INFINITELY MANY TURNING POINTS FOR AN ELLIPTIC
PROBLEM WITH A SINGULAR NONLINEARITY
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ABSTRACT. We consider the following problem

A «
—Au = 21 inB, u=0 ondB, 0<u<l1linB
(1—w)r
where @ > 0,p > 1 and B is the unit ball in RN (N > 2). We show that there
exists A, > 0 such that for A < A, the minimizer is the only positive radial
solution. Furthermore, if 2 < N < 2+ 2(5110‘ )(p+ /p% + p), the branch of positive
radial solutions must undergo infinitely many turning points as the maximums of
the radial solutions on the branch go to 1. This solves Conjecture B in [10]. The

key ingredient is the use of monotonicity formula.

1. INTRODUCTION

We consider the structure of positive radial solutions of the proble

in 1 in on
1
here is the unit ball.
odels a si ple electrostatic icro lectro echanical ste de

vice consistin of a thin dielectric elastic e brane ith boundar supported at
belo ari id plate located at 1. When a volta e represented here b is applied

the e brane de ectsto ardsthe ceilin plate and a snap throu h a occur hen

it e ceeds a certain critical value pull in volta e . his creates a so called pull
in instabilit hich reatl a ects thedesi nof an devices see 1 1
for a detailed discussion on devices . ote that onl t o di ensional

do ains are of real ph sical relevance.

n recent papers 1 1 and the authors studied the proble

in
1 in
on
11 rimary B econdary J 0.

Infinitely many turning points, semilinear elliptic problems with a
singularity.



here is a bounded s ooth do ain and is anonne ative function.

he ave a detailed stud on the ini al solutions of the proble ith
di erent for s of . he follo in theore as obtained.
T 1 N
1
sup 1
li _
1 _

ssues of uni ueness ultiplicit and other ualitative properties of the solutions

for are still far fro bein  ell understood even in the radiall s etric case.
n their paper 1 houssoub and uo present so e nu erical evidence for various
con ectures relatin the case . ee iure of 1 . n particular the

con ectured if

and -

then there e ists an in nite nu ber of branches of solutions. he purpose of this
paper is to prove this con ecture at least in the radiall s etric case.

ore precisel e shall consider a ore eneral for of

———— in 1 in on
1
here 1. ote that hen 1 arises in the stud of sin ular ini al
h persurfaces iths etr . ee 1 and the references therein. or eneral

also arises in relation to che ical catal st inetics see and
a ini alsolution  of the e uation e eanthat satis es

in for an solution of . hrou hout this paper unless other ise



speci ed solutions for are considered to be in the classical sense. o for an

solution of one can introduce the lineari ed operator at de ned b
1

here ith 1 and its correspondin
ei envalues 1 . ote that the rst ei envalue is si ple and is

iven b

inf
1
1 1
ith thein u bein attained at a rst ei enfunction hile the second ei en

value is iven b the for ula
inf
1 1

his construction can then be iterated to obtain the th ei envalue ith
the convention that ei envalues are repeated accordin to their ultiplicities.

n this paper e shall ive the e act shape of the branch of positive radial solu
tions of . We sho that there e ists such that for the ini 1ier
is the onl radial solution. oreover the branch of positive radial solutions of

ust under o in nitel  an turnin points the points here the branch chan es
direction i.e. the points here the branch locall bends bac . his a rees ith

the nu erical evidence on the radial solutions of the proble on see i ure of

1 . ote that in our case here the a i u of the solution of a close
to 1 and this a es the proble ore di cult to deal ith.
et denote the co ponent of 1 R

e lin 1 1 . We see fro heore 1.1 that  contains

in its closure since the ini al solutions  of are radiall s etric
see 1 . s entionedin 1 the ain conclusions of heore 1.1 are still true
for 1. ote that e can tal about the co ponent since it is a si ple curve
near the end point. t is convenient to add to

ur ain result of this paper is the follo in theore

T inf



1.1

R t is eas to see that hen condition 1.1 is e uivalent to
condition . o e have iven a ri orous proof of the on ecture of 1 in the

radiall s etric case.

here alread e ist in the literature an interestin results concernin the prop
erties of the branch of solutions for irichlet boundar value proble s of the for
here is a re ular nonlinearit for e a ple of the for or
1 for 1. ee fore a ple 1 1 and the references therein.
he sin ular situation as considered in a ver eneral conte t in
he e in redient of our proof is the critical use of the onotonicit for ula

derived in ection

he or ani ation of the paper is as follo s in ection e derive the e
esti ate onotonicit for ula. n ection e use the onotonicit for ula to
prove the uni ueness of ini iersfors all . inall e adopt ancers idea in

to prove of heore 1. in ection
A his paper as done hile the rst author as visitin the

epart ent of athe atics hinese mniversit of on on . e ouldli eto

than the epart ent for its hospitalit . We ould li e to than the referee for
carefull readin the paper and an critical su estions. he research of the rst
author is supported b a rant of 1 1 . he research of the second

author is partiall supported b ar ar ed rants fro of on on .

