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e consi er the follo in pro lem

in on in
here is a rather s mmetric omain in e prove that there e ists a s ch that
for the minimal sol tion is ni e hen e anal e the as mptotic ehavior of
to ch o n sol tions, ie, sol tions ith ma e sho that after a rescalin , the

sol tion ill e as mptoticall s mmetric s aconse ence, esho that the ranch of positive
sol tions m st n er o in nitel man if rcations as the ma im ms of the sol tions on the

ranch o to possi 1 onl chan es of irection his ives a positive ans er to some open
pro lems in rres It isne even in the ra iall s mmetric case entral to o r anal sis is
the monotonicit form la, one imensional o loev ine alit , an classi cation of sol tions to a
s percritical pro lem

e consi er the str ct re of positive sol tions to the follo in pro lem
in in on

here R is ver  ell ehave see More precisel , e consi er omain in
hich is ipschit , , isinvariant n er the re ections in the coor inate planes an s ch
that if s Here is the ortho onal pro ection onto span
y y s p an is the s al asis for amples
of the omains incl e alls, ellipses, rectan les, etc
mo els a simple electrostatic Micro lectromechanical stem M M evice consistin
of a thin ielectric elastic mem rane ith o n ar s pporte at elo arii plate locate at
hen a volta e represente here is applie , the mem rane e ects to ar s the ceilin
plate an asnap thro h ma occ r hen it e cee s a certain critical val e p llin volta e
his creates a so calle p Il in insta ilit hich reatl a ects the esi n of man evices see
an for a etaile isc ssion on M M evices Note thatt o imensional omains are
of real ph sical relevance
n recent papers an , the a thors st ie the pro lem

in

in
on
rimar s econ ar y

s mptotic s mmetr , n nitel man if rcation points, semilinear
elliptic pro lems ith a sin larit
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here isa o0 n e smooth omain an is a nonne ative f nction he ave
a etaile st on the minimal sol tions of the pro lem ith i erent forms of he
follo in theorem as o taine

lim

ss ess chas ni eness, m ltiplicit an other alitative properties of the sol tions for
are still far from ein ell n erstoo , even in the ra iall s mmetric case n their paper ,
ho sso an o present some n merical evi ence for vario s con ect res relatin the case
he con ect re that for an , there e ists an in nite n m er of
ranches of sol tions to n a more recent paper , sposito, ho sso an ofon
a secon sol tion of for an sho e that this secon sol tion is a mo ntain
pass sol tion o esta lish these res lts, the a thors nee some special forms of to arantee
that the sol tions of possess the propert
here alrea e ist in the literat re man interestin res lts concernin the properties of the
ranch of sol tions for Dirichlet o n ar val e pro lems of the form here isa
re lar nonlinearit for e ample of the form  or for ee, for e ample, ,
s an the references therein  he sin lar sit ation as rst consi ere in a ver eneral
conte t in
sol tion _ of the e ation is calle if _ satis es _ in for
an sol tion of hro ho t this paper, nless other ise speci e , sol tions for are
consi ere to e in the classical sense No for an sol tion of , one can intro ce the
lineari e operator at e ne

an its correspon in ei enval es Note that the rst ei enval e is simple
an is iven

inf
ith the in m m ein attaine at a rst ei enf nction , hile the secon ei enval e is iven
the form la
inf
his constr ction can then e iterate to o tain the th ei enval e ith the convention
that ei enval es are repeate accor in to their m ltiplicities
n this paper, e shall ive a positive ans er to the con ect re in int o imensional
case esho thatforo r ell ehave omain , there e ists s ch that for ,
the minimal sol tion is the onl sol tion to rthermore, has an in nite n m er of
ranches of sol tions Note that in o r case here, the ma im m of the sol tion of ill e

close to an this ma es the pro lem more i c ltto eal ith romno on, eass me to
e the s mmetric omain as e ne at the e innin of intro ction
et enote the component of

in ,
on containin in its clos re Note that e can tal a o t the component since it is a
simple ¢ rve near the en point e ill sho that inf for some S0
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that the onl sol tion for each small positive isthe ni e minimal sol tion near in t
is convenient to a to

e rst have the follo in theorem hich ives e act as mptotic ehavior for the to ch o n
sol tions

