POSITIVE CLUSTERED LAYERED SOLUTIONS FOR THE
GIERER-MEINHARDT SYSTEM

T. KOLOKOLONIKOV AND JUNCHENG WEI

ABSTRACT. We consider the stationary Gierer-Meinhardt system in a ball of RV :

62Au—u+ﬁ—:=0 in Q,
Av—v+1:::0 in Q,
u,v >0, and %=%=0 on 0N

where () = By is a ball of RV (N > 2) with radius R, & > 0 is a small parameter, and p, ¢, m, s
satisfy the following condition:
qm

(p—1D(A+5s)

p>1l,g>0m>1,8>0, > 1.

Assume 1 )
0<? = ca iftN=2 and0<?"2 c1if N >3
q q

where ao, > 1 whose numerical value is a,, = 1.06119. We prove that there exists a unique
R, > 0 such that for R € (R,,+00], (R = +0o corresponds to RV case), and for any fixed
integer K > 1, this system has at least one (sometimes two) radially symmetric positive solution
(Ue K, Ve i), Which concentrate at K spheres UL, {|z| = 7. ;}, where rey > reo > oo > 1ok
are such that ro —rc1 ~ elogi,r.; —r.; ~ elogl,j = 2,.. K, where ro < R is a root of
some function Mg(r). This generalizes the results in [20] where a special case K = 1 and

=2 < %1 < 1 was considered.

1. INTRODUCTION
Of concern is the stationary Gierer-Meinhardt system in a ball of RY:

2 Up_ .
efAu—u+ ;=0 in Bg,

Av—v—i—f}—’::(} in Bg,
(1.1) .

u>0,v>0 in Bg,

%:%:0 on Bp
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2 T. KOLOKOLONIKOV AND JUNCHENG WEI

where ¢ > 0 is a small constant, A := Zjvzl 8;?—(; denotes the Laplace operator in RY, v stands
J J

for the unit outer normal to dBg, and the exponents (p, ¢, m, s) satisfy the following condition:
qm

(1.2) p>1,q>0,m>1,320,m>1

In the previous paper [20], the existence of one solution with a single layer concentrating on
a (N —1)—dimensional sphere was proved, under some restricted conditions on the parameters
N,p,q,m,s and the radius R. In this paper, we give a more complete description of parameter
space and prove the existence of arbitrarily many clustered layer solutions, which answers a
question raised in [20].

Before we state the main results of the paper, let us recall some notation in [20].

We first define two functions: let J;(r) be the radially symmetric solutions of the following

problem
1" N - 1 ! /
(13) Jq +TJ1—J1 :O,J(O) =0, J1(0)= 1,J; > 0.
The second function, called Jo(r), satisfies
" N - ]. 7
(14) J2 + TJQ —Jo+60=0,J9 >0, J2(+OO) =0,

where dg is the Dirac measure at 0.
The functions Ji(r) and Jo(r) can be written in terms of modified Bessel’s functions. In fact
2—N 2—N N - 2

(1.5) Ji(r)=cr 2 L(r), Jo(r)=cor 2 K,(r), v= 5

where ¢y, co are two positive constants and I,,, K, are modified Bessel functions of order v. See

[page 378, [3]] for details. In the case of N =3, Jj, J; can be computed explicitly:

sinh r e”
(16) J1 = ’ y JQ(T) = 47‘('7"
Let w(y) be the unique solution for the following ODE:
(1.7) w —w+w’=0in R w>0, w(0)= I;leaﬂgcw(y),w(y) — 0as |y| = oo.

Let R > 0 be a fixed constant. We define

(18) JQ,R(T) = JQ(T‘) — ﬁg—ng(T)

and a Green’s function G(r; ')

" N_1 ! ' ! 7 !
(1.9) G+ Gr—Gr+9, =0,Gx(0;7) =0,Gr(R;r ) =0.

r



GIERER-MEINHARDT SYSTEM 3

Note that

(1.10) Jog(R) =0, lim Jyp(r) = Juo(r).
’ R—+o0
It is easy to see that
’ 1 J2 R(TI)Jl(T) for r < 7',

1.11 Grr;r) = —— , S R\ ’ K
() ) = T ) LK), o7 57

By computing the Wronskian of J;, Js, it is easy to see that

7 ! ! ! 7 7 1

(1.12) Ji(r ) Jo,v(r) = Ji(r ) Jo (1) = ()N T

for some constant ¢y # 0. Substituting (1.12) into (1.11), we obtain another formula for
Gr(r;r ')3

AN nvet | Jor(r)Ji(r), forr <7,
(1.13) Grlrir) = colr) { Jl(r')Jg’R(r), for r > r'.

For t € (0, R), set
a () Jor®)

1.14 Mg(t) == -+ + ,
(1.14) )= 70 To,r(t)
where @ is an important parameter given by

N-1)p—-1
(1.15) o= =Dl

q
When R = +00, Ja 1o0(7) = Jo(7). We denote G oo(r;7') as G(r;7') and M (t) as M(%).
That is,

(1.16) G(T;T") = 00(7“I)N_1 { i

a Ji(t) Tyt

1.17 M(t) == -+ 1=+ 22

(117) ®) t o Ji(t)  Ja(t)
In [20], Ni and Wei proved the following theorem on the existence of layered solutions to

(1.1):

Theorem 1.1. ([20].) Let N > 2 and (p,q,m,s) satisfy (1.2). Assume that there ezist two
radii 0 < r; < rq < R such that

(118) MR(Tl)MR(’I‘Q) < 0.

Then for € sufficiently small, problem (1.1) has a solution (ue gr,ve r) with the following prop-

erties:
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(1) uc gr,ve g are radially symmetric,

(2) ue,r(r) = €27 w(==)(1 + o(1)),

(3) ver(r) = & r(Gr(te;te)) 'Gr(r;t)(1 + o(1)), where Gg(r;t.) satisfies (1.9), &g is
defined by the following

(A+s)(p=1)—gm

(1.19) ten= (o[ wmGn(eito)
R
and t. € (r1,72) satisfies lim._,o Mg(t.) = 0.

Theorem 1.1 reduces the problem of finding one solution to (1.1) to finding a zero of the
function Mg(r) = 0. A natural question is what is the necessary and sufficient condition for
the existence of Mg(r) = 0. A second question, which has been posed in [20], is if there are
clustered layer solution to (1.1). In this paper, we answer both of these questions completely.

