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Abstract

We consider the boundary value problem Au + |z|**u? = 0, a > 0, in the
unit ball B with homogeneous Dirichlet boundary condition and p a large
exponent. We find a condition which ensures the existence of a positive
solution u, concentrating outside the origin at k symmetric points as p
goes to +00. The same techniques lead also to a more general result on
general domains. In particular, we have that concentration at the origin
is always possible, provided a ¢ IN.
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1 Introduction and statement of main results
In this paper, we consider the following so-called Hénon equation ([17])
Au+ |z|?**uP =0 in Q,

u>0 in Q, (1.1)
u=20 on 012,
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where a > 0,  is a bounded domain in R (N > 2) containing the origin, and
p>1.
Problem (1.1) has attracted a lot of studies in recent years. In [19], Ni showed

the existence of a radially symmetric solution when p < % for N > 3 and

Q = B;(0). When Q = B;(0) C R?, numerical computations by Chen, Ni and
Zhou [9] suggest that for some parameters (a, p), the ground state solutions are
nonradial. This was partially confirmed recently by Smets, Su and William in
[24], in which it was proved that for each 2 < p+1 < 2*(= A%JXQ if N > 3;=+o00
if N = 2), there exists a* such that for o > a* the ground states are nonradial.
They also showed that for fixed «, the ground state solution must be radial if p is
close to 1. When N > 2, the asymptotic behavior of (radial or nonradial) ground
state solutions as @ — +o0o is studied by Byeon and Wang in [3, 4], in which
they proved that the ground state solution develop boundary concentrations.
In another direction, when N > 3, « is fixed, = By, and p+ 1 — %, Cao
and Peng [5] showed that the ground state solution develops a boundary bubble
(hence must be nonradial). In [6] and [20], multiple boundary concentrations
have been constructed when N > 3,92 = By and p — %

In this paper, we consider the problem (1.1) when N = 2 and p is large, i.e.,
the following boundary value problem:

Au + |z|**u? =0 in B,
u>0 in B, (1.2)
u=20 on 0B,

where o > 0, B = B(0,1) is the unit ball in R? and p is a large exponent.

Unlike [5], as p — 400, there are no boundary concentration solutions. The
proof of this fact follows from the same proof of Proposition 5 of [18]. One of
the main results of this paper is to show the presence of solutions concentrating
at the origin or outside the origin as long as o € IN and 2 contains the origin.

Let K, = max{k € IN : k < a+ 1}. Concerning concentration outside the
origin, the main result we obtain for (1.2) is the following;:

Theorem 1.1 There exists pg > 0 large such that for any 1 < k < K, and
p > po problem (1.2) has a solution w, which concentrates at k (symmetric)
different points of B\ {0}, i.e. as p goes to +oo

k
pla[**ubtt — 8re Z b¢, weakly in the sense of measure in B

i=1
for some & = (&1,...,&). More precisely, for any § >0 as p — +0oo:

max u, — 0, sup u, — e
B\UE_, B(€:,8) B(£..9)



Theorem 1.1 is based on a constructive method which works also for a more
general problem:
Au+ a(z)uP =0 in Q,
u >0 in Q, (1.3)
u=20 on 01},

where € is a smooth, bounded domain in IR?, p is a large exponent and a(z) >0
is a potential (eventually vanishing somewhere in ).
Set

Z:={q€Q: a(x) = |z — q[**a,(), a,(q) > 0}.

Let G(z,y) be the Green’s function, i.e. the solution of the problem

—0,G(z,y) = by(x) = € Q,
G(z,y)=0 x € 0

and let H(z,y) be the regular part defined as

1
Bl

H(z,y) = G(z,y) -

Let ¢1,...,gm € Z be different points so that o; = ay, ¢ IN for any i =
1,...,m. In order to find a solution concentrating at qi,..., g, and at &;,..., & €
Q\ Z, the location of the concentration points &1, . . . , & should be a critical point
of the following function:

k k

(&, 8) = Y HE &)+ Y G&n &)+ Zlogafz
i=1 i,j=1
i#j

kK m
—1—222 14+ 0;)G(&, q5),

where
(o) EM={(&,... . &) € (Q\2)F + & #& fori #j}.

The role of the function ® in concentration phenomena was already shown for
(1.3) with a(z) = 1 in [15] (see also [2, 10, 14] in the context of the mean
field equation). Considering changing sign solutions of (1.2) (u? replaced by
|u[P~1u in the equation), we can allow also negative concentration phenomena
and the function responsible to locate the concentration points is “essentially”
® as already shown in [16] for a(z) = 1. To understand the role of ® in presence
of some concentration point in Z, we refer to [12, 13] where in the context of
the mean field equation blowing up solutions are constructed.

The result we have is the following:



Theorem 1.2 Letq,...,qm € Z be different points so that o; = «(q;) ¢ IN for
anyi=1,...,m. Let k > 1 and assume that (¢;,...,&;) € M is a C°—stable
critical point of ® (according to Definition 3.1). Then, there exists pg > 0 such
that for any p > po problem (1.3) has a solution u, which concentrates at m+k
different points of Q, i.e. as p goes to +00

m k
pa(:v)ugJrl — 8me Z(ai + 1)d4, + 8me Z J¢,
i=1 i=1

weakly in the sense of measure in S0, for some & € M such that ®(&y, ..., &) =
O(&5, ..., &) More precisely, for any § > 0 as p goes to +oo:

up — 0 uniformly in Q\ (U™, B(g;,0)) U (UleB(fi,é))

and
sup  uy(z) — Ve, sup  up(z) — Ve
z€B(g:,0) z€B(&;,0)

foranyi=1,... mandj=1,... k.

Remark 1.1 Let us remark that Theorem 1.2 implies the existence of solutions
for (1.2) concentrating at the origin, provided o ¢ IN. Moreover, by means of
a Pohozaev identity, it is easy to show that, in the class we are considering
(according to a specific ansatz we will describe below), it is not possible to
construct solutions for (1.2) concentrating at the origin and some other points.

As in the mean field equation, it is possible to identify a limit profile problem
of Liouville-type (for a(xz) = 1 see the aymptotic analysis in [1, 11, 22, 23]):

{ Au + |z]*¥e* = 0 in R?, (1.4)

Jre |z[*@e" < oo

with a > 0. Problem (1.4) possesses exactly a three-parameters family of solu-
tions:

842
Us,e(z) = log ( ,0>0, &€ R? (1.5)

5+ o - )

if & =0 (see [8]), and a one-parameter family of solutions:

8(av + 1)262

Uote) = o8 G e

0>0 (1.6)

if a ¢ IN (see [21]).

