Toda system and cluster phase transition layers in an

inhomogeneous phase transition model

Juncheng Wei
Department of Mathematics, The Chinese University of Hong Kong,
Shatin, Hong Kong. Email: wei@math.cuhk.edu.hk

Jun Yang
College of Mathematics and Computational Sciences, Shenzhen University,

Nanhai Ave 3688, Shenzhen, China, 518060. Email: jyang@szu.edu.cn

Abstract

We consider the following singularly perturbed elliptic problem

o
8_1/ =0 on BQ,

A+ (i—a(f))(1—%°) =0 inQ,
where Q is a bounded domain in R? with smooth boundary, —1 < a(§) < 1, € is a small
parameter, v denotes the outward normal of Q. Assume that ' = {§ € Q : a(§) =0} is
a simple closed and smooth curve contained in 2 in such a way that I" separates €2 into two
disjoint components Q = {g€ Q:a(§) <0} and @ ={geQ:a(j) >0} and 667"0 >0 on
T', where v is the outer normal of Q4 , pointing to the interior of Q_. For any fixed integer
N =2m+1 > 3, we will show the existence of a clustered solution u. with N-transition layers
near I' with mutual distance O(e|loge|), provided that € stays away from a discrete set of

values at which resonance occurs. Moreover, u. approaches 1 in _ and —1 in Q4. Central

to our analysis is the solvability of a Toda system.

1 Introduction

Let Q be a bounded and smooth domain in R?. In gradient theory of phase transition it is common

to seek for critical points in H'(Q) of an energy of the form

=5 [ vap+l j, i
1@ =5 [ Vil +: [ W (1)



where W (g, -) is a double-well potential with exactly two strict local minimizers at 4 = —1 and
@ = +1, which as well correspond to trivial local minimizers of J. in H'(f). For simplicity of
exposition we shall restrict ourselves to a potential of the form
W= [ (=1 -a@)ds, (12)
-1

for a smooth function a(g) with
—1<a(g) <1foralje Q.

Critical points of J. correspond to solutions of the problem

ou _

5 0 on 09, (1.3)

e2Au+ (i—a(@))(1-a% =0 inQ,

where ¢ is a small parameter, v denotes the outward normal of 9€2. Function @ represents a
continuous realization of the phase present in a material confined to the region 2 at the point z
which, except for a narrow region, is expected to take values close to +1 or —1. Of interest are of
course non-trivial steady state configurations in which the antiphases coexist.

The case a = 0 corresponds to the standard Allen-Cahn equation [6]

~2 di

EAu + a(l—a*) =0 inQ, 5=0 on 0, (1.4)

for which extensive literature on transition layer solution is available, see for instance [4, 9, 23, 27,

28, 31, 32, 33, 34, 35, 37, 38, 39, 40, 43], and the references therein for these and related issues.
In this paper, we consider the inhomogeneous Allen-Cahn equation, i.e, problem (1.3). Let us

assume that T' = {§ € Q : a(g) = 0} is a simple, closed and smooth curve in @ which separates

the domain into two disjoint components
Q=0Q_uTuQ, (1.5)
such that

a(f) <0in Qy, a(§) >0in Q_, 687(1 >0onT, (1.6)
0

where vq is the outer normal of ., pointing to the interior of {2_. Observe in particular that for

the potential (1.2), we have
W(ga _1) < W(ga 1) in Q*: W(g7+1) < W(ZL _1) in Q-l—'

Thus, if one consider a global minimizer u. for J., which exists by standard arguments, it should

be such that its value want to minimize W (§,u), namely, u. should intuitively achieve as ¢ — 0,

e > —1in Q_ ue = +1in Q. (1.7)



A solution ue to problem (1.3) with these properties was constructed, and precisely described,
by Fife and Greenlee[22] via matching asymptotic and bifurcation arguments. Super-subsolutions
were later used by Angenent, Mallet-Paret and Peletier in the one dimensional case (see [7]) for
construction and classification of stable solutions. Radial solutions were found variationally by
Alikakos and Simpson in [5]. These results were extended by del Pino in [12] for general (even non
smooth) interfaces in any dimension, and further constructions have been done recently by Dancer
and Yan [11] and Do Nascimento [18]. In particular, it was proved in [11] that solutions with the

asymptotic behavior like (1.7) are typically minimizer of J.. Related results can be found in [1, 2].

