o Wi e
V0= Ukt = Ue) Y 4+ 00 Y0 4 (Prmre — D) W
for2 <k <n.
Moreover, for any solution of (4.3), we have

n—1

n n
Y;:l = Z Dj .z — 22 Ui i+ Z (cpi,zUi-H,z + Ui,zcbi-l—l,z) .44
i=1 i=1 i=1

The proof is very similar as above for Wj’?, since each quantity Yj’? is just
the linearized version of W;? with respect to (U;), as well as the involved
equations, so we leave the details for interested readers.

Applying (4.3), it can be checked easily that

Y-=0 inR? forany solution of LSU(n + 1) (4.1).
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Using the classification of u; in Sect. 3 (see also [18]), we know that ¢/ =
0(z™*) at co. Since ¢; € L™ (R?), the function )_,_;_, aije"i¢; € L' (R?).
As before, we can express ¢; by integral representation and prove that
lim); | o0 qu}i =0 for any k > 1. Hence lim|;|, o Vk®; =0 for any k > 1.

By similar argument as above, this implies that ¥ = 0 in R? for any so-
lution of (4.3), and we get successively Y,f =0inR*forl<k<n-1,
recalling just Y- = U zY}', | — P,z W, and Wj’? =0 in R? for any
classical solution of (3.1). Since

(n+1) (n+1)
0=Y¢ =l (e_U‘d>1) + Wi, =" (e_U1<I>1> ,

we conclude then (e~V1d)**tD =0 in R2. As e V1, is a real smooth
function, we get

n
e Ve = Z bijz'7’
i.j=0

with b;j = b_j, for all 0 < i, j <n. This yields

n
oy elL=1{e""| Y byz'z/ |, bijeC, by=b;. YO<ij<ng,
i,j=0

a linear space of dimension (n + 1)2. Once ®; is fixed, as —AP;| =
M1 (2P — dy) in R2, &, is uniquely determined, successively all ®; are
uniquely determined, so is ¢;.

Moreover, the expression of e U1 given by the last section yields that the
constant functions belong to L. If ®; = ¥¢; € R, by (4.3), successively we
obtain ®; = ¢; € R for all 2 <i < n. Using again the system (4.3), we must
have

n
Zaijﬁj:(), V1<i<n,
j=1

which implies £; =0 for any 1 < j < n, hence (®;) can only be the trivial
solution. Therefore, we need only to consider ®; belonging to the algebraic
complementary of R in £, a linear subspace of dimension n(n + 2).

Finally, it is known that 7}, M, the tangent space of u = (u;) to the solution
manifold M provides us a n(n + 2) dimensional family of bounded solutions
to LSU(n + 1), so we can conclude that all the solutions of (4.1) form exactly
a linear space of dimension n(n 4 2). Theorem 4.1 is then proved. Il
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Remark 4.2 We note by the proof that Theorem 4.1 remains valid if we re-
lax the condition ¢; € L% (R?) to the growth condition ¢; (z) = O(|z|'T%) at
infinity with « € (0, 1).

5 Classification of singular Toda system with one source

For the Toda system SU(n + 1) with one singular source (1.6), denote Al =
(a’%), the inverse matrix of A and define as before

n n
Uj=Y a*up, oj=) a*yvi<j<n, (5.1)
k=1 k=1
where u = (uq, ..., uy) is a solution of (1.6). So
n
—AU;=exp [ Y a;;U; | —4mwai8y in R (5.2)
j=1

with

n
ex a;;iU; | dx = élidx <oo, Vi.

In this section, we will completely classify all the solutions of (1.6), and
prove in the next section the nondegenerency of the corresponding linearized
system. Here is the classification result.

Theorem 5.1 Suppose that y; > —1 for 1 <i <n,and U = (Uy, ..., U,) is
a solution of (5.2), then we have

2PV =20+ Y MR inC (5-3)
1<i<n

where
i—1
Pi(z) = cjo + ZcijZM1+M2+---+Mj e ., Cj € C, (5.4)
j=1
wi =y + 1, and A; € R satisfies

-2

j
M>0, Aokt hy =270 TT D | (5.5)
k=i

I<i<j=zn

Conversely, Uy defined by (5.3)—(5.5) generates a solution (U;) of (5.2).
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The proof of Theorem 5.1 is divided in several steps. Suppose U =
(Uy, ..., Uy) is a solution of (5.2).

5.1 Step 1

Uy —

We will prove that e~ f verifies the differential equation as follows:

n—1
Wk .
FUV+ Y o /=0 inC (5.6)
k=0

where wy, are real constants only depending on all y; and £ denotes the i-th
order derivative of f w.r.t. z.