We will build solutions for problem (1.3) that, up to a suitable normalization,
look like a sum of concentrated solutions for the limit profile problem (1.4)
centered at several points q1,...,qm,&1,.-.,& as p — oo. We are going to use
some arguments and ideas introduced in [15, 16].



The paper is organized as follows. In Section 2 we describe exactly the ansatz
for the solution we are looking for and we rewrite the problem in term of a
linear operator L (for which a solvability theory is performed in Appendix C).
In Section 3 we solve an auxiliary non linear problem and, by reducing (1.3) to
solve a finite system c;; = 0, we will give in Section 4 the proof of Theorem 1.2.
In Section 5, we provide in a radial setting the proof of Theorem 1.1.

2 Approximating solutions

Let us consider the problem

{Ayem g @)

Here g,(s) = (sT)P. Let q1,...,qm € Z and set a; = ay,, a;i(x) = ag4(x), for
any ¢ = 1,...,m. Assume that o; ¢ IN and |q; —¢;| > 2¢ for any i # j, for some
small € > 0. Take a k—tuple £ = (&1,...,&) € O, where

O.={¢eQF: dist (&,0(2\2)) >2e, |& —&| >2e,i#5}.
Define ¢; = &;_m, @; = 0 and a;(x) = a(z) forany i =m +1,...,m + k.

‘ a;+1)* il
Let : = 1,...,m + k. Let ug set.Ul(y) = log%. Let £ f' be
defined in (A.1), (A.2) and V*, W" be the solutions of (A.1), (A.2) with a = «,
for any 1 =1,...,m + k. Define

8(041‘ + 1)2(51-2
(612 + |$ _ qi|2(ai+1))2

U5z‘,q@' (.1?) =U’ (6;W(x — Qi)) — 2logd; = log

and
Vo) =V (57T =) ) Wa o) = (6 (0 - 0)
Set:
m+k 1 1 1
Ug(l’) = Z L—lp <U5i1qi + —Voia + 2W5i»¢h’> )
i=1 ypg aig)PT P P
where

p — P
vy:i=pr-le 20—
and the concentration parameters satisfy

g

(with p; to be chosen below).



By Lemmata B.1-B.2 we have that for |z — ¢;| < &:

1 . 1. . 1. .
Ue(r) = ————— <p +U'(y) —log8(ai +1)*uf + ~V'(y) + W' (y)
il ai(q) 7T p p
) ) _ Co(as) - C1 (o) 1 logd; ) C1 (o)
+ 8rH(z,q;) (ozl +1 1 12 + PO Co(a;) + »
Wai(q) " Co(a;) Cl(%‘)) _p
+ 8r : G(z, -(a-—i—l— — +O(e 1
; <Mj ] )) ( q]) J 4p 4p2 ( )
where y =8, “" (z — ;).

Let us choose {u;} as the solution of the following system:

C()(Oéi) . Cl(%’))
4p 4p?

log(8(a; +1)%u}) = 87H(q;, ¢;) (ai +1-

N log 6; <Co(ai)+01(ai)>+

pla; +1) D
Wlai(a) \ " Co(a;) Cl(%))
8 G iy qj a;+1— — s 2.3
;‘:(uj a;( )) (@ qJ)( ! 4p Ap? (2:3)
in order to get that
1 1 1 7 1 i
Uile) =~ (p4 U4V + W) e

’Y:uz az(Qz) =

e 4(a;+1) 67%
o=, ot
Y Y

for [y| < ed, “ .
For p large, p; bifurcates from the solution of (2.3) with p = +o0:

o Vior o o 1
Lhi :e—%e2 (ai+1)H(qi,q:)+2 Zj;éi( _7+1)G(‘1711h)(1+0(z;)) (25)

in view of the value of Cy() (see (A.5)).
Remark 2.1 Let us remark that Ug is a positive function. Since

2(e + 1%

cAlai+1) ¢

p—&—UZ—l—sz—i—]?szlog

_ 1
in |y| < ed, “"", by (2.4) we get that Ug is positive in B(g;,e) for any i =
1,...,m + k for ¢ sufficiently small. Moreover, by elliptic regularity theory

Lemmata B.1-B.2 imply that for any ¢ =1,...,m + k:

1 1
P <U5i,Qi + 5%1‘,% + p2W5i,Qi) - 871'(0@ + 1)G<'7qi)

)



in C'-norm on |z — ¢;| > . Hence, since g—i(-,qi) < 0 on 09, Ug is a positive
function in .

We will look for solutions u of problem (2.1) in the form u = Ug +¢, where ¢ will
represent an higher order term in the expansion of u. In terms of ¢, problem
(2.1) becomes

{ L(¢) = -[R+ N(¢)] in,

0=0 on 0,
where
L(¢) == Ad + a(x)g,(Ue)9, (2.6)
R := AU¢ + a(z)g,(Ug), (2.7)
N(¢) = a(@)[gp(Ue + ¢) — gp(Ue) — 9, (Ue) ). (2.8)

For any h € L>(£), define

~1
m—+tk X
8l — gif >
hl|« = sup - - h(x)|. 2.9
We conclude this section by proving an estimate on R in || - ||..

Proposition 2.1 There exist C > 0 and pg > 0 such that for any £ € O, and
D= Do

C
AU + a(z)Uf ||« < A (2.10)

Proof. Observe that by equations (A.1)-(A.2):

m+k J_ﬁ

i a; U (y; 1 i 1 i
AUa) = Y g (e 0 LAV + AW ))
i=1 ! ai(q) P P P
m+k —%
9; " @ (s L o Lo
= Z TWHQ ' (—eU W) 4 — fO (i) + 72f1 (y:)
i=1 yu " ai(q) T b b

— =V WYy — ieU WIWe(y,) |, 211
p P’

1
where y; =6, “"(x —¢;). If |t —¢q;i| > e forany i =1,...,m+k, by (B.2),
(B.4) formula (2.11) gives that:

-1

m+k
5j|x - qj|2aj D
| z; Tt~ P (AT +a(@)UF) (@) (212)
J= J

< Cef ((C)p —I—pe_g) = O(pe_g).
p



While, if | — ¢;] < e for some i =1,...,m+ k,

5, R PR L BT
|AU§+G($)UP‘ _ { 21 ‘y|2ai _eU +*foz+*fll o er Vi
¢ = : P p? P
)

w,’” i(q) 71

1 o =t _r
*p*@U WZ) +5a e lyl** ai(6; "y + @) UE (5] y + qi) + O(pe™2)

1 1
where y =, “*' (z — ¢;). By (2.4) we deduce that, for z = §7"" y + ¢;:

1 1 .
UP@) = (—e Py (1+ L)+ Lvig) + 2wy (213)
P ay(q) 7T p P P
» » p
e Alai+1) e 4
+ o+ >>

By Taylor expansions of exponential and logarithmic function, we have that, for
ly| < Ceswrm,

a b c\’ 1 a? 1 a?
I+t —+—] = e |1+-(b—2)+—= (c—ab+— (214
<+p+p2+p3> ‘ [+p( 2)+p2<c Wiy W

b2 a* % log®(|y| +2)
vy ) o ()]

provided —5(av + 1) log(|y| +2) < a(y) < C and [b(y)| + |c(y)| < Clog(ly| + 2).

