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Abstract

Slow translational instabilities of symmetric k-spike equilibria for the one-dimensional singularly
perturbed two-component Gray-Scott (GS) model are analyzed. These symmetric spike patterns are
characterized by a common value of the spike amplitude. The GS model is studied on a finite interval in
the semi-strong spike-interaction regime, where the diffusion coefficient of only one of the two chemical
species is asymptotically small. Two distinguished limits for the GS model are considered: the low feed-
rate regime and the intermediate regime. In the low feed-rate regime it is shown analytically that & — 1
small eigenvalues, governing the translational stability of a symmetric k-spike pattern, simultaneously
cross through zero at precisely the same parameter value at which k — 1 different asymmetric k-spike
equilibria bifurcate off of the symmetric k-spike equilibrium branch. These asymmetric equilibria have
the general form SBB...BS (neglecting the positioning of the B and S spikes in the overall spike se-
quence). For a one-spike equilibrium solution in the intermediate regime it is shown that a translational,
or drift, instability can occur from a Hopf bifurcation in the spike-layer location when a reaction-time
parameter 7 is asymptotically large as ¢ — 0. Locally, this instability leads to small-scale oscillations
in the spike-layer location. For a certain parameter range within the intermediate regime such a drift
instability for the GS model is shown to be the dominant instability mechanism. Numerical experiments
are performed to validate the asymptotic theory.

1 Introduction

We study the translational stability of equilibrium spike solutions in the one-dimensional Gray-Scott (GS)
model in particular parameter regimes. The GS system, introduced for continuously stirred systems in [14],
models an irreversible reaction involving two reactants in a gel reactor, where the reactor is maintained in

contact with a reservoir of one of the chemical species. The dimensionless GS model is (cf. [30], [21])

v = 205y — U + Aurv?, -l<z<1l, t>0; v (£1,t) =0, (1.1a)

Tug = Dtigy + (1 — u) — uv? —l<ax<l, t>0;  wuy(£l,t)=0. (1.1b)

Here A > 0 is the feed-rate parameter, D > 0, 7 > 1, and 0 < ¢ < 1. For ¢ < 1, there are equilibrium
solutions for v, called spike patterns, that are localized near certain points in the domain. The parameter
D measures the strength of the inter-spike interactions. The resulting spike patterns can be classified

into two main categories. The semi-strong spike interaction regime corresponds to the limit 2 < 1 and
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D = O(1). The weak-interaction regime, where both the u and v components are localized, corresponds
to the parameter range D = O(£?) < 1. In this paper we will focus on the semi-strong regime.

The numerical study of [38] for the GS model in the weak-interaction regime in a two-dimensional
domain showed a plethora of spike-type patterns in certain parameter ranges including, time-dependent
oscillating spikes, spike death due to over-crowding, spike-replication behavior, spatio-temporal chaos,
labyrinthine patterns and zigzag instabilities, etc. The similarities between these behaviors and chemical
patterns arising in certain physical experiments is striking (cf. [24], [25]). These numerical and experimental
studies have stimulated much theoretical work to classify steady-state and time-dependent spike behavior in
the simpler case of one spatial dimension, including: spike-replication and dynamics in the weak-interaction
regime (cf. [39], [41], [36], [44]); spatio-temporal chaos in the weak-interaction regime (cf. [37]); the existence
and stability of equilibrium solutions in the semi-strong interaction regime (cf. [10], [7], [8], [28], [29], [30],
[21], [22]), and the dynamics of solutions in the semi-strong interaction regime (cf. [5], [6], [43]).

For (1.1) in the semi-strong interaction limit, there are three distinguished limits for A where different
behaviors is observed: The low feed-rate regime A = O(e'/?), the intermediate regime O(s'/?) < A < 1,
and the high feed-rate regime A = O(1). The high feed-rate regime is associated with pulse-splitting
behavior (cf. [7], [30], [22]). In the low feed-rate regime, we introduce new variables A and v defined by

A=A, =1, (1.2)
In terms of (1.2), (1.1) is transformed to

v = 20y — v+ Aur?, -l<z<1, t>0; ve(£1,t) =0, (1.3a)

Tuy = Dugy 4+ (1 — u) — e tur? —l<z<l1l, t>0; ug(£1,t) =0. (1.3b)

In [21] symmetric k-spike equilibrium solutions to (1.3), where the spikes have a common amplitude,
were constructed asymptotically in the low feed-rate regime. A construction of similar solutions using the
geometric theory of singular perturbations is given in [10] for a special scaling of the GS model. In [21]
the stability of k-spike patterns on an O(1) time-scale was analyzed by first formally deriving a nonlocal
eigenvalue problem (NLEP). From a rigorous analysis of this NLEP, two fast instability mechanisms were
identified: synchronous oscillatory instabilities of the spike amplitudes, and competition, or overcrowding,
instabilities leading to the spike annihilation events. In the intermediate regime O(1) < A < O(e~Y/?),
the existence and stability of k-spike patterns was first analyzed in [7] (see also §4 of [21] for a different
approach). A stability analysis for a one-spike solution on the infinite-line was given in [29] in both the low
and intermediate feed-rate regimes. In §2 and Appendix A we briefly summarize those previous results for
fast instabilities that are important for an understanding of the new results derived herein.

The goal here is to study slow translational instabilities of equilibrium spike solutions for the GS model
in the low and intermediate feed-rate regimes. A related analysis for stripe and ring-type solutions to
the GS model is given in [23]. For the low feed-rate regime A = O(1), in §3 we analyze the stability of
symmetric k-spike equilibrium solutions with respect to the small eigenvalues of order O(£2) that govern

translational instabilities of the spike profile. Using a formal asymptotic analysis, in Principal Result 3.1
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Figure 1: Left figure: |v|2 versus A for the symmetric (solid curves) and asymmetric (dotted curves)
solution branches when A = O(1), D = 0.75 and k = 1,2,3,4. The saddle-node values Ay, increase with
k. Right figure: |v|y versus A stability plot. The smooth curve for each symmetric solution branch has
three portions with different stability properties. The curves with widely spaced dots are unstable for
7 > 0. The heavy solid curves are stable only with respect to the large eigenvalues when 7 < 747. The
solid curves are stable with respect to both the large and small eigenvalues when 7 < 7. The asymmetric
branches, shown as the dotted curves, bifurcate at the point where the solid and heavy solid curves meet

we obtain a certain auxiliary problem that the small eigenvalues satisfy. By solving this problem exactly,
we give explicit formulae for the small eigenvalues in Proposition 3.2 and explicit stability thresholds with
respect to D and A in Propositions 3.3 and 3.4, respectively. In particular, in Proposition 3.4 we show
for any 7 = O(1), k > 1, and fixed D > 0, that the k-spike pattern is stable with respect to translations
only when A > Ajg, for some explicit threshold Ags. As A decreases below Ayg, and for k& > 1, there are
k — 1 small eigenvalues that simultaneously cross into the unstable right half-plane Re(A) > 0 along the
real axis. Furthermore, for 7 below some threshold and k > 1, we show there is a range of values of A
where a symmetric k-spike equilibrium pattern is unstable with respect to translations but is stable with
respect to the large eigenvalues of the NLEP that govern fast O(1) instabilities. For D = 0.75, this range
of A is illustrated in Fig. 1(b). In §3.1 we perform numerical computations to illustrate spike dynamics for
(1.3) in this range of A.

In §4 we use a formal asymptotic analysis to study the existence of asymmetric k-spike patterns where
the spikes have different heights. In Principal Result 4.2 we show that the resulting spike patterns have
the form SBB..BS, where there are k; > 0 small spikes S and ko = k — k; > 0 large spikes B arranged
in any order across the interval. Neglecting the positioning of large and small spikes in a spike sequence,
we show in Principal Result 4.3 that for k£ > 1 there are k — 1 asymmetric k-spike equilibrium patterns
that bifurcate from the symmetric k-spike solution branch at precisely the threshold value A = A where
k — 1 small eigenvalues for the symmetric k-spike solution branch simultaneously cross through zero. The

k — 1 bifurcating branches correspond to the number of small spikes S in a spike sequence SBB...BS.



For D = 0.75, in Fig. 1(a) we plot a bifurcation diagram of the norm of v versus A for the symmetric
k-spike solution branches for k¥ = 1,...,4. The dotted curves in Fig. 1(a) show the asymmetric k-spike
patterns that bifurcate off of the symmetric k-spike solution branch at A = Ayg. In Fig. 1(b) we illustrate
the stability properties of the symmetric solution branches when 7 is below the Hopf bifurcation threshold
7. In this figure, we show the range in A where the pattern is stable with respect to the large eigenvalues
but not the small eigenvalues. In Fig. 2(a) we plot a symmetric three-spike solution at a particular point

on the upper branch. An asymmetric three-spike solution of the form BSB is shown in Fig. 2(b).

(a) symmetric three-spike pattern (b) asymmetric three-spike pattern

Figure 2: Left figure: symmetric three-spike solution on the upper branch of the bifurcation diagram when
D =0.75, A = 9.0, and ¢ = 0.02. Right figure: a three-spike BSB asymmetric pattern with D = 0.75,
A =10.5, and € = 0.02. In these plots v are the solid curves and u are the dotted curves.

Similar analyses of the existence and stability of k-spike patterns have been previously performed for the
Gierer Meinhardt (GM) model (cf. [13]), widely used to model localization in biological pattern formation

(cf. [26]). This system can be written in dimensionless form as (cf. [17])
aP

m
ar=c%ag, —at 3. Thi=Dhy —h +s—1‘;—8 2] <1;  ag(£l,t) = hy(£1,¢6) =0. (1.4)
Here 0 < 2 < 1, D > 0, and 7 > 0, are constants. The GM exponents (p, g, m, s) are assumed to satisfy

qm
(p—1)

The stability of symmetric k-spike equilibrium solutions to (1.4) was analyzed in [17] for the case 7 = 0

p>1, q>0, m>1, s>0, with ¢

—(s+1)>0. (1.5)

and in [46] for 7 > 0. Asymmetric k-spike equilibria were constructed in [45] and [9], and a partial stability
analysis for asymmetric patterns was given in [45]. In [47] asymmetric spike patterns for the GM model
in two spatial dimensions were analyzed rigorously. However, the rigorous proofs given there in [47] do
not directly carry over to the one-dimensional situation for the GS model studied here. The stability of a

one-spike solution to (1.4) on the infinite-line was studied in [11], and the dynamics of spikes was studied



in [16], [42], and [43]. For the GM model, the relationship between translational instabilities of symmetric
k-spike patterns and the emergence of asymmetric spike patterns is emphasized in [45] and [47]. The results
in this study show that there is a rather close spectral equivalence between translational instabilities in
the GM model and the GS model in the low feed-rate regime.

The method that we use to study translational instabilities for the GS model is related to the SLEP
(singular limit eigenvalue problem) method developed and applied in [32], [33], and [34], in the context of
analyzing the translational stability of hyperbolic-tangent type interface solutions to singularly perturbed
two-component systems in the semi-strong interaction limit. For these class of systems, where the non-
linearity associated with the fast variable is bistable, each transition layer is closely approximated by a
heteroclinic connection. The resulting spectral problem has only small eigenvalues, also called critical spec-
tra, that tend to zero linearly with the thickness ¢ of the interface. Under certain reasonable hypotheses,
it was proved in [32] that a one-layer solution is stable. Under the same conditions, the stability of an
n-layer solution was proved in [34] by first reducing the spectral problem to a certain matrix eigenvalue
problem. Similar problems involving only critical spectra occur in certain phase separation models with
an associated variational principle including the Cahn-Hilliard, Allen-Cahn, and phase-field models (cf. [1],
2], [3], [4]), and the analysis of lamellar states for Diblock copolymers (cf. [40]). The stability problem for
these transition layer structures is in marked contrast to the study of the stability of homoclinic-type spike
patterns for the GS or GM models where there is no variational structure, and where there are both large
eigenvalues, with A = O(1), and small eigenvalues in the spectrum of the linearization.