Lemma 5.2 Let (U;) be given by (5.1), with (u;) a solution of (1.6). Define
Z, = W, and by iteration

n—2
Zi=W! +U:Ziri+ Y Wl Zjya, Vk=n—-1,n-2,....1. (57
j=k

Then Zy are holomorphic in C*. More precisely, there exist wy, € C such that

Wi

Zk = 2k

in C*, forany 1 <k <n,
where wy only depends on y;.

Here W,g (1 <k < j <n), considered as functional of (Uy, Us, ..., U,)
and their derivatives, are the invariants constructed in Sect. 2 for Toda system
SUn +1).

Proof First, we recall that

(m+1)
( ) for 1 <m <n,

m (5.9)

Wk+1—— forl<k<m-—1.

Using (3.3), Z,, is holomorphic in C* and by Lemma 2.1
Wiz =—UkzzUrs1;, foranyl <k<n-—1.
Consequently, in C* there holds by (5.8),
OZW;—LE"‘U”—LZZW =W,_ 1+ Un-1.22 ":(Wn 1 FUn-1:2 )

= Zn—l,Z-
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So Z,_; is also holomorphic in C*. Suppose that Zy| are holomorphic in
C* for k < ¢ <n — 2, then we have in C*,

n—2
Ziz= (W;:’ + U Ziri+ Yy W] Zj+2>

Jj=k z
n—2
) A
= W'z + Uk 2 Zk+1 + Wiz Zg2 + Z Wl:Zj2
j=k+1

= Uk zWi 1 + Uk 2z Ziv1 — Uk zUsky1 2 Ziks2

n—2 )
_w/ .
- Z Uk,ZZWk+]Z]+2
j=k+1

n—2
= Uk,zz (Zk+1 — Wi = Ukt1.2Zk42 — Z WkJHZjJrz) =0.
j=k+1
The last line comes from the definition of Zi, 1. Thus, Z is holomorphic in
C*foralll <k <n.
Next, we want to show that
Wg

Zi = 2k (5.9)
for some real constant wy depending on y;. Define
Vi=Uj—2ajloglz|, V1=<j=<n. (5.10)
So
—AV; =—4U; ;z; +4ma;do
n n
=exp Zaij Uj | +4ma;d0 —4m Z <a” yjéo)
j=1 j=1
n
= |Z|2yj exXp Za,‘j Vj
j=1
with

n n
.AI‘RQ |Z|27’jexp Za,‘jVj dXZ/RzeXp Za,‘jUj dx
j=1

j=1
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As y; > —1, applying Brezis-Merle’s argument in [4] to the system of V;,
we have V; € C%% in C for some « € (0, 1) and they are upper bounded
over C. This implies that we can express V; by the integral representation
formula. Moreover, by scaling argument and elliptic estimates, we have for
alll <i <n,

VEVi@) =0 (1417 *)  near0 and
(5.11)
Vk\/i(z) =0 <z*k) near oo, Vk>1.

By (2.3) and (5.11), it is obvious that
C 1
W,f(z) = LO() near 0 and W,f(z) =0 <z_2) near 0o,
Z

where Cy are real constants depending on y; only. Thus considering 72 W,f,
we get

C
W) = Z—§ in C. (5.12)

In particular, Z, is determined uniquely. To determine Zy for k < n, we can
do the induction step on k. By using (5.7), the definition of ij , (2.5) and
(5.11), we obtain

wi 4+ o(1)

Zk = 12—k

1
near0 and Z;=0 <m) at 0o,

where wy is a real constant and depends only on y;. By the Liouville theorem,
(5.9) is proved. Il

Proof of (5.6) To prove that f satisfies the ODE, we use (5.9) with k = 1. By
the above lemma, for k =1,

n—2
wq i
T =21 =W1”+U1,zzz+ZW{Zj+2
z =
2
=Wy Ulz+2 L
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As f=e U1, we have —U; . f = f’ and lef = — fU+D by definition for
all 1 < j <n. Multiplying the above equation with f, we get

Wi o k) _ w1+2 G+D,
=1 f § j =
or equivalently

1 1 Wk+1
S 0 4 S 0

Up to change the definition of wy, we are done. O
5.2 Step 2

We will prove that the fundamental solutions for (5.6) are just given by
fi(z) = 2% with

Bo = —ai, Bi=ai —ajiy1+i forl<i<@m-1), Bn =a, +n,
(5.13)
or equivalently we have P(8;) =0 where

n—1
P(ﬂ)=ﬁ(ﬁ—1)---(,3—H)+Zwk/3(ﬁ—1)---(ﬁ—k+1)-

i=0
By (5.13), B; satisfies
Bi—Bi—1=yi+1>0 foralll <i<n. (5.14)
Let
n
[ =20l 7+ ) MR, (5.15)
i=1
with

i—1
Pi(z) = trattmizen) 4 Z cijgt e
=0
where p; =1+ y; > 0. Note that

i—1

| Pi (2)] , .
-1 E e e T I gL
|z |1 pi—en + CijZ C
Jj=0
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Since | P;(z)| is a single-valued function, we have ¢;; =0if w1 +---+u; ¢
N. In the following, we let (P9 denote agaff. For any f of (5.15), we
define, if possible, U = (Uy, ..., U,) by

e U'=f and e Y =2k"Ddey () for2<k<n, (5.16)
where

dety(f) = det (f(””))(KP oy forisksadtl (5.17)