1
Since (—2—)? = —L——, by (2.14) we get that for |z — ¢;| < 6, """

Ua) = — O 1 (V- ) )
+= (Wi — Ui+ S(UZ) (Vi)2 é(Uﬁ) ;Vi(Ui)Q) (y)
D8 W TS 4 e @i [y +ei>}

where y = 8, “"" (z — ¢;). Since

2a,

6& +1 ‘ |2al a’l(6 1+1y + Qz)
ai(¢:)

we get that in this region

1 i
% s ‘y|2ai+1eU (y))7

UE (5] st Y+ q;) = O(p*s;

2

P 5i s 20; Ut 1 o 1
|AUe + a(z)Ug | = |L—|y‘ ' +-f"+ 5" (2.15)
i ai(g;) 7T b b



1 ... 1 226 ) =
f];eU vV — EGU WZ) + 5;#1 |y|2alai(Qi)U§)(5 Hy + qi)

1
+O(p26i a1 |y‘2ai+1€U (y) +p6_g)‘

1 i 1 T _r
= — Iyl e 05 108" 1yl +2) + 907 lyl) + Olpe™ ).
6"

Hence, in this region we obtain that

—1
m+k

5 |$ —q; |20¢7
(62 + |a — g |]2<a1+1>)% (AU& + “<x)U§> (@] (216)
EA |
20 ) 2 |y|20‘1e (y)( log (ly| +2)
|y| ¢ gt

K3
T e _C
PO ) + Cpe < S,

p

1
where y =, “*" (z — ¢;). Let us remark that, if m + k = 1 the weighted || - ||.-
norm has a singular weight at ¢;. However, the expression for AU + a(x)U, f in
(2.15) reduces to take the form:

AU +a(@)U¢ = ——lyP**'e vt “’)0( log®(ly] +2) + P57 [y])
T

since the term O(pe~ %) comes out from the interaction with all the other con-
centration points. Hence, the estimate (2.16) does not present any problem.

1
On the other hand, if €5 < |z — ¢;| < & we have that by (2.11):
2 ,
|AU| =0 (pe‘g +pd; e “”) ,
and by (2.13)

1 —-25 i
a(@)U2 () = O (7@ T |y 200 o <y>) ,

o
since (1 + %)p < e®, where y =6, “"' (z — ¢;). Thus, in this region

-1
m+k )
5j|x — qj|20‘.7
AU + a(z)Uf ) (x 2.17
| ; (5]2+|$—qj|2(aj+1))% ( ¢ +a(z) -5)( )| (2.17)
< Cpe % + S Cpe %, y = 5 (& — g
- (1+ [y[2e+))z — ’ i i
By (2.12), (2.16) and (2.17) we obtain the desired result. -



3 The finite dimensional reduction

First of all, we will solve the following linear problem: given h € C(£2), we
consider the linear problem of finding a function ¢ € W22(Q2) such that

L(¢) = h + Z?:l Z’Zﬁﬁ'l Ci_jeU‘;i’qi ZU in Q,
6=0 on 012, (3.1)
JoeU i Zp=0 j=1,2,i=m+1,...,m+k,
for some coefficients ¢;;, 7 = 1,2 and i = m+1,...,m + k. Here and in the
sequel, we denote for any i =1,...,m + k:

D)o [ =5
o0lx) = |33 — qi|2(o¢i+1) + 612

and for any j=1,2,i=m+1,...,m+k:

) = e

Following the approach in [15, 16] for a(x) = 1 (see also [10, 14]), in Appendix
C we prove:

Proposition 3.1 There exist pg > 0 and C > 0 such that, for h € C(Q) there
is a unique solution to problem (3.1), for any p > po and £ € O, which satisfies

[9]loe < Cpl|h]|. (3.2)
Moreover
2 m+k 1
> > el < (3ol + 1. (33)
j=1i=m+1 p
and
ol < C(l9lloc + NIAll) - (3.4)

Let us now introduce the following nonlinear auxiliary problem:

A(Ue + ) + a(a)gy (Us +6) = 33y S0y cijeson Zyj in
=0 on 0f,
[eVsiaiZiup=0 j=1,2, i=m+1,....,m+k,
Q
(3.5)

for some coefficients c;;. The following result holds:

Proposition 3.2 Let € > 0 be fized. There exist ¢ > 0 and pg > 0 such that
for any p > po and § € O, problem (8.5) has a unique solution ¢,(§) which
satisfies ||dp(E)], < o5 Purthermore, the function § — ¢p(€) is a C' function
in L°°(Q) and in Hg ().

10



Proof. Using (2.6)-(2.8) we can rewrite problem (3.5) in the following way

L(¢) = — (R+ N(9)) + Y _ ciye”seni Zy;.
]

Let us denote by C, the function space C(2) endowed with the norm || - ||..
Proposition 3.1 ensures that the unique solution ¢ = T'(h) of (3.1) defines a con-
tinuous linear map from the Banach space C, into C(£2), with a norm bounded
by a multiple of p. Then, problem (3.5) becomes

¢ =A(¢) = ~T[R+ N(¢)].

Let B, := {d) €C): ¢=00n 9, || < p%} , for some 7 > 0. Arguing as

in [15], using Remark C.1 we can prove that the following estimates hold for

any ¢7 d)lv ¢2 S Br

IN@)l« < epllgllz, IN(¢1) = N(g2)llx < cpmax || dilloc |61 — P2lloc-  (36)

By (3.6), Proposition 2.1 and Proposition 3.1, we easily deduce that A is a
contraction mapping of B, for a suitable r > 0. Finally, a unique fixed point
of A exists in B,. The regularity of the map £ — ¢,(§) follows using standard
arguments as in [15]. "

After problem (3.5) has been solved, we find a solution to problem (2.1), if we
are able to find a point & = (&1,...,&k) such that coefficients ¢;;(§) in (3.5)
satisfy

cij(§)=0fori=m+1,... m+k j=12

Let us introduce the energy functional J, : H}(£2) — R given by
Ip(u) = 1/|Vu|2dgc 1 a(x)(ut)PHdr
P 2 p+1 ’
Q Q

whose critical points are solutions to (2.1). We also introduce the finite dimen-
sional restriction J, : M — R given by