In §5 we investigate translational instabilities for the GS model in the intermediate regime when 7 is
asymptotically large as ¢ — 0. For a k-spike equilibrium solution in this regime it was shown in [7] and [21]
that the NLEP governing instabilities on an O(1) time-scale has a Hopf bifurcation when 7 = O(A%*) > 1
(see Principal Result A.3 below). Therefore, in the intermediate regime, this suggests that for some
asymptotic range where 7 > 1 an instability with respect to the small eigenvalues may be possible before
the onset of the Hopf bifurcation in the spike profile. This exchange in the dominant instability mechanism
as T is increased, which has no known counterpart in the GM model (1.4), was suggested in [28] and [29] in
the context of a one-spike solution for the infinite-line problem. For a one-spike equilibrium solution on a
finite interval, we use a formal asymptotic analysis to obtain an auxiliary problem in Principal Result 5.1
that the small eigenvalue satisfies. By studying this problem rigorously, in Proposition 5.2 we show that
as 7 increases past some critical value there is a drift instability due to a Hopf bifurcation, which leads to
small-scale oscillations in the spike-layer location. As 7 is increased even further, a pair of unstable complex
conjugate eigenvalues merge onto the positive real axis, which results in a slow monotonic drift of the spike
layer location. The critical value for the onset of an oscillatory drift instability occurs on the asymptotic
range 7 = O(A"2¢72). A related type of Hopf bifurcation, followed by a monotonic drift instability, as a
reaction-time constant is increased has been analyzed in [15] and [27] for hyperbolic tangent-type interfaces
associated with a two-component reaction diffusion system with bistable nonlinearities. Alternatively, for
a three-component reaction-diffusion system it was shown numerically in [35] that the Hopf bifurcation
occurs after the onset of a monotonic drift instability as a reaction-time parameter is increased.

In §6 we make a few remarks and suggest a few open problems for further study.



Finally, we remark on the mathematical rigor of our approach. The key results of formal asymptotic
derivations are labeled as Principal Results. Rigorous results based either on exact calculations or mathe-
matical theory are labeled as Propositions. More specifically, in §3 we use a formal asymptotic analysis to
construct equilibrium k-spike solutions and to derive the auxiliary problem in Principal Result 3.1 for the
small eigenvalues. The results in Propositions 3.2-3.6 follow from exact calculations involving this problem.
The construction of asymmetric patterns in §4 is done using formal asymptotics. In §5 we present a formal
derivation of the auxiliary problem for drift instabilities leading to Principal Result 5.1. The existence of

a drift instability threshold in Proposition 5.2 follows from a rigorous analysis of this problem.

2 Symmetric k-Spike Equilibria: The Stability Problem

In this section and in Appendix A we summarize some previous results for the existence and stability,
on an O(1) time-scale, of symmetric k-spike patterns to the GS model (1.3) in the low feed-rate regime
A = 0(1) and in the intermediate regime O(1) < A < O(¢~'/?). In the low feed-rate regime, a symmetric
k-spike equilibrium solution to (1.3) was constructed in §2 of [21] using the method of matched asymptotic
expansions. We now briefly outline this derivation, as many of the formulae are needed below in §3—§5.
For a symmetric spike pattern the spikes have equal height so that u(z;) = U for j = 1,...,k, where

(2 —1)

i=1,...,k. 2.1
k Y ] 9y ’k ( )

Sl?j:—l—{—

In the inner region near the jth spike, we let y = ¢ (2 — xj). In each inner region, we obtain that
u ~ U+ O(g). Therefore, from (1.3a), the leading-order inner solution for v is v ~ w/(AU), where
w(y) = 3sech? (y/2) is the homoclinic solution to

"

w —wHw?=0, —co<y<oo; w—0 as |yl —oo, w (0)=0, w(0)>0. (2.2)

In the outer region, defined away from an O(e) region near each spike, v is exponentially small and the

term e~ !ur? in (1.3b) can be approximated by a Dirac mass. Thus, the outer solution for u satisfies

Dum—k(l—u)—%;é(x—xj)zo, —-l<z<1; ug(£1) =0. (2.3)
In obtaining (2.3), we used ffooo w? dy = 6. The solution to (2.3) is
L
u(z) =1-— 20 ;G(x;xj), (2.4)
where G(x;x;) is the Green’s function, satisfying
DGy — G = —-d(x — xj), -l<z<1; Gx(£1;25) =0. (2.5)

We define a, = Zle G(xj;2;), where the spike locations satisfy (2.1). From an explicit calculation of

G(z;x;), we obtain that a4 is independent of j, and is given by

k
ay =3 Glajiey) = [2vDtanh (60/k)] (2.6)
=1



Evaluating (2.4) at « = z;, where u(z;) = U, we obtain a quadratic equation for U
UU-1)=——=. (2.7)

In this way, the following formal result for symmetric k-spike equilibrium solutions to (1.3) was obtained
in Principal Result 2.1 of [21]:
Principal Result 2.1(From [21]): Let ¢ — 0, with A = O(1) and D = O(1) in (1.3). Then, when

A > Ay, there are two symmetric k-spike equilibrium solutions to (1.3) given asymptotically by

vi(z) ~ ! Zk:w[_l(a:—x-)] ug(r) ~1 — ——= 1_Ui zk:Ga;a: (2.8)
R UAPS ECR ] 7 ‘

=1

We label uy, vy and u_, v_ as the small and large solution, respectively. In (2.8), w and G satisfy (2.2)
and (2.5), respectively. In addition, Uy are the roots of (2.7) given by

1 A? 126,
== (1441 — ke =40
Uz A tanh (6o /k) ’

5 - 0= D72, (2.9)

Although we have only sketched the formal derivation of equilibrium solutions in the low feed-rate
regime, there are several methods that can be used to construct these solutions rigorously. In [10] a rigorous
geometric singular perturbation approach was used to establish the existence of a one-spike solution and a
periodic solution to a different dimensionless form of the infinite line GS model (cf. Theorem 4.3 of [10]).
For a one-spike solution on the infinite line, the threshold A2 = V12D~Y/4 for the low feed-rate regime
is equivalent to that given in Theorem 4.3 of [10]. This infinite line threshold can be recovered by setting
k =1 and then letting D — 0 in the formula for A, in (2.9).

In Fig. 1(a) we plot the bifurcation diagram of the Ly norm |v|y versus A for D = 0.75, and k = 1,... 4.
These are the solid curves in Fig. 1(a). Using (2.8) and (2.9), we obtain

-1

1 1/2 2
2V 6k A
_ — 2 e
lv]p = <g 1/_11/ d:p) ~ TRy 1= : (2.10)

The existence thresholds Ay, are the saddle-node points in Fig. 1(a). For the values A = 9.0, D = 0.75,
and ¢ = 0.02, a symmetric three-spike solution is shown in Fig. 2(a). The classification of small and
large solution refers to low and high concentrations of v in the core of the spike. Smaller concentrations
of w in the core of the spike generate larger amplitudes for v. Hence, each upper branch (upper solid
curve) in Fig. 1(a) corresponds to the large solution, while each lower branch corresponds to the small
solution. A convenient way to parametrize these solution branches is to introduce a parameter s defined
by s = (1 — Uy)/Ux. Then, from (2.9), we get
(1 + S) 1-— Ui
2\/s ’ 5T Uy ’
The large solution u_, v_ corresponds to the range 1 < s < oo, while the small solution w4, v4 corresponds
to 0 < s < 1. The existence threshold A, is at s = 1.

A:-Ake

0<s<o0. (2.11)



To analyze the stability of symmetric k-spike equilibrium solutions we let

w(z,t) = us(z) + eMn(z), v(z,t) = va(x) + eMo(z), (2.12)

where n < 1 and ¢ < 1. Substituting (2.12) into (1.3), and linearizing, we obtain the eigenvalue problem
EPpe — O+ 2Ausvid+ Al = Ap, —1<z<1; ¢a(x1)=0, (2.13a)

Dijge —n — e Win—2elugvap = 1Ay, —1<z<1; n,(£l)=0. (2.13b)

There are two classes of eigenvalues and eigenfunctions of (2.13); the large eigenvalues for which A = O(1)
as ¢ — 0, and the small eigenvalues for which A = O(g?) as ¢ — 0.
For the large eigenvalues with A = O(1) as ¢ — 0, which determine the stability of a k-spike equilibrium

solution on an O(1) time-scale, the corresponding eigenfunction has the form
k
$(x) ~ D b® [e (@ —ay)] | (2.14)
j=1

where ffooo w(y)®(y)dy # 0. Here the coefficients bj, for j = 1,...,k, are found to be related to the
eigenvectors of a certain matrix eigenvalue problem. This stability problem, which involves the analysis of
a nonlocal eigenvalue problem, was studied in [7], [8], [21], and [29]. Spectral results for this problem in
the low feed-rate and intermediate regimes of the GS model (1.3) are summarized in Appendix A.

In this paper we study the small eigenvalues of (2.13) that lead to slow translational instabilities. In

contrast to (2.14), for € — 0 the corresponding eigenfunction in §3 has the form

k
P(z) ~ Z <cjwl [e7 Mz — ;)] +ecipiy [e (z - x])D : (2.15)

j=1

The leading term in (2.15) is simply the translation mode associated with the spike profile w. The correction
term ¢q; in (2.15) is shown below in (3.11) (see also (3.27) of Proposition 3.2) to be proportional to the
spike profile w [E_I(SL’ — x])] of the jth spike. In §3 we will derive explicit formulae for the coefficients c;
in terms of a matrix eigenvalue problem, and we will calculate the small eigenvalues \; = O(g?) precisely.

Our method to analyze translational instabilities is related to the SLEP method originally developed
and analyzed rigorously for the study of transition-layer stability associated with two-component reaction-
diffusion systems in the semi-strong limit (cf. [32], [33], [34]). In these systems, the nonlinearity in the fast
variable is of bistable type. In these works, the study of the critical spectrum is also reduced to the study of
the spectrum of a matrix eigenvalue problem. However, since the leading term in (2.15) is a monopole when
the profile w is a transition layer, then only the first term in (2.15) is sufficient for calculating the spectrum.
For the transition layer case, the critical spectra are O(e) as € — 0, and the matrix manipulations required
to calculate the critical spectrum are relatively straightforward. In addition, it was shown in [34], under
reasonable hypotheses, that the critical spectra are all negative for an n-layer solution. Therefore, such a
solution is stable and there are no bifurcations to other patterns. Alternatively, in our analysis of spike
stability, since the leading term in (2.15) is a dipole and the O(¢) term in (2.15) is found to be a monopole,
these two terms have the same effective order as ¢ — 0 in our analysis of the critical spectrum of O(g2)
for (2.13). In addition, in contrast to the critical spectrum for transition layers, the critical spectrum for

spikes in the GS model can have bifurcations.