Usin  heorem , e erive the follo in theorem on if rcation of sol tions

inf

e act all prove some hat more e prove that contains a piece ise anal tic
contin o sc rve s ch that the implicit f nction theorem applies to solve for as a f nction of

e cept at isolate points of an there e ists a se ence s ch that as
an each is either a point here chan es irection ie the ranch locall en s

ac or is a point of secon ar if rcation his hol s for an choice of or eneric
s mmetric , e see that the former hol s that is the points are points here the ranch

chan es irection

heorem an can ee ten e tothefollo in more eneralelliptice ation
of the form
in in on
here he critical o servation is that e nee to se the o olevine alit e
leave the etails to intereste rea ers Note that hen , arises in the st of sin lar
minimal h pers rfaces iths mmetr ee , an the references therein or eneral ,

also arises in relation to chemical catal st inetics see an

he main i c¢ It in provin  heorem is the classi cation of sol tions to the follo in
pro lem after lo in p

— in

ro lem can e consi ere as a pro lem in o sho ra ial s mmetr of
all sol tions to , e ma e critical se of the one imensional o olev ine alit emma
an the monotonicit form la emma

he or ani ation of the paper is as follo s in ection , e collect several important estimates,
incl in o olevine alit , monotonicit form la,classi cation theorem an re larit theorems
n ection , e prove the critical theorem on the ra ial s mmetr of sol tions to an
therefore prove heorem n ection , e prove of heorem Here a ain e nee to
se monotonicit form laan o olev ine alit inall ;, e a opt Dancersi ea in to prove

of heorem in ection

fter the paper as nishe , e ere informe the referee a paper of sposito , here
he prove that the Morsein e of theto ch o nsol tions m st approach ener metho
His res Its hol tr e for eneral conve omains an for hi her imensions Ho ever

the e act as mptotic ehavior of the sol tionsisnot anal e in  an inpartic laro r heorems
an seem to e ne
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e collect several important preliminaries in this section
irst, e have the follo in one imensional o olev ine

estimate

Ne t,

e are also in nee of the follo

inall ; e state the follo in

res 1t in et
an

then satis es the e ation

an in as

he proof of it can e fo n in

e recall the follo in monotonicit form la from

in classi cation theorem

lim —

sef 1 lemma

n this section,

ith an

— in
, here satis es
— in

as

he main res 1t of this section is the follo in classi cation theorem,

f

hich proves

hich pla sa e roleino r

e shall provi e a cr cial ra ials mmetr

e € ne

heorem
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oprove heorem , e se heorem tiseno h to verif he rest of the section
is to prove e ill achieve this a series of lemmas
othisen , e rstnee toanal ethe ehavior of nearthe o n ar of et

e see that  satis es the pro lem

— in in on
Moreover, min as t is clear that min an
for

n the follo in , e consi er the pro lem o r s mmetric ass mptions on an a

stan ar Metho of Movin lanes as in , esee that satis es
on
his implies that is even in for herefore, the minim m of  attains at
hoose alar e all ith centerat an ra i s an ist

he follo in lemma anal es the ehavior of far from

et an in e the rst ei enval e an ei enf nction of the pro lem
in on
hen m ltipl in on oth the si es of the e ation an inte ratin it on , e see that
ince , e see from that
Here e have se the fact that as his implies that for an small
ist ,
here ist note that he Hol er ine alit implies
the stan ar movin plane ar ment, e see that for an , there e ists a
piece of cone ith verte at ith i meas , here isin epen ent of , ii
, iii —— —— foran h s, it follo sfrom i iii an that
meas

his implies that

for
s for h s, the e ists an the proof is complete O
Ne t, econsi erthe m en o ler transformation of et e see