Jp(&) = Jp(Ue + ¢p(€)). (3.7)
The following result can be proved using standard arguments as in [15, 16]:
Lemma 3.1 For all p sufficiently large, if £ € M is a critical point of (7,,7 then
Ue + ¢p(&) is a critical point of Jp,, namely a solution to problem (2.1).
Next, we need to write the expansion of jp as p goes to 400,

Lemma 3.2 It holds
~ C1 C2 C3

Jp(§) = » + 2 F‘I’(@ + R, (8),

11



where R, = O(lof)&p) uniformly with respect to & in compact sets of M. Here

c1, ¢ and cg # 0 are constants (depending only on q1,. .., qn) and the function
d: M — R is defined by

k

k m
&y, 6) =Y H(&G, &)+ Y Gl&,&)+ Zloga &)+ ZZ a;+1)G(&, q)).
i=1 i=1

i,j=1 —

=

i
Proof. Multiplying equation in (3.5) by U + ¢,(§) and integrating by parts,
we get that

30 = (53 17) [ 9O+ 0@ - 5 Seu(e) [ ovnzyv

p+1 p+1 o

Let us expand the leading term [, |[VU¢[?: in view of (2.4) we have that

/Q|VUE‘2 /AUE 2)Ug(x

m-+k

1

=2 7—/ (Ix — PV — LAV, - QAWsi,qJ Ug(w)da
i=1 yul tai(g) Pt Y Bie) p D

a1
+0 (e_§> (setting z — q; = 8" y)

m+k 1 5a +1 ﬁ
= fz/ S AVsiqi = =5 AWs,q, | X

1 ,}/2/%_13*1%(%),,?1 B(0,e8;, “177) p
x|p+U'(y)+ -V (y) + W' () |dy+ 0| =

p p p
m-+k
1 S R N s 1 i

=) ——= / L P (eU — = eV - f1 e W)

i1 2l Tai(g) Pt /BO0gs ) p p

) 1. .. 1. 1
X (p+Ully) + ~Viy) + sWiy) ) d +O<>
(p (y) ’ (y) e (y)) Y e
m-+k

=Z42(p [Py [ vy - [y
i=1 i ai(g) T N R IR R

R 1
+ / 2 vieY +0<>) -
R?2 P

otk e lo 1 e 4e log?
=3 { (1—2g”+ —logal(qn) Ai+2Bi—2Ailogui] +0( g3p>,
- p p p D p p

where
Ai = [Re |y\2°“eU dy = 877(@1 1)
B; = [ge lyl>*eV" (U = $(U)? 4+ V) dy,

12



because
pp T =1 %loguﬁO( 7),
ai(q) 7T =1- logaz(qz)+0%
hs (12 s o)

Recalling the expansion of p; in (2.5), we get that

/|VU 2—8”(1—21(’gp+4> %(a4+1)+37§€3-
a C p p P ' pr =

i=1

16me sy
2 > (ai+1) {logai(g:) + dm(ai + 1) H (gi, ;) + 47 > (o + 1)G(g5, i)
i=1 i
log2p> 8me ( logp 4) g e ¥
P P p P ;( ) p? ;
167e i
— p2 Z(Ozz + ].) log ai(qi) + 47T(C¥i + 1)H(qi, qi) + 47 Z(aj + 1)G(qi7qj)

i=1 j=1
G

647re log?
(51,---,€k)+0( g3p>
p? P

uniformly for £ in a compact set of M. In particular,

/Q IVU:* =0 <;> . (3.8)

Now, using Proposition 3.2 and estimates (2.10), (3.6), by (3.3)-(3.4) we deduce
that

(61 =0 (116l + INGOI- + 11 ) =0 ()
and

1640 = O (o€l + INE@p(ENl. + 17 =0 ).
Therefore, by (3.8) we have that

Ty (L1 2 1
Jp(§)—(2 p+1> QWU€| +O<P3)

and our claim follows with suitable constant c¢;, ¢y and c3 = 3272e # 0.

We introduce the following definition.

Definition 3.1 We say that £ is a C°—stable critical point of ® : M — R if for
any sequence of functions ®, : M — R such that ®,, — ® uniformly on compact
sets of M, we have that ®,, has a critical point &, such that ®,(&,) — ®(£).
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In particular, if € is a strict local minimum/maximum point of ®, then ¢ is a
C%—stable critical point.

Proof of Theorem 1.2. According to Lemma 3.1, we have a solution to pro-
blem (1.3) if we find a critical point ¢, of J,. This is equivalent to find a critical
point of the function ®, : M — IR defined by ®,(¢§) := (pq + o — p2jp(§)) /cs
(see Lemma 3.2). On the other hand, ®, — ® uniformly on compact sets of
M as p goes to +00, because of Lemma 3.2. Now, by Definition 3.1 we deduce
that, if p is large enough, there exists a critical point £ € M of @, such that
D, (&) — P(&*). Moreover, up to a subsequence, we have that (&P — £ as p
goes to +oo, with ®(¢) = ®(¢*). The function u, = Ugr + ¢¢r is therefore a
solution to (1.3) with the qualitative properties predicted by the theorem, as
it can be easily shown. The proof of the positivity of w, follows the lines of
Remark 2.1. ]

4 Proof of Theorem 1.1

Let Q@ = {x € R? : |z| < 1} be the unit ball and let a(z) = |z|>* for some
a > 0. Let k > 1 be a fixed integer and set

2 2
&= (cos?(i—l),sin?(i—l)) foranyi=1,...,k.

We will look for a solution to problem (2.1) as u, = U, + ¢,(p), where

= Z <PU5“51 + —PVs, ¢, -l- PW5 El)
i1yl T pr

and the concentration parameters ; are given in (2.2), u; are defined in (2.3)
and the concentration points £ are given, for any i = 1,...,k, by

6= &) = pét = (poos (1= Dpsin G- 1) L pe D),

The rest term ¢,(p) can be found symmetric with respect to the variable x5 and
each line {t& : t€ R}, foranyi=1,...,k.

Using results obtained in the previous Sections and taking into account the
symmetry of the domain and the function a, we reduce the problem of finding
solutions to (2.1) to that of finding critical points of the function J, : (0,1) — R
defined as in (3.7) by jp(p) = Jp(Upy+0p(p)). Using Lemma 3.2, it is not difficult
to check that

mM=ﬂ+%—;m>+&w,

14



where R =0 logi” uniformly for p in compact sets of (0,1). Moreover,
p\P IS P

c1, co and c3 # 0 are constants and

k
(p) = H(pi, p&1) + Y Glp&i p&) + 5= log p, p € (0,1).
=2

In this case, we have

1 1 1 1 1 1

G(z,y) = — log ——log , H(z,x) = —=— log ,
(#9) 2 lz—y| 2m VIZPyP? 4+ 1 —2(z,y) ( 2 1—|x|?
and so, function ® reduces to
1 k— p +1—2p (&, &)
@(p):%log(l—p) ( 1ogp+—21o Ve e Lo/
=&

Now, there exists po € (0,1) such that ®(pg) = m(%}i) ®(p), provided a—k+1 >
Pe(0,
0, since lim ®(p) = lim ®(p) = —oo. Then, po is a C"—stable critical point
p—1- p—0

of ® and so, function jp has for p large enough a critical point p,. That proves
our claim for any k < K.