Our first theorem gives a complete classification of the existence of roots of Mg(r), which

contains elements of independent interest. We summarize our findings as follows.

Theorem 1.2. Let a be as given in (1.15). Suppose that N > 3 first. There are three cases.

(l.a) If N —2 < a < N — 1 then there exists Ry such that if R > Ry then Mg(r) = 0 has
exactly two solutions 0 < 11 <19 < R, and if R < Ry, then Mg(r) = 0 has no solution.
Moreover, for R > Ry, Mg(r1) < 0, Mi(ry) > 0.

(1.b) Ifa > N — 1 then Mg(r) =0 has no solution for any R.

(1.c) If a < N — 2 then Mg (r) = 0 has precisely one solution v, for any R and moreover
My, (r1) > 0.

Suppose that N = 2. Then there exists a number a. > 1 whose numerical value is ao =
1.06119 such that one of the following holds:

(2.a) If a € (0,a00) then the situation is the same as in case (1.a).

(2.b) If a > ay then Mg(r) > 0 for any R.

(2.c) If a = a then Mg(r) > 0 any R < co. When R = oo, there exists a number ry such
that M, (ro) = 0= M (r¢), and Mg(r) > 0 for any r # ro.
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From Theorem (1.2), we see that a necessary and sufficient condition for (1.18) holds is the

following
(1.20)
0 ifa<N-2, N >3,
0<a<{ N-LIr N>3  dR>R, ={ Ry fN—-2<a<N-1, N>3,
(s for N =2,

Ry if0<a<aoo, N =2.
Our next result says that under the same condition (1.18) multiple clustered layer solution

o (1.1) also exists.

Theorem 1.3. Assume that (1.20) holds. Then for any given integer K > 1, there exists
ex > 0 such that for ¢ < ek, problem (1.1) has a solution (u. g,v.r), with the following
properties:

(1) ue g, ve g are mdially symmetric,

(2) te,r(r) = Z] 1 & w (2 t“)(1+ o(1)),

(3) ver(r) = ZJ Ve r i (KGR(tejite;) *Gr(rite;)(1+0(1)), where Gr(r;t.) satisfies (1.9),
& r,j 15 defined by the following

(1.21) g = / Zég "Grltepte)

and t. ; € (0, R) satisfies t. j — 1o, where 0 < ro < R is a root of Mg(r) = 0 (given by Theorem
1.2) and

1 1
(1.22) (1—0)elog— <t.j—t.;-1 < (1+0d)clog—, j=2,.,K,
€ €
where 6 > 0 is any small number.
In the case when N —2 < a < N —1 for N > 3 and 0 < a < ay for N = 2, there are

two radially symmetric clustered solutions concentrating at two roots of Mg(r), provided that
R > Ry and € s sufficiently small.

As for bound states, we consider the following elliptic system in RV :
eAu—u+% =0 inRY,
(1.23) Av —v+ %2 o in RY,
u,v >0, uv—>0 as |z| = +oo0.

Then we have the following result.

Theorem 1.4. Let N > 2 and a = W satisfy (1.20). Then for e sufficiently small,
problem (1.23) has a solution (u.,v.) with the following properties:
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(1) ue,v. are radially symmetric,

() uclr) = X, €2 w(=E) (1 +o(1),
(8) ve(r) = Zszl & i(KG(rej37e ) LG (r;re ) (1+0(1)), where & ; is defined at the following

K gm_,
(120 s =l oM 3 G gr)
j=1

and . j — 1o with Ty being the unique root of My (r) = 0.

We remark that Theorem 1.2 gives sufficient conditions for the existence of ring-type solu-
tions. We also conjecture that these conditions are necessary in the limit ¢ — 0; that is, a
solution concentrating on a ring of radius 7y cannot exist unless Mg(rg) = 0. In this sense,
Theorem 1.2 provides a complete classification of ring-type solutions.

The existence of clustered spikes to (1.23) in one dimensional case has been proved by Chen-
M. del Pino-Kowalczyk [4] (using PDE method) and Doelman-Kaper-H. van der Ploeg [7] (using
dynamical system method). The existence of multiple spots to (1.23) in two-dimensional case
is proved by del Pino-Kowalczyk-Wei [5]. Our result here seems to be first one on the existence
of clustered layered solutions for elliptic systems. For single equations, the existence of (single
or multiple) layered solutions has been considered by many authors. We refer to [1], [2], [8],
[11], [12], [21] and the references therein.

Gierer-Meinhardt system was used in [9] to model head formation of hydra, an animal of a few
millimeters in length, made up of approximately 100,000 cells of about fifteen different types.
The Gierer-Meinhardt system falls within the framework of a theory proposed by TURING [23]
in 1952 as a mathematical model for the development of complex organisms from a single cell.
We refer to [15] and [16] for background and recent studies on Gierer-Meinhadt system. For
the existence and stability of multiple spikes in a bounded domain, we refer to [6], [10], [17],
[18], [19], [22], [24], [25], [26] and the references therein.

For simplicity, we only consider the case s = 0 in (1.1). The general case of s > 0 can be
treated in a similar way as in the last section of [20]. By a rescaling, we will work with the

following problem

E?Au—u+% =0 in Bp,
Av—v+etum=0 in Bg,
(1.25) u>0,v>0 in Bg,
%:%:0 on Bpg
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Our construction is similar to [12] and [20], where we used Liapunov-Schmidt reduction
procedure. The main difficulty here is to have good estimates for the interactions between

spikes inside a cluster. The basic idea is to write (1.25) into a nonlocal elliptic problem

(1.26) aAu—u—i—W:O in Bg,u=u(r),u(R)=0

where the operator T[h], for a given function h € L*(Bg), is defined as

(1.27) AT[h] — T[h] + £ 'h = 0 in Bp, ag—l[/h] =0 on dBg(0)

Acknowledgments. The first author would like to acknowledge the support of NSERC,
Canada. He is is also grateful for the hospitality of Juncheng Wei and CUHK, Mathematics
department, where part of this paper was written. The research of the second author is partly
supported by an Earmarked Grant from RGC of Hong Kong. We thank Prof. W.-M. Ni for

suggesting the problem and useful discussions.

2. A STUDY OF Mg(r): PROOF OF THEOREM 1.2

In this section, we prove Theorem 1.2. The proof makes use of intricate properties of the
two Bessel functions J; and Jo. This may be useful in studying other problems involving the
Bessel functions.

