Solution Keys to MAT3210 Assignment 1

1. Solution

Form the augmented matrices [A| b].

(a)
1 0
3 1
-1 1
1
— 0 1
00
(b)
1 2
2 1
1 -1
1 0
— -3
0 O
2. Solution

Matrix multiplication gives

Let k varies from 1 to m we have

3. Solution

12 -1
(a)A:<1 0 -1

[an}

-1 1
1 4 -3
1 1 3

1 -1 X
1 0 5 — X9
0 -3 6 T3
2 -1 1
-3 3 -1
-3 4 0
0 0 -2 1
-3 0 — i X9
0 1 1 I3

(AZ)p =) apjw;.
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1 2
10
basic variables: 1, xo
nonbasic variables: 3

(i) B =

. . 1 T
basic solution: x = ( 0 50 ) is degenerate.
2 -1

i) B —
(i) 0 1

basic variables: zs, x3

nonbasic variables: x1

T
basic solution: x = ( 0 % 0 ) is degenerate.

ot
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3 5

1 -1

basic variables: x1, x2
nonbasic variables: x3, x4

(i) B =

T
basic solution: = = ( % % 00 ) is non-degenerate.
@ B=(7

basic variables: x1,x3
nonbasic variables: xo, x4

T
basic solution: x = ( 0 050 ) is degenerate.
30
11

basic variables: x1, x4
nonbasic variables: xs, x3

(iii) B =

T

basic solution: x = ( % 00 —% ) is non-degenerate.
. B 5 1
(iv) B = 10

basic variables: x9, x3
nonbasic variables: x1, x4

T
basic solution: = = ( 005 0 ) is degenerate.
5 0
WM B={ 5
basic variables: x9, x4
nonbasic variables: x1, 3

T
basic solution: x = ( 01 0 —1 ) is non-degenerate.



(vi) B=

10

0 1

basic variables: x3, x4
nonbasic variables: 1, x

T
basic solution: x = ( 0 050 ) is degenerate.

1 00 -1 1
(c) A= 3 1 2 1 ,b=10
-1 1 2 2 2
1 0 -1
(i) B= 3 1 1
-1 1 2
basic variables: x1,x2, x4
nonbasic variable: x3
T
basic solution: z = ( -1 5 0 -2 ) is non-degenerate.
1 0 -1
(i) B = 3 2 1
-1 2 2
basic variables: 1,3, x4
nonbasic variable: x9
T
basic solution: x = ( -1 0 % —2 ) is non-degenerate.
1 2 0 O 2
d) A= 2 4 3 2 ,b=1 3
3 2 5 -1 1
1 2 0
i)y B=] 2 4 3
3 2 5

basic variables: x1,x2, 3

nonbasic variable: x4
T
basic solution: x = ( % 8 % 0 ) is non-degenerate.

12 0

(i) B=| 2 4 2

3 2 -1
basic variables: 1, x9, 24
nonbasic variable: x3

T
basic solution: x = ( —% 1—81 0 —% ) is non-degenerate.
10 0
(iii) B=| 2 3 2
3 5 -1



basic variables: 1, x3, 24
nonbasic variable: x9

T
basic solution: x = < 2 0 —% % ) is non-degenerate.
20 0
(ivy B=| 4 3 2
2 5 -1
basic variables: xs, x3, 24
nonbasic variable: x1
T
basic solution: x = ( 01 713—3 f% ) is non-degenerate.

4. Solution
Rewrite the two equations as

cix=5cax=9
where

c1:<1 -2 —1)T,02:(2 —4 —2>T,X:<ZE Y z)T.

Since ¢ = 2¢y, they are two parallel vectors. Therefore the two hyperplanes
are parallel.

As ¢ and ¢y are in the same direction, we may use the formula mentioned
in class:

<1 22

1
lell lleall

2V6

5. Solution

Consider two elements in ()
u=(1,4), v=(4,1).
Let A = %, then
w=Au+(1-XNv= (577)

is obviously not a point in Q.
Therefore @) is not a convex set.

6. Solution
(0,0),(2,0),(0,2) are extreme points of Q.
Let u,v € Q, A € (0,1).



(i) Let
(0, 0) = ()\ul + (1 — )\)Ul, Aug + (1 — )\)UQ).