3 Slow Translational Instabilities for a Symmetric k-Spike Pattern

For ¢ <« 1, we now study the stability of the symmetric k-spike equilibrium solutions of Principal Result
2.1 with respect to the small eigenvalues of (2.13) of order O(g?). The first part of the analysis is to reduce
(2.13) to the study of a matrix eigenvalue problem. We begin by writing (2.13) in the form

Lep+ Apv2 =\, —-1<z<l1; ba(£1) =0, (3.1a)
Dy — (L+ 1A+ 3)n=2" ugrad, —-1l<a<l; ne(£1) =0, (3.1b)

where uy and vy are given in (2.8) of Principal Result 2.1. Here the operator L. is defined by
Lep = 52¢xw — ¢+ 2Ausvig. (3.1c)

Since A = O(g?), (3.1b) yields that 7A < 1 unless 7 = O(¢~2). In the derivation below, we will assume that
7 = 0O(1) so that the small eigenvalues are asymptotically independent of 7. It is important to emphasize
here that we cannot naively replace L. by the non-invertible Fisher operator Lo of the NLEP problem of
Principal Result A.1. Although the coefficients in these two operators are O(¢e) close near a spike, the small
spatial variations in the coefficients of L. are important for estimating the small eigenvalues for € < 1.
Since v4 is localized near each spike x;, the spike pattern is nearly translationally invariant. To show

this, we differentiate the equilibrium problem for (1.3a) with respect to x1 to get
L.vy, = —Auimui . (3.2)

Defining w; = w;(y;) = w [e~!(z — x;)], where w satisfies (2.2), we calculate from (2.8) that for x near z;

1 et
Vi~ A—inj’ Vg ~ YR (U (3.3)
Substituting (3.3) into (3.2), we obtain for x near x; that
ng;- ~ —EUgluixw? =0(e). (3.4)
This suggests that we look for an eigenfunction to (3.1) in the form
p=d¢otepr+---,  nlx)=en(x)+ -, (3.5a)
where, for some coefficients c;, with j = 1,...,k, to be determined, we have
k k
do=) cuilee—g)], d1=) oy le @ —g)] . (3.5b)
=1 j=1

Here and below we have defined (¢); = (¢(z;+) + ((2;-))/2 and [(]; = ((z;+) — ((z;-), where ((z;+)
are the one-sided limits of ((x) as * — xj4+. In particular, by differentiating the outer solution w4 given
in (2.8), it follows that the equilibrium positions for x; of (2.1) satisfy

(usa)j =0,  j=1,... k. (3.6)



We substitute (3.5a) into (3.1a) with A = O(e?) < 1, and we use (3.4). For z near z;, we get that

¢15(y) satisfies
cjuta(z)  mo(z)

cjLegrj ~ f(z;+ syj)w?-, fz) = 0, AT (3.7)
Substituting (3.5a) into (3.1b), we obtain that 7y satisfies
Dnogz — (1 + 5_1V:2t) no ~ 26 2usvy (po+e¢n), —l<z<1; mn(£l)=0. (3.8)

J
a dipole near x = z;. Hence, for ¢ < 1 and x near x;, this term is proportional to 5 (x—xj) for j =1,..,k,

Since ¢y is proportional to the odd function w; near = x;, the term multiplied by ¢¢ in (3.8) behaves like
where 6(x) is the delta function. Thus, 7 is discontinuous across = = ;.

Since 1 is discontinuous across z = x;, it would suggest that f(z) in (3.7) is also discontinuous across
x = xj. However, this is not the case, as we find that the first term on the right-hand side of f(z) in (3.7)
exactly cancels this singularity. To see this, we differentiate the equilibrium problem for u in (1.3b) with
respect to x, and subtract appropriate multiples of the resulting equation and (3.8) to find that the dipole
term proportional to ¢g cancels exactly. In this way, we obtain for x near z; that f(z) satisfies

2e~1 CjlUar(E1)

_ Cj
Dfpe— (14 M2) f=-"Fojuivy, —1<a<l1; fo(£1) = i

ST (3.9)

Assume for the moment that ¢1; is an even function. Then, the right-hand side of (3.9) is a monopole
term. Therefore, we would conclude that f(z) is continuous across = x;, and consequently (f); = f(x;).
Since (u+z); = 0 from (3.6), (3.7) reduces for e < 1 to

2 (10);
cjLedrj ~ flzj)wy,  f(z;) = _AUi : (3.10)
Since L.w; = w]2- + O(g), and L. is uniformly invertible on function spaces of even functions, we can then
solve (3.10) uniquely as

cjry ~ flaj)w; . (3.11)

Since w; is even, then so is ¢1;, and the calculation is self-consistent. Alternatively, if we had initially
assumed that ¢q; was odd in (3.9) we would reach a contradiction. If ¢1; is an odd function, then the
right-hand side of (3.9) is a dipole term and for ¢ — 0 can be represented as dd (z — ;) for some O(1)
constant d. Therefore, for ¢ <« 1, the leading order behavior of f(x) is still continuous across z = z;.
Hence, (3.10) still holds, and the resulting form (3.11) contradicts the assumed oddness of ¢1;.

This discussion shows that the term in (3.8) proportional to ¢ behaves like a linear combination of
d(x — ;). Most importantly, this shows in (3.12) below that the effect of the monopole term for ¢; is of
the same order in € as the dipole term proportional to ¢g. Therefore, to calculate an eigenvalue of order
O(g?), we need to determine the asymptotic eigenfunction for ¢ in (3.5a) to both the O(1) and O(e) terms.

Next, in the sense of distributions, we calculate the strengths of the dipole and monopole terms ap-

pearing on the right-hand side of (3.8). Using (3.3) for v+ and uy ~ Ux for = near x;, we calculate from
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(3.5b), (3.10), and (3.11) that, for z near z;

6c 6

22Uty — 75 (x —xj), e — W(S(:E - xj), (3.12a)
12 ; 12

2¢ tutvigy — J;(l%) a —xj) = Ag@z] dx —xj). (3.12b)

Here we have used [~ w]2- dy = 6. Substituting (3.12) into (3.8), we obtain that 7 satisfies

k k
6 6 ,
Dnjogz — |1+ 02 ;5(93 —5) | =7 ;Cﬁ (z — ;) A2U2 Z 10);6(x — ;) (3.13)

with noz(£1) = 0. Using (2.7) for Uy, and the definition of s in (2.11), we can write

6 s 1- Uy
_ s _ , 3.14
207 e T U (3:.14)

where a4 is given in (2.6). Substituting (3.14) into (3.13), we conclude that (3.13) is equivalent to

Dnogz — 1m0 =0, —-l<z<l1; Noz(£1) =0, (3.15a)
6c; -5 _
[Dnol; = - [Dnozl; = —(no)j » j=1...,k. (3.15b)
A ag

Next, we estimate the small eigenvalue. We substitute (3.5) into (3.1a) and then multiply both sides

of (3.1a) by w;-. By integrating the resulting equation across the domain, we get
k k k
Z (w c;Low, ) +eA (noyi,wj) + ez (wj, cZ-Leth-) ~ )\ZCZ' (wj,wi) . (3.16)
i=1 i=1 i=1

Here we have defined (f, g) f f(x)g(x) dx. Since wj is exponentially small away from x = x;, it follows

that to within negligible exponentlally small terms the dominant contribution to the sums in (3.16) arise

from ¢ = j. Thus, (3.16) reduces asymptotically to
¢j <w L.ow; ) +eA (noyi,w;) +e (w;-,chEqﬁlj) ~ Acj (w],w;> . (3.17)

We then integrate the third term on the left-hand side of (3.17) by parts. Since L. is self-adjoint, we can
then use (3.4) for Lew;- and (2.8) for v4. Since the integrands are localized near x = x;, we can write the

resulting integrals in terms of y = e (z — z;) to get

2 00 2 o0 >
EUi] _Oow wug, dy + .AEUi/ w’w'no dy — —/ P1jwusy dy ~ eXc; (/Oow'z dy) , (318)

where w satisfies (2.2). In this expression we have labeled ng = no(z; + cy) and U4y = usq(z; + €y).
Using (3.11) for ¢4, and (3.7) for f(x), we can write (3.18) more compactly as

g2 oy , _ng(ﬂfj) <3 , ' <
ww’ f(x; +ey)dy 0. WUty (25 + €y) dy ~ eXc; wdy | . (3.19)
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The second integral on the left-hand side of (3.19) is O(g?) since w is even and (ui,); = 0 from (3.6).
From (3.9) and (3.11), it follows that f(z) is continuous but not differentiable across x = x ;. Therefore,
we must calculate the first term on the left-hand side of (3.19) by first expanding f(z; 4+ €y) in one-sided

Taylor series. After doing so, we then integrate the resulting equation by parts. This yields,
o0 ) g ’ o0
/ wwf(x;+ey)dy ~ —<(f >]/ widy . (3.20)
oo 3 oo

Using (3.7) for f(x), and (u+a2); = (Ux — 1) /D from (2.3), we calculate

(r); = 2l - ey, (3.21)

Then, we substitute (3.21) and (3.20) into (3.19), to obtain

e~ f ¢ (Ux—1) _ (o) j ffooo widy
73 UsD AU2 [T ow?dy )

(3.22)

Here (n;); is to be found from (3.15). Finally, we write (3.22) and (3.15) in terms of 77 defined by

m==—3"0- (3.23)

In addition, we calculate the ratio of the two integrals in (3.22) using w(y) = 2sech? (y/2). In this way, we
formally obtain the following problem that determines the small eigenvalues:
Principal Result 3.1: Let ¢ < 1 and 7 = O(1). Then, the eigenvalues of (2.13) of order O(e?) satisfy

Aej ~ 2% [<ﬁ0x>j - %] L =1, k, (3.24)

where (fog); s obtained from the solution to the following auxiliary problem

Dioge — 0 =0, -l<z<l1; Moz (£1) =0, (3.25a)
Dinly = =25 Diely = il J= Lk (3:25D)
Here s, which parametrizes the equilibrium solution branches, is defined in (2.11).

A problem similar to (3.25) was formally derived in Proposition 8 of [17] in the context of the GM
model (1.4) with exponent set (p,q, m,s), where ( = gm/(p —1) — (1 + s) > 0. By comparing Proposition
8 of [17] with Principal Result 3.1 above, we conclude that (3.25) for the GS model is equivalent to the
corresponding problem for the small eigenvalues of a GM model with exponent set (p,q,m,s) = (2,s,2,s),
where s = (1—Uy)/Ux. A similar spectral equivalence principle for the large eigenvalues of the GM model
and the GS model in the low feed-rate regime was derived in Proposition 3.3 of [21].

To calculate explicit formulae for the small eigenvalues, we must first solve (3.25) to calculate (7¢z);
for j = 1,..., k. By substituting the resulting expressions into (3.24) we obtain that A;, for j =1,... k,
are the real eigenvalues of a certain generalized symmetric matrix eigenvalue problem. Each eigenvector

of this problem generates a set of coefficients ¢; for j = 1,..., k. The eigenvalues and eigenvectors of this
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matrix can be calculated analytically. Since the details of this exact, but lengthy, calculation parallel that
given in §4.2 of [17] for the GM model (1.4), we only outline they key steps in this derivation in Appendix
B. In this way, the following rigorous result is obtained for the small eigenvalues of Principal Result 3.1.
Proposition 3.2: Let ¢ < 1 and 7 = O(1). Assume that the invertibility condition (B.12) holds. Then,
the eigenvalues of (2.13) of order O(e?) are given explicitly by

225 [1 — cos (mj/k) — zj (cosh (200 /k) — 1)
D cosh (20 /k) — cos (7] /k)

Aj ~

], j=1,...k. (3.26a)

Here z; is defined in terms of the parametrization s = (1 — U+)/U+ of each k-spike equilibrium solution

branch as

sy 9200\ . o (T] . _ to —1/2
= h* | — — =1,...,k; = 2tanh | — 0hp=D . 3.26b
e T (M) () o e (B), wpn ey

Forj=1,...,k, & is defined in (B.20a) of Appendiz B. The corresponding eigenfunction ¢ from (3.5) is

k
d(x) ~ Y (an, [e7 Mz — 2n)] +es{fio)nw [e7 (2 — mn)]) , (3.272)

n=1

h

where (fig)n is the nt component of (7o) given by

(fo) = VD [I + sy (B - SfyI)_l] Pyc. (3.27b)

Here the matrices B and Py are defined in (B.10) and (B.4), respectively. Finally, there are k independent

choices for the vector of coefficients ¢t = (c1,...,cr), given explicitly by cﬁ- = (c1,,--.,cCkj) where

! 2 (7 .
t_ L kL) ]2 L _ B
Cp = NG (1, 1,1, ...,(-1) ) ; Clj \/;SHl(k: (l 1/2)>, j=1,...k—1. (3.28)

Here c§, for j=1,... k, are the eigenvectors of the matriz B, of Appendiz B defined in (B.20b).

As shown in Appendix B, the invertibility condition (B.12) holds when the parameters are such that
A = 0 is not an eigenvalue of the NLEP problem (A.1) of Appendix A for the large eigenvalues.