As the statement indicates, the situation for N = 2 is very different from N > 3. The case
N =2and a € (1,as) has no analogue in higher dimensions and is considerably more difficult.

For reference, we list here the expansions of .J; and J; for small and big argument (see [3]):

(2.1) Ji(r) ~ AT e (1 - (N_ls);iN_s))’
) as 1 — 00;
Jo (1) ~ A2r7¥e”(1 + (V- 12);£N — 3))

2

r —In(r), N=2
22 a0~ (1+7g), a0~ B0 T w o0

where A, A, Bi, B, are some positive constants that depend on N but not on r. We start

with addressing case (1.a) and a part of case (2.a).
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(a) ' (b)

FIGURE 1. (a) The graph of Mg(r) with N = 3,a = 2.5 and with R = 1,R =
2,R=Ry=2.538, R=4,R=05. (b) The graph of V(r) (see Lemma 2.2).

Lemma 2.1. Suppose that

0<a<l if N=2
N—-2<a<N-1 if N2>3.

The system
(2.3) Mg(r) =0, Mgy(r)=0

has a unique solution r = ro, R = Ry and moreover, if R > Ry, then Mg(r) = 0 has ezxactly
two solutions 0 < ry < ry < R, and if R < Ry, then Mg(r) = 0 has no solution. Moreover, for
R > Ro, M;z(Tl) < O,M;Z(TQ) > 0.

Proof of Lemma 2.1. The proof consists of four steps (see Figure 1.a). In Step 1, we show
that Mg(r) is strictly positive on (0, R) for when R is sufficiently small. As R is increased, there
are only two ways that a root of Mg (r) can appear or disappear: either through the boundary
at r = R or through the presence of a double root (2.3). In Step 2, we rule out the former. In
Step 3, we characterize the latter, and also show that the solution to (2.3) is unique. In Step

4 we study My for large values of R and complete the proof.

Step 1. In the case N > 3, using (2.2) and after some algebra we obtain

1—rf r
(2.4) rMg(r) ~a— w7 | o= 5 € (0,1); Rx1
To

1
vtV
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Note that the expression in brackets is a decreasing function of r so that rMg (r) ~a— N + 2
as 7 — 0 and hence 7Mp (r) attains its minimum at 7 = 0. Since a > N — 2, it follows that
Mpg(r) is always positive for sufficiently small R with r € (0, R].
For the sub-case N = 2, we have:
M)~ o= (e
InR'+1Inry +2R?

T
), TOZEE(O,l); R« 1.

Now the term in brackets is bounded by m — 0 as R — 0 so that Mg is positive for
sufficiently small R with r € (0, R].

Step 2. Since Jy g(R) = 0, it follows that Mg(R) = % + ﬁgg But J; is a strictly increasing

and positive function so that Mg (R) is always strictly positive.

Step 3. Let fr(r) = aJy(r)Jo(r) + r(J1J2) , where J, = I(r), Jop = Ji(r) — JQ(T)II(/’((;:)). Then

(2.3) is equivalent to
(2:5) fa(r) =0, fg(r) = 0
Let (2.5) hold. Then we have

T(JngyR)’ = _CL(JIJZ,R)

7 !
Jor @ Jy

(26) JQR B T Jl(T)

and hence
rfp(r) =r(a+1)(LJog) +r2(JiJog)
= —a(a+1)(J1Jog) + 7*(J; Jor + 201y g + Ty g 1)

! / N - 1 !
= —CL(CI, + 1)(J1J2,R) + 7‘2(2J1J2,R + 2J1J2,R - T(JIJZ’R) )

= (—a* —a+2r%) (N1 Jo,g) — (N — )1 (J1Jo,p) + 2r% T Ty
=(a(N—-1)— a>—a+ 27"2)(J1J2,R) + 27‘2J1J;7R

Using (2.6), we have

TJlfJIz(T) 2 2\ 72 2 ro G Ji
AR (g2 — (N —2) — 2 —9 S
T R (a® — af( ) r)J; reJyJy( . J1) 0

We obtain

(27) g(r) = (0’ = a(N = 2) = 2r*)J{ + 2raJyJj + 2r°J7 = 0.
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We now study the roots of the function g(r). Using the equation for Ji' = —%Jl + Ji and

after some computations, we have that g(r) satisfies

(2.8) rg +1’Cg = J*B — Ar?)

where the constants A, B and C' satisfy

(2.9) A=4(N—-1—-a), B=(2N-a—-4)(a+2—N)a, C=2N-4-—a

Note that for N > 3, A, B,C' > 0, while for N =2,C < 0,B < 0,4 > 0.
Let us consider the case N > 3 first. If N > 3, then J?(B — Ar?) > 0 for r < r* and
JZ(B — Ar?) < 0 for r > r*, where

B
2.10 =4/ =
(210) =15
Observe that
g9(0) =ala— N +2) > 0.
On the other hand using the big argument expansions (2.1) after some algebra we obtain
(2.11) g(r) ~ (=2(N = 1) + 2a) A2r~ V=D a5 1 — 400.

Thus ¢g(r) = 0 admits at least one root. Let r; be the first root of g. Then ¢'(r;) < 0,
which implies that r; > r*. We show that r; > r*. In fact, suppose that r; = r*. Then
g(r*) =g (r*) =0 and ¢g"(r*) > 0. On the other hand, differentiating (2.8) gives

rg' +(r’C+1)g +2rCg = 2J1J,(B — Ar®) — 2Ar.J’

and hence

g’ (r*) = =2Ar*J2(r*) < 0
which contradicts the fact that ¢ (r*) > 0. Hence r; > r*. Suppose that g admits more
than one root. Let 7y be the first root of ¢ with ro > r{ > r*. Then g' (rg) > 0 which is a
contradiction since rog (r3) = JZ(B — Ar2) < 0.

In the case N = 2, we have B — Ar? < 0, which implies that rg' + Cr2g < 0. Thus g(r)
can have at most one root. Moreover, g (0) = a? > 0 and if 0 < a < 1 then (2.11) shows that
g is negative for large r so that g admits exactly one root. In the sub-case a =1, N = 2,
the equation (2.11) is insufficient to determine the behavior of g at oo, but a more accurate

expansion using

11 9 1
Jy (1) ~ Agr—2e" <1+§;+@r_2+"'>’ T — 00
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yields
2 1 2r
g(r) ~—Aj—e" — —oo asT — 00
r

and so ¢ still admits exactly one root.