that

herefore, if e e ne

e easil see that for R satis es the e ation
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ince is even of an respectivel , e see that for an e is a
perio ic f nction Moreover, sin the fact that as an the e nition of
e o tain that for s cientl lar e,
for
Moreover, for an in epen ent of
for
an
for
an can e o taine from the fact as an  emma rthermore,
eas calc lations impl that
for
for
for
an
for
e easil see that an hol sin the fact that in as
0 0 tain an , e notice that, since for , the e ation of
an there larit of impl that there e ists in epen ent of s ch that
for
his implies an
Denotin , an for convenience, omittin the
s script from ,~ an in the follo in , e see that
Moreover, it follo s from that
- for
he ne t lemma ives control of
M ltipl in on oth the si es of an inte ratin it on , sin
the facts in s s , , , e see that
here isin epen ent of h s,
for
his completes the proof O
he follo in lemma is the most important estimate e nee
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e prove an the follo in steps
e sho that
for
n fact, from an e see that
ettin - -7, e see that
ie
- for
Note that
- - - as
e see that
B as
his implies that
- as
t follo s from an that
- for
an hence
- for
h s,
- -~ in
to ether ith the fact — - implies
- -= for
n the other han , e see from that
- for
an
hen, R an impl that

- - for

his nishes the proof of tep

e prove that

0 prove , econsi er the f nction

an inte ratin on , e o tain that

M ltipl in
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hen
for
t follo s from that
for

an hence

n the other han , it follo s from the o n sine alit an that

hen e see from an the o n sine alit that for an s

hoosin s ch that — an sin the o olevsine alit , e o tain that
Note that e can se the o olevs ine alit here since for each |, is a perio ic
f nction ince the conve it of the f nction an impl that

e see from that

herefore,

his nishes the proof of tep

e prove an
oin ac to , e see that
his implies
an inte ratin from to
- -= - for
here e se emma an an et e the point satis es ™~ ma -
e have three cases here i , i , dii or the rstt o cases, e see

from that — an is in epen ent of or the thir case, e see that —

an implies that

ma -
Moreover, it can e easil seen from that
ma _— ma

his completes the proof O
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he main i ea is to consi er — an then se emma an  emma
et e the point here attains its minim m min
hen e have three cases here a ain i , il , il or the rstt o
cases, e see from that e onl nee to consi er the last case Note that
e can also ass me that an for some an s cientl lar e
ther ise, e see from an that

et hen  satis es the e ation

herefore, satis es

- for
an
ma,
De ne - n eas calc lation implies that satis es
e can choose an ~ in epen ent of s ch that
for
e nee to sho thats ch e ists, that is, ince an
for , e can choose e see that for s cientl
lar e note that as Moreover, ettin s
e see
for
emma , e see that there e ists in epen ent of s ch that for an if
, then
— for
here No e choose

, here R is the constant s ch that
e can ass me s ch that ther ise,

an this is o r concl sion e o tain that

h s,

his implies that

his completes the proof O
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e rst sho that
ma,
hen e appl re larit theor
t follo s from that
h s,
Usin the ine alit
e see from that
the em e in theorem, e see that
n the other han , m Itipl in on oth thesi es of an inte ratin it on s
e o tain
here
e easil see from s s an  emma that for h s,
com inin an , e see that
nte ratin on an sin  emmas an , e see that
s an the facts that s impl that
f attains its ma im m ma at , then there are three cases for i ,
ii , il or the rstt o cases, e see from that

or the last case, e see that

h s,

an

h s, it follo s from that
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No e o tain e see from that
tis no n from emma that the f nction is o n e for hen if
ma attains at the point , e also have three cases i , i
, dii or the rstt o cases, e see from that
eonl nee to consi er the thir case Note that e can ass me an for some
n the contrar , e irectl see from an that his is

orconcl sion hs, ecan n s in epen ent of s ch that

here is the all ith center at an rais hen
implies that

heorem of
5 p

here e have se herefore,

ma

ar ments similar to those in the proof of , e can also o tain that

ma

n ee , e see that satis es the e ation

f ma ma an attains at the point , €

also have three cases i ii iii or the

rst t o cases, e see from
s that

eonl nee to consi er the thir case imilarl , e can also ass me that

an
for some ince the f nction is o n e, heorem of an the ar ments
e actl same as those in the proof of impl that
ma
f ma ma , noticin that satis es the
e ation in , ecan se the same ar ments to o tain
ma,