Theorem 5.3 Let dety(f) be defined by (5.17) with f given by (5.15) and
Ai >0 for all 0 <i <n. Then we have deti(f) >0in C*, V1 <k <n.
Furthermore, U = (Uy, ..., Uy) defined by (5.16) satisfies (5.2) if and only if
(5.5) holds.

Before going into the details of proof of Theorem 5.3, we first explain how
to construct solutions of Toda system from f via the formula (5.16). Here
we follow the procedure from [37]. For any function f, we define det;(f) by
(5.17). Then we have

detps1 (f) = det (f)0;z detp (f) — 97 dety (f)0z dete (f) fork > 1. (5.18)

dete—1(f)

The above formula comes from a general formula for the determinant of a
(k 4+ 1) x (k + 1) matrix. We explain it in the following. Let N = (c;, j) bea
(k+1) x (k+ 1) matrix:

— —
My u v
—

N=|S cxr  Cri+l
—

t Gkl k Chtlk+l

where U and V stands for the column vectors consisting of first (k — 1)

entries of the k-th column and (k + 1)-th column respectively, and S and _t>
stand for row vectors consisting of the first (k — 1) entries of the k-th row and
(k + 1)-th row respectively. We let

— —
NlZ(Ai1 u)’ N2=(A—4>1 ' )

t Cit1k+1

—
" M1 u " M1 _V>

= —> S = — .
! t  Crrik 2 S Ckk+1

Then we have

det(N) det(M) = det(N}) det(N2) — det(N7) det(N5).
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Since the proof is elementary, we omit it. Clearly, (5.18) follows from the
above formula immediately.

Suppose that det; (f) > 0 for 1 <k < n and det, 1 (f) =27""*+D_ Define
Ui by f=e . As = ?1U; .z = ffiz — f. f;, then

—4U; ;: =e*V'712 ifandonlyif e"V2 =4(ff.z — f.f) =4deta(f).
By the induction on &, 2 < k < n, we have

—4e72Vk Uy 1z = de Ve[ log det (f)]

=4 224€=D]det (f)dzdeti (f) — d.dete(f)dzdete(f)]
= 2D 2 ety () deti—1 (/)

= 2Dk e=Ui-1dety 1 (f).

Thus, Uy satisfies AU,z + 2V ~Ukt1=Ui=1 = 0 in C* if and only if e~ Uk+1 =
2k+Dk dety+1(f). For the last equation k = n, we have

4 2Un Unzz= 21+ Dn g =Un— dety+1(f).
Thus, U, satisfies AU, + ¢?Un=Un-1 = 0 in C* if and only if det,,(f) =

2—n(n+1)'

Therefore, assume that U = (Uy) given by (5.16), (5.17) and (5.15) is a
solution of the Toda system (5.2), to get the equality in (5.5), it is equivalent
to show

2

j
detys1(f) =Rort---dnx [T (Do m (5.19)
k=i

I<i<j=n

for f given by (5.15). We have first

Lemma 5.4 Let g = |z|* f with B € R, and f be a complex analytic function
in C*, there holds

detr () = |z|*Pdety (f) in C*,V k e N*. (5.20)

Proof This is obviously true for k = 1, we can check also easily for k = 2.
Suppose that the above formula holds for 1 < ¢ <k, then by formula (5.18),

dety (g) 0,z dety (g) — 0, dety(g)0z detr(g)
det;—1(g)

detyy1(g) =

_ dety (det (g))
deti_1(g)
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_ deta(2|** dete(f))
|22 =DB det_1 (f)

2+ DB deta (detx (f))
detg—1(f)

= |z]?* DB dety 1 ().

=|z]

The equality (5.20) holds when dety_1(f) # 0. Il

Thanks to (5.20), to prove (5.19), it is enough to prove the following: Let

n
f=x+) %P@P inC (5.21)
i=1

with P; given by (5.4), then

: 2
j
det,1(f) =Aor1 Ay X l_[ Z“k X |z Dyt 2y
k=i

I<i<j=n
(5.22)
Here weused (n + oy =ny1+ (n — D)yr+--- + y, for SU(n + 1).