Next, we determine the sign of \; with respect to the parameters. Since z;, = 0 in (3.26b), then A\;, <0
for any k, D and A. Therefore, there is always one negative eigenvalue and one stable direction, given by
¢ in (3.28) and (3.27a), for translational perturbations of the equilibrium solution. From (3.26a) we get
that A\; <O for j =1,...,k — 1, if and only if

j 0
1—cos<ﬂ—;>—22jsinh2<?0>>0, j=1,...,k. (3.29)
Using (3.26b) for z;, we can write (3.29) as
, ; 0
%<s—scosz <%> sech? (%) , j=1,...,k. (3.30)

Finally, using (B.20a) for ;, a short calculation shows that we can write the stability condition (3.30) as

0 ' 0
<1 — 5+ csch? <?O>> (1 — cos? <%> sech? <?O>> <0, j=1,...,k. (3.31)
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Since the second bracketed term on the left hand-side of (3.31) is always positive, we conclude that A; < 0
for j=1,...,k —1if and only if

1 — 5 + csch? <%> <0. (3.32)

Since (3.32) is independent of j, it follows that any zero-crossing of the small eigenvalues Aj, for j =
1,...,k — 1, must be simultaneous.

For the small solution u, v4, where 0 < s < 1, the left hand-side of (3.32) is always positive, and so
there are k — 1 positive small eigenvalues \;, for j = 1,...,k — 1. For the large solution where s > 1, we
can calculate stability thresholds from (3.32). The threshold condition from (3.32) can be written as

. to 1 _
h? (2) = o= D12, :
sin <k> g 0 (3.33)

This can be solved in the form
-2

4 s+1 s+1 2
D_ﬁ In <S_1>+ <S_1> -1 . (3.34)

In (3.34), we then use (2.11) for s to write D in terms of A. This yields the following main result:

Proposition 3.3: Let ¢ < 1, and 7 = O(1). For k = 1, both the large and small solutions uy vy are

always stable with respect to the small eigenvalue. For k > 1, and for the small solution uy, vy, there are

always k — 1 positive small eigenvalues and one negative eigenvalue \i. Similarly, for k> 1, we also have

A < 0 for the large solution u_, v_. However, the other small eigenvalues \;, for j = 1,...,k —1 are
negative at a fived value of A/ Ay, if and only if D satisfies,
4 ./42 -1/2
D < Dyg = r= [1 — A’;@} (3.35)

k2 [ln <r+ m>r 7

When D = Dyg, then A = 0 is an eigenvalue of algebraic multiplicity k — 1.

The criterion (3.35) expresses Dyg in terms of the ratio Ag./A. However, since A, also depends on
D, the criterion (3.35) is a transcendental equation for Dyg. Below, we solve this equation asymptotically
in the intermediate regime to obtain a certain scaling law.

A similar criterion can be found with respect to .A. We substitute the stability condition (3.32) into
(2.11) to obtain the stability threshold

A (+s) 2+ csch? (0y/k) (3.36)

A 25 g [ ese? (Bo/k)

By simplifying (3.36), we obtain the next result.
Proposition 3.4: Let e < 1, 7 = O(1), and k > 1. For the large solution u_, v_, the small eigenvalues

Aj, for 5 =1,...,k —1, are negative at a fived value of D if and only if A satisfies

—1
A> Aps, Ars = Ape [tanh <2kﬁ>] , 6= D"/2. (3.37)
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Here Ay, is the existence threshold of (2.9). Notice that Axs — Are — 07 as D — 0.

Propositions 3.3 and 3.4 show that £—1 small eigenvalues simultaneously cross through zero as either D
crosses through Dyg or as A crosses through Agg. Therefore, there must be a bifurcation at these critical
values. In §4, this bifurcation is shown to be related to the emergence of asymmetric solution branches.

Next, we compare Dys and A with the large eigenvalue stability thresholds Dy, and Ay, of Principal
Result A.2, which hold when 7 is below the Hopf bifurcation threshold. A simple calculation shows that

Ars > Axr, Dys < Dyr - (3.38)

Therefore, the stability thresholds with respect to the small eigenvalues are more stringent than those
for the large eigenvalues. The next result summarizes the main stability conclusion for the large solution
branch u_ and v_ with respect to both the small and the large eigenvalues.

Principal Result 3.5: Let ¢ < 1, and consider the large solution branch w_, v_ of Principal Result 2.1

Suppose that T < 131, where Thy, is the Hopf bifurcation value of the NLEP problem of Principal Result
A.1 for the large eigenvalues. Then, the k-spike symmetric solution branch is stable with respect to both
the large and the small eigenvalues when either D < Dyg, or equivalently when A > Aig. For 7 < 13,
where D satisfies Dps < D < Dy, or when Agp, < A < Agg, the large solution is stable with respect to
the large eigenvalues but is not stable with respect to the small eigenvalues.

To illustrate our main stability result graphically, in Fig. 1(b) of §1 we plotted the norm |v|y defined in
(2.10) versus A for the parameter values D = 0.75 and k = 1,...,4. The stability information of Principal
Result 3.5 is shown by different shadings of different portions of these branches. For smaller values of D,
we still have A, < Air, < Apg for k > 2, but in this case Ayg is close to Ape.

Next, we derive a scaling law for the small eigenvalues that is valid in the intermediate parameter regime
O(1) < A < O(e71/2). In this regime, we have to leading order from (2.11) that s ~ 44%/A?_>> 1. Letting
s — oo in (3.26) we obtain the following limiting result for the small eigenvalues:

Proposition 3.6: Let ¢ < 1, D = O(1), 7 = O(1), and assume that O(1) < A < O(¢~'/?). Then, for

the large solution u_, v_, the small eigenvalues of (2.13) are given asymptotically by

4e2 A0 0o\ . i\ [1 - sech? (A /k) cos? (mj/(2Kk))]
3 - tanh <_0> sin” <ﬂ> cosh (2902k) —cos (mj/k)

A~

p +0(%, j=1,....,k. (3.39

From (3.39), we conclude that A\; < 0 for j = 1,...,k when D = O(1) and 7 = O(1). Therefore,
when D = O(1) and 7 = O(1), we always have stability with respect to the small eigenvalues in the
intermediate regime for A. However, stability can be lost when D is asymptotically large. To show this we
use s ~ 442/ A%e in (3.35), to conclude that a k-spike pattern is stable with respect to translations when
D < Dpg, where DPg for k > 1 is the unique root of

2
VD = % tanh (%) : (3.40)

In the intermediate regime, (3.40) can be solved asymptotically to predict a minimum inter-spike distance

L,,s for the translational stability of a spike pattern. For a k-spike pattern on a domain of length 2, the
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inter-spike separation is L = 2/k. For A > 1, the root of (3.40) satisfies D > 1. For D > 1, we solve
(3.40) for k with A = £71/2 4 to conclude that a k-spike pattern is translationally stable when

24De
A2

1/3

L> Lys ~ < > . 0EY) < A< 0(1). (3.41)
Since L,,s > O(¢), the calculation is self-consistent. A similar scaling law for competition instabilities in
the intermediate regime, associated with the large eigenvalues, was derived in §4 of [21]. For 7 below the

Hopf bifurcation threshold 747, it was shown in [21] that there are no positive real eigenvalues when

1/3

L > Lpc ~ <12%k2’%> : , 0V <« A< 0(1); Yk = 1+ cos (m/k) . (3.42)
Clearly L,,c < Ly,s. Therefore, as the inter-spike separation distance L is decreased below L,,g, instability
is first lost due to k — 1 independent slow translational instabilities. As L is further decreased below L,,¢,
there are fast O(1) instabilities leading to spike annihilation events.

Finally, we comment on the uniformity of our results in (3.26) and (3.39) with respect to the diffusivity
D, which measures the inter-spike interaction strength. First, we consider a one-spike solution with D > 1.
From (3.26), we obtain that A; ~ —2e%s/D < 0 for D > 1. This suggests that a one-spike solution to
the GS model is stable when D > 1. However, for the shadow problem where D = oo, it is well-known
for the corresponding GM model (1.4) that a spike is translationally unstable for ¢ < 1 due to a positive
exponentially small eigenvalue, which leads to dynamic metastability of the spike (cf. [17], [20]). Therefore,
with the close relationship between the GS and GM models, (3.26) for the GS model is not expected to
be uniformly valid as D — oo. In fact, for D = O (ec/ £ ) an extra term must be added to the expression
A1 ~ —2¢2s/D, which arises from analyzing exponentially weak boundary layer effects for ¢ near x = +1.
The resulting formula for \; leads to a bifurcation of a one-spike equilibrium on the range D = O(ec/ ),
for some ¢ > 0. We do not study this problem in detail here, since a very similar issue for the GM model
(1.4) was studied in detail in [20] (see also §5.2 of [17]).

For the GS model in the other limit where D — 0, we summarize our comments as follows:
Remark 3.1 The analysis leading to (3.26) and (3.39) is valid provided that D > O(g?). This is needed
to ensure a decoupling of the slow and fast variables in the core of the spike. However, if we did let D — 0

in (3.26), but with D > O(£?), we obtain after a short calculation that

8e2s —2/(kv/D) 8e?s s .o (T —2/(kV'D) ;
)\kN—Te N )\]NT 8_1 Sin ? e 3 j—17,k_]. (343)

Therefore, for D < 1, there are k exponentially small eigenvalues, with & — 1 of them being positive for
the large solution branch where s > 1. However, in the weak interaction regime D = O(e?), where both
variables are localized, a k-spike pattern with an O(1) inter-spike separation distance is essentially equiv-
alent to a periodic, near-homoclinic, pattern of an asymptotically large period. For such long-wavelength
periodic patterns, with a sufficiently large wavelength, it was proved in [12] that there is a continuous loop
of spectra in the neighborhood of each isolated eigenvalue of the infinite-period homoclinic connection.

Although the result (3.43) was derived for Neumann boundary conditions rather than periodic conditions,
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the discrete spectra in (3.43) should presumably be related to the breaking of the spectral loop near the
origin resulting from the transition from the weak to the semi-strong interaction regime. A potential

parametrization for this transition is to take D = 2P with 0 < p < 2. [ ]

3.1 Slow Translational Instabilities: Dynamics

We now perform a few numerical experiments to illustrate the theory and to show the significance of the
small eigenvalues for the dynamics of spike patterns. The computational results shown below for (1.3) have
been computed using the routine DO3PCF of the NAG library [31] with 1500 uniformly spaced meshpoints.

Vi 12 }—\ Ty 050 .

0 500 1000 1500 2000 0 500 1000 1500 2000
t t
(a) vm versus t (b) z; versus t

Figure 3: Numerical solution to (1.3) with D = 0.75, k = 2, ¢ = 0.03, 7 = 2.0, and A = 6.5. Left figure:
plot of the spike amplitudes v, of v_ versus ¢. Right figure: plot of the spike location zo versus t.

For (1.3) we take D = 0.75, k = 2, ¢ = 0.03, and 7 = 2.0. For this two-spike equilibrium solution, the
stability thresholds for the small and large eigenvalues, obtained from (3.37) and (A.4), respectively, are
Asg = 6.296 and As;, = 5.633. Since 7 is below the stability threshold 73y, there is no Hopf bifurcation
for the equilibrium profile. For the initial condition for (1.3), we take the equilibrium solution of Principal
Result 2.1, with initial spike locations x;(0) slightly offset from their equilibrium values of j:%.

We first take A = 6.5 > Asg, and z1(0) = 0.52, 22(0) = —0.48. For this value of A, the two small
eigenvalues are negative. Therefore, the equilibrium solution should be stable with respect to translations
of the profile. In Fig. 3(a) we plot the spike amplitudes v,,(t) = v_(z;,t), for j = 1,2, versus t showing
the convergence towards a symmetric two-spike equilibrium solution over a long time-scale. In Fig. 3(b)
we plot zo versus ¢, which shows that xo — 1/2 as t increases. A similar plot can be made for z;.