his completes the proof
inall , e can complete the proof of heorem

s eremar e earlier, e stnee to verif in heorem
t follo s from emmas an that for all s cientl lar e,
for
for
for

herefore, it follo s from the re larit of that

in as
an satis es the e ation

- - — for
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Mean hile, e see from that t follo s from heorem of that
lim —
his proves an completes the proof O

n the follo in e foc sonthe ni eness of

sol tions of hen issmalleno h tis no nfrom heorem that there e istsa ni e
minimal sol tion _ of for n heorem of , the a thors sho e that
for ever there e ists s ch that for , hasa ni e
sol tion satisf in —— , here is asmalln m er

n this section, e shall sho that there e ists s ch that for R has

a ni esol tion, ie, the minimal sol tion _

Note that heorem is not proven even in the all case h so rres It is ne even in
ra iall s mmetric case
e prove this theorem a contra iction ar ment r main i ea is to se ar ments in
emma emma an the monotonicit form la
ppose on the contrar e see that there are se ences an ith
as s ch that is a non minimal sol tion of sol tion issai to e anon minimal
sol tion of , if in an there e ists another sol tion of an a point
s ch that
e consi er t o cases here
i there is a s ch that for all e can choose s se ences if
necessar
ii as e can choose s se ences if necessar
e easil see from heorem of that the rst case oes not occ r since for this case

has a ni e minimal sol tion, t is a non minimal sol tion o r ass mption Note
that there e ists s ch that

e onl nee to consi er the secon case De nin , e see that min as
e shall se the same notation as in ection  Note that satis es the pro lem

— in on
e e ne min an
hen

in
e shall sho that s ch oes not e ist

irst e se oho aevsi entit tosho that emma still hol s in this case

the ell no n oho aevi entit , e have that

here isthe nito t ar normal vector of the ass mptions on , e seethat
ist for herefore, it follo s from that
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n the other han , it follo s from the e ation of that

his implies

the stan ar movin plane ar ment as that in the proof of emma , e see that for an
, there e ists a piece of cone ith verte at ith i meas s
here isin epen ent of , ii , iii for an h s, it follo s
from i iii an that
meas
his implies that
for
et e the sol tion of the pro lem
in
on
on

hen the ma im m principle implies that

in
ince , here
in
on
on
an
in
on
on
e see that
Note that the ma im m principle implies in an for
e see that
for an s cientl lar e
here is close to he ar itrar of implieso rconcl sion his completes the proof [
et e e ne at an e see that
herefore, if e e ne
e easil see that for here , satis es the e ation
Moreover, the e nition of an the fact that in as , €o tain
that for s cientl lar e,
for
e also see that for an in epen ent of s ch that

for
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an
for
an are o taine from the fact that in as an  emma
Moreover, eas calc lations sho that
for
an
for
actl the same ar ments as those in the proof of emma impl
ma,
an
ma
h s,
for
an hence
for
No e se the monotonicit form lain emma since , eeasil see that
is stationar emma , the f nction

is a non ecreasin f nction of = Moreover, a simple calc lation implies that n er the chan es

the f nction is st a positive m ltiple of Hence is
non ecreasin f nction of for , here
e see from that
for