Proof of (5.22) We proceed by induction. Let n = 1, we have P; = co + z!,
SO

deta(f) = deta <)»0 + MIP1|2> = |z| " Aor1 | P[> = horipuf|z) 201D

= hohi 1]z ?!
since 1 — 1 = y1. Then (5.22) holds true for n = 1.
Suppose that (5.22) is true for some (n — 1) € N*, we will prove (5.22) for

the range n. Define Ly (P) to be the vertical vector (P, 9, P, ..., afP) e Ck+l
for any smooth function P and k € N*. Denote Py = 1, there holds

detusi (P = D0 ighis + iy det (P La(Py), 9P Lu(Pr), .
0<ir=n,ip#iq
agP_inLn(P,-n)>
=aohde 3 det(PoLu(Po), 0P La(Pi) ..
I<ix=<n,ip#i4

a;P_l-nLn(Pin)).
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The last line is due to Py = 1. Let ¢; be the vertical vector (1,0, ...,0), we
have

det (PoLn(P0), 0P Lu(Py)), ... 0/ Py, Lu(P,) )

n

= det <e1, 3 PiyLn(Py)), ..., 02 Py, L(P; )>
=det <P_i/1Ln—1(Pi/1)’ e ,P_i/nLn—l(Pi/n)>.

Therefore detn+1(]7) = Aor1--- Ay det,(h) with h = Zlgign |Pi/|2' More-
over, fori > 1,
i—1
Fi= Z(Ml +po o et
k=1
+ (i +p2+-+ Mi)z“1+“2+"'+url
= (1 +/L2—|-..._|_Ml.)zm—11’5’i’

where
i—1
Fi — ot Z’é’ikz,uz-i--"-‘ruk with Zij cC.
k=1
This means that

[ n
h=12P7 | 2 Gn +,Uv2+"'+l/~i)2|Pi|2i|
Li=1

n—1
=12 pd + D G+ o+t Mi+1)2|Pi+1|2j| =27k,

L i=1

hence 7 is in the form of (5.21) with (n — 1). Consequently, by the induction
hypothesis, we get

detyy1(f) = AoAi - - - Andet,, (h)
= AQAl - -anZIZ"’" detn(ﬁ)

= AoA1 -+ Ag 2P

. 2
J
< [T widupat-+mw)?>< [ |D m
1<k<n 2<i<j<n \ k=i
which yields clearly the equality (5.22). 0
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On the other hand, assume that (5.5) holds true, using the above analysis
and (5.19), we see that U defined by (5.16) and (5.15) is a solution of (5.2) in
C* provided that dety () > 0 in C*.

First we make a general calculus of det; (g) with

n
g= Y mififj, wherem;j =y forall0<i,j<n, (5.23)
i,j=0

where f;(z) = zPi. Let M = (mij)o<i,j<n and J = (z;j)o<i,j<n With z;; =
(2P @ Let Nh’ jk be the k x k sub matrix (bij)i=i,,...ix, j=jr,.... jx» fO any

matrix N = (b, j )we denote also NV;, _j, the k x (n+ 1) sub matrix by taking

the rows iy, ..., ix of N/, and N' means the transposed matrix of \/.
As g(”’q) = Zmijfi(p)fj(q). For 1 < k <n, we can check easily that

—_
(g(pm) =Jo1,.kMJo1,.k
and

det (JO,l,...,kMJO,l,...,kt)

—t
— E det (JIO A1y lkMJO s Jlsess ]kJJO sJ1s- k > Jk )
10,11,

O<ip<iy<--<ix<n,0<jo<ji<--<jk<n

- 3 det (M1 00) det (g4 )

O<ip<iy<--<ix<n,0<jo<ji<--<jk<n

.....

x det (I ). (5.24)

Moreover, exactly as for (5.22), by induction, we can prove that

det (s ) =TT (B, - 81,)

0<p<q=k
% Z(k+1)ﬂi()+k(/3i1—ﬂi(,—1)+~~'+(ﬁik—ﬂik_l—1)
k(k+1)

= ] (8, —8,)xFotPutthi—"5"" (525

0<p<q=k
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Given f by (5.15) with A; satisfying (5.5), we will_prove that det (f) >0
in C*. Clearly, f >0in C* and =3}, ;, mij fi fj where

M = (m;;) = BB,
B = (b,‘j) with b;; = \/)T,', b,‘j = \/)\T'Cj[ for j > i,bij =0for j <i.
For 1 <k <n, denote B= Jo 1,.. kB, we can check that
—_
detit1(f) =det(fo,1 ..... kMJo 1,k )

= det (BEI)

—1
_ 00,01, L0501 seensl
= Z det (BO Lo ) det (Bo,l ..... i )

O<ip<ii<---<ix=<n

— 005115001k
= 2. ‘det (60,1 ..... k )

O<ip<ii<--<ig<n

2

As det, 1 (f) =27""*+D £ 0 by (5.5) and (5.19), the rank of the matrix B
must be (k+ 1) in C*, hence for any z € C*, we have 0 <ip <ij <--- <ix <
n, such that det(B'O e ”‘)(z) # 0, thus dety 1 (f) > 0 in C*.