Then
A—1

0<u = v1 <0 =wu; =0.

Similarly we have us = 0, so as vy, vo.
Therefore u = v = 0, which means (0,0) is an extreme point.
(ii) Let
(2, 0) = ()\ul + (1 - )\)Ul, )\UQ + (1 - )\)Ug).
Then
Mg+ (1 —=Nvg =0 = ug =v9 =0.
A+ A =2 = up =v1 =2.

Therefore © = v = (2,0), which means (2,0) is an extreme point.
Similarly, we can show that (0,2) is an extreme point.

There are no other extreme points of Q.

First, if  is an interior point of @), then we can find an open ball B, (x)
such that B,(z) C Q.

Let
x1 =x+ (r,0), x9 =x — (r,0).
Then
z1,22 € By(z) C Q.
and
T
T = g1+ 522

Therefore x is not an extreme point of Q.

Second, if x is a boundary point other than the three extreme points,
then we can use the same method as above to show that z is not an
extreme point.

7. Solution
(a) The extreme points are (0,0), (0,1), (1,2),(2,2),(3,3), (4,0)(Fig. 1).
(b) The extreme points are (0,1), (22,22, (3, —2)(Fig. 2).

Figure 1 and 2 are on the last page.



8. Solution
Clearly, x =0 € C.
Let u,v € C' and
O=Xu~+(1-XNv, 0 <A<1.

u,v >0 = wu;,v; >0, Vi.
Then

0=Auj+ (1 —N)v;
= U = V; = 0, Vi
= u=v=0
Therefore z = 0 is an extreme point of C.

9. Solution

(1) Consider any point z inside the triangle. Let y be the intersection of
the line segment z122 and the extension of the line segment x3y. Then

Y= A\x1+ (1 — /\1)332

with Ay = (24

|z’

x = Xws+ (1 — )y

with oy = lz3z|
[z3y]
Then
Tr = /\2%3 + (1 - )\2))\1$1 + (1 - )\Q)xg

Since

A+ (T=d)AM +(1=X)(1—=X) =1

we conclude that z is a convex combination of x1, 2, x3.

(2) The obvious supporting hyperplane at z; is the line through x; and
which is parallel to the line segment xox3. i.e.

2z +y =5.
Similarly for xo and x3 we have

x—2y= -5, 3z —y = 10.



10. Solution

(i) C1 Ny is convex.
For all 1,20 € C1 N Cy, we have 1,29 € Cy, a = 1,2. The for all
A€ (0,1) we have

r=Ar1+ (1 —Axg) € Cq, a=1,2
= zeCindCs.

Therefore C1 N Cy is convex.

(ii) C1 N Cy is closed.

Want to show 9(C1 N Cy) C (C1 N Cy).

Let x € 9(C1NCs). Then every open ball B, (x) contains both a point
in Cqy N Cs and a point out of it. If x is not in C7 which is closed,
then we can find an open ball containing no point in C, and therefore
containing no point in C7; N Cy. Contradiction. Therefore z € C4.
Similarly we can show that x € Cy. Together we have x € Cy N Cs.
Therefore we have shown 9(C; N Cq) C (C1 N Cy).

C1 U Cy is not necessarily convex. For example, let C; = [1,2], Cy =
[3,4]. Then both C; and Cj are closed convex sets, but Cy U Cy is
certainly not convex.

11. Solution
(1) We have
inf —y| = — ith = (1,0).
inf |z —y| = |zo —y|, with 2o = (1,0)
then

a=1z0—y=(-1,0), z=a"y = 2.

By Theorem 3 of 1.8, X = {a”x = 2z} is a hyperplane that contains y
and such that C' C {z|aTz > z}.

(2) X = {x1 = —1} is a supporting hyperplane of C at y.
Let
T=XnC= {(xl,fbg)lfbl =—-1,0<2 < 1}.

Let t! = [t1,¢}] € T, where
t1 = inf{t1|(t1,t2) € T} = —1, t3 = inf{ts|(t1,t2) € T} = 0.
By Theorem 5 of 1.8, t! = (—1,0) is an extreme point of C.

— END —

This solution was written by WANG Yuliang.



Figure 1: The shadowed area satisfies the constraints.
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Figure 2: The shadowed area satisfies the constraints.




