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ABSTRACT. We consider the following semilinear elliptic equation with singular
nonlinearity:

1
Ayu— — +h(z) =0in Q
ua
where a > 1, h(z) € C*(Q) and Q is an open subset in R*,n > 2. Let u be a non-
negative finite energy stationary solution and ¥ = {w € 0 lim,_o+ IB:W Is @) ]
exists, and is equal to 0} be the rupture set of u. We show that the Hausdorff

dimension of ¥ is less than or equal to %

1. INTRODUCTION

Let 2 be an open subset in R” (n > 2). In this paper we consider partial regularity

for nonnegative solutions of the following equation
1 .
(1.1) Au—ﬁ—kh(x) =0 in Q

where a > 1, h € C'(Q) such that ||h||z=@) < a and | hllfe@ < forso e
constants ¢ > 0. In particular, we are concerned with the ausdor di ension of

the ero set
(1.2) = z€Q I % (yu e ists, and is equal to 0

roble (1.1) arises in the study of steady states of thin 1 s. quations of the
type
(1.) v==((u A= ((u) v
have been used to odel the dyna ics of thin 1 s of viscous uids, where =
u(z ) is the height of the air liquid interface. he eroset de ned in (1.2) is the

liquid solid interface and is so eti es called set of . he coe cient (u)
re ects surface tension e ects a typical choice is (u) =wu . he coe cient of the
11 rimary , econdary J 0.

Hausdorff dimension, uptures, emilinear elliptic equation with a
singularity, Monotonicity formula.



second order ter can re ect additional forces such as gravity (u) = u , van der

aals interactions (u) = u 0. or bac grounds on (1. ), we refer to 1,
2,L 1,L 2,L , and the references therein.
In general, let us assu e that (u) =u (u) = u , where € . hena

steady state equation for (1. ) with eu ann boundary condition beco es

(1.) Au+L —C=0inQ —=0on Q

where = — +1and Cisso e constant. ( ere we have assu ed that = 0.
If =0, we have to replace — by logw.) or thin 1 sunder van der aals forces,
we have (u) =u, (u)=w , = —2 —2. heonedi ensional steady

state proble of (1. ) has been studied thoroughly in L 1, . and the references
therein. u erical wor on two di ensional van der aals driven rupture in (1. )
suggested that the rupture can occur in points , L orrings , ,

he ain result of our paper is to give an esti ate on the ausdor di ension

of the rupture set . oughly spea ing, we prove that the ausdor di ension of
is less than or equal to ((n — 2)a+ (n+2)) (a+1).
e begin with so e de nitions. e call v a nonnegative solution

of (1.1) in Q if w > 0 in ©, u satis es (1.1) pointwisely in 2 , and the energy of u

1 1
(u) == u T+ ut * v —  h(2)u w

Q l-a g Q

is nite.
e also say that such a solution u is if, in addition, it

satis es

1 1 h
(1.) B P u' *—+u— +uh— x=0

Q T T x 2 T l-—«o T x T

for all regular vector eld with co pact supports in © (su  ation over and
is understood).

or solutionsu €  '(Q) and ,u' *(z) z the identity (1. ) is
obtained by assu ing that the functional (u) is stationary with respect to do ain

variations, that is,
— () =0
where u (z) = u(z+ (2)), (z)=( '(z) (z) "(z)). ( heidentity (1. ) can

also be obtained by ultiplying (1.1) by u and integrating it by parts in Q (if

it can be integrated by parts)). a ples of stationary solution include ini i ers



of the energy functional (u) (if they e ist). he concept of solutions
was introduced in  v.

Let us de ne

= u€ Q) u>0inQ, ,u' *z) z

Q
Let u € , be a nite energy solution of (1.1). e easily see that away fro ,
the classical regularity theory ensures that u is regular. herefore is the set of
singularities of u !.  oreover, by the de nition, is a relatively closed subset of .

ur partial regularity result is the following theore

T a>1 U E 4

_(n Ja (n )
(@ 1)

In a recent paper L, iang and Lin studied the wea solution of (1.1) in the
sense thatu € ' (Q),ue '(Q) andu *€ '(Q). singani portant oincare
type inequality, they found that () =0, where =n—2+ ——. n the other
hand, here we assu e that u' * € !(Q) which is wea er than u ®* € (). ut
the ausdor di ension of obtained in this paper is larger than that obtained in

L.

e will rst establish a onotonicity inequality for the nonnegative nite energy
stationary solutions u € , of (1.1). hen, using such onotonicity of the energy
of u, we obtain the easure esti ate of the singular set of u '. his esti ate
on ay have potential applications on the esti ates for ruptures of thin 1 s.