To complete the proof of Theorem 5. 3 it remains to compute the strength
of the singularity. Notice that M = BB isa positive hermitian matrix, since
Ai > 0. By the formulas (5.24), (5.25), as i, > p, jp > p, B; are increasing
and

u k(k+1)
D Bp——5—=—(k+Daotky+k=Dyrt oty =~
p=0

we get

detii(N)= [ By—Blel 1[G +o()] asz—0, (5.26)

O<p<q=k
Uk+1 = —2ap+1log|z| + O(1) near 0.

Hence U = (U, ..., U,) satisfies (5.2) in C. This completes the proof of
Theorem 5.3. O]
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By Theorem 5.3, we have proved that any f given by (5.15) verifying (5.5)
is a solution of (5.6), because U = (U1, ..., U,) defined by (5.16) is a solu-
tion of the Toda system. In particular, it is the case for f =7 _,_, Ai |z|?Pi
satisfying (5.5), with B; are given by (5.13). Let L denote the linear operator
of the differential equation (5.6). Then

0=LL(f)=) LGP,

i=0
which implies L(z#) =0,V 0 <i <n. Thus Step 2 is proved.
5.3 Step 3

Suppose U = (Uy, ..., U,) is a solution of (5.2), we will prove that f = e~V
can be written as the form of (5.15). For any solution (U;), as f =e U1 >0
satisfies (5.6), we have

n
f=>_ mijfifj, wherem;=mj; forall0<i,j<n,
i.j=0

where fi(z) = z% is a set of fundamental solutions of (5.6).

We want to prove that f can be written as a sum of | P;(z)|?, which is not
true in general, because even a positive polynomial in C cannot be written
always as sum of squares of module of polynomials. For example, it is the
case for 2|z|® — |z|* — |z|? + 2. It means that, we need to use further informa-
tions from the Toda system. In fact, we will prove that M = (m;;) is a positive
hermitian matrix.

With V; given by (5.10),

eVI — |Z|20{1€—U1 — |Z|2a1f
n
= moo + Zmii|z|2(ﬂi—ﬂo) +2 Z Re (ml.jzﬂj—ﬂi) |Z|2(,3i—:30)'
i=1 0<i<j<n
Take z = 0, we get moo > 0. Let J = (2;j)0<i, j<n With z;j = (z))® as in

Step 2. Using (5.24), (5.25) and the monotonicity of 8;, exactly as before, we
get,forl <k<n-—1

detir1(N =[] (BBl [det (Mg 7f) +o0()].
O<p<q<k

asz — 0.
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Recall that e =Ykt = 2+ dety () and Vi, is defined by (5.10),

e~ Vi+1(0)

AR [|Z|2ak“detk+1 (f)]z=0 = det (Mg”ll”.‘_'.‘,’ck) x OS[ESk (ﬂq — IBP)Z,
which yields
det (M0} f) >0, ¥lsk=n-—1. (5.27)
Similarly, when k = n, noticing that
p=0
we obtain
270D — det, 1y () =detM) x  [| (Bg—Bp)° (5.28)

0<p<g=<n

hence det(M) > 0. Combining with (5.27) and mqg > 0, it is well known that

M is a positive hermitian matrix. Consequently, we can decompose M = BB
with a upper triangle matrix B = (b;;) where b;; > 0. To conclude, we have

n n k
f= mijfifi=) |0’ where Q=Y bitfi.
k=0

i,j=0 i=0

It is equivalent to saying that f is in the form of (5.15) with A; = bl.zl. > 0.
Combining with Theorem 5.3, the proof of Theorem 5.1 is finished. O

6 Quantization and nondegeneracy

Here we will prove Theorem 1.3. We first prove the quantization of the inte-
gral of ¢"i. By (5.24), (5.25) and again the monotonicity of 8; with f given
by (5.15), we have for 1 <k <n,

e Uk — Zk(k_l)detk(f) — |Z|2(/3n—k+1+~-~+/5n)—k(k—1) [ck +o(D)],

as |z| — oo,
where

Ck = 2k(k_l))¥n—k+lkn—k+2 Ay X 1_[ (ﬂp - :Bq)2 > 0.
n—k+1<g<p<n
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Thus, as — AU, = e — 4oy dg

U
f e dx =4may + lim Tk as
R2 R—+00 dBr 8v

ktk—1
:477:|:ak+;3n—k+l+"'+lgn_ (2 ):|

—4x [ak g +h(n—k+ 1)}.