Next, we take A = 6.0, so that As;, < A < Asg. We again choose x1(0) = 0.52, 22(0) = —0.48. In
Fig. 4(a) we plot the locations of the two spikes as a function of time showing the divergence away from
the two-spike equilibrium locations :l:%. In Fig. 4(b) we plot the amplitudes v, of the two spikes versus

t. The numerical solution for v versus x is shown in Fig. 5(a) at different times. This example suggests
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Figure 4: Numerical solution to (1.3) with D = 0.75, k = 2, ¢ = 0.03, 7 = 2.0, and A = 6.0. Left figure:
plot of spike locations x; versus t. Right figure: plot of the spike amplitudes v, versus t.
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Figure 5: Left figure: plot of numerical solution to (1.3) at different times for the parameter values of
Fig. 4. The clustered solid curves correspond to t = 0, 150,300, and the heavy solid curve corresponds to
t = 500. Only one spike remains at ¢ = 500. Right figure: plot of the spike location zo versus t for the
parameter values of Fig. 4, except now with symmetric initial locations x1(0) = 0.52 and x5(0) = —0.52.
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the following scenario: For this value of A = 6.0, the equilibrium two-spike solution is stable with respect
to profile instabilities (large eigenvalues), but is unstable with respect to translations (small eigenvalues).
Therefore, the locations of the two spikes diverge away from i%. During their evolution, a competition
instability occurs on a fast O(1) time scale as a result of a large eigenvalue crossing into the right half-
plane. Recall that the results in §2 and Appendix A pertain only to profile instabilities associated with
equilibrium spike solutions, and not the quasi-equilibrium solutions where the spike locations are not at
their equilibrium positions. This competition instability annihilates one of the spikes at approximately
t =~ 500, and the other spike then slowly drifts to the stable one-spike equilibrium solution centered at the
origin. Since A\ < 0 in Proposition 3.3, a one-spike equilibrium solution is always stable with respect to
translations.

Finally, we take A = 6.0, but we now introduce a symmetric perturbation in the initial spike locations
so that x1(0) = —0.52 and z2(0) = 0.52. Although, the equilibrium solution is unstable with respect to
translations, the spike location xy is shown in Fig. 5(b) to approach its equilibrium value. An identical
convergence occurs for x1. To explain this, we recall from Proposition 3.3 that, although A; > 0 for
A = 6.0, we always have that Ay < 0. Therefore, there is a saddle-structure for the two-spike equilibrium
solution. From Proposition 3.3, and from the form of the stable eigenvector co, given in (3.28) with k = 2,
it follows that symmetric perturbations of the initial spike locations are, locally, on the stable manifold of
the saddle point. Therefore, with sufficient numerical resolution it may be possible that we can approach

the saddle point as ¢ increases. This is what is observed in Fig. 5(b).

4 Asymmetric k-Spike Equilibria

We now construct asymmetric equilibrium spike patterns, where the spikes have different heights. We
follow a similar approach as in [45] for the GM model (1.4) by first constructing a one-spike solution
centered at the origin for (1.3) posed on —I < z < [, with u,(£l) = v,(£l) = 0. For ¢ < 1, such a solution
for v and w is even, v(l) is exponentially small, and u(l) = O(1). We determine all values of [, labeled
by l1,...,l,, such that u(ly) =,...,= u(l,,). For a certain range of the parameters, as found below, there
are exactly two such values of [. These “local” solutions are then used to construct a global asymmetric
equilibrium k-spike pattern for (1.3) on [—1,1].

To construct a solution to (1.3) on — < = < [ with a spike at the origin, we proceed as in §2 for a

symmetric spike pattern. We obtain that

V() ~ %w (@/e),  ula)~1- %G,@:;O). (4.1)

Here w(y) satisfies (2.2), and G;(z;0) is the Green’s function on —I < x < [ satisfying

9_0> cosh [(I — |x])B0]
2 sinh (16p)

DG — Gy = —0(x), —l<z<l; Grp(£l;0)=0; Gi(=x;0)= < (4.2)

where 0y = D~/2. The constant U in (4.1), representing the leading-order approximation for u in the
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inner region, is obtained by setting u(0) = U in (4.1). By solving the resulting quadratic equation we get

U:% b 1_%(2901) ,  A=V1200A,  Gh=D12. (4.3)

To construct asymmetric patterns, we must calculate u(l). Using (4.1) and (4.2), we get

ul) =1 _ Gi(};0)
U—-1  G40;0)

= sech (16p) . (4.4)
Combining (4.4) and (4.3), we obtain a key formula for (1)

coth(z)
%

ull)=EL(z) =1+ %sech(z) —1+4/1 , z = 6pl. (4.5)

The minus and plus signs in (4.5) refer to the large and small solutions, respectively. In (4.5), Ei(z) is
defined only when A2 > coth z > 1. This yields that z > 2o, where

1 A% +1

Clearly E4(z) > 0 for z > 2. For z > zg, we readily derive some key properties of E4(z).
Lemma 4.1: Let A > 1. Then, for z > z, E;r(z) > 0 with E4(z9) < 1, and E4(2) — 1 as z — oo.
Alternatively, E_(z0) < 1 with E' (2) < 0 for 29 < z < zm, and E_(z) > 0 for z > 2. Moreover,
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E_(z) — 1 as z — oo. The point z,, where E_(z) has its minimum value is the unique root of
A = [tanh 2|72 [tanh(22)] L . (4.7)

Proof: Clearly Ei(z)) < 1 and E1(2) — 1 as z — oo. In addition, by differentiating (4.5) it follows
readily that E., (z) > 0 for z > 2. For E_(z), we calculate

/ sinh 2 [ 1 coth z] _ sechz  csch?z (4.8)

EF ()= —— = = .
() 2 cosh? z A2 A2 1 _ cothz
AQ

Therefore, E' (z) < 0 only when

2A% tanh z [\ [1— CO;th +1-— cc.);ci};z] > csch?z. (4.9)

By manipulating (4.9), we get that E" (z) < 0 if and only if

1

coth z - cosh(2z)
A2 2A2sinh? 2
It is easy to see from (4.10) that there exists a z,, such that E' (z) < 0 for zg < z < zm, and E (z) > 0
for z > zp,. To determine where E' (z) = 0, we square both sides of (4.10) to obtain

t cosh(2 2 th
1—t:<M—1> .= 2E (4.11)

cothz —1. (4.10)

2sinh? 2 A2
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Figure 6: Plot of E_ versus z for z > zy when A=3.

By solving (4.11) for t > 0 we get that ¢ = tanh?(2z). Since, A% = (coth z)/t, we obtain (4.7) for A. W

Therefore, when A > 1, it follows that for any z in zg < z < z,, there exists a unique z, with Z > z,,,
such that E_(z) = E_(%). In Fig. 6 we plot E_(z) versus z when A = 3. Since z = 6yl and Z = 6yl, the
implication of this result is that given any [ with zg < [0y < 2, there exists a unique [, with 10y > zm,
such that u(l) = u(l). This implies that in any asymmetric pattern generated using E_(z) there are only
two distinct types of spikes. Furthermore, since E(z) is monotonically increasing we cannot construct
asymmetric patterns for the small solution.

For E_(z), solutions of length [ and [ are called S-type and B-type spikes, respectively. We now
construct asymmetric k-spike patterns to the global problem (1.3) on [—1,1] with k1 > 0 S-type spikes and

ko = k — k1 > 0 B-type spikes arranged in any sequence from left to right across the interval as

SBSSB....B, ki — S’s, ko — B’s. (4.12)

To do so, we use translation invariance and the condition u(l) = u(l) to glue S and B type spikes together
].

to satisfy C'! continuity for the global function u on [—1,1]. The global function v is asymptotically C'!

continuous since the local function is such that /(1) and v(l) are exponentially small when ¢ < 1.
Since the supports of an S-spike and a B-spike are 2] and 2l , respectively, we get the length constraint
2k11+ 2kol = 2. The other condition, which ensures that u is C* continuous is that E_(z) = E_(Z). Using,

| = 20y and [ = 76, we obtain a nonlinear coupled algebraic system for z and 2
kiz+kez=10y, E_(2)=E_(3); l=z:05", [=265", 6,=D"Y2 (4.13)

Here E_(z) is defined in (4.5). In terms of the half-lengths [ and [ of the supports of the spikes as given
in (4.13), we formally obtain the following result for asymmetric k-spike patterns:
Principal Result 4.2: Let A>1and D > 0. Then, for ¢ — 0, an asymmetric equilibrium k-spike
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pattern for (1.3) with ky spikes of type S and ko = k — ki spikes of type B is characterized by

1— 1—% . A= 1200A,

N =

k
v_(z) ~ ; A%@w [5_1(33 - ;)] , U(ly) =
(4.14a)
where w(y) satisfies (2.2). Here for each j, l; =1 orl; = I, where | and | are determined in terms of k1,
ko, 0y, and A by (4.13). The value l; =1 occurs ki > 0 times, while [; = [ occurs ko = k — ky > 0 times.
The small and large spikes are arranged in any sequence. For € < 1, the leading-order outer solution is

"o - U
u(z) =1- ; l%[(zT(G(OJZJ)'])G(:E;%) ) (4.14b)

Here G(x;x;) is the (global) Green’s function satisfying (2.5). The spike locations x; are found from

rn=04L—-1, rp=1-—1, a:j+1:a:j+lj+1+lj, j=1.,k—-2. (414C)

To recover the symmetric k-spike equilibrium solutions constructed earlier in §2, we set z = Z = 0 /k,
which solves (4.13). Then, (4.13) has a solution only when z = Z = z,,. Therefore, setting z = 0y/k in
(4.7) we obtain the critical value of A for the emergence of the asymmetric branch. By comparing this
critical value with that in Proposition 3.4 of §3, we obtain the following bifurcation result:

Principal Result 4.3: Let k > 1 and ¢ < 1. For a firted D > 0 the asymmetric k-spike equilibrium
solutions bifurcate from the k-spike symmetric large equilibrium solution branch of Principal Result 2.1 at
the value A = Ayg in (3.37) of Proposition 3.4. Alternatively, for a fizved ratio A/ Ag. > 1, the asymmetric
k-spike branches bifurcate from the large symmetric k-spike solution branch at the value D = Dyg in (3.35)

of Proposition 3.8. These critical values are precisely the thresholds where k—1 small eigenvalues associated
with the translational stability of the large symmetric solution simultaneously cross through zero.
Neglecting the positioning of the small and large spikes in a k-spike sequence, there are k — 1 possible
asymmetric patterns for a k-spike solution. Principal Result 4.3 shows that these patterns emerge at the
simultaneous zero-crossings of £ — 1 small eigenvalues for the symmetric k-spike solution branch.
This result was illustrated graphically in Fig. 1(a) of §1. To display the bifurcation diagram for the

asymmetric branches we use (4.14a) to calculate the Ly norm |v|y as

W]y = <€—1 /_ 11 V2 da:> " % [<6k:1 JUOP) + <6k2/ [U(f)rﬂ " (4.15)

In Fig. 1(a) we plotted |v|2 versus A for the symmetric and asymmetric solution branches for k =1,...,4
when D = 0.75. The dashed lines in Fig. 1(a) of §1 correspond to plots of (4.15) versus A for all of the
asymmetric branches that emerge from the symmetric branches at the bifurcation values A = Ayg, for
k =1,...,4. In this bifurcation diagram, the ordering of spikes on the interval is invisible to the norm
(4.15). From (4.13), (4.15), and Fig. 1(a), it can be seen that an asymmetric branch with k; small spikes

asymptotes to the symmetric branch with k — k; spikes as A — oo.