ONOTONICIT IN U IT

n this section e 1ill obtain a onotonicit ine ualit si ilar to thatin 1 for
nonne ative nite ener stationar solutions and of

the e uation

1 in
here 1 and is a bounded s ooth do ain in and . IO
no on e ill assu e that 1. he case of lcanbe odi edb chan in

— to lo



We call a to .1 in if in
ith . We also sa such a nite ener solution
if in addition it satis es
1
1 1
for all re ular vector eld ith co pact supportin  su  ation over and
understood.  he identit . can be obtained b  ultipl in .1 b
inte ratin it b partsin  if it can be inte rated b parts . ote that if
and then is stationar .
T
1 1 1
1
P i such that . et be such that
et here
for
— for
for
We derive fro . lettin that the follo in identit holds for
— - _
1 1
ince
e see fro . that
- - _

and

is

is
and

in



n the other hand

for al ost ever

a in the derivative of

ubstitutin

obtain

e ritin

here

e have that

ote that

A1 —

ubstitutin .11 and

1
1

of

sin the identit

1

ultipl in

ith respect to

into

1

and

and inte ratin over

¢ obtain
of
1 1
1
1
1

e obtain that
1

into

e nall



hich ields that

We conclude fro .1 that
1 1

1

1

is an increasin function of for . his co pletes the proof.

NI U N O O UTION OR

n the follo in e focus on the uni ueness of solutions of hen iss all
enou h thereb provin 1 of heore 1.. tis no n fro heore 1.1 that
there e ists a uni ue ini al solution _ of for . ar u ents
si ilar to those in the proof of heore . of 1 e can sho that for ever

there e ists such that for has a

uni ue solution satisf in

1
f
] or
and
1
f
7 or
here lisas all nu ber.
n this section e shall sho that there e ists such that for
has onl the ini alsolution .
T

We prove this theore b a contradiction ar u ent. n the contrar e see that
there are se uences and ith as such that is a

non ini al solution of . solution issaid to be anon ini alsolution



of if 1in and there e ists another solution 1 of and
a point such that

We consider t o cases here

i there is a 1 such that 1 for all e can choose

subse uences if necessar

ii 1 as e can choose subse uences if necessar
ar u ents si ilar to those in the proof of heore . of 1 e easil see
that the rst case does not occur since for this case has onl the ini al

solution but isanon ini alsolutionb ourassu ption. ote that theree ists

such that
1
fo
7 T
and
1
for
1
We onl need to consider the second case. e nin 1 e see that
in as . ote that satis es the proble
1 .
1 in 1 1 1
L 1
P We can rite .1 in the for
for 1
hen inte ratin . fro to e see fro . that
for 1
his co pletes the proof.
We de ne in and
1
hen
1 .
— n 1

We shall sho that such  does not e ist. n the follo in 1 eans 1

for so e



1 1
P the ell no n oho aev identit
1
1
1 J—
1
inte ratin . fro to 1 e see that there is independent of such that
1

n the other hand it follo s fro the e uation of that

1 —
hus
his i plies
ince e see that
for 1
hus it follo s fro . and . that
for 1
et be the solution of the proble
— in 1 1 1
he a i u principlei plies that
for 1

ince here

1



and

1 )
_ 1 in 1 1
e see that
ote that the a i u principlei plies that in 1 and for
1 . We see that

for 1 and su cientl lar e

here 1 is close to 1. he arbitrar of i plies the rst ine ualit of
holds. he second identit in . can be obtained fro the re ularit of or

direct calculations. his co pletes the proof.

P T
et be de ned at . . We see that 1 and
hich i plies that and

hich i plies that

for all
the den o ler transfor ation
e see that satis es the e uation
1 1 1
and it follo s fro . that . e ne . n the follo in
e o it the subscript fro and  for convenience.
et In . We see that as . oreover e see fro
that
1 _ for
1
oreover

A1 1 1 1



and for an 1

1 1 for

1 1 for In

he above identities can be obtained fro si ple calculations the fact that

1in as and e a .. ro . e see that

1 1 1

and usin 1 e obtain

1 1 1 1

ettin — e see that

1.e.
1 7 _ for

ote that

and

— as
We see that
1 o — as
his i plies that
1 T as

.1 and .1 1 pl that

as



hen .1 i plies that

1
— _ for
1 1
n the other hand e see fro .1 that
1
1 1
1 1 1
hen
1 for
n the other hand if e de ne
1
1 1 1
e see that
1

his i plies that

1 for
We see fro .1 and .1 that

for

hisand .1 i pl that

.1 for

his also i plies that

for
0 e use the onotonicit for ula in heore .1 since
easil see that is stationar here . heore
the function
1 1 1



is a nondecreasin function of . oreover a si ple calculation

i plies that under the chan es

the function is ust a positive ultiple of
1
1
here . otethat isa radial function.
ence is a nondecreasin function of for . We see fro . that
for