Step 4. For sufficiently large R, and with r < R we have Mg (1) ~ My, (r) = ¢+ F4=

Expanding for small 7 using (2.2) we obtain
1
My (r)~(a+2-=N)-, r—0
r

so that My (r) — oo as r — 0. For large r with 1 < r < R, we use the asymptotic expansions
(2.1) to obtain

1-N

M () ~ ati-N

This shows that Mg (r) admits at least one root 71 < R when a < N — 1 and R is sufficiently

, T — 0

large. In the case ¢ = 1, N = 2, a more careful expansion (see [20]) shows that My is still
negative for large r so the conclusion is unchanged. Using continuity and applying steps 1,2
and 3 shows that Mg () has exactly two roots 0 < 7, < 79 < R whenever R > R,. Since Mg
is positive for small 7 and by Step 2, it follows that M} (r;) < 0 and My (r2) > 0. O

Next we address the more difficult case N = 2,a > 1. We first study the case R = oo in
Lemma 2.2. We then show in Lemma 2.3 how to reduce the more general case of arbitrary R
to the case R = oc.

Lemma 2.2. Suppose that N = 2, R = co. Then the system
My (r;a) = 0= M. (r;a)

has a unique solution r = o, a4 = e > 1. If a < ay then My (r) has at least one root and if

a > Go then My (r) > 0 for all r.

Proof of Lemma 2.2. Let

!
V(r) = r(jlljj) .

The statement of the lemma is equivalent to showing that the equation V'(r) = 0 has a unique
solution r = r4,, and that moreover the minimum of V' is attained at r = r,,. The number a.,

is then given by a, = —V(ry). For reference, the graph of V' is shown on Figure 1.b.

Step 1: We show that (J1J;)' < 0. Define a function u (r) = (J1.J;)'. After some algebra we

find that
JiJo

r

3
(2.12) Upp + —Up —du = 2
r
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Now the right hand side is positive and using (2.2) and (2.1) we find that u is negative for small

or large r. Then by maximum principle, u is negative for all r.

Step 2: Let
_
Jis
We claim that W € (1,2) . Now from (2.2) and (2.1) we see that W (0) = 1 and W (c0) = 2. So
to prove that W (r) € (1,2) it suffices to show that w never crosses 1 or 2. Clearly W (r) # 1

since J]Jj is nonzero. So it remains to show that the function v = J;J + J{J} is never zero.

(2.13) W(r)=1

After some algebra we obtain
(J1Jo)’
m

3
Upr + -0, — 4v =
r
Now the right hand side is negative by Step 1, and v — 400 as r — 07, v — 07 as r — oo.

Therefore by maximum principle, v must be strictly positive for all r.

Step 3: We show that there exists a number r* such that V > —1 if r < r* and V < —1
if ¥ > r* and moreover, V. has no minimum for r € (0,r*]. First note that V. — —1~ as
r — oo and V — 0 as r — 0. Thus there exists 7* such that V (r*) = —1. After substituting
u = Vr~1JJo where u = (J1J)' satisfies (2.12), we obtain

1 2

(2.14) Vie + =V + SV, V =2V W =4
T r

where W is defined in (2.13). Now suppose that V. = 0. Then
Vi, =22+ VW).

But W € (1,2) so that V;, > 0 whenever V' > —1 with V, = 0. This shows that V' has no

interior maximum whenever V' > —1. It immediately follows that r* is unique.

Step 4: W (r) is increasing for v > r*. Since W (r) — 2~ as r — oo, it suffices to show that

W' (r) # 0. Suppose not. After some algebra, we see that W' = 0 implies that V = W

hence V € (—1,0) since W € (1,2) from Step 2. But this contradicts Step 3 since we assumed

and

that r > r*.

Step 5: Suppose that V' has a maximum. By Step 3, it must be located at r = ry; > r*
with V' (rpr) < —1. Since V' — 17 as V' — oo, this implies that V' must have an inflection point
ri > ry with V (r;) < =1, V' (r;) > 0 and with V" (r;) = 0. Moreover, choose r; to be the first
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(a) (b)

FIGURE 2. (a) The graph of g(r) for « = 0.9, 1, 1.03 and a = a,, = 1.06119.
(b) The graph of a(r). The insert shows the magnification of G(r) near its maxi-
mum.

such inflection point to the right of 7. From (2.14) we then obtain:

142V (ry) '

Vr(n-)

Now V is decreasing inside [ryy, r;] whereas W is increasing on this interval by Step 4. It follows
that 24V (r;)W(r;) < 24V (ra)W (ra) < 0. Moreover, V (r;) < —1 implies that 1+2V (r;) < 0
so that V, (r;) > 0, a contradiction.

Since V' has no maximum, it follows that it has only one minimum and this completes the

proof of the lemma. O

Lemma 2.3. Suppose that N = 2. Define

T (Jl JQ)I

2.15 Qs = Mmin
( ) 0,00)  J1Jo

re(0,

Given any a € (1,ay), there exists a unique 1o = ro (a) and a unique Ry = Ry (a) such that
Mg, (ro) = 0 = Mg, (o) and Mg, (r) > 0 whenever v # ro. If R > Ry then Mg (r) has ezactly
two roots 0 < ry < ro < R with Mp(ry) < 0, Mp(r2) > 0. If R < Ry, then Mg(r) = 0 has no

solution.
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Proof of Lemma 2.3. As in the proof of Lemma 2.1, recall that the system Mg (r) =0 =
MY, () is equivalent to solving Mg (r) =0, ¢ (r) = 0 where
g(r;a) = (a* = 2r°)J7 + 2raJi J; + 212 J7
and g satisfies
(2.16) rg' —r’ag = —J; (a* —4(a —1)77%).

The goal is to show that the system My = 0 = ¢g has a unique solution for any given a < @y
To this end, @ (ry) be the solution to g (ro;a (r9)) = 0 so that
o ! 2 2 q12
(2.17) i(r)= ATV I
Ji
Note that g (0) = a? > 0. Now since the right hand side of (2.16) has one root, it follows that

¢ has at most two roots. Now from (2.11) it follows that for a < 1, g (00) — —oo whereas for

a > 1, g(co0) = +oo. Hence g has precisely two roots if @ > 1 and if a is sufficiently close to 1.
Moreover g is an increasing function of a, so as a is increased, the two roots move towards each
other until they disappear at the fold-point bifurcation at some a = ap; > ay > 1 (see Figure
2.a). This proves that the graph of G has the shape as shown on Figure 2.b; more precisely,
it has a maximum at ap; = a(ry/), and has no other local min/max. In what follows, we will
show that when g(r) = 0, Mg(r) = 0 has a solution only if r < 7o, < rps, where 74, is such that
Uoo = G (7o) . This makes @ invertible on 7 € (0,7) and shows the uniqueness of the solution
to Mp =0=g.