A Appendix

Let us recall the following basic result stated by Chae and Imanuvilov in [7]:
for any f(t) € C'[0,+00) there exists a smooth radial solution

et ¢f5 (1) r
’" (] )

N 7‘2(0‘+1) +1 (s — 1

w

d8+¢f( )

for the equation

8(a+ 1)?[y|*

BTy o

= lyl**f (),

§2(a+1) 2(a+1)
where ¢(s) = (Sqogmt)2 LD o et L 20 p() gt for s # 1 and ¢p(1) =
lims_1 ¢¢(s).

Assume that [ t2*|log t|| f|(t)dt < +oc. It is a straightforward computation
to show that

as r — +o0o,

+oo 1
w(r) = C’flogr+Df+O(/ 29t log t|| f|(¢)dt + e +1))

”
where C¢ = f+°° t2atl gizi;ﬁ f(t)dt. A similar computation can be performed

. . at1)
also for 0,w(r). Therefore, up to replacing w(r) with w(r) — Df:zg%i)_&,
have shown

we

15



Lemma A.1 Let f € C'[0,4+0) such that f0+oo t2 1 log t|| f|(t)dt < +oo.
There exists a C* radial solution w(r) of equation

8(ar + 1)%[y[*

Aw + 4(1 T [y[2e+D)2

= [y**f(ly]) in R?

such that as r — +o0

+oo 1
w(r) = C; logr—i-O(/ P g (1) + o)

T
and
|log 7]
r2a+3 )’

+oo
dyw(r) = Cf+0(/ 2o £ (t)dt +

where Cy = (f+oo et Lo =L f(t)d )

t2(o<+1)+1

Now, let U(y) = log (8(&. Let V, W be radial solutions of

TT[y2@+D)2
AV + [y V = [y in R, fO(y) = %eU@)U?(y)’ A1)
and
AW + [y2*e"W = [y|** ' in R?, (A.2)
Py = (vu= v - o0 Lot v )

such that as |y| — +oo:
Vi) = Co(a) loglyl + Ol (A.3)
W(5) = (o) logyl + O ).

where Cy(a) = [[F° 42010 pipydp = 1,2.

tz(a+1)+1
Let us remark that it is possible to construct W since by (A.3) V has logarithmic
growth at infinity. Since later we will need the exact expression of V', we have
that
2log 8(a +1)2 — 10
JPE 1

1
Viy) = U+ 6 log([y***V +1) + (A.4)

|y[2etD) —1

[y 11

Heo ds s+1
s sTyles sk Dloslyllos(y ™+ ).
Y a+1

1
(2 log?([y[2+D) +1) — 5 log? 8(ar + 1)2

as we can see by direct inspection. Moreover, it is easy to compute the value of
Co(a):
Co(a) = 12(a+ 1) — 4(a + 1) log 8(ax + 1)? (A.5)

16



B Appendix
Let a > 0. Let Us¢ be the function defined as

8(ar + 1)262
@ fo— g

Use(x) =log §>0, €€ R,

a solution of —AUs¢ = |z — £[>**eVs¢ in R? (see (1.5)-(1.6)). Let P: H'(Q) —
H(£2) be the projection operator onto Hg (). The following expansions hold:

Lemma B.1 We have as § — 0:

PUs¢(x) = 8m(a + 1)G(z,€) + O (6°) (B.2)
in Cjyo(Q\A{E}), uniformly for & away from O€.

Proof. Since PUs¢(x) —Use(x)+1og8(a+1)%6% = —4(a+1) log ﬁ—&\ +0(8?%)
as § — 0 uniformly for x € 9 and & away from 02, by harmonicity and the
maximum principle (B.1) readily follows.

On the other hand, away from &, we have Us¢(x) — log8(a + 1)%62 = 4(a +
1)log ﬁ + O(6?%). This fact, together with (B.1) gives (B.2). u

Let V, W be the radial solutions of (A.1), (A.2) respectively, which satisfy (A.3):

1 1
V(y) = Co()log |y|+0(|y|T+1), W(y) = Ci(a)log |y|+0(‘y|T+1) as [y| — +o0,

for some constants Co(c), Cy(a). For any § > 0 and ¢ € R?, we define
Vie(e) =V (6771 (2 =€), Wagle) = W (5 (2 - ¢))
for x € 2. Then, V5¢ and W; ¢ satisfy
AVse + |z — 2" Vse = |z — > f3e in R?,

and
AWse + |z — €2V e Ws e = |z — €2 f} in R?,

where

fle(@) :=5% I (H) j=0,1.

Ja+t

By (A.3) we deduce the following expansions:
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Lemma B.2 We have as 6 — 0:
PVse(2) = Vse(a) — 2nCo(a) H(z,€) + 24 10g 6 + O ()

PWse(z) = Wse(x) — 2nCy () H(z,€) + (J’;lﬁ) log 6 + O (6) (B.3)
in C(Q), and
PV (x) = —20Co()G(z,€) + O (6) B

PW(;’&(LL') = —27T01(CY)G(!)37£) + 0] (5)

in Clpe(Q\ {€}), uniformly for & away from 0Q. In particular, the following
global estimate holds: for any € > 0 there exists ¢ > 0 such that for any § small
and & € Q with dist (£, 09) > € we have that

[PVsell o + I1PWsell, < c[logd.

Proof. The proof follows from the same argument used to prove Lemma B.1
and from estimates (A.3). "

C Appendix

In this Section, we prove invertibility of the operator L and we give a bound
(uniformly on & € O,) on its inverse norm by using L*°-norms introduced in

(2.9). Let us recall that L(¢) = A¢ + a(x)Wep, where We(x) = pUg’fl(:ﬂ).

As in Proposition 2.1, we have for the potential a(x)W¢(x) the following expan-
sions. By (2.13), if |z — ¢;| < & for some i = 1,...,m + k we have that:

a(x)We(x) = p(%)p_la(x) (1 + le(y) + %Vl(y)
yui " ai(q) p p

p
— 5 e (1 L O |y|>)

REICYESy) —z \"!
(& g e 4
+0(T|y| + )) ;

_ 1
where again we use the notation y = 4§, “*" (

that

x — ¢;). In this region, we have

2 i
a(:E)Wg(l‘) <y, o+l |y|2aieU W — 0 (|33 — qi‘QaieU‘si"” (i)) .

