Solution Keys to MAT3210 Assignment 2

1. Solution
(i) C is convex. Yu,v € C,VA € (0,1),

A~ (1= XNv = [Aug + (1 — Ny, Adug + (1 — A)vg]
We have

[)\Ul + (1 — )\)Ul]Q + )\UQ + (1 — )\)/UQ]Z
N (w2 4 ud) + (1= N (v +03) 4+ 2X0(1 — N (ugvr + ugwy)
+(1

< N} 4 ud) (1= N(0F 4 03) + 201 = M)y (ud +ud) + (0 + o)
< A4 (1= 2274201 = \)
= 1

and

[Aug + (1 — Nvg] + [Aug + (1 — A)we]
= AMup +uz) + (1= AN)(v1 + v2)
> 0

Therefore Au+ (1 — Av € C.
(ii) C is bounded from below, since

x$+x§§1¢xlz—\/1—x§2—1
SO is 9.

(iii) Rewrite C' in polar coordinate:

C={(r,0)|rel0,1],0 ¢ [—g, ?jf]}

Then the extreme points of C' are those points with » = 1. To verify this, let
w = (1,60) be such a point and u = (r,«),v = (s, 3) be two points in C s.t.
w=Au+(1-Awv
for some A € (0, 1). Back to Euclidean coordinate we have

cos = Arcosa+ (1— A)scosf
sinff = Arsina+ (1 — \)ssinf

1



Taking square on both sides,
1 = cos’f+sin?6
= Nr? + (1= X)2* +2\(1 — A) cos(a — 3)
< N+ (1242201 -)) =1

Since A € (0,1), we have r = s = 1 and a = (3, i.e. u = v. Therefore w is an
extreme point.

(iv) Now let (zg,yo) € C with 23 + y2 = 1. Then

H={(z,y) € R* : zz0 + yyo = 1}
is a supporting hyperplane of C' at (xg, yo).

2. Solution
See the solution of assignment 1.

3. Solution
(3.1) The graph of the above set is shown in Figure 1. The extreme points

Figure 1: Figure 1: Linear constraints, feasible region and extreme points.

are a, b, ¢, d. We have



Supporting hyperplanes at the extreme points can be chosen as follows:
a,b:xy —x9=06;5¢c,d:x9=0
(3.2) The standard form is

3x1 + 229 + 23 = 18
—T1+ T2+ x4 =06
5x1 + 3x9 — x5 = 20

r; >0,0=1,2,3,4,5,

where x3, x4, x5 are slack variables. The BFS correspond to the extreme

points:
1 25 19
a'(ZvZ)ZaOaO)
6 36 38
b:(=,—,0,0, —
(57 57 s Yy 5)
¢:(6,0,0,12,10)
d: (4,0,6,10,0)

4. Solution
The standard form is

maximize 2’ = —10x; — 225 + 275, + 73

subject to ¥y + x5 — x5y + 24 = 30
1'1—1‘3—275:1

Ty — x5 + 3+ 36 =3

—xy fxy —x3tar =7

T+ 1y — 1y +x3 =10

T, Ty, Ty, T3, Ty, Ts, T, Ty > 0,

where

13 = max(0, 73), 7, = max(0, —xs).

5. Solution

(a) Set x3 = 0. We have x; = g, Ty = %. Since ay, as are linear independent,

the solution is a basic feasible solution.



(b) Set x5 = 0. We have z; = 2,23 = —X. The solution is infeasible.
(c) Set ;1 = 0. We have x5 = %, T3 = % Since ap, ag are linearly indepen-
dent, the solution is a BF'S.

6. Solution

(a) Set 1 = x5 = 0. We have 3 = 2, x4 = —1. The solution is infeasible.
(b) Set 1 = x3 = 0. We have zy = %,x4 = 0. Since ay, a, are linearly
independent, the solution is a BFS.

(c) Set x; = x4 = 0. We have zy = %,x;)) —1. We get the same BFS
obtained in (b).

(d) Set x93 = x3 = 0. We have x; = %, T4 = —g. The solution is infeasible.
(e) Set 9 = x4 = 0. We have x; = =2, 23 = % The solution is infeasible.
(f) Set x5 = x4 = 0. We have zy = 0,z = 5. We get the same BFS obtained
in (b).

7. Solution
We first express the LP in standard form:

maximize z = x1 + T9 — 4:16;’ + 4z

subject to zo + 3x§ — 3x; =3
T + 3wy — 224 + 205 =2

+ —
xhx?v‘r?’ 7373 Z 0

(a) Set z; = z9 = 0. We have z; = 2,75 = 3. The solution is a BFS. The
value of z is 4.

(b) Set x; = x5 = 0. We have zo =
(c) Set zy = x5 = 0. We have x5 =
value of z is —%.

(d) Set z9 = z3 = 0. We have x; = 8,23 = —3. The solution is infeasible.

(e) Set xy = x3 = 0. We have z; = 4,25 = 1. the solution is a BFS. The
value of z is 0.

(f) Set 23 = x5 = 0. We have z; = —2, x5 = 2. The solution is infeasible.
The optimal value of the LP is 4. It is attained at (0,0,2,3)7.

x5 = —2. The solution is infeasible.

x3 = 2. The solution is a BFS. The

8
77
12
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8. Solution
A direct check shows that xg is an FS. But xg is not a BFS since it con-
tains only one zero element, while a FBS of the above LPP should contain



at least two zero elements. To find a BFS from z(, we first observe that
O0a; + 2a, — azg = 0. We have, using the notation of the lecture notes,

aq :O,a2:2,a3:1,

T2 . Ty .
—=1l=min{~:q; >0,j=1,2,3}.
[6%) Q;
Hence
. aq
xlle—xg-—:3
(8%
Z%QZO
A Qs
ZE3:ZL’3—1]2'—:2
(8%

Therefore the new FS is 2 = (3,0,20)%. Since a,, a3 are linearly independent,
the solution is also a BF'S.

9. Solution

(a) Just substitute the vector into the system of equations and we can see
that it is an FS.

(b) Since rank|a;, as, a3, a4] = 3, the solution is not basic. Since

—a; — dag + 2a3 — 4ay = 0,

we have
041:1,042:—5,043:27064:—4,
T3 1 R o )
= =—=min{~:q; >0,j=1,2,3,4}.
ag 2 a
Hence
A aq 5
r1 =1 — T3 — = <
3 2
N 9 7
T9g =Ty — T3 — — <
3 2
§63:O
A Oy
334:$4—1‘3'—:5
a3

Therefore the new FS is & = (

2. 1,0,5)". Since a;,as,a, are linearly inde-
pendent, the solution is also a BF'S.



10. Solution
Figure 2 shows the graph of the linear constraints and the feasible region
(shaded area). a,b,c,d are the extreme points. We have

Figure 2: Figure 2: Linear constraints, feasible region and extreme points.

47 3

3 §)’ c=(3,=),d=(4,0).

a=(0,1),b=( 5

Compute the values of z at the extreme points:

19 9
Z((I) = _572([)) - __72(0) = _7Z(d) =16
3 2
Therefore
19 at ( ) <4 7)
minz = —— r1,%2) = (=, =)
1,42 37 3
—— END ——