Therefore,
n
Zaik/ e'fdx = 4w 2 + Yk + VYn+1-k),
k=1 R?

which implies
up(z) = —4w (2 + ypt1-1) loglz| + O(1),  for large |z].

This proves the quantization.
To prove the nondegeneracy, we let (u#;) be a solution of the singular Toda
system SU(n + 1) (1.6) and ¢; be solutions of the linearized system LSU (n +

1):

n
—A¢i =) ajjeip; inR: g eLC®HVI<i<n,  (6.1)
j=1
or equivalently

n

n
—4®; .z =exp Za,-j Uj | x Z (aij®;)

inR%, @, e L°(R*),V1<i<n,

where U; are defined by (5.1) and ®; defined by (4.2).
We will use the quantities Y] = eV1[(e"V1®)UTD — (e=U)tD @] for
1<j<n,and
J J
vi Yzt W
k+1 Uk,Zz

CDk,zZ

forl <k<j<n.

Recall that Y : : =01in C* for solutions of LSU(n + 1), we can prove also (as
for (2.4))

YJJ;Z =—®; zUjy1,—Ujz®Pj11,, forsolutions of LSU(n + 1) and j < n.
(6.2)
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Now we define some new invariants 2k for solutions of (6.1), which cor-
respond to Zj for system SU(n 4 1). Let

n—2
Z,=Y" and Z;= Yy 4 O Ziy1 + ZY]!Zj+2a
=k

Vk=n—-1,n-2,...,1.
The central argument is

Lemma 6.1 For any solution of (6.1), we have Zy =0 in C* for all
1<k<n.

Proof By the same argument as in Sect. 4, we have that Z, is holomorphic in
C*, since

n—1

211 ZqDlzz_ZZUlzq>lz+Z q)tzU+lz+Utchl+lz)
i=1 i=1 i=1

Using the integral representation formula for ®;, we see that VA®; = 0 (z7*)
as |z| > ooforallk > 1, so Zn = O(z~?) at infinity. On the other hand, since
yj > —1forall 1 < j <n, we have ®; € CY%(C) with some « € (0, 1), for
any 1 <i <n. Again, by elliptic estimates, we can claim that

VkQI(Z)zo(z—k> asz— 0, fork>1,1<i<n.

By the behavior of U; via (5.11), Zn = o(z_z) near the origin, so Zl =0
in C*. .

Combining the iterative relations on Y, /. the behaviors of ®; and U j» We
can claim that for all k < j <n,

ij =0 <zk_j_2) as |z| > oo and ij =0 (zk_j_2> as |z] > 0.
(6.3)
Therefore (recalling that Z; = wyz¥~2~" for any k), as Z,, = W!and Y =0,

Zn—l,z - Y,;l_l’g + (Dn—l,zZZn
=— n—l,ZY,? — ch—l,zZW,}: +®,-1::Z,=0.

S0 Z,_1 is holomorphic in C*. Using expression of Z, the asymptotic behav-
ior of ®; and (6.3), we see that Zn 1 =0(z3)at infinity and Zn 1 =0(z73)

@ Springer



C.-S. Lin et al.

near 0, hence Z,_; =0in C*. Fork <n — 2, suppose that Zj =0 for j >k,
we have

n—2
~ L .
Zi: =Y+ Pz Zikr1 + Y : Zka + Z Yk],ngJrz
j=k+1

n—2
=—U.zz |:Yl?+1 + ch—H,sz—i-Z + Z YkJ+IZj+2i|
j=k+1

n—2
+ O,z |:Zk+1 - Wit — Uks1,2Zk42 — Z W,f+12j+z:|
j=k+1

= _Uk,zzik-l—l
=0.

Here we used the definition of Z; 1. Similarly, the asymptotic behaviors yield
that Z; = 0 in C*. The backward induction finishes the proof. O

Let g = f®; with f = e~U1. By the definition of Yj, we see that gU+1) =
FUTD @, + fY/ forany 1 < j <n. Finally,

g(ﬂ-H) — f(n-i-l)q)l + fY!

n—1
=—®1) ZinfP+ Y]

j=0
n—1
| .
:—ZJ@y—bf@l—E:@+{§D—fﬂ ]+fﬁ
j=2

n—1 n—2
== Zing"+ f{Yf’ + @122, - ZYIJZj+2j|

j=0 j=1

n—1
== Zing".
—0

For the last line, we used 7 1 = 0. Therefore g satisfies exactly the same dif-
ferential equation (5.6) for f.