Step 1. There exists a unique 1o such that if r < ro, then the equation

(2.18) Mg (r;a(r)) =0

has a unique solution R=Ry; and if r > ro then this equation has no solution for R. Note that
(2.18) is equivalent to solving

! J !
_‘]1, (R) — F(T‘) — 2 (7‘) (& (7.) + (‘]1 (T) Jo (T)) 7’)
J5(R) Ji(r)a(r) Ju(r) J2 (r)
In particular, the solutions exist if and only if F' (r) is positive. We need to show that F' (r) has
a unique root. Note that if F'(r) = 0 then R = co. Now in this case, My, (1) = 0 = M (7).

It follows from Lemma 2.2 that r = 7o, and @ (r) = @ (re) = Goo. This shows that the root of

F (r) is unique. Moreover, F' is positive for small r so that F' > 0 for any r < 7, and F' < 0

for any r > 7.
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Step 2. There are no solutions to Mg(r,a) =0 if a > aw. Note that Mg (r; a) is a decreasing
function of R. Moreover by the definition of s, My (75 o) > 0. This shows that Mg (r;a) > 0

for any a > aqo.

Step 3. We show that ro, < 7r3. Now there are at most two solutions to the equation
oo = a(r) (see Figure 2.b). We claim that r = r,, is the leftmost solution. Suppose not.
Then r > ry, ax < ap and by Step 2 there are no solutions to Mg (r;ap) = 0. But this this
contradicts Step 1.

Step 4. Fix a € (0,a) - By Step 1 of Lemma 2.2, Mg (r;a) is strictly positive for sufficiently
small R. By the definition of ay, My (7;a) has a root when a = an. Since Mg (r;a) is an
increasing function of a, it follows that Mg (r;a) has a root for sufficiently large R when

a < Gs. S0 there exists Ry,rg such that
(2.19) Mg, (ro;a) =0 = My, (ro; a)

but Mg, (r;a) > 0 for all r # ro. Suppose that there is another pair of numbers Ry, that has
the property (2.19). By Step 3, it follows that r; < r. But then r; = r¢ by monotonicity of a
on (0,7). It follows by monotonicity of J;/J} that Ry = Ry. This shows that the solution to

(2.19) is unique whenever a € (0, ay).

Step 5. Note that Mg has no roots if R is sufficiently small (see Lemma 2.1, Step 1). and
Mpg (R) > 0. Since the solution to 2.19 is unique, the proof is complete by showing that Mg(r)
admits a root 7 =ry < R for a € (0, ax) and with R sufficiently large. Now Mg(r) is positive
when 7 is small, and from the definition (2.15) of @iy, the minimum of M, (r) is negative. So
My (r) has a root, and therefore so does My (r) with R sufficiently large.This competes the
proof of Lemma 2.3. O

Proof of Theorem 1.2. We are now ready to finish the proof of Theorem 1.2. Case 1.a and
2.a with a < 1 are covered by Lemma 2.2. Cases 2.a with a € (1, a.) as well as Cases 2.b and
2.c are covered by Lemma 2.3 so only the cases 1.b and 1.c remain.

Consider first the case a < N —2, N > 3. With g as in Lemma 2.1, we have g (0) =
a(a— (N —2)) <0and g — —o0 as 7 — co. Moreover recall (2.8) that g satisfies rg' +7r2Cg =
JZ(B — Ar?) but here, C >0, B <0, A > 0.Hence g < 0 whenever g = 0, so g has no
roots. It follows that Mg(r) = Mk(r) = 0 has no solutions for any R. But for small values

of R, it is easy to see using (2.4) that Mg(r) has precisely one root r = ro with M}, (ro) = 0.
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Since Mg (R) > 0 for all R (see Lemma 2.2 Step 2), it follows by continuity that Mg (r) has
precisely one root for all R.

Lastly the case @ > N — 1. Then ¢ (0) > 0; rg' + r2Cg = J?(B — Ar?) with A <0, B > 0.
Thus ¢’ > 0 whenever ¢ = 0 which implies that g no roots. Since Mg () has no roots for
small R, it therefore follows that Mg (r) has no roots for any Mpg. This completes the proof of
Theorem 1.2. ]

3. APPROXIMATE SOLUTIONS AND A LINEAR PROBLEM

The rest of the sections are devoted to proving Theorem 1.3. The present section contains
some preliminaries. We first define approximate solutions and then we study a linear problem,
which forms the foundation of the finite dimension reduction.

Suppose that the assumption (1.20) holds. By Theorem 1.2, there exists R, > 0 such that for
R > R,, the equation Mg(t) = 0 has at least one root rq € (0, R). Furtheremore, Mp(ry) # 0.
Let us fix such ry, throughout the rest of the paper. Let us define

! /

J J.
(3.1) Ary=2>0, B(r)= 22E <o.
Ji Jo,r

Choose two fixed numbers R; € (0,7¢), Re € (ro,R). Let x(s) be a function such that
x(s) =1 for s € [Ry, %] and x(s) =0 for s < & or s > Ry. Fix ¢t € (Ry, Ry). We set

R t R—t
2 I,:=(0,—), L.;:=(—-,
(32) (= (0,2), Teui= (-2,
and then define
t
(33) ws,t(y) = ’U)(y - E)X(‘Sy):y S ]Is

We introduce the following set
(3.4)

A == {t == (tl, ,tK)

K
1 B 1 1
2 D timrol <€, (1=d)elog = < tju—t; < (149)elog—,j = 1,.., K—1, }
j=1

where 7 > 0 is to be chosen later. For t € A, we define
K

(3.5) Wt (r) =Y wey, (r).
j=1

Then we have

. . 1
(3.6) tj =0(e|lne|),j=1,..,N, [ti —t;| > (1 =9)]i — jlelog -
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The choice of the approximated location of the concentration points comes from the compu-
tations carried out in the proof of formula (4.11).