22



2.0 _ 2.0
16| 8 8
12} R R

v v
0.8 . .
0.4 § |
0.0 :

~1.0 0.0 10 10
xr x
(a) k = 2: SB pattern (b) k = 3 : SBB pattern
T T 2.4 T T |
20 F ]
2.0 F .
16 ]
16| g
12} B

v v 1.2 -
0.8 R os | |
0.4 . 04l |
0.0 ——== 0.0

~1.0 ) 10 ~1.0 10
xr x
(c) k=3 :SSB pattern (d) k =4 : SBBB pattern
24 -
ool L i 24 F -
20 | R
16 S ]
N 1.6
v 12| S e v
i L2
0.8 0 7 0.8
04f . 04l
0.0 2 . 0.0
~1.0 ) 10 ~1.0
xr x
(e) k =4 : SSBB pattern (f) k =4 : SSSB pattern

Figure 7: Asymmetric patterns for D = 0.75 and € = 0.02. The thresholds are Asg = 6.296, A3 = 9.500,
and Ayg = 13.487. Top left: SB: A = Ayg (heavy solid), A = 6.60 (solid), A = 6.90 (dotted), and A = 7.20
(widely spaced dots). Top right: SBB: A = Asg (heavy solid), A = 9.90 (solid), A = 10.40 (dotted), and
A = 11.10 (widely spaced dots). Middle Left: SSB: A = Asg (heavy solid), A = 9.020 (solid), A = 8.90
(dotted), and A = 9.04 (widely spaced dots). Middle right: SBBB: A = A4g (heavy solid), A = 15.30
(solid), A = 16.43 (dotted), and A = 17.83 (widely spaced dots). Bottom Left: SSBB: A = Ayg (heavy
solid), A = 13.60 (solid), A = 13.95 (dotted), and A = 14.37 (widely spaced dots). Bottom right: SSSB:
A = Ays (heavy solid), A = 12.34 (solid), A = 11.30 (dotted), and A = 11.12 (widely spaced dots).
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In Fig. 7 we plot a few of the asymmetric patterns for v when D = 0.75, ¢ = 0.02, and k =1, ... ,4.
These parameters correspond to those in the bifurcation diagram of Fig. 1(a). The plots in Fig. 7 are
obtained by first solving (4.13) using Newton’s method with different numbers k; of small spikes on the
interval and for different values of A. The different patterns for v are then obtained from (4.14).

Finally, we comment on the stability of the asymmetric solutions. Although we do not analyze this
problem here, we expect that these branches are all unstable with respect to the small eigenvalues. From
numerical computations of a certain matrix eigenvalue problem, it was shown in [45] that the asymmetric
spike patterns for the GM model (1.4) are unstable with respect to translations. However, since the
asymmetric patterns emerge at the point A = Apg > Axp, where the NLEP problem (A.1) has no
unstable eigenvalues for 7 < 74,1, we would expect by continuity that the asymmetric branches are stable

with respect to the large eigenvalues for A — Ajg sufficiently small and when 7 is below some threshold.

5 A Traveling-Wave, or Drift, Instability for = = O(g~?)

In §3 we analyzed the small eigenvalues for 7 = O(1). In this section, we study the initiation of a traveling-
wave, or drift, instability for a one-spike large equilibrium solution u_, v_ centered at the origin for the
regime where 7 > 1. For this solution, we show that a small eigenvalue can become complex when 7 > 1.
In addition, we derive a formula for the critical value 7w of 7, with 7y > 1, where a traveling-wave
instability occurs as a result of a pair of complex small eigenvalues entering the unstable right half-plane
through a Hopf bifurcation. The path of these small eigenvalues as a function of 7 for 7 > 77w is analyzed.
This instability with respect to translations in the spike profile leads to oscillations in the spike location,
and is distinct from the Hopf bifurcation of §2 for the amplitude of the spike profile. The thresholds for drift
and profile instabilities are compared, and it is shown that a drift instability is the dominant instability on
the asymptotic subrange 0(6_1/ H< Ak O(E_l/ 2) of the intermediate regime, and is subdominant to the
profile instability when O(1) < A < O(e~/?). In the context of the infinite-line problem this interchange
in the dominant instability mechanism was explored in [28].

For 7 = O(e72), we now derive a formula for the small eigenvalue associated with a one-spike solution.
By repeating the analysis leading to Principal Result 3.1, we obtain the following result:
Principal Result 5.1: Let ¢ < 1 and 7 = O(¢~2). Then, the small eigenvalue of (2.13) for a one-spike

large solution satisfies

A~ 22 (o - 5 - (5.1)

Here (1o )0 is to be calculated from the auziliary problem

Dijoge — [1+TA] 70 =0, -l<z<l1; Noz(£1) =0, (5.2a)
. 1 . —5
[Dijo)y = —— [Dijoz]g = — (7l0)o - (5.2b)
Qg Qg

Here (()o = $(¢(0%) +¢(07)), [¢lo =¢(0F) = ¢(07), s=(1-U_)/U_, ag = 2\/5tanh00]_1, and U_ is
given in (2.9).
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An eigenvalue with Re(\) > 0 yields a drift instability since, from (3.5), the perturbation in v is

v_(x) ~ ﬁ [w(s_lz) + 56)‘twl(s_1x)] ~ ﬁw(s_l [z —z0(t)]), zo ~ —edet (5.3)

where § < 1. An instability with A > 0 and real leads to a monotonic drift of the spike away from z = 0.
An instability with A = +iA; and A; > 0 leads to the onset of small-scale oscillations around x = 0.

To determine an explicit formula for A in (5.1), we must calculate (7jo;)0. By solving (5.2) we obtain

<ﬁ0x>0 = %tanh(@oﬁ) tanh 6 , B=vV1+T1A. (5.4)
Substituting (5.4) into (5.1), we get
2e25s
A~ - [0 tanh(0p3) tanh 6y — 1] . (5.5)
To analyze (5.5), it is convenient to introduce the new variables 74, w, and &, defined by
D 2se?
(@ () wen
Substituting (5.6) into (5.5), we obtain that ¢ satisfies F'(§) = 0, where
F(¢) = Té —G(), G =pftanhfptanh(6B) —1, B=+/1+E, 6y=D12, (5.7)
d

In (5.7), the principal value of the square root is taken. In terms of the roots F(§) = 0, the scaled
eigenvalues w are recovered from w = £/74.

We seek complex roots £ = &r + i€ to F(§) = 0. For each D > 0, we will show that F'(§) = 0 has a
pair of complex conjugate roots on the imaginary axis £g = 0 when 74 = 7y4p. Increasing 74 past 74, this
complex conjugate pair of roots merges onto the positive real axis in the & plane when 74 = 74,,. At this
value of 74, (5.7) has a double real root. For 74 > 74, (5.7) always has two positive real roots.

Before analyzing the zeroes of F'(§) in (5.7), we discuss the implications for the stability of a one-spike
solution in the intermediate regime O(1) < A < O(¢~Y/2) as 7 is increased. Since s = O(A?) in this
regime, (5.6) shows that a traveling-wave instability occurs when 7 = 7y = O (A_2z—:_2). In contrast,
from (A.7) a Hopf bifurcation in the spike profile will occur when 7 = 7 = O (A4). Comparing the

asymptotic orders of these two scales, we conclude
H << rw, for 1< A< OE V) mw <y, for O V) < A< OE?). (5.8)

For the infinite-line problem, (5.8) was also observed in [28]. Therefore, there is some scaling regime within
the intermediate range O(1) < A < O(e~1/?) where, as 7 is increased, a traveling-wave instability will
occur before the onset of the Hopf bifurcation associated with the spike profile.

We first look for roots of F'(§) = 0 along the real axis. These roots correspond to the intersections

points of the line /74 with G(§). A simple calculation using (5.7) shows that

Ge(€) = taggeo [tanh(00/3) + BOosech?(0p3)] (5.9a)
tanh 6 9 02 )
Gee(§) = W [(Hoﬂ)sech (0o3) — tanh(@oﬂ)] — % tanh 6y tanh(6y3)sech(6p ) . (5.9b)
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Since zsech?z — tanh z < 0 for all z > 0, it follows that G(§) is a monotonically increasing, and concave,
function on & > 0. In addition, G(0) = —sech?dy < 0. Therefore, there are exactly two real roots to
F(¢) = 0 when 74 > 74, and no such roots when 0 < 74 < 74,,,. Here 74, is the value of 7; for which the
straight line /74 intersects G(§) tangentially at some point &,,. By combining the equations F' = F¢ = 0

for the double root at 74 = 74, and £ = &,,,, we obtain, after a little algebra, that &, is the unique root of

tanh(@oﬁ) . 2 _
(62+1)W— (8% — 1) sech? (6p3) = fannd’ P VI+E. (5.10)

This yields &, as a function of 8 = D~1/2, which can be computed numerically using Newton’s method.

In terms of &,,, we then calculate 74, and the eigenvalue w,, from 74, = &,,/G (&) and wy, = &/ Tam-

8.0

6.0

4.0
Tdm; Wm

2.0

0.00 0.25 0.50 0.75 1.00 1.25 1.50

(a) Tam and wpm (b) G versus ¢

Figure 8: Left figure: 74, (heavy solid curve) and w,, (solid curve) versus D. Right figure: graphical
determination of real roots to F' = 0 when D = 0.75: Here G(&) (heavy solid curve), and §/74 are shown
for 7, = 2.0 (dotted curve), 74 = Tgm ~ 4.91 (solid curve), and 74 = 6.0 (widely spaced dots).

In Fig. 8(a) we plot the numerical results for 74, and w,, versus D. For D = 0.75 and D = 0.1, we get
D =07, 74n,=4914, w, =0.717; D=01, 74,=2229, w,=0.116. (5.11)

For D = 0.75, in Fig. 8(b) we plot G(&) together with the straight line £/74 for three different values of 74,
one of which is the double root value 74 = 74,,. From this figure we see that there are two real roots to
F(&) = 0 when 74 > 74, and none when 0 < 74 < 74,,. Fig. 8(a) suggests that 74, and w,, have limiting
values as D — 0 and D — oo, respectively. Let D — 0 so that #y — oo. In this limit, &, — 0 from (5.10).
Therefore, for D — 0, 74, corresponds to the value of 74 for which F(§) = 0 has a double root at the
origin. Using (5.7), we set F'(0) = F¢(0) = 0, and let 6y — oo to obtain

1 1
T 9 [tanh? 6y + 6y tanh 6y sech®f,| —

as fp — o00. (5.12)
Tdm

DO | =
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Hence, 74y, — 2 as D — 0, which is consistent with Fig. 8(a). To determine the limiting behavior of w,,
as D — oo, we let fp — 0 in (5.10) to conclude that &, — oo. Using 8 ~ /€ when £ > 1, the double root

condition for F' can be written asymptotically as

Téd ~ /€0 tanh (\/590> -1, Tid ~ 2—\1/E [90 tanh (\/590> + /€62 sech? (\/590)] . (5.13)

Assuming that /€6y — p as 6y — 0 for some u = O(1), we can combine the equations in (5.13) to get
w tanh g — 2 = p?sech?p. (5.14)
The unique root of (5.14) is u = 2.2649. Then, since wy, = &n/Tam and &, ~ Du?, we conclude that
wp, — ptanh p — 1~ 1.2166, Em — 5.1298D Tam — 4.2165D, as D — oo. (5.15)

Hence for D > 1, 74, is linear in D. The limiting behavior for w,, is clearly seen in Fig. 8(a).
Next, we look for roots of F'(§) = 0 on the positive imaginary axis £ = i{; with & > 0. Separating

(5.7) into real and imaginary parts, we obtain

Fr(&r) = —Gr(ér),  Filer) = % —Giler), (5.16)

where FR(SI) = Re[F(sz)], F](f[) = IIIl[F(Zf])], GR(fj) = Re[G(sz)], and G[(f]) = RG[G(ZSI)]
Using (5.7), we readily see that for each D > 0 we have Gr(0) = —sech?6y < 0 and that Gr(&;) is
monotonically increasing with G — 400 as {§ — oo. Therefore, Fr(£;) = 0 has a unique root, which we

label by &p. Then, setting Fr(&,) = 0, we determine the Hopf bifurcation value of 74 as

Tah = ( o > T S z =001+ . (5.17)

tanh 6 ztanhz)’

The corresponding value of w for the frequency of small-scale oscillations is wj, = £, /7qn. In Fig. 9(a) we

plot the numerical results for 74, and w,, versus D. For D = 0.75 and D = 0.1, we get
D =075, 7g,b=2617, wp=0.772; D=01, 74,=1986, wp=0.115. (5.18)

Clearly, Tqn — Tgm — 2 as D — 0.