As g is a real function in C*, we get g = Y 7y fi f; with a hermitian
matrix (7x;). As before, the coefficients 71;; need to be zero if gy + -+ +
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w ¢ N, k <1, because for z = FHS

n
g=Y nklzlP+2) |z Re <Z nqklei(uk+1+.-~+m>9>

k=0 k k<l

is a single-valued function in C*. Besides, we can also eliminate the subspace
of constant functions for @ as in Sect. 4. We can conclude then the solution
space for (6.1) has the same dimension for the solution manifold for (1.6),
which means just the nondegeneracy. U

7 Proof of Theorem 1.5

Let u be a solution of (1.1). By the proof of Lemma 5.2, f = e~U! satisfies
the differential equation:

n—1

LH=f" D+ ZipfP =0 inC\(P1,..., P}, (7.1)
k=0
where Zj;y1 is a meromorphic function with poles at {Py,..., P,} and

Zk1(2) = O(lz) "1 at oo,
From Lemma 2.1, the principal part of Z; at P; is

Zi— +0( : ) 12)
k_(z_pj)n-i-l—k |Z_Pj|n—k ’ :

where the coefficient depends only on {y;;, 1 <i <n}.
As we knew in the Introduction, locally f can be written as a sum of
lvi (z)|?, where v; (z) is a holomorphic function. Hence

0=LL(f)=Y L)

i=0

Therefore, {v;}o<i<x 1s a set of fundamental solutions of (7.1), and by (7.1),
[vA--- Av®(z)| remains a constant through its analytical continuation. The
local exponents {f;;, 1 <i <n} of (7.1) at each P; is completely determined
by the principal part of Z;. Hence by (7.2) and (5.13), we have

Poj = —aij, Bij = Bi-1,j +vij +1.

Therefore, near each Py, £ =1,2,....m, vi(Pr+2) =} o< <, cijzPitg;(2),
where g; is a holomorphic function in a neighborhood of P,. Since B¢ — Bo¢
are positive integers, we have

V(P 4 27 = PPy (P 4 2), (7.3)
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i.e. the monodromy of v near Py is e2miPoc T [ is the identity matrix. There-
fore, the monodromy group of (5.6) consists of scalar multiples of / only,
which implies [v(z)], as a map into CP", is smooth at P, and well-defined
in C.

Applying the estimate of Brezis and Merle [4], we have

ui(z) =—(4+2y ) loglz| +0(1) at oo,

for some y;*. To compute y;*, we might use the Kelvin transformation,
i (z) = ui(z]z|~%) — 4log |z|. Then @; (z) also satisfies (1.1) with a new sin-
gularity at 0,

ui(z) = =2y log|z| + O(1) nearO.

The local exponent of ODE (7.1) corresponding to u; near 0 is B where
B — B =y +1forl<i<n. LetVv=(y,...,V,) be a holomorphic
curve corresponding to u, then

~ [ [ B~
Vi (ZeZTL’l) — eZJTlﬂl Ui (Z)

Since the monodromy near O is a scalar multiple of the identity matrix, we
conclude that B — B; must be integers and therefore, all y* are integers.
By identifying §? = C U {oo}, we see v(z) can be smoothly extended to be
a holomorphic curve from $2 into CP" and oo might be a ramificated point
with the total ramification index y;*. This ends the proof of Theorem 1.5. [
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French ANR project referenced ANR-08-BLAN-0335-01, he would like to thank department
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Appendix: Explicit formula for SU(3)

For general SU(n + 1) (1.6), depending the values of y; > —1, we can have
many different situations by Theorem 1.1. The solution manifolds have di-
mensions ranging from zn to n(n + 2). On the other hand, with the expression
of U; given by (1.9) and f = e~Yl we can obtain Us, ..., U, using the for-
mulas in (5.16). However the formulas for Uy, 2 < k < n are quite compli-
cated in general.

In this appendix, we focus on the case of SU(3) and give the explicit for-
mulas for n = 2. Consider

— Auyp=2e" — & — Ay 80, —Aupy =2¢"2 — "1 — 4wy in R?,

/e“"<oo, i=1,2, (8.1)
R2
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with y1, 2 > —1. Our result is

Theorem 8.1 Assume that (11, uz) is solution of (8.1).

o If y1,v2 € N. The solution space is an eight dimensional smooth manifold.
More precisely, we have

P
e“1=4F|z|27’1P2, 6“2:4F|z|2”2@ in C (8.2)

with' = (y1 + D)(y2 + D(y1 + v2 +2) and

2
P =+ Di+n+rn+2é& ‘Zy1+1 _ Cl‘

2

El

y1+1
+ L |gntnt2 o ontl

£15

_63

yi+y2+2 2

&

At 1 +r2+2)c e+ (71 + Des
r2+1 y2+1

et (Y1 + Dez
yi+y+2

Q@)=+ D&&E+

v+1 2

&1

where c1,cp,c3€C, &1,& > 0.

o Ifnow y1 €N, yo €N and y| + y2 € Z, then c; = co = ¢3 =0, the solution
manifold to (8.1) is of two dimensions.

e IfyeN, »mdN, then cp =c3=0;if y1 €N, y» € N, there holds ¢ =
c3 = 0; we get a four dimensional solution manifold in both cases.

o Ifyi €N, y» € N but y1 + y» € Z, then c1 = ¢ = 0, the solution manifold
to (8.1) is of four dimensions.