As in [12] and [20], for u,v € H*(B), we equip them with the following scalar product:

(3.7) (u, v). = /H (v + uv)(y) ¥ dy

(which is equivalent to the inner product of H'(Bg)).

Then orthogonality to the function w;’tj with respect to this scalar product is equivalent to
the orthogonality to the function

n (N - ].) " !
(38) Zf’tj = ws,tj + Tws,tj - ws,tj
in L?(I.), equipped with the following scalar product
(3.9) < U, v >.= / (uv) (y)N *dy
L.

(which is equivalent to the inner product of L?(Bg)).

Let

g [~
(3.10) Clol = E(Z T Gt t) / mqb)
=1 Le

where & ; is defined at (4.2).

Then we consider the following problem: for 4 € L?(Br)NL*(L.) being given, find a function
¢ satisfying
(311) { 5t[¢] = ¢ ¢+pwP*1 _( ) [¢]w5t_h+Z] ICJ &5ty

$(0)=¢(3)=0,<¢ 2y >=0,j=1,... K,

for some constants ¢y, ..., ck.

Let 0 < p < $5min(p — 1,m — 1,1) be a small number such that lemma 5.1 of [20] holds.
For every functlon ¢ : I, — R define

minX 4
(3.12) 18]« = lle" ™ === 8(y) | 1<)

where < y >= (1 +1?)=.
Since XAw!, = O(e)e™¥~ <, we obtain

(3.13)
¢ ¢ t . . t
Zealy) = w"(y = 2) —w'ly = ) + O(e)e™ =77 = —pw"™(y — Ju'(y — 2) + Oe)e =7~

uniformly for ¢ € [Ry, Ry].
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The following proposition provides a priori estimates of ¢ satisfying (3.11).

Proposition 3.1. Let (¢, c) satisfy (3.11). Then for e sufficiently small, t € A, we have
(3.14) 2l < CllAll«

where C' s a positive constant depending on R, N,p, K only.

Proof. The proof is similar to Proposition 3.1 of [12] or Proposition 5.1 of [20]. We prove the
inequality by contradiction. Arguing by contradiction there exists sequences ¢, — 0,t; € A
and a sequence of functions ¢, ¢, satisfying (3.11) such that the following holds:

||¢€k,tk”* = 17 ”hk“* = 0(1)7/ QSEk,thEk,tj,k (y)N_ldy =0.

HEk’tj,k
For simplicity of notation, we drop the subindex k.

Multiplying the first equation of (3.11) by w;’tj and integrating over I, we obtain that

K
(3.15) oo [ Zwly == [ by, + [ Qelgehuly,
=1 vl e

The left hand side of (3.15) equals 3, ci(— [ pw?~!(w')2d;; + o(1)) because of (3.13). The
first term on the right hand side of (3.15) can be estimated by

A%@@=mmm

where we have used the fact that w is exponentially decaying.

The last term equals

" N —
/]I‘ ( [¢€ t]) st] /]1 [¢s,t + 8]571)¢ ¢Et +pws ot QSE t] stj

j T €z

!

WAHI WW%Q(—WWA%M@

Similar to the estimates in the proof of Proposition 5.2 of [20], we obtain that

(3.16) }:MM— (II21le) + o(l[de,sll+); |M+§:%egﬂ—0)

Next we set
Tj

$;(y) = besly — Q) j=1,..,K.
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Since ||gell« = 1, we see that ¢;(y) — ¢o; locally in any compact interval of R. Furthermore,

we see that
Zl'il fR wmil%j
(3.17) C(@) = po—"= —
wa

where

qgm K oam 1 gm

1 p—1" . mo_

(3.18) o = ll_I)%p 7 (l_zl 2 GR(tl,tz)> /Rw Kp_1
by Lemma 4.1.

Therefore, d;(),j satisfies

% .
D1 Jr ™ 1¢0,jw _

(3.19) Ligo;] — po(p — 1) [wm

Summing up the above equality, we obtain

K K m—17
LY oyl — Kpolp—1) D a0 0,

=1 fR w™
which by (3) of Lemma 3.1 of [20] implies that ZJK:1 ¢o; = cw', since oK # 1. This then
yields that [ w™ ! Z]K:l ¢ = 0. So L[¢o;] = 0 and hence ¢y ; = ajw’,j = 1,..., K for some
constant «;.
On the other hand, taking the limit in f; Z.; @, = 0 gives [, wP™'w' g ; = 0. Thus oy = 0
and éj,k — 0 locally in R. This then implies that

(3-20) C(¢) = o(1)

and

(3.21) Wy el = sup |4V 2> () b4 (y)] = o(1).
Y et

The rest of the proof is exactly the same as in those of Proposition 5.1 of [20]. We omit the
details. 0

Similarly, we have

Proposition 3.2. There exists an €9 > 0 such that for any € < &y, t € A, given any h €
L2(1,) N L*°(1,), there ezists a unique pair (@, cy, ..., cx) such that the following hold:

K
(3.22) Leeldl =h+ Y ¢ Z4,,
j=1
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! ! R .
(3.23) $(0)=2¢ (g) =0, <9, Zcy; >=0,7=1,..,. K
Moreover, we have
(3.24) 2]l < Cl|A]]s-

4. STUDY OF THE OPERATOR TIh|

In this section, we study the operator T[h], defined at (1.27), where we choose h to be

(1) h= (Z ::?ws,tj(@w) N6l = 0(")

where & ; is chosen such that

K
(42) T!Z gp,;lwa,tj(g)] (t]) = gs,jaj = 17 aK

j=1
and t = (¢1,...,tx) € A. We first have

Lemma 4.1. Let t € A. Then (4.2) has a unique solution & ; = &, ;(t) such that

p—l—gqm

(4.3) &= (K(/me)(}(ro;ro)> v + O(e|logel),j=1,.... K

The proof of Lemma 4.1 will be given at the end of the section.