On the other hand, a solution exhibiting a transition layer in the opposite direction, namely
ue = +1in Q- and w.—-1inQ; ase—0, (1.8)

has been believed to exist for many years. Hale and Sakamoto [25] established the existence of this
type of solution in the one-dimensional case, while this was done for the radial case in [13], see
also [10]. The layer with the asymptotics in (1.8) in this scalar problem is meaningful in describing
pattern-formation for reaction-diffusion systems such as Gierer-Meinhardt with saturation, see
[13, 21, 36, 41] and the references therein.

Recently this problem has been completely solved by del Pino-Kowalczyk-Wei [15] (in the two

dimensional domain case) and Mahmoudi-Malchiodi-Wei [30] (in the higher dimensional case).

- 1 / [2a ] (1.9)
o 371'2/H§dx rVow | ‘
R

where H(z) is the unique heteroclinic solution of

More precisely, defining

H' +H-H?=0 inR, H(0)=0, H(+o0) = £1, (1.10)

in [15], M. del Pino, M. Kowalczyk and J. Wei proved the existence of a transition layer solution

H_ in the opposite direction, namely,
Theorem 1.1. Given ¢ > 0, there exists g9 > 0 such that for all € < €¢ satisfying the gap condition

|j26 — M| > cvE for all j €N, (1.11)

problem (1.3) has a solution H. satisfying
H->+1nQ  H—>-1inQy ase—0. (1.12)

Moreover, the layer will approach the curve I' as € — 0. O



We will extend Theorem 1.1 and prove the following main result for the existence of clustering
transition layers in this paper. Let ¢ = |I'| denote the total length of I'. 'We consider natural
parameterization () of T with positive orientation, where § denotes arclength parameter measured
from a fixed point of I'. Points ¢, which are dg—close I for sufficiently small §g, can be represented
in the form

§=00)+1tw(0), [t <d, 0€]0,0), (1.13)

where the map § — (¢,0) is a local diffeomorphism. By slight abuse of notation we denote a(t, 9)

to actually mean a(g) for ¢ in (1.13). The main theorem reads

Theorem 1.2. For any fized integer N = 2m + 1 > 3, there exists a sequence (g;); approaching
0" such that problem (1.3) has a clustered solution u., with N-phase transition layers with mutual

distance O(g;|loge;|). Moreover, uc, approaches 1 in Q_ and —1 in Q4. Near T', u., has the form

N
t— gie (9)
w3 (2D,
n=1
where t is the sign distance to the curve T' along the normal direction vy and 6 denotes arclength

parameter measured from o fized point of T'. The functions e, ’s satisfy

A V2
2 ; _ B
||en||oo S Cl 10g5l| ) 15%}\1{_1(€n+1 en) > 9 |10g€l|-
More precisely,
k(6)

en = (—1)"+1f + fn with f(e) = W;

where k(0) denotes the curvature of T. All functions f,,n = 1,...,N solve the Toda system, for
n=1,...,N,

el +e ()" a1 (0) fn —m [e‘(f"‘f"—1+‘3") e (nsa—futinia) ] =0in (0,0), (1.14)

fa0) = £,(0,  fa(0) = fal0), (1.15)

for two universal constant vo, v1 > 0 and a1 (f) = %at(O,G) > 0, with the conventions (3, =

2(=1)"f, fo = —00, fn41 = 00. O

Remark 1: In [11], under the condition that a = a(r), a(ro) = 0,a (r¢) # 0, Dancer and Yan
showed the existence of solutions with N = 2m + 1 interfaces, provided that ¢ is small. Therefore
they proved Theorem 1.2 in the radial case. Due to resonance phenomenon, for the non-radial
case here we only show the existence of clustered solutions for a sequence of €, rather than a whole
interval (0,e9) with 9 small. Even worse than that, due to the role of the nonhomogeneous term
a(f) played in the interaction between mutual neighboring interfaces, we can not give an explicit

gap condition for the parameter ¢ like (1.11) as in Theorem 1.1.