ore a ple,ifn=2a> , heore 1.11i plies that there are no nite energy
stationary solutions with ring ruptures.

edont nowif =((n—2)a+(n+2)) (e+1)isthe opti al.

bout the applicability of heore 1.1, we see that under the ow (1. ) and

the fact that the pressure is constant (i.e., & u(z ) n an ), the energy of
u(z ) is decreasing with respect to . hus, if we start with a nite energy initial
data, then the i it of u(z ) as + (if e ists) is also of nite energy. e also

believe only local ini i ersof (u) are stable with respect to the ow (1. ). ur
theore gives esti ates on ausdor di ension of ruptures of stable attractors.

di erent ind of proble
1
(1.) Au+ (2)— =0 inQ u=0o0n Q

ue



was studied in , e, , 0, L and the references therein, where (z) > 0.
he regularity of wu is obtained. roble (1. ) is funda entally di erent fro
(1.1) the sign of nonlinearity a es the a i u  rinciple applicable to (1. )
which allow the use of e.g. a super sub solutions sche e. In fact the following

proble
1 ) U
Au+——h(z)=0in Q2 —=0o0n £
ua
possesses a (unique) positive solution in case that h is, for e a ple, positive.

n interesting proble is to construct solutions with ruptures to (1. ). In this

regard, we re ar that when () is the unit ball  of R", the proble

(1.) Au—%—i—h(a:):(]in 2 —0on
has been studied for h(z) = h( z ) in . hey showed that (1. ) has a nonnegative
radial solution u € C ( ) satisfying
@) <u()< >0
It is un nown if the solution constructed in has ruptures. It appears that it

is a quite di cult proble in constructing rupture solutions in higher di ension.
artial progress has been done in
ur results here are in the sa e spirit of thosein v, cn, a where the ausdor
di ensions of the set of har onic apsorso e nonlinear elliptic proble s
are studied. he proof of heore 1.1 is divided into three steps
e show that if u € ,, then u € Q).
i z € Qsuch that (z 2 ) Q. e show that there e ists a

constant C' = C(a  ||u||re( ¢ y) n) such that the following functional
a+1 1
(x ) u' C 4+ -— u
2(a—1) () ()
1 1

—= v +C "t
¢ )
is an increasing function of € (0 ).

hese are done in ection 2.
sing the onotonicity for ula, we show that there e ists > 0 such
that forx €
i v +ut® >
« )
which concludes the proof of heore 1.1.

his is done in ection



inally, we re ar the negative power u * can be considered as

in " n > 2 Infact, it is nown ( ) that u © is subcritical if
o and supercritical if & > . ( naive reason is as follows the critical obolev
e ponent is "— which equals — if n = 1.) hus for ally u ¢ is supercritical for

n > 2. ur results give esti ates on the singular set for negative supercritical

proble , which is new.

A his paper was done while the rst author was visiting the
epart ent of athe atics, hinese niversity of ong ong. e wouldli e to

than the epart ent forits hospitality. he research of the rst author is partially

supported by (10 1022).  he research of the second author is partially
supported by an ar ar ed rant fro of ong ong. e wouldli e to
than  rofessor . . hou for introducing proble (1. ) to us, and also the referee

for i portant suggestions which greatly i prove the results of this paper.

2. ONOTONICIT IN U IT

In this section we shall obtain a ey onotonicity inequality for

solutions u € , of (1.1). o do this, we st recall the following result.

L >0 Q e (9 >n 2 u
Au= + Q
Q lull ¢ )
supu< (n )( lulle ¢+ Tl e )
P i ilar to the proofof Le a .1of L.
Le a2l(with =wu ® =h)i pliesthatifu € , isa nonnegative solution

of (1.1), then u € (Q).
ow we establish the ey onotonicity inequality for
solutions u € , of (1.1). e follow the notation in v, a.

i z €Qsuchthat (xz 2 ) €, whereO0 < and isgiveninLe a
2.1. Let > 0 be such that + . et (&)= (xz—2z )(z—2x ), where
1 for z—2z <
(z—2x2 ) 1+ for <z—2 < +
0 for z—2z > +



e derive fro (1. ), letting 0 , that the following identity holds

n 1 a n—2
U T — u T+ - U
a—1 () 2 () 2 )
+n hu x — hu — ut @
() () a—1
(2.1) + v z—x h>= (u)
C ) ¢ )
where v = —. ( nother equivalent derivation of (2.1) is by ultiplying (1.1) with

(x —x )  u and integrating over (z ).)
n the other hand, ultiplying (1.1) by u and integrating over (z ) we nd,
for al ost every 0

