Solution Keys to MAT3210 Assignment 2

1. Solution

i.

ii.

iii.

C' is convex.
Vu,v e C, VA € (0,1)

A+ (1= Mo =[Aup + (1 = Nog, dug + (1 — A)va).
we have

[)\ul + (1 — /\)1}1]2 + [)\UQ + (1 — )\)’1}2]2
N2 4+ ud) + (1= N2 (02 +03) + 201 — N (u1v1 + ugwo)

< 2 4 ud) + (1— N2} +v3) + 2A(1 — A)y/(u? + ud) (v} + o3)
< N4 (A-2N2420(1-)) =1
and

[Aur + (1 = Nvr] + [Aug + (1 — N)wvg]
= )\(ul + UQ) + (1 — )\)(’Ul + 1)2)
> 0.

Therefore Au + (1 — Nv € C.

C is bounded from below, since

i ri<l = x> /123> 1.

SO iS Zo.

The extreme points of C = {(z1,22) | 23 + 23 = 1,21 + 29 > 0}.

Let a=(r,s) be an extreme point of C. Then the tangent line of C at a

is a supporting hyperplane at a: =2 = -

2. Solution

1.

The extreme points are a, b, ¢, d where

1 25 6 36
b =

4’ Z)? = (57 3)7 c= (67 0)7 d= (47 0)

a=(
supporting hyperplanes at the extreme points can be chosen as follows

a,b:x1—a90=06; c,d:x0=0



2. The standard form is

321+ 220 + 23 = 18
—x1+ x2+2x4 = 6
521+ 3x0 —xz5 = 20
x; > 0, 1=1,2,3,4,5.

where x3, x4, x5 are slack variables.
The BFS correspond to the extreme point:

1 25 19
: - —, —, 0,0
a (4a 4 9 4 ) ) )
6 36 38
b: -, —, 0,0, —
(5 5 5 )
C: (6, 0, 0, 12, 10)
(4, 0, 6, 10, 0)
3. Solution
The standard form is
maximize 2’ = —10z; — 225 + 275 + T3
subject to T+ a:gL — x5 +x4 =30
r1 — T3 — T5 =1
T3 —xy +x3+a6 =3
—$2++$§—x3+x7 =
v +af —x5 +23 =10
131,13;_,.732_,1'3,1'4,]75,%6,567 ZO
where
7y = max(0,73), 5 = max(0, —z3).
4. Solution
1. Set x3 = 0, we have x1 = 8 and x9 = %. Since aj,as are linearly

independent, the solution is a basic feasible solution.

13

2. Set wg = 0, we have 1 = ¢ and x3 = —18—1. The solution is infeasible.

3. Set x1 = 0, we have x5 = % and x3 =

independent, the solution is a BFS.

. Since ag, as are linearly

~Jjot

5. Solution

1. Set 1 = x2 = 0, we have x3 = 2, x4 = —1. The solution is infeasible.



2. Set x1 = x3 = 0, we have x5 = %, x4 = 0. Since ag, a4 are linearly

independent, the solution is a BFS.

3. Set x1 = x4 = 0, we have x5 = %, z3 = 0. We get the same BFS as
that in (b).

4. Set x9 = x3 = 0, we have 1 = %, x4 = —%. The solution is infeasible.

5. Set x9 = x4 = 0, we have 1 = —2, x3 = 2. The solution is infeasible.

Nol— NI Wl

6. Set x3 = x4 = 0, we have 1 = 0, z2 = 5. We get the same BFS as

that in (b).
To summary, (0, %, 0, 0)” is the only BFS.

6. Solution

Substitute xg into the system of equations we find it is a F'S. But zq is cer-
tainly not a BFS since it contains only one 0 element, while a BFS of the
above LPP should contains at least two 0 elements. To find BFS from xq,
we first observe that Oa; + 2a9 — az = 0, we have

a1:0, 04222, 043:—1,064:0.
z2 . Ty .
= =1=min{~: o; >0, j=1,2,3,4}
a9 aj
Hence
N z2
T = x1—a1-— =3
a2
To = 0
N Z2
T3 = Tz—az3-— =2
Qa2
~ €2
Ty = m4—a4-—:1
Qa2

Therefore the new FS is 1 = (3, 0, 2, 1)7. Since 2a; — a4 = 0, 21 is not
basic. Do a similar procedure as above:

61:27 /82:07 63:0764:_1-

A~

I . Ly .
— =—=min{—=: §,>0, j=1,2,3,4
B 2 UG A }
Hence
1 = 0
To = 0
) T
T3 = $3—ﬂ3'5%:2
) B 5
T4 = $4—ﬁ4'ﬂ%:§



Since a3 and a4 are linearly independent, x:(0,0,27g)is a BFS.

7. Solution

(a) Just substitute the vector into the system of equations and we can see
it is a F'S.

(b) Since rank(ai, a2, a3, as] = 3, the solution is not basic. Since

—a1 — Das + 2a3 —4ag =0

we have
a=1, ap=-5, a3 =2, ay = —4
T3 1 . T .
= =-=min{~2: o; >0, j=1,2,3,4}
Qa3 2 Q
Hence
. ar 5
I = 1 — X3 — = <
(0%} 2
. ag T
Tro = ToQ—X3:r— = =
az 2
z3 = 0
~ Qay
Ty = Ty4—T3-— =95
asg
5 7

Therefore the new FS is 21 = (3, 5, 0, 5)T. Since a1, as, a4 are
linearly independent, the solution is also a BFS.

8. Solution
After drawing the graphs of the linear constraints and the feasible region,
you will find that a, b, ¢, d are the extreme points where

4 7 3

3’ 5)’ c=(3, =), d= (4, 0).

a=(0, 1), b= ( .

Now compute the values of z at the extreme points:

19 9
Z(a) = —9, Z(b) = _E’ Z(C) = 5’ Z(d) = 16.
Therefore
mm(z)——gatm _% T _Z
=73 1= 3,02 = 3
—END—

This modified solution was originally written by WANG Yugiang.