Furthermore, by Taylor expansions of exponential and logarithmic functions as

1 .
in (2.14), we obtain that, if |z — ¢;| < &6, (and |y| < e, **),

~ 3T 12a e 1 Lo
wWia) = 5, 7y (14067 ) (14100 + SV
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+

. P cesy)
pSW (y) +O(

P p—1
e 4
—yl+ —)
p p

2 i 1 , S
0; T [y @) [1 +5 (Vl —U' - 2(UZ)2> +0(
Ifjlx—¢q|>cforanyi=1,..., m+k

log* (Jy| + 2),
2
C 1
a(x)We(z) = 0(17(5) )-
Summing up, we have that
Lemma C.1 There exist Dy > 0 and pg > 0 such that
m+k
a(z)We(x) < Do Y |o — g2 eVosai ()
i=1
for any £ € O, and p > pg. Furthermore,
—ET ), 200 U (y) L/ i Lo log™ (Jy| + 2)
a(x)We(z) = 6; 7 |y[*e” W L+o\V-v -5 +O(T)
1 o
for any |x — q;| <6 where y = ; " (

T — qz)
Remark C.1 As for W, let us point out that, if |z — ¢;| < € for some i =
1,...,m+ k, there holds

1 i .
pa(e) (Ue + 0P < Cp(2) e = i e @ = 0 (o — gy )
o

where y = 0, “"' (¥ — ¢;). Since this estimate is true if |z — ¢;| > € for any
1=1,...,m+ k, we have that

m-+k
1
pa(@)(Ue + O(5)P 2 < C ) o —gif*ren®,
p =1

In an heuristic way, the operator L is close to L defined by

m+k
i’((b) = Ag¢ + <Z |.’L‘ — Qi|2aieU‘;i’qi> .

i=1
The operator L is ”essentially” a superposition of linear operators which, after
a dilation and translation, approach, as p — 0o, the linear operator in R?:

i 2 2c4

(1 + [yP@+D)2 ¢, i=1...,m+k,
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8(o¢i+1)2

namely equation Av+|y|?*“ie¥ = 0 linearized around the radial solution log AEpECEEE

. 2(a;+1) _ )
Set. 24(y) = Lo =12
The first ingredient to develop the desired solvability theory for L is the well
known fact that any bounded solution of L(¢) = 0 in R? is precisely:
- for i = 1,...,m proportional to z§;
-fori=m+1,...,m+ k a linear combination of 2§ and zj, 5 =1,2.
The second ingredient is a detailed analysis of L — L. Let us rewrite problem
(3.1). Given h € C(f), we consider the linear problem of finding a function
¢ € W22(Q) such that

for any i = 1,...,m+k and z;(y) =

2 m+k
L(¢) = h+ > Y cjePeaz;inQ, (C.1)

j=1i=m+1
¢ =0 on 09, (C.2)
/eUa,;,inij¢=O i=L2i=m+1,... m+k, (C.3)

Q
for some coefficients ¢;;, j = 1,2 and i = m +1,...,m + k. Here and in the
sequel, we denote for any i =1,...,m + k:

; (5w o — gyl — g2
Zio(z) ==z, (5i (g — qi)) = |z — |2 t1) 4 §2

and for any j=1,2,i=m+1,...,m+k:

46;(x — &),

Zil@)i=2 (00 = &) = e

Following some ideas in [15] for a(x) = 1, we give the proof of Proposition 3.1.
The proof consists of six steps.

. 1
15t Step. The operator L satisfies the maximum principle in €2 := Q\U?;J[kB(qi, R§S)
for R large, independent on p. Namely,

if L(y) <0 in Q and ¢ > 0 on 9Q, then ¢ > 0 in Q.

In order to prove this fact, we show the existence of a positive function Z in
satisfying L(Z) < 0. We define Z to be

m-+k ) L 1
Z(x) = Z 20 (a%“@ (- qi)> , a>0.
i=1

First, observe that for z € Q, if R > —%— for any i = 1,...,m + k, then

q @i+t

Z(z) > 0. On the other hand, we have:

m+k m-+k 2 ¢92
o x 8 o; + 1 (51»
a(x)We(z) < Do ( E |z — ql-|2 i Us;a; ( )> < Dy E 7( )

i=1 il gi| 2ot
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where Dy is the constant in Lemma C.1. Further, by definition of 2, we have
that for any = € Q:

m+k o
~AZ(z) = ) aPlr— g 8(av + 1)202(a?|x — >t — §2)
= 2l T e e g
1=
PSS S e
a2|m — g |2 ;1) 52)2 =97 a2‘x _ qi|2ai+4

provided R > (?)ﬁ for any i = 1,...,m + k. Hence,

m-+k
4 Z 8(al+1) 53

|x —

since Z(x) < m + k, provided that a is chosen sufficiently small (independent
of p). The function Z(z) is what we are looking for.

ond Step. Let R be as before. Let us define the “inner norm” of ¢ in the
following way

loli= s o).
ceU ¥ B(q;i, RS
We claim that there is a constant C' > 0 such that, if L(¢) = h in 2, ¢ = 0 on
00, then
[8llec < Clllolli + lIRll4],

for any h € C%%(Q2). We will establish this estimate with the use of suitable
barriers. Let M = 2 diam €. Consider the solution ;(x) of the problem:

1
A = ot MRS <o —al <M

1
Yi(z) =0 on |z —¢|=RSS " and |z —q;| = M

Namely, the function v;(z) is the positive function defined by:

’(/)i(.’L‘):(Oéi—f—l)_Q( |2&+A + B; log|x—ql|>,
where 5, ) )
o Z(Maiﬂ ! Ro‘iﬂ)log(RéZlH ) -
and 2%,
A; = Ao — B;log M.
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Hence, the function v;(z) is uniformly bounded from above by a constant inde-
1

pendent of p, since we have that, for Rgiowﬁ <o —q| < M,
vil@) < (e +1)7° (Ai +Bi log(R(s;i“))

26; M 2
~ Bl | =
Mo+l 0g R(S_@i+1 Rai+l

K3

= (ai + 1)_2 (ai + 1>—2 <

ol

Define now the function

m—+k

$(z) = 3|9l Z(x) + IR« Z Yi(x),

where Z was defined in the previous Step. First of all, observe that by the
definition of Z

1
¢(x) = 3[0l:Z(x) = |6]; = |gl(x) for |z — qi| = RS, i=1,...,m+k,
and, by the positivity of Z(z) and ;(z),

d(x) > 0 =|p|(x) for x € ON.