(2.2) u = uu  — u' x4+ h(z)u x
¢ ) ¢ ) C ) ¢ )

a ing the derivative of (2.2) with respect to , we get

(2.) u = — Uy - ut * o+ hu
¢ ) ¢ ) ¢ ) ¢ )
ubstituting ~, w =z of (2.2) and () U of (2. ) into (2.1), we

nally obtain

n n—2 1 a 1 1 a
U r— =+ U
n—2
+ n— hu z — — hu + =-—— UL,
2 () 2 () 2 ()
-2
_(n ) uu  + u T—Zx h >
2 ¢ ) ()
(2.) = (u)
)
ewriting (2. ), we have
(a+1) 1 a
— U T +5 — uy
2 1
+(n+) ¢ D hu z — — hu
2 () 2 ¢ )
+ D u Tr—2x h> z
C )
-2
(2.) = (u) +(n ) Yuu




(n_Ja (n )

where = **—--"_ In the following, we denote C' for positive constants which

a 1
ay vary fro line to line.

ince u € 1(Q), it follows fro Le a 2.1 that there e ists C' > 0 such that

|lullLe¢ ¢y £C. hisandthefactsthat h < and z—2 h> <
i ply that

(2.) ¢ D U -z h> z <C"
()

where C'= C( ||u|lge¢ ¢ ) m). n the other hand, we also now that

2
(2.) (R+2) hu z <C™ !
2 ()
and
1 n 1
(2.) S hu <C
2
¢ )
where C' = C(a ||ullpec () 7).
ubstituting (2. ), (2. ) and (2. ) into (2. ), we obtain
1 1
_L_ u1 « Tz + = _ U + C n 1
-2
(2.) > u (n—2) Y
() 2
where C' = C(a ||ullze( ¢y n).
sing the identity
(2.10) — u =2 vu 4+ (n—1) T
¢ ) C ) C )
we have that
—— u - — Uy
2 « ) « )
_9_
(2.11) —(h— —1) % u +  luu
C )

ote that

(2.12) — uu = U + uu



ubstituting (2.12) and (2.11) into (2. ), we obtain that

o+l ul @
1 n 1
+-— u +C
¢ )
2n—2 -—
> (u) n Luu
« ) 2
1
+-(n— —-1(n— -=-2) u
which yields that
1 1
(2.1) et u' - — u
2(@~-1) () ()
1
——— ! u +C™ !
¢ )
> (w) +(n— —-2) 'uu +-(n— —2) wu
¢ )
2
- u + (n ) tu >0
() 2
incen — —1= %5 > —1 for a> 1, we conclude fro (2.1 ) that
a+1 1
(x ) - u' C 4+ —— u
2(a—1) () ()
_1 1 n 1
(2.1) v +C

¢ )
is an increasing function of for € (0 ). ( otethat C =C(a ||ullre( ¢ ) n).)

e t we obtain another for ulation of (z ). irst we have

(21 ) — u =(n— -1) ! v +2 uu
¢ ) « ) « )
hen by (2.2)
(2.1) wy = U x+ ut * x— h(z)u x

C ) ¢ ) ¢ ) « )
ubstituting (2.1 ) and (2.1 ) into (2.1 ), we obtain an equivalent for ulation of

()




1 . 1

(2.1) - hu z+C not

11 the derivatives in the above e pressions are to be understood in the sense of

distributions. ow we obtain the following le  as.

L U € 4
() €0 )
(z 2 ) Q
L () z €0 >0
P he proof is si ilar to that of Le a2 of a.

U DOR I N ION TI T

In this section we will prove heore 1.1. orany ed > 0su ciently s all
and u € , being a nite energy stationary solution of (1.1), by Le  a 2.2, one

easily sees that if x € , there are two cases for x

() 1 (z )=-,
() ki (x ) —.
or the rst case, we have the following le  a.
L >0 li (x )>-—
(.1 L u x>
C )

P he onotonicityof (xz )on i pliesthat,ifli (xz )>—,

forso e >0, there e ists 0 such that for 0 ,
(@ )=-

It follows fro the second for ulation (2.1 ) of (z ) that




uppose that li () u oz hen
— i ul *
1
+-li (T
2 ()
Z —_
which i plies that
1 ——
i ul @z
1 —
+ li ! U < —
his shows that there e ists 0 1 such that for 0 1,
(.2) ut * 2 <2(a—1)
« )
(.) ! v <2a+1)
()
It follows fro (. ) that for 0 1
(.) u z<C
()
where C' = C(a n). hus, we derive fro ( .2), ( . ) and the
that
cn" = u (@ 1) (« l)u (@ 1) (@ 1) T
()
1 o (a 1) (a 1)
< U x u T
() ()
< C
- O "

which is a contradiction if we choose

that the > 0 as entioned in the le

li

which nishes the proof of the le

a.