No e claim that

here n ee , it follo s from the e ation of = that

for s cientl lar e

Here e have se an h s, e see that
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hisis o rclaim h s, it follo s from that
an
he monotonicit of of implies
for
hen
for
nte ratin from to an sin R , e see that
an
his is a contra iction  his completes the proof of heorem O
n this section e complete the proof of heorem of heorem
follo s from heorem o e stnee toprove sin  heorem , the maini eas
of the proof of are similar to those in
e rstnote that, the implicit theorem, for , the operator _ isinverti le
Here —  hs, _ for is a simple ¢ rve of ecan ar e
as in section of oni, Dancer an  olan an in the space o ,t0 n a
anal tic ¢ rve R for s ch that as , for
s an is inverti le e cept at isolate points Note that e
allo the c rve to have isolate intersections an is the s al norm on o
f eno se the s al tric of n in a minimal contin m in oinin
to in nit , eo tain ac rve ith no self intersections t is onl piece ise anal tic an
contin o s an is inverti le e cept at isolate points o0 o tain a minimal irre ci le
contin masin h rn , ecan sear ments asin et s enote this ¢ rve
an parameteri e it for et e the th ei enval e co ntin

m ltiplicit of

on ith Dirichlet o n ar con ition he e nition of is iven in ection
0 r comments a ove, are contin o s, piece ise anal tic an have onl isolate
eros e illsho 1lo that for lar e his means that for an s
has at least ne ative ei enval es for lar e Hence e see that there is a se ence ith
as s ch that the n m er of ne ative ei enval es of co ntin m ltiplicit
chan es at ecall that as ach m st

e a if rcation point ther ise the sol tions near are a ¢ rve parameteri e

, the critical ro ps of these sol tions m st e locall in epen ent of homotop invariance
of the critical ro ps  here critical ro ps are e ne in han the form la for the
critical ro ps at a non e enerate point see ,p , this implies that the n m er of ne ative
ei enval es of the lineari ation co ntin m lItiplicit m st e constant in a elete nei h orhoo
of hich contra icts o r choice of here is a minor technical point here e
nee to or in the space e choose an then smoothl tr ncate the
f nction s ch that it e als for so the e ation ma es sense on

Note that the tr ncation ill not a ect the sol tions close to in
0 prove o r claim on for lar e , e nee to consi er positive sol tions
of s ch that as an as Note that heorem
implies that as h s, e see that there is ith s ch that
an e sea lo in par mentasin ection f e e ne an
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then is e ne ona lar e omain min rather stan ar limitin
ar ment sho sthatas se ence of the conver es niforml on compact set to a positive so
l tion of — on s ch that s t follo seasil from thee ation that
for all the i as Ni Niren er theorem an o rass mptions,
on here no s mmation is inten e fter the rescalin an the limit ar ment, e n that
on an is even in heorem , econcl e that is ra iall

s mmetric an hence ni e
e no claim that the sol tion of

has in nitel man positive eros o prove this claim, e rst notice that it follo s from
that as Hence — - as n the other han ,
e plicitl solvin the e ation itisan lere ation,one n s that an non trivial sol tion of

hasin nitel man an n o n e positive erosif Note that n er the chan es
an , e see that satis es the e ation
t is easil seen that has in nitel man positive eroes for an h s, e can easil
e cethat hasin nitel man positive eros r claim hol s
e no in the position to complete the proof of heorem f an is small an

ne ative, e see contin 0o s epen ence that the sol tion of

has at least positive eros Note that the sol tion of is ni e et e the f nction
e ne to e for et een the th an th the eros of an to e ero other ise
hen R are ortho onal in or an m ltipl in an

inte ratin et een these eros e see that

is strict]l ne ative at each Hence the span of isan imensional s space of
s ch that if is in the nit sphere of ince has compact s pport it follo s
easil that there is an imensional s space of s ch that
here for lar e if isin the nit sphere in Note that |
hich is rescale has the propert that each f nction in iss pporte in for lar e
Hence ret rnin to the ori inal scalin e see that there is an imensional s space
of s ch that
for isin the nit sphereof an lar e the variational characteri ation of ei enval es, this
implies that for if islar e ince is ar itrar , this proves o r

claim an completes the proof of heorem

his paper as one hile the rst a thor as visitin the Department
of Mathematics, hinese Universit of Hon on He o 1 li e to than the Department for

its hospitalit he research of the rst a thor is s pporte a rant of N he
research of the secon a thor is partiall s pporte an armar e rant from of Hon
on he secon a thor than s rofessor Nassif ho sso for isc ssin the papers

e than the referee for man sef 1 remar s
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