Since by definition of || - ||. we have that
m—+k .
dilw — qif >
1Bl = [h(2)], (C.4)
(Z (07 + lo— 2 D)]
finally we obtain that
~ m-+k m-+k 26,
Lo Y bte) =l S (s e W o)
i=1 i=1 ¢
m+k
, 20; 2(m + k) Dy
_ . 2047, _ v U i,qi(z)
< 1Y - (- By + 2t 0 0

m-+k 5¢mf iQQi
< |l (Z = = 4 ) < “|h(2)| < —|L9|(x)

= 07+ o — giPCorD)E

provided R > 16(m+k)Dg(c; +1)? for any i = 1,...,m+k and p large enough.
Hence, by the maximum principle in Step 1 we obtain that

[6l(2) < §(x) for z € Q,
and therefore, since Z(z) < m + k and ¢;(z) < %,

[0l < CTlIAl: + [IR]l)-
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ard Step. We prove uniform a priori estimates for solutions ¢ of problem
Lo =hin Q, ¢ = 0 on 99, when h € C%*(Q) and ¢ satisfies (C.3) and in
addition the orthogonality conditions:

/ |z — qi|**eVaeiai Zind = 0, fori=1,...,m+k. (C.5)
Q

Namely, we prove that there exists a positive constant C' such that for any
£€ 0. and h € C9(Q)
[lloc < CllR]lx,

for p sufficiently large. By contradiction, assume the existence of sequences
pn — 00, points £ € O, functions h,, and associated solutions ¢,, such that
1ol — 0 and [lg, [l = 1. A

Since ||¢nllco = 1, Step 2 shows that liminf,, o0 ||¢nl|; > 0. Let us set ¢7'(y) =
gbn((é?)ﬁy—kqf) fori=1,...,m+k, where we set ¢} =¢; fori =1,...,m
and ¢ =&, fori =m+1,...,m+ k. By Lemma C.1 and (C.4), elliptic
estimates readily imply that q?)f converges uniformly over compact sets to a
bounded solution ri;fo of the equation in R?:

8(ai +1)°y[**

AT e T
This implies that g{);?o is proportional to 2} if i = 1,...,m and is a linear com-
bination of the functions z} and z;, j = 1,2, if i = m+ 1,...,m + k. Since

|67]|oc < 1, by Lebesgue theorem the orthogonality conditions (C.3) and (C.5)
on ¢, pass to the limit and give rise to:

) 2 12a; . ~ )
fR2 m%zé(y)qbfo =0foranyi=1,...,m+ k;
Jr2 sz(y)@oo =0forany j=1,2andi=m+1,...,m+k.

Hence, ¢3° =0 for any i = 1,...,m + k contradicting lim inf,, ;o [|¢n]l; > 0.
4th Step. We prove that there exists a positive constant C' > 0 such that any
solution ¢ of equation Lo = h in Q, ¢ = 0 on 0f), satisfies

[6llec < CplIA]l-,

when h € C%%(Q) and we assume on ¢ only the orthogonality conditions (C.3).
Proceeding by contradiction as in Step 3, we can suppose further that

Pollhnlls — 0 as n — 400 (C.6)

8(ait1)?|y** i (y)$2° = 0. Hence, we

but we loss in the limit the condition [, EEmECrE

have that
[y[* @i+t —1

o7 — Cz“|y|2(ai+1) +1

in Cf (R?) (C.7)

23



for some constants C;. To reach a contradiction, we have to show that C; = 0
for any i = 1,...,m+ k. We will obtain it from the stronger condition (C.6) on
ho.

To this end, we perform the following construction. By Lemma A.1, we find ra-
dial solutions w; and ¢; respectively of equations Aw;+|y> eV w; = |y|>*eV 2}

and At; + [yeU"t; = [y2 V" in B2, such that as [y| — +o0

4 1 1
wily) = g(ai +1)logly| + O(w) , ti(y) = O(w%

(f2(o< i) 1)2

400 +o0 2(a;+1)
since [7 ¢2it! (@) Tt = 5o +1) and [ 2 +1Wdt =0.
For simplicity, from now on we will omit the dependence on n. For¢ =1,...,m+
k, define now

- 4
wi(z) = w (5i (- qi)> + g(logéi)Zio(x)
8m — T
+ s+ DAt (57 @ - )

and denote by Pu; the projection of u; onto H}(Q). Since u; — Pu; — (ozz +

1)log |-—qi| = O(6;) on 0N (together with boundary derivatives), by harmom(:lty

we get ~
Pu; = u; — 8 (o + DH(-, q;) + O(e~%) in CY(Q),

Pu; = —%’T(ai +1)G(-,q;) + O(e™ %) in Clloc(Q \ {g:})- (C.8)
The function Pu; solves
APu; + a(z)We () Pu; = |z — g;** eVsai Zyg (C.9)

+ (a(x)Wg(x) — |z — qi|2‘”eU‘5i"?i) Pu; + R;,

where

Ri(z) = (Pui —u; + il

3 (a; + 1)H(q;, ql)) |x — qi|2aieU‘siv‘1i.

Multiply (C.9) by ¢ and integrate by parts to obtain:
[l =t Zoo+ [ (ale)Wela) = o = gl eVn) Pug (€10
/ Pu;h / R;¢.
First of all, by Lebesgue theorem and (C.7) we get that

. a Ut i 8
/|x—qi|2aleUai,qizi0¢eci/ e () = S(oa + )0 (C11)
Q R?2
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The more delicate term is [, (a(z)We(z) — |z — ¢;|**eVs9:) Pu;¢. By Lemma
C.1 and (C.8) we have that

/Q (a(e)We(a) — |2 — ™ Vs ) Pusg

:/ = (a(@)We(z) — |z — qi|** eV*0a) Pu;g
B(QL 5(5 )

- 051"’1 ZG 45,4 /

VE) B(gj.e 5

ey A(OWela)o+OC)

)

_410g(5i - . A A
_§ p ~/B(Oa(5 2<“+1>)|y| e’ (V -U _§(U) 2 (y) i

o . 1
- ozz-l-l ZG q;j,q; /( 5 m \y|2 iel ¢j+0(5)
J#i 0,9,

- —% [ e (vi- vt 2<tﬂ>2) (1) +o(1)

since Lebesgue theorem and (C.7) imply:

. 1 . . ~
2a; U? i i \2 4 i
/B(O ot ly|**e (V —U =5 (UY) )Zo(y)@ -
Cz/ |y|2aieU (26)2 (Vz _Ut— (Uz)2>
]RQ 2

/ T 2(a+10) +1) |y|2a]eU q[)J - C / |y|2aae 6 =0.
B(0, 6

In a straightforward but tedious way, by (A.4) we can compute:

/R ] eV (20)? (w Ui - % (Ui)z) ) = —8m(as + 1),

and

so that we obtain
8
/Q (a(e)We(a) — | — ail*eVen) Pusgy = <-(aq + 1)Ci+o(1).  (C.12)

As far as the R.H.S. in (C.10), we have that by (C.8)

[ruar = o [ M) e
Q i * (o lt (6]2,+|x_qj|2(aj+1))% i .