> 0 su ciently s all.

a e ists and

u x>

older inequality

hus, we conclude



o study the second case, we need the following oincare type inequality fro

L.( ee heore 21of L. otethatn—2 n.)
L R
() ()=
zeR" >0
() ( (z)) <
ve ()
() v < (n)— u

he following le  a plays ani portant role.

L u €
T € 0 2

(z Q)

(.) ! u <C u +ul *—hu oz
¢ ) « )
C=C(na)>0

P ithout loss of generality, we assu e that z = 0. e ne ()

( % =. hen () Oas 0. e use polar coordinates () on (0
Let ()= jyu( ) for0 . hen

Vv
o

where we are using (2.2) and the fact that

(.) u' “—hu >0
()

[e%



for > 0su ciently s all. o obtain ( . ), we use the oungs inequality to see
that

( .10) 0 ) <, u T+ ut
() ()
where | = (o) > 0, = (a) > 0. inceli —— = 0, for any
0 T, thereis = () > 0 such that for 0 ,
(.11) vr< (0)

his and ( .10) i ply that

1
w > 0
() =3 )

his and ( .11) i ply ( . ) (noting that ||h||z~@) < @). ote that the derivative
u in the co putations is to be understood in the sense of distribution. ince
() Uz, )ul * zand )h(x)u(x) x are continuous functions of 0
(see Le  a 2. ), we have that —( ) is a continuous function of 0
hus, € C'(0 ) is an increasing function. his also i plies that — () is a
continuous function for 0
ow we consider the function (). y a inga aylor e pansion of ( )at |,

we obtain that

0 = u T — U + (n—1)" uw( )
) ) (1
+2 uy
¢ )
1
= u T — U + m=1)" ()



where = and 0 1. ince () is an increasing function, we obtain that

IN
N
&
+

+ ( )( u +ulu *=h)) z
= U x—i-(n_l) U
() n ()
+ (v 4+ulu *—h)) x

()
where we use the fact that for su ciently s all,

12 ut *—hu x> ut C—hu z
(
() C )

e e plain a little on the proof of ( .12). It follows fro ( . ) that for su ciently

s all, () = ( )ul ®—hu z > 0. his, the continuity of )ul @yg
( yhu z and Ii ()=01 ply that ( ) is increasing. herefore, ( .12)
holds. hus, we see
1
— U < U T+ v +ul *—hu =z
n () () ()
hisand Le a .21 ply that
(1) ! u <C u +u' *—hu z
() )
where C' = C(n). his co pletes the proof.
ow we consider the second case
li (x ) -
for > 0 being given in Le a .1.
L x € li (xz ) -
1 1
(.1) L ut oz + ! u > 2
P his follows fro  the second for ulation (2.1 ) of (z ).

inally we are in the position to prove heore 1.1.



e shall show () = 0. e prove it by contradiction. uppose ( ) >0
(possibly with in nite easure). hen since isa ouslinset, heore . and its
proof in a say that, there is a closed subset , with 0 () , and

for so e constant > 0,

( (z)) <

holds for any z € R*, > 0.

Let >O0begiveninLe a .landx € . hen either
i @ )>-
or
li (x ) -

In the rst case, we have by Le a .1

li u x>

In the second case, we have ( .1 ). yLe a . we have

L v +ut® z>C
¢ )

for so e constant C' = C(n «) > 0, since

hu x <C "
¢ )

andn— >0.
In conclusion, we have proved that there e ists > 0 such that if x € , then
(.1) i u +ut* z>C
« )
forso e C =C(n a) > 0. hisi plies that there e ists > 0 su ciently s all
such that for 0 ,

C
(.1) u +u x>
() 2
hen for any 0  and for any  open, such that ,
1 C
(z) z€ 0 — (z) and u +ut o> —
2 () 2
is a nite covering of . ence, by itali covering le a, there is a pairwise

dis oint subcollection (x ) 4, such that . (x). ence, it follows



fro

ince

(.1 ) that

—~
~
IA
2
SN—

—
—~
SN—

< C(n ) 4 u +u * x
()
< Cn ) u +ut x
() , we can choose  with arbitrary s all ™ easure so that the

right hand side of the inequality can be arbitrarily s all. hus we have ()=0.

Letting

0, we conclude () = 0, which gives the contradiction and co pletes

the proof of heore 1.1.
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