By calculating the roots of F(§) = 0 with £ = g + i{; numerically on the range 74, < 74 < Tam
we obtain a path in the complex £ plane. In Fig. 9(b) we plot this path in terms of w = &/74 for both
D =0.75 and D = 0.1. These numerical results suggest that for each 74 > 74, there are exactly two small
eigenvalues in the right half-plane.

To prove that, for each D > 0, there are exactly two small eigenvalues in the right half-plane when
Tq > Tqn, we must show that F(£) = 0 has exactly two roots in Re(§) > 0 when 74 > 745. This is done by
calculating the winding number of F'(§) over the counterclockwise contour composed of the imaginary axis
—iR < Im¢ < iR and the semi-circle I'g, given by |{| = R > 0, for Re(§) > 0. For any 74 > 0, (5.7) shows
that F'(§) ~ T% [1+ 0(5_1/2)] as €] — oo in Re(§) > 0. Therefore, the change in the argument of F(§)
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Figure 9: Left figure: The Hopf bifurcation values: 74, (heavy solid curve) and wy, (solid curve) versus D.
Right figure: eigenvalues w = wpg + iwy in the right half-plane for 7 > 74, when D = 0.75 (heavy solid
curve) and D = 0.1 (solid curve).

over I'p as R — oo is 7. Since F'(§) is analytic in Re(§) > 0, we then use the argument principle, together

with F(€§) = F(§), to show that the number M of zeroes of F'(£) in Re(§) > 0 is
1 1
M = 3 + - larg Flp, (5.19)

Here [arg F' ]Fz denotes the change in the argument of F'(§) along the semi-infinite imaginary axis I'; = &7,
0 < &5 < o0, traversed in the downwards direction.

To calculate M we note that F; = O(¢;) and Fr = O(\/&) as & — oo, and that F;(0) = 0 with
Fgr(0) > 0. Therefore, arg F' = 7/2 as £ — +o00, and arg F' = 0 at £; = 0. Since the root to Fr(£7) =0 is
unique, we obtain that [arg Fp. , is either 37/2 or —m/2 whenever Fr(£r) < 0 or Fy(§r) > 0, respectively,
at the unique root of Fr(§;) = 0. Therefore, M = 0 or M = 2 from (5.19). Finally, since the root &
to Fr(&r) = 0 is independent of 74, we conclude that Fr(;) < 0 when 74 > 74, and Fr(§7) > 0 when
74 < Tgn- This leads to a strict transversal crossing condition at the Hopf bifurcation point. This result is
illustrated in Fig. 10(a) and Fig. 10(b) where we show a graphical determination of the roots of Fr({r) =0
and Fr(&r) = 0. We summarize our results as follows:

Proposition 5.2: Let ¢ < 1 and 7 = O(e72), and consider the small eigenvalue with A\ = O(g2) for

the large one-spike solution. Then, there is a complex conjugate pair of pure imaginary eigenvalues when
T4 = Tan- For any 74 > 7an there are exactly two eigenvalues in the right half-plane. These eigenvalues
have nonzero imaginary parts when Tqn < Tq < Tam, and they merge onto the positive real axis at Tq = Tym -
They remain on the positive real axis for all Tq > Tam-

We now compare the two thresholds of instability for a one-spike solution in the intermediate regime.
Let 7 denote the Hopf bifurcation threshold of the spike amplitude, and the 77y denote the drift stability
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Figure 10: Graphical determination of the roots of F(i{;) = 0 when D = 0.75. Left figure: Re[G(i)]
versus {;. Right figure: Im[G(i€1)] versus &; (heavy solid curve). We also plot &;/74 for 79 = 1.5 (dotted
curve), 7q = T, = 2.6169 (solid curve), and 74 = 4.0 (widely spaced dots).

threshold for a spike-layer oscillation. Then, from (A.7) and (5.6), we obtain

D
Ty = 1.748 tanh?(6y)s? TTW = 5 5 Tdh (5.20a)

where

1-U_ 1 [ AL =y _ 126,
s = U N U__ill_ 1_W] 5 A=¢ A, Ale: m, (520]3)

and §y = D=2, For D = 0.1 and D = 0.75, we plot log;,(7) and log;,(7rw) in Fig. 11(a) and Fig. 11(b),

respectively, for two values of € on the parameter range el24,, < A < 1. We observe that when ¢ is

sufficiently small, the curves 7y and 7py will cross at some point in the intermediate parameter regime.
To determine this crossing point, we set 7y = 7y and solve for A. Using (5.20) and s ~ 4e 1A%/ A2, we

obtain that the de-stabilization of a one-spike solution occurs by a traveling-wave instability when

EDTdh
223.744 tanh?

A> Agy ~ ( (90)>1/6 A . (5.21)

Alternatively, a de-stabilization by a Hopf bifurcation in the spike amplitude occurs when A < A,. This
interchange in the instability mechanism from profile to drift instabilities as 7 is increased, suggests that
drift instabilities will be the dominant instabilities with 77y, = O(e~!) in the pulse-splitting regime where
A = O(1). These instabilities are indeed found to play an important role in this regime (see [22]).

We now recover the result of [29] (see section 2.6 of [29]) for the infinite-line problem by letting D — 0.
In (5.21) we let 6y — oo, 7g, — 2, and we set & = ¢/+/D and A, = v/120,. Then, (5.21) becomes

Agy = 1578816 e=¢/VD, (5.22)
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Figure 11: Plots of log;o(7z) (increasing curves) and log,q(7rw) (decreasing curves) as a function of A on
the range e'/2A4;. < A < 1. The left figure and right figures are for D = 0.1 and D = 0.75, respectively.
The heavy solid curves are for € = 0.005 and the solid curves are for € = 0.01.

which agrees with the result derived in [29]. The result (5.21) for the finite domain problem is new.
Qualitatively, the effect of the finite domain on the traveling-wave instability is to de-stablize a one-spike
solution through a Hopf bifurcation leading to oscillations in the spike-layer location. This will occur for
any fixed D > 0. Alternatively, for the infinite-domain problem corresponding to the limit D — 0, the
unstable complex conjugate eigenvalues merge into the origin (see Fig. 9(b) for a plot where D = 0.1).
This leads to a monotonic drift instability of a one-spike solution for the infinite-line problem.

To illustrate the analysis, we take D = 0.75, A = 0.96436, and ¢ = .005. For D = 0.75, we get
Tap, = 2.617 from (5.18). Then, from (5.20), we calculate Ty ~ 935 and 77 ~ 2066 > 7ry. For four
values of 7, we then compute the numerical solution to (1.1) and output the spike location z as a function

of t. The initial condition for v in (1.1) was
v(z,0) = 60sech? [ (z +.01)] , (5.23)

which represents a layer initially located at x¢(0) = —0.01. In Fig. 12(a) we show that the spike location
has a decaying oscillation around zo = 0 for 7 = 850 and 7 = 920 < 77 . Alternatively, in Fig. 12(b),
where 7 = 950 > 7w and 7 = 1000, the oscillations are found to grow. The ultimate fate of these

large-scale oscillations in the spike-layer location is unknown.

6 Discussion and Conclusion

We have analyzed slow translational instabilities for two parameter regimes of the GS model (1.3). In the
low feed-rate regime, we have shown analytically that & — 1 small eigenvalues, governing the translational

stability of a symmetric k-spike pattern, simultaneously cross through zero at precisely the same parameter
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Figure 12: Example 1: D = 0.75, A = 0.96436, and ¢ = 0.005. Left figure: zo(t) versus t for 7 = 850
(heavy solid curve) and 7 = 920 (solid curve). Right figure: zo(t) versus t for 7 = 950 (solid curve) and
7 = 1000 (heavy solid curve). In these figures x¢(t) is the location of the maximum of v(z,t).

value at which k — 1 different asymmetric equilibria of the form BS..SB (neglecting the positioning of the
B and S spikes in the spike sequence) bifurcate from the symmetric k-spike solution branch. For a one-
spike equilibrium solution for (1.3) in the intermediate regime O(1) < A < O(e~'/2), we showed that a
traveling wave-instability will result from a Hopf bifurcation in the spike-layer location when 7 = 77y, for
some threshold 771 > 1. Locally, this instability yields small-scale oscillations in the spike-layer location.

There are some specific open problems that should be investigated. The first problem is to determine the
stability of asymmetric k-spike equilibria with respect to the large and small eigenvalues. We expect that
these equilibria are all unstable with respect to translational instabilities, but that they should be stable
with respect to the large O(1) eigenvalues sufficiently close to the bifurcation points where they originate
from the symmetric solution branches. Another open problem is to study the large-scale oscillations of the
spike-layer location seen in §5 after the onset of the Hopf bifurcation that occurs when 7 = 7. The large-
scale oscillations presumably arise from a local spike motion coupled to memory effects of a time-dependent
Green’s function. Finally, it would be interesting to study the transition between spectral properties in
the weak interaction regime D = O(e?) and those analyzed here in the semi-strong regime D = O(1).
In particular, for periodic waves of a sufficiently long wavelength it was proved in [12] that there is a
continuous loop of spectra in the neighborhood of each isolated eigenvalue of the infinite-period homoclinic
connection. For the GS model (1.3), this result pertains to a k-spike solution in the weak interaction regime
D = O(g?), where the spikes are separated by O(1) distances. In Remark 3.1 of §3, we have shown that
our discrete critical spectra Aj, j = 1,...,k, for the Neumann problem, are all exponentially small when
D < 1. However, our analysis is not valid when D = O(e?). Therefore, it would be interesting to see
how the discrete critical spectra emerge from a loop spectrum in terms of a homotopy parameter, such as

D = £27P with 0 < p < 2, which connects the weak and semi-strong interaction regimes.
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In a more general context, as discussed in §1 and §2, our method of analysis is related to the SLEP
method originally developed and analyzed for transition-layer stability problems associated with two-
component reaction-diffusion systems in the semi-strong limit (cf. [32], [33], [34]). In these systems, where
the nonlinearity in the fast variable is of bistable type, the study of the critical spectrum is reduced to the
study of the spectrum of a matrix eigenvalue problem (cf. [34]). Under reasonable hypotheses, the critical
spectrum for these problems are all negative and there are no bifurcations to other patterns (cf. [34]). In
this sense, it would be worthwhile to extend the case-study analyses presented here, and for the GM model
(1.4) in [17], [45], and [47], in order to develop a “SLEP method for spikes” for general two-component
systems in the semi-strong regime, where the fast component has a homoclinic connection. For this class
of systems, in what sense is it generic that the critical spectra will have simultaneous zero crossings leading
to asymmetric spike patterns? In this more general context, once we have derived an equivalent auxiliary
problem as in Principal Result 3.1, the matrix manipulations of Appendix B could then still be used to

calculate the critical spectrum explicitly.