+O([[r]l+) = ORI
since |u;| = O(|logd;]) = O(p) in Q and

/, S = [y = 00
Bl (02 + o — g TS P fr (e )
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Finally, by (C.8)

/ Ri¢=0 (/ @ — qi eV (Jo — qi| + 6_5)) = O(e” 7). (C.14)
Q Q

Hence, inserting (C.11)-(C.14) in (C.10) we obtain that

16
Tﬂ(ai +1)C; = o(1)
for any ¢ =1,...,m + k. Necessarily, C; = 0 and the claim is proved.

s5th Step. We establish the validity of the a priori estimate:
[6lloc < Cplin]. (C.15)
for solutions of problem (C.1)-(C.3) and h € C%*(€2). The previous Step gives

2 m+k

1olloo < Cp | Bl +D- D leis

j=li=m+1
since

€15 Zig | < 2]}

<16, Vi=1,2i=m+1,..., m+k.

Hence, arguing by contradiction of (C.15), we can proceed as in Step 3 and
suppose further that

2 m+k
pn||hnH*—>O, pnz Z |CZ|Z§>OaSn—>+oo.

j=1i=m+1

We omit the dependence on n. It suffices to estimate the values of the constants
¢ij. For j =1,2and i = m+1,...,m+ k, multiply (C.1) by PZ;; and,
integrating by parts, get:

2 m+k
S>> clh(PZlh,PZij)Hl—f—/hPZij (C.16)
h=11=m+1 0 Q

B /a(x)Wf(x)@DZz‘j N /Q e 2y,
Q

since APZZJ = AZ” = 76U5'i"11? ZZJ
We quote now some well known facts, see for example [14]. For j = 1,2 and
t=m+1,...,m+ k we have the following expansions:

PZij = Zij — 87751'%(',%) + 0 (5?)

PZio = Zio — 1+ 0 (52) (C.17)
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in C*(Q) and
PZZ‘]' = 871'(516 ( qz) + O ((53)
PZijy =0 (62)
in Clloc(Q \ {¢;}). By (C.17)-(C.18) we deduce the following “orthogonality”
relations: for j,h=1,2 and i,l=m+1,...,m+ k with ¢ £ [,

(C.18)

(P2, PZ: ) e <64f 1+|y|2)4>6jh+0(53)

0

(C.19)
(Pzij, PZlh>H1(Q) = 0(6;8)

0

and

(P20 P2, >H1<m = 0) (C.20)
(P20, PZn),, =00 |

uniformly on £ € O, where §;;, denotes the Kronecker’s symbol.
Now, since
[ wpzi<c [ nl <.
Q Q
by (C.19) the L.H.S. of (C.16) is estimated as follows:

2  m+k
LHS. =Dcij +0(e2 > > |an]) + O([hll.), (C.21)

h=1Il=m+1

where D = 64 f Moreover, by Lemma C.1 the R.H.S. of (C.16) takes

1+\y\ )

the form:

RES.= [ alwWelwoPZy — [ ooz 06 Hlol)  (©22)
Q
B(qi,eV/3;)
- / (a(x)We(z) — Viai) 9P Z; +/26U5””¢(PZM — Zi;) + O0(e™ | ¢l|s)
¢
B(qi,eV3;)

1 _32y (i Y2 g L
2 [ B (v ) b o el

14 |yl
B(0

hS)

)

in view of (C.17), where ¢;(y) = ¢(8;y + ;). Inserting the estimates (C.21) and
(C.22) into (C.16), we deduce that

2 m-+k

Deij+0(e72 ) " > Jeml) = O(||hll« + \\¢||oo)~

h=1l=m+1
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Hence, we obtain that

2 m+k

S X leml =0l + < ||<f>Hoo)- (C.23)

h=11l=m+1

Since Zh 1 Zl m+1 |ein| = o(1), as in Step 4 we have that
; 7 2
¢i — C’iT mn CIOC(R )

for some constant C;, t = m +1,...,m + k. Hence, in (C.22) we have a better
estimate since by Lebesgue theorem the term

32y; ) 1 2) R
e Vl _ U7, _ UZ i
/ TEPBE ( 507 ) (y)i(y)
0,—%
converges to

c, / 32yﬂ+|y|y2| (Vi i ;(Ui)2> (y) = 0.

Therefore, we get that the R.H.S. in (C.16) satisfies: R.H.S. = o(%)7 and in
turn, 22:1 E;Z;ﬁl lein] = O(||h]]+) + 0(%). This contradicts

2 m+k

pZ Z |Ci]“25>0,

j=1i=m+1
and the claim is established.

cth Step. We prove the solvability of (C.1)—(C.3). To this purpose, we consider
the spaces:

2 m+k
Ke={>_ > cjPZj:cjeRforj=12 i=m+1,..,m+k}

j=1i=m+1

and
Ké:{q’)ELz(Q) :/QeU‘;i*‘liZijq§:Of0r i=1L2i=m+1,....m+k}.

Let II¢ : L?(Q2) — K¢ defined as:

2 m-+k

Hﬁd) Z Z Clj 137

j=1li=m+1
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where ¢;; are uniquely determined (as it follows by (C.19)) by the system:

2 m+k

/UﬁleZlh o — Z Z cijPZi; | =0 forany h=1,2,l =m+1,...,m+k.
Jj=li=m+1

Let Hé =1Id -1l : L*(Q) — Ké. Problem (C.1)—(C.3), expressed in a weak
form, is equivalent to find ¢ € K EL N H}(Q) such that

(&)1 () = /Q (a(x)Wed — h) b dz,  for all ¢ € KN Hy(Q).

With the aid of Riesz’s representation theorem, this equation gets rewritten in
K¢ N Hg () in the operatorial form

(Id = K)¢ = h, (C.24)

where h = [ A h and K(¢) = —IIF A™" (a(x)Weg) is a linear compact ope-
rator in KJ- O H}(2). The homogeneous equation ¢ = K(¢) in Kg- N HL(Q),
which is equlvalent to (C.1)-(C.3) with A = 0, has only the trivial solution in
view of the a priori estimate (C.15). Now, Fredholm’s alternative guarantees
unique solvability of (C.24) for any h € KgL Moreover, by elliptic regularity
theory this solution is in W?22().

At p > po fixed, by density of C%*(€) in (C(Q),]| - lsc), we can approximate
h € C(2) by Holderian functions and, by (C.15) and elliptic regularity theory,
we can show that estimate ||¢||s < C/||h||x holds for any h € C(Q). The proof

is complete. [
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