0 e clai that

o 1 L
1
ote 1i plies 1. ndeed it follo s fro the e uation of that
1
1 _ _ _ _
1 —  for su cientl lar e
ere e haveused .1 and . 1 and the fact that is bounded. hus e
see that
1 1
_ 1 L
1
his is our clai . choosin su cientl s all e see fro ) that

and



he onotonicit of of i plies

1
f
1 or
hen
1 for
nte ratin . fro to  and usin 11 and . e see that
and
his is a contradiction. his co pletes the proof of heore  .1.
ROO O OR
n this section e co plete the proof of heore 1. . he ain ideas of the proof
are si ilar to those in . o prove of heore 1. e rst sho the follo in
le a.
L 1
P uppose there are ith and
such that . f eset and 1
for 1  then
1
1 _— 1 1 1
et . We see that 1  satis es
1
—_ 1
he standard theor i plies that . has a uni ue solution . hus
for 1 . n the other hand since
1 1
1 — 1 —
1 1
e see that
1
1 - 1 1
1 1
We easil see fro . that . hen . i plies that and a

contradiction. his co pletes the proof.



We rst note that b thei plicit function theore for the operator

is invertible. ere —— and on

1 ith 1 . hus _ for is a si ple curve of

. We can ar ue as in section .1 of u oni ancer and oland 1 and in
the space 1 to nd a anal tic curve for such
that 1 as for and

is invertible e cept at isolated points. We see fro e a .lthat

the curve has no intersection. et us denote this curve b and para eteri eit b

for . et be the th ei envalue countin  ultiplicit of
1
on 1 ith the irichlet boundar condition. he de nition of is
iven in ection 1. our co  ents above are continuous piece ise
anal tic and have onl isolated eroes. We ill sho that for lar e
his eans that for an . has at least ne ative ei envalues for
lar e.  ence e see that there is a se uence ith as such
that the nu ber of ne ative ei envalues of . countin  ultiplicit chan es at
ecall that as . ach
ust be a bifurcation point. ther ise the solutions near are a curve

para etri ed b the critical roups of these solutions ust be locall independent
of b ho otop invariance of the critical roups here critical roups are de ned
in han . the for ula for the critical roups at a non de enerate point see

p. this i plies that the nu ber of ne ative ei envalues of the lineari ation

countin  ultiplicit = ust be constant in a deleted nei hborhood of

hich contradicts our choice of .  hereis a inor technical point here. We need
to or in the space . We choose 1 and then s oothl
truncate the function such that it e uals for 1 so the e uation

a es sense on . ote that the truncation ill not a ect the solutions close
to in . We also see that each is either a turnin

point i.e. the point here chan es direction the branch locall bends bac
or a point of secondar bifurcation. ur e a .1i pliesthat it is not a secondar
bifurcation point. hus it ust be a turnin point.
o prove our clai on for lar e e need to consider positive solutions
of such that as and 1 as

ote that heore .11 plies that as . hus e see that there is



ith such that and . We use a blo in up ar u ent.

f ede ne 1 and
1
1
then in 1. rather standard 1i itin ar u ent sho s that a
subse uence of the  conver es unifor 1 on co pact set to a positive solution
of — on such that 1 and 1. ¢
follo s easil fro the e uation that 1 for all  since for
oreover b asi ilarar u entasin . and . of heore .1 e have
1
and hence
li — —
1 1

he proof of . is a little variant of the proof of heore 1.1 of 1 . ee also

heore 1. of 1

We no clai that the solution of

1
S —_— 1
has in nitel an positive eroes provided —_— . ote
that
_— _— as
1 1

n the other hand b e plicitl solvin the e uation it isan wuler e uation one

nds that an non trivial solution of

1
has in nitel an and unbounded positive eroes if - . si ple
calculation i plies that
1
— — z
provided S . hus ecaneasil deduce that has

in nitel an positive eroes. ur clai holds.
We no in the position to co plete the proof of of heore 1. . f

and iss all and ne ative eseeb continuous dependence that the solution of

1
S S 1



has at least  positive eroes. ote that the solution of . isuni ue. et be
the function de ned to be for bet een the th and 1 th the eroesof and

to be ero other ise. hen are ortho onal in or
and b ultipl in . b and inte ratin bet een these eroes e see that
1
is strictl ne ative at each . ence the span of is an 1 di ensional
subspace of such that if is in the unit sphere of here
is the span of in . ince  has co pact support it follo s easil that
there is an 1 di ensional subspace of such that
1
1
here 1 for lar e if isin the unit sphere
in . ote that hich is  rescaled has the propert that each function in

is supported in  for lar e

ence returnin to the ori inal scalin e see that there is an 1 di ensional
subspace  of such that
1
for is in the unit sphere of and lar e. the variational characteri ation of
ei envalues thisi plies that for 1 1if islar e. ince

is arbitrar this proves our clai and co pletes the proof of heore 1. .
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