A The Instabilities of the Large Eigenvalues

In this appendix we summarize some stability results for the large eigenvalues of (2.13). For the low feed-
rate regime, a formal asymptotic analysis was used in §3.1 of [21] to derive a nonlocal eigenvalue problem
(NLEP), which determines the stability of a k-spike equilibrium solution on an O(1) time-scale. The result
in Principal Result 3.2 of [21] is as follows:

Principal Result A.1(From [21]): Lete < 1 and A = O(1). Then, with ® = ®(y), the O(1) eigenvalues
of (2.13) satisfy the NLEP

Lo® — xyw? (

ffooo w® dy

= | =2\, —00 < Y < 00; ®—0, as |yl — 0. (A.la)
Jeowdy

Here Lo is the local operator Lo® = ®" — ® + 2wd associated with Fisher’s equation. The k choices for
the multiplier x = x (%), and its reciprocal Cj(z), for j =1,...,k, are given by

. -1
GO =) =25 (54 20 Trann o)+ C=SmEl DI

where z = T, 0\ = 0gv/1 + 2z, and 0y = D~Y2. Here s is given in (2.11). There are k independent choices
for the vector of coefficients b* = (by, ... ,by) in (2.14),, given explicitly by b§ = (b1,j,---,br,j) where

bﬁ:i%mwn,m; mdzvg£%<ﬁgiihw—um>, i=2.. k. (A.2)

Here t denotes transpose.
There is an equivalent formulation of (A.1). A simple calculation shows that the eigenvalues of (A.1)
with ffooo w® dy # 0 are the union of the zeros of the functions g;(A) =0 for j =1,.., k, where
7w (Lo — Nt w? dy

BN =GO = FO),  J0 = TR S (A3)
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Since Low = w?, the condition C;(0) = 1 implies that the NLEP problem (A.1) has a zero eigenvalue. From
a rigorous analysis of the zeroes of g;(\) in Re(A) > 0, the following main stability result for multi-spike
solutions in the low feed-rate regime was obtained in Proposition 3.10 and 3.13 of [21]:

Proposition A.2(From [21]): The small solution u, vy is unstable on an O(1) time-scale for any
0<s<1,k>1, and D > 0. Neat, let k > 1, and consider the multi-spike large solution w_, v_, where
s> 1. For D < Dyp, or A > Ayp, this solution will be stable on an O(1) time-scale when 0 < T < T3, for

some 1, > 0. Alternatively, suppose that D > Dy, or Age < A < Air. Then, this solution is unstable
for any 7 > 0. The thresholds Ar and Dy are given explicitly by

4 Ay = A ((v/2) + 2sinh? (6o /k))

2 1/2°
k2 [111 (rk 4 fr2 - 1)] ([(% /2) + 2sinh? (60/k)]* = (% /2)2)
where v, = 1+ cos (w/k) and r, =1+ vy /(s — 1).
Suppose that A satisfies A > Ayr. Then, as 7 increases beyond 73, a Hopf bifurcation in the spike

amplitudes was computed numerically in [21]. The threshold 7,1, is given by the minimum value of the set
7j, 7 = 1,..,k, for which g;(A) =0, j = 1,..,k, has complex conjugate roots on the imaginary axis. Let
A = %i)y, be the corresponding value of A. Then, as was shown in [21], the unstable eigenfunction most

typically has the form of a synchronous oscillatory instability with
k
ve vl ety fce, ¢lz) = Zblfb ez —z)], b=1, 1=1,.k. (A.5)
=1

Here c.c denotes complex conjugate and § << 1. This eigenfunction corresponds to b’ in (A.2)

Alternatively, suppose that Ay, < A < Air. Then, for any 7 > 0, the dominant initial instability was
shown in [21] to have the form

k

Ve~Uo+ 5e>‘R’€t¢, o(x) = thk@ [5_1(33 — :Ul)] , by = cos <w (1 — 1/2)> , 1l=1,.k.

- (A.6a)
Here § < 1, and Ag > 0 is the unique root of gi(Ar) = 0. This form corresponds to the choice by, in (A.2).
Since Ele by = 0, this instability locally conserves the sum of the heights of the spikes. Hence, it is
referred to as a competition instability. The numerical experiments in §3.3 of [21] show that this instability
leads to a spike competition process whereby certain spikes in a spike sequence are ultimately annihilated.
The first qualitative discussion of competition instabilities for other systems, referred to there as activator
re-pumping, was given in [19] and [18] ( (see Sections 14.4.8, 15.3, Fig. 14.13, and Fig 14.16 of [18]).

In the intermediate regime O(1) < A < O(s~1/?), corresponding to s — oo in (2.11), the stability
results for symmetric k-spike patterns simplify considerably. By letting s — oo in (A.1l), an instability
occurs only when 7 > 1. In this way, the following result can be obtained:

Principal Result A.3(From [21]): Lete < 1, D = O(1), and O(1) < A < O(¢~'/?). Then, the

k-spike equilibrium large solution u_, v_, is stable on an O(1) time-scale when T < 75, where Ty = O(A*)

s given by

4 66

2
D tanh? (0o /k) Ton <1 = WM) +o(1), (A.7)
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and Top, = 1.748. As T increases past Ty, stability is lost due to a Hopf bifurcation. The critical value for

Ton 1S the minimum value of Ty for which the following NLEP has eigenvalues on the imaginary axis:

2w? 25 wddy
1+ V7oA ffooo w dy

The result (A.7) is asymptotically equivalent to the stability result in the intermediate regime first

Lo® )z)@, —o<y<oo; ®—0 as |y — 0. (A.8)

derived in equation (5.16) of [7] in terms of an alternative dimensionless form of the GS model. In the
form (A.7), this result was reported in Principal Result 4.2 and Proposition 4.3 of [21]. A rigorous analysis
of (A.8) was given in [8], with an alternative analysis given in §4 of [21]. In the intermediate regime,
competition instabilities for multi-spike solutions can only occur if D >> 1, or equivalently if the inter-spike

separation distance L = % is too small. The result, as obtained in §4 of [21], is given in (3.42) above.

B Matrix Calculations of the Small Eigenvalues

In this appendix we give a brief outline of the derivation of the explicit formulae in Proposition 3.2 for the

small eigenvalues. The solution to (3.25) is decomposed as

k k
. 1
o(z) = - chg(x;xj) + ijG(x;xj) , (B.1)
g j=1 j=1
for some unknown coefficients mj, for j = 1,..., k. Here G(x;x;) is the Green’s function satisfying (2.5),

while g(x; ;) is the dipole Green’s function satisfying
ng—g:—dl(:v—xj), —-l<x<l1; gz(E£1;25) =0. (B.2)

Define the vectors m! = (my,...,my) and ¢! = (cy,...,cx), where t denotes transpose. Then, by satisfying

the jump conditions in (3.25b), we get a matrix problem for m in terms of ¢ of the form

s s
- I = — . B.3
< agg " > " Qg o€ (B3)
Here G and P, are matrices associated with G and g, defined by
G(z1;21) - G(ar;ag) (g(xi;z)) - glzi; o)
g= : : ; Py = : : (B.4)
Glag;or) - Glogiag) g(@r;z) - (g(@riTR))k
As in §3, the angle brackets in (B.4) again denote the average of the right and left-sided limits.
In (3.24) we must calculate (Foz)' = ((floe)1, - - -, (foz)x). To do so, we use (B.1) to get
- 1
<770:c> = a_ (ggc + Pm) ) (B.5)
g
where G, and P are two additional Green’s function matrices defined by
Gu(x1521) - ga(T1578) (Ge(rs21))1 0 Go(z1;78)
Gy = : : ) P= : : . (B.6)
9u(Tk521) 0 Gu(Th; Tk) Ge(rgszr) oo (Golor;op)k



Next, we define a new eigenvalue variable ¢ in terms of A by

Combining (3.24), (B.5), and (B.7), we obtain a matrix eigenvalue problem for o and ¢ given by

ggc+Pm = (a + %) c, (B.8)

where m is determined in terms of ¢ by (B.3).
In Appendices A and C of [17] it was shown that the inverses of G and G, are tridiagonal matrices,

which are given explicitly by

B! B!
Here B is a tridiagonal matrix defined by
d f 0 0 0 O
e f 0 0 O
0 f e 0 0 O
B= : , (B.10a)
0 0 O e f O
0 0 O f e f
0 0 O 0 f d
with matrix entries
d = coth (20y/k) + tanh (0o /k) ; e = 2coth (20y/k) ; f = —csch(200/k) . (B.10b)

Here 0y = D~'/2. The matrix B, has exactly the same tridiagonal form as in (B.10a), except that the

coefficients d, e, and f, in (B.10b) are to be replaced with dg, ey, and f,, respectively, where
dy = coth(2600/k) + coth(6y/k), eqg = 2coth(200/k), fq = —csch(26p/k) . (B.11)

A key condition is that we can solve (B.3) for m in terms of c¢. This requires that the matrix in (B.3)

is invertible. Using (2.6) for a4 and (B.9) for G, we can write this invertibility condition as

1
sy—r; #0, j=1,...,k, v = [ag\/l_)} = 2tanh (6p/k) . (B.12)

Here £ is an eigenvalue of B. The spectra x; and q; of B was calculated in Proposition 2 of [17] as

k;j = 2tanh (6p/k) + 2 [1 — cos <%>] csch (2600 /k) j=1,...,k, (B.13a)
t 1 . L g 77(] — 1) _ ;
ql—ﬁ(l,...,l), ql,]—\/;cos <7k ( 1/2)> . J=2,...,k. (B.13b)
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Here q§ = (q1,j,---+qk,j)- The invertibility condition (B.12) has an interpretation in terms of the large
eigenvalues of Appendix A. To see this, we write C;(0) in (A.3) and (A.1b) in terms of x; as

1
c;(0)=1- 5y (57 — Kj) . (B.14)

In Appendix A it was shown that C;(0) = 1 implies that the NLEP problem of Principal Result A.1 has a
zero eigenvalue. Therefore, (B.12) is equivalent to the condition that the parameters s, k, and D, do not

correspond to a zero large eigenvalue. Assuming that (B.12) holds, we can combine (B.3) and (B.8) to get

s
Gsc+ —P
Qg

-1
5 — %
<—@g -1-[) Pyc = (U + D) c. (B.15)

To calculate o in (B.15) explicitly, we first introduce the spectral decomposition of B
B=0KQ". (B.16)

Here Q is the orthogonal matrix of eigenvectors q; of B, and K is the diagonal matrix of eigenvalues ;.

In addition, we use the following key identity of equation (4.37c) of [17]:
PB=—(P,B,)" . (B.17)

By substituting (B.9), (B.16), and (B.17), into (B.15), and assuming that the invertibility condition (B.12)

holds, we can derive the following generalized symmetric eigenvalue problem:
Bu=w({l+R)u. (B.18a)

Here the symmetric matrix R is defined in terms of a diagonal matrix D by

: : sD*>y 0o
R = (PyBy)" QDQ"P,B,, Dj; = , J=1,...k, v =2tanh | — | . (B.18b)
Y — Kj k
The spectra of (B.18) and (B.15) are related by
1 1 1
g = W <; — ;) s C = Bgu. (Blg)

Since By is invertible, then w = 0 is not an eigenvalue.
In §4.2 of [17] (see equations (4.47)—(4.57) of [17]) it was shown that R and B, have the same eigenspace.

In Proposition 9 of [17] the eigenvalues &; and eigenvectors u; of B, were calculated explicitly as

2 2 j
& = 2coth 2o _ 2csch 2 cos (X , i=1,...,k, (B.20a)
k k k
utzi(l L DM ul»:\/gsin "a-1/2)), j=1,.. . k—1.  (B.20b)
k \/E 5 gLy ey 5 J k kj 5 ey . .
Here ué = (u1j,...,ur;). The matrix R has the same eigenvectors as B, and its eigenvalues z; for

j=1,...,k can be calculated explicitly as (see equation (4.56) of [17])

sy 2 200 . o [T .
P = he | — — =1,...,k. B.21
z Sv_gjcsc <k>sm <k>’ j=1,..., (B.21)
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Therefore, u; is an eigenvector of (B.18a), with eigenvalue
wjzfj/(l—i—zj), jzl,...,k, (B22)

Next, we substitute (B.20a) and (B.21) into (B.22). Then, from (B.19), we can determine A; in (B.7). The
result is given in (3.26a) of Proposition 3.2.

Since ¢; = Bgu; = §ju;, the components of each eigenvector of B, generates a set of coefficients
€1,-..,¢ in (3.5b). This is expressed in (3.27a). Finally, we calculate the O(g) term in the eigenfunction
of (3.27a). From (3.10), (3.11), (3.14), and (3.23), we obtain

(no)j _ 6ag . :
cjbrj ~ flzj)w; = A;’Jiﬂ = ,42(5'3: (fioy; = slio)j,  G=1,...,k. (B.23)
We then use (B.1) and (B.3) to write (o) = ((fjo)1, - ., (fjo)x) as
(')—i(P +6 )—i I+26(-26+1 B P (B.24)
No) = ag gC m) = ag a a gC- .

Then, by using (B.9), we can write (1¢) as in (3.27b).
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