Let us decompose

K m
e r
h = (Z ;; ws,tj(g)+¢) = hy + hy + hs
j=1

where

j=1
K m K ym m
o= (D)) -3 (v D)
Jj=1 7j=1
X ﬁ r— tj " K 4 r— tj "
h,3 = jz_;gg,j ws,tj( c ) + ¢ - jz_;é-g’j ”IUE,tj( - )

According to (1.27), we have
R

TR)(r') = ! / Grlr'sr)h(r)dr

0
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= FEi + By + Ej3
where E; = T[h;],j = 1,2,3. Our remaining task is to compute T[h;](t; + ez) — T[h](¢;).
Similar to the proof of Lemma 6.1 of [20], we have

(4) T wey ()]t +e2) = € Grlt 1) / w™(L+ ep;(2) + O(2(1 + [2P)

where p;(z) is defined by
(4.5)

1 | Jor(t) / /°°
i(2) = : ™4 w™(y)d
pi(2) wam[ T\ 7)Y o (y)dy
For | # j, we have

(46)
TIES 0 (D)) + £2) = €5 Gunlts 1) / w1+ ep(

+ jigj; (z /ZOO wm—i-/_; ywm(y)dy)].

— 1
+2)+ 00 Ity — il +2°[2%)).
J#l
Therefore from the definition of (4.5) we have

A7) Th)(t; +e2) 225 L Gt ) /R o (1 pepli=h

For F», we have

Tlho](t; + e2) — Tlha](t; IyI/ Y wli wey) = O(e%| logel |2)

0 iz

)+ O(e? + €2|z\2)> .

For Ej, we have

K gm-1)

R
By=c / Gr(r'sr)m Y &7 wlly ' Bldy + O 6]l + 18]

=1

K gm-1)
—m Y€ Galtit) [ w6+ 0ol + 61:)
1=1 Ie
where the constant 7 is defined by

(4.8) 7 =min(l,p—1,m —1).
On the other hand, for |r' — 7| > <, We use

(4.9) Iaﬁ(g)l < Cll¢ll.e

This implies, by the same estimates as in [20],

(4.10) T[h)(r') > C
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Summarizing all the estimates, we have obtained the following lemma:

Lemma 4.2. (1) For |r' —ro| < $,7" =t; + ez, we have

(4.11)
T €7 w0710 +22) = Y€ Gt [ (1+ep<t Sl )+ O el ))

K gm-1)

+m 3 EFT Galtit) / g+ 0Bl + 61T

=1
(2) For |r' —ro| > &, we then have

(4.12) [(Z Sé’l Wey, +&)"(r') > C.

Finally, we prove Lemma 4.1.

Proof of Lemma 4.1: From the computations above, we obtain that

Zf we )™ Z GR ti;th) /me(1+0(5\10g5|)>.

Thus equation (4.2) becomes

(4.13) = Zg GR(tl,tl)/wm (1 +0(5\1ogg|)),j =1,.., K.
1=1 R
Ase — 0, & ; — &. We obtain
K aqm_
(4.14) £ = ng—lGR(ro;ro) / w
=1 R
which admits a solution §; = & where &, satisfies
1-am
(4.15) & 7 = KGg(ro; To)/
R
Now we search for a solution to (4.13) with &, ; = & + & ; where & ; = o(1). Then we have
qm am_ _q K ~
(4.16) & — ﬁfé”l (KGRr(ro;m0) / w™) Zég,l + O(eloge)
N R =1

The matrix on the left hand side of (4.16) is nondegenerate since 7 # 1. This, together with

the implicit function theorem, proves Lemma 4.1. 0
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5. A NONLINEAR PROBLEM

In this section, we solve the following system of equations for (¢, 3):

. (N =1) : (W + ¢)P a
5.1 W+¢) +—W+¢) —(W+H+9o)+ = BiZe t;s
o) W) Wo+0) = W+ 9)+ Gty 1 gyl — 20 %
’ ’ R N—1 .
(52) ¢ (O) = ¢ (?) = Oa QSZE,tjy dy = 03.7 = ]-a st Ka
Ie

where, from now on, we use the following notation:

K L
(5.3) W= &l wey,j=1,.,K

j=1

and we recall the definition of & ; at (4.2). Note that if 3; = 0, then we have solved (1.1).

The main result in this section is to show the following proposition:

Proposition 5.1. Fort € A and ¢ sufficiently small, there exists a unique pair (det, fe1(t), .., Be k(1))
satisfying (5.1)-(5.2). Furthermore, (det, Be1(t), ..., Be,x (%)) is continuous in t and we have the
following estimate

(5.4) el < &7

where o € (135,1) is a constant, and T is defined by (4.8).

Proof: The proof is similar to that of Proposition 6.1 of [20], by writing (5.1) in the following

form:
K
(5.5) Lee[d] = Be + M (8] + > 57,
j=1
Here
o _(N—l) . we
(5.6) E=-W +W ” w 7(T[Wm])‘1
and M, [¢] is given by
_ (W + ¢)p _ wr _ p—1 D
Note that
E =-W +W - Wby W7

y (T[Wm™])e
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1— fg’j ZJ 16 stj
(5.8) —Z 65,] gtﬁzf ( West; (’J[‘[Wm])q) * (T[Wm])

Using Lemma 4.2, we obtain

— We

(5.9) [ Eell. < Ce.

For M., we note that
(W + g — WP = pW? 19
(T[(W + ¢)™])

M. [¢] =

we WP WP
) ((T[w?}t])q “ o SO+ ¢>m1>q)

- 1 1
W ¢(<T[Wm]>q (T[<w+¢)m1>q)

) WL % ,

p—

P T e

Using Lemma 4.2, we see that

(5.10) IME [¢]]] < C(6II¢|I*+ ||¢||1+T>-

The rest of the proof is similar to that of [20].

6. THE REDUCED PROBLEM
In this section we solve the reduced problem and establish our main existence result given
by Theorem 1.3. In particular, we prove that
Proposition 6.1. For ¢ sufficiently small, B-(t) is continuous in t and we have

_ a 1 2(j — 1) 2(K — )
(6.1) Be i(t) = boe L + 2 (Alty) + B(t)) + —5—B(t) + —5——A()

t _tl 1t tl‘ .
+COZ i, = tz +0@E M), j=1,.., K

for some generic constants bo, co > 0.
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From Proposition 6.1, we can finish the proof of Theorem 1.3.
Proof of Theorem 1.3: We need to find a t € A such that 3. ;(t) = 0. To this end, we use a

degree argument.

Consider a new vector field F = (Fy, ..., Fg) as

.« 1 2i-1) oK)
R0 =t | 1+ e (a0 + B + 2L py + 252
_ It;—t]
+CO Z t] zl € ! l?]_]-) 7K

it =l

For t € A, we see that
Bei(t) = Fj(t) + O(e™7)
Now we consider a homotopy of 3. and F"
(6.2) Fj(t) = af.;(t) + (1 — a)F;(t) = F;(t) + O(*7)

where o € [0,1]. We claim that for t € dA, F'(t) # 0. In fact, suppose for some t € A, F(t) =
0. By definition, we have either Y7 #; = i or t; — t;_1 = £(1 — 6)log’ for some j or
tj —tj—1 =e(1+ 6)log< for some j.