In all cases, we have
/ e'ldx = f e2dx =4n(y1 +y2 +2). (8.3)
R2 R2

The proof follows directly from the formulas (1.9) and (5.16). Here in
the below we give direct calculations instead of the general consideration in
Sect. 5.

Define (U, Uz) and a1, az by (5.1). Denoting

"
U -U 3
W]:—e 1 <e 1) :Ul,ZZZ_3U1sZZU1,Z+U1,Z’

then Wz = —U1 z[Ut;; + Uspe — Uf, — U3 .+ Uy Us ] := —Uy : Wa.
As before, we can claim that W, ; = 0 in C*. By studying the behavior of W»
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at oo, we get

wz .
Wy =— in C* where wy = —a% — oz% +ajoy —oap —an.

As (W) 4+ Uy ;Wy); = Uy W2z =0in C*, by considering z3(W; + U; , W»),
there holds

e e 2, 3
W1+U1’ZW2:Z_3 in C* where w; =21 + 3oy + o + ajws.

Combine all these informations, the function f := e~ Ut gsatisfies
w1 w? w2 w1 .
fzzz:_fwlZ—Z_3f+fU1,zZ_2:_Z_2fz_Z_3f in C*. (8.4)

Consider special solution of (8.4) like zP, then B should satisfy (8 —1)(8 —
2) + wa B + wi = 0. We check readily that the equation of 8 has three roots:
Bi=—a, o=a1+1—apand B3=a2+2. Hence B3 — B =>4+ 1>0
and 2 — B1 = y1 + 1> 0. We obtain finally f(z) = }_,; j3 bijz"zPi with
an hermitian matrix (b;;).

In the following, we show how to get explicit formulas of U; for two cases,
and all the others can be treated similarly. The formulas of u; or the quanti-
zation (8.3) of the integrals are clearly direct consequences of expression of
U;.

Case I: y; ¢ N and y; + y» ¢ Z. To get a well defined real function f in
C*, we have b;; =0 for i # j, so that

3
f=e U= Za,~|z|2ﬂf in C*, witha; € R.

i=1

Therefore direct calculation yields

—U,
e _ . P
= MWa=fla—ffe= ) aiaj(Bi— B POTHTD.
1<i<j<3
Moreover, there holds also e U1 = —4e=2U20, -. With the explicit values of

Bi, we can check that (U7, U») is a solution if and only if

1
ajapaz? = o VhereT=0+D0+ D0 +r+2), (8.5)
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or equivalently

(2 + D& 1+ 2 +2)&
al == b a2 - 9y
AT AT
_n+D

= ith &, 0.
Mg mEnS>

as

Indeed, the positivity of e~Y! in C* implies that a;, a3 > 0, so is a2 by (8.5).
Case 2: y1 € N but y» ¢ N. We get

3

- Re(azn*hy | .

e Ul = Zai|z|2’3’ + % in C*, withag; eR, A €C.
i=1

If ay # 0, changing eventually the value of ay, there exists c; € C such that

Ly, @ +ar|z"H — ¢ P + a3z Pt
e l= in C*.

| Z|20{1
We obtain then the expression of e~U2 directly and we can check that the
necessary and sufficient condition required to get solutions of (8.1) is always
(8.5). We leave the details for interested readers. This yields

eV = | (D1 + (1 + 72+ D8 [+ —c \2
BNEED Y2 1= yirnr 2 1
n 7’1_*'1|Z|2<y1+y2+2)}
£15
and
e U2 — # (y1 + DEE + LVZHMF(VTH)
4T |z|?*2 &
2
V2 + 1 2(m+D | yi+1 (yl +yv2+ 2)Cl
+ —|z| Z - |
&1 y2+1

So it remains to eliminate the case ap = 0. If ap = 0, we can rewrite

_ar+ Re(Az1 ) + a3|z|*ntr2t2)

: *
m
22 ©

f

where A € C. Direct calculation yields

e~ 2

4 = Mfa—ffe= |z(meatrtD [C’l |21 7272D 4 ¢ 4 ¢fRe <)»z”1“)] :
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where

_Pon+ D2
4 b
G=a(i+rn+2)(n+1).

)= ch=araz(y1 + 2 +2)%,

As eU2 > 0, we must have c/1 > 0. So we get A =0, and we find the expres-
sion of f as in Case 1 with ap = 0. Then we need to verify (8.5). However
this is impossible since ay = 0. Thus a» must be nonzero.
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