In the first case, we have

(6.3)
S a1 2(j — 1) 2(K — j) 1
=1 j=1 L7
K
’ F— t
= KbogMR(ro)(ZﬂKl = — o) + O("*7)
which is impossible since Mp(ro) # 0.
To consider the second and the third case, we need to compute
J J
- a 1 2(1-1) 2(K =1 ti=tiy1
(64) l_zl l(t) = bogl_zl E + E(A(tl) + B(tl)) + B(tl) -+ TA(tl) — Cpge ¢
4 (i1 9K — i(i+1 Gter )
= toe |12+ L (Ar0)+ Blro) + DL By + I ED ) | — e 0
So
j . . K— . ity
(6.5) 3 ie) = b BT () — B(ry)) - e 4 0(9),
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In the second case, we then have

tj—17Y

(6:6) 0= 3 Ai(t) = 0(e) — 5% < _gets

which is a contradiction.

In the third case, we then have

ki . .
. K —

(6.7) o:}jﬂﬁy:%dl?%ﬁmv@—B@@yuxgﬁy

=1
This is impossible again since

! J’
(6.8) A(r) — B(rg) = 21 — 22 5
Ji g

By degree theory, we have
deg (B:,\) = deg (F, A)

Next we show that F has only one zero in A and the zero is nondegenerate. To this end, we

consider another vector field:

Then
deg (B.,A) = deg (F,A) = deg (F,)\)
We first claim that, any zero of F'in A (denoted by t°) must satisfy

K
1 1
0 0 _ 0 _ T
(6.9) ti—t; —elogg +€Aj+0(6),? -Eltj =ty + O(e")
]:

where A; is some constant. In fact, this follows from (6.3) and (6.5).
Now we show that t° is unique and nondegenerate. To this end, we compute the Jacobian
J := VF'. It is easy to see that Js = 0 if and only if

J N
(6.10) e asis;— (sj1—8) =0,j=1,.., K—1,6 ¥ a5 =0
=1 =1
where
a 1 2(l —_ 1) ’ 2(K — ’

+— (A +BE) +

—
-
~Oo
~—
N

!

Since ST, a; = Mpy(ro) + o(1) # 0, we see that (6.10) implies then s; = ... = s = 0.
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The above argument shows that F' and hence F has a unique and nondegenerate zero in A.
Therefore deg (F,A) # 0. So deg (B, A) # 0. A zero of 3., denoted by ¢, is guaranteed, which
produces a solution u, = W + @.+. to (5.1)-(5.2). It is easy to verify that u. satisfies all the
properties of Theorem 1.3.

U

We now prove Proposition 6.1. Observe that ¢. s satisfies (5.5).

Multiplying equation (5.5) by w;’tj and integrating over I, we obtain
(6.11)

Be,;(t )/ et Wer, T Z O(e%|Be kl) / L ¢ [¢s,t]w;,tj + / (_]Esw;,tj) + / (—M: [¢s,t]w;,tj)-
! k#j I Ie Ie
The left hand of of (6.11) can be computed by (3.13):

(6.12) Eya /°n,w= @A)é«—wmpl ) 1 0( Y [8.(8)

I#5
We estimate each term on the right hand side of (6.11). For the first term, we use integration

by parts:

/ L.t [st,t]w;,tj = / [¢Z,t - ¢s,t + pw§;1¢g,t] w;,tj + 0(51-}-0)
I I

:A [ws,tj st +pwstj ]¢6t - ( 1+U)'

The last term in (6.11) gives, using (5.10),

(6.13) : M., [¢s,t]w;,tj — O(M+7 4 7147y = O(e7(+7),
It remains to compute the second term at the right hand side of (6.11): by (5.8)

’ %1 €N—1 1
[ B, =g [ 2w, o)
5 a,tj

lj+ey

—a_ £, ,
p—1 D _ €]
+ AE €,J wE,tj(l (T[W])q)we,tj

wr — le; gl%wzt ! 2
*A‘ (Tompye Ve TOE)-

It is easy to see that

(6.14) /H W)y o N1 /R (W) + O(c2).

€,t t] + Ey t]
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Then we estimate, using Lemma 4.2,

019 [ ululy () =~ ( [ty + =+ o@)-

By the computation in [20], we have

m . . 1 J;,R(t) Ji(t) p+1 m
(6.16) /Rw /wa p(y)——2(p+1)(J2,R(t)+J1(t)>/Rw (y)/Rw :

On the other hand, for [ < j,?; < t;, we have

ti—ty _Sit), -t
6.17 + 2 = +O0(e
(6.17) p(y . Jl(tz)(y )+ O(elyl)
and hence
, ti — 1 J{(tl)/ . /wp“ Ji(t)
6.18 p + = wwP = — + O(e
(6.18) /wap@ =505 [y ([ T 06
wp-l-l J()
— Ole|l
([ )5 + Olose)
Similarly, for [ > j,%;, > t;, we have
' ti—1 wht! JéR(tj)
6.19 wwPp(y + 21— :_/ d +O0(e
(6.19) [ oty + BT = ([ 2T o)

Finally, we have

K 51, p
/ We — Zl:l el ws,tl w'
I (T(Wm™])e ol

:/11 etj prllwstz We 1 +0(&?)

I£5
/ 5 127 Z (o 7] + O
L I#j
t — 1 _l tl| P —y 9
(6.20) E:H-—m (Rwe )+ O(£?)

Combining all together, we arrive at

55067 [ (=1 W) = e [y

tj
p+1 Jé,R(tj) J; (tj)
Jr62(104# 1) /Rw (JQ,R(tj) * Jl(tj))
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q o1, Jor(5) q i1, ()
w3 5ty L (Jz,Raj))“Z(pH)/Rw @)

1>j I<j
t —tl _Iti—tl / o(1
+ : wPe™Y) + O ()
S e roEnt)
(6.21)
a 1 2(j - 1) 2(K—j t; —tl _It —t
=eby | =+ —(A(t)+BE )+ B )+ T At E = 4070+

where by > 0, ¢y > 0.

This proves the Proposition.
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