Remark 2: As the method for Allen-Chan model in [16], [17] and [45], we use a kind of Toda
system to describe the interaction of neighboring interfaces. The reader can also refer [44] for
existence of solutions exhibiting interaction of single transition layer and a downward spike.

Now, we detail the resonance phenomenon and the interaction between mutual neighboring
interfaces, which are characterized by system (1.14)-(1.15). Take an approximate solution f =

(f1,+-, fn) to the system (1.14)-(1.15) by
fo=(n—=(m+1)pe+fn, n=1,---,N, with e V2P = cay(0)p.,
and f = (f1,---, fw) solves the following nonlinear algebraic system
82— 1)y (8) fo — e V2 UnmFrata) gy o=V (i FutBons) = (Z1)7 (= (m 4 1)),

with n running from 1 to N, where fo = —o0, fx41 = co. After some simple algebraic computa-
tions, we then linearize the nonlinear system at £ = (f1,---, fv). Finally, we need to deal with

the solvability theory for the following operators (c.f. (7.38) and (7.39))

Li:m(sfy();—; + al) + /\f(al +05), i=1,2,--- N -1,
L?:m(eyoﬁ—; + al) + )\?V(al —}—05),

with suitable boundary conditions, where we have denoted

N-1
N em0i=12 N1 = -l
1 1
KR = , O.E:O(—l)
2 (log L — loglog 1) log

In fact as for the solvability theory of the operator LY, we consider the following eigenvalue problem
700 + %al(G)@ = —Aas(8)® in (0,£), ©(0) = O(), ©'(0) = O'(4), (1.16)

where have denoted
a1(0) = gat(0,0) >0, Y= /RHg dz = 23£ > 0. (1.17)

It’s well known that (1.16) has a sequence of different eigenvalues A§ < A§ < --- with corresponding
eigenfunctions ©F, ©3,---. It is obvious that A] < 0 because a; and 7y are positive. If € is small

then we have, as j — oo,

. 472 1 €

where we use the definition of A, in (1.9). As a direct consequence, for all small £ and large j we

have the following spectral gap estimates

A5 11 — A5 > OV, (1.19)



where C is a positive constant independent of . Under a similar gap condition like (1.11), we also

have the following spectral gap estimate for critical eigenvalues(close to zero)

The validity of the estimate in (1.18) and (1.19) can be proved as the arguments in Lemma 2.1.
The resonance character of this type also appeared in [15] for the case N = 1. However, it is
more complicated to get an explicit gap condition for uniform solvability theory of the operators
Li,i=1,2,---,N — 1. For more details, the reader can refer to Lemma, 7.3.

The remaining part of this paper is devoted to the complete proof of Theorem 1.2. The
organization is as follows: In Section 2, after setting up the problem in stretched variables (z, z),
we introduce a local approximate solution by

N
z (=1)7* H(z — ej(ez)) + O(e),
j=1
in which the parameters e;’s are used to characterize the locations of the phase transition layers. In
Section 3, a gluing procedure reduces the nonlinear problem to a projected problem on the infinite
strip &, (c.f.(2.6)), while in Section 4 and Section 5, we show that the projected problem has a
unique solution for given parameters eg,--- ,en in a chosen region. The final step is to adjust the
parameters ey, --- ,ex which is equivalent to solving a nonlocal, nonlinear coupled second order
system of differential equations for the functions e;,--- ,eny with suitable boundary conditions,

which is equivalent to the Toda system (1.14)-(1.15). This is done in Section 6 and Section 7.
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Kong. The second author is also supported by a Grant(NO. 10571121) from National Natural
Science Foundation of China and another Grant(NO. 5010509) from Natural Science Foundation
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of Mathematics, the Chinese University of Hong Kong: he is very grateful to the institution for
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2 Local formulation of the problem

Addition to some preliminaries, the main object is to formulate the problem in local coordinates

and construct local approximate solution.



2.1 Preliminaries

As a preliminary, we consider the following eigenvalue problem

%0 +a1(0)0 = —Aa1(/)© in (0,£), ©(0) = O(4), ©'(0) = O'(¢). (2.1)

All critical eigenvalues (the eigenvalues whose absolute value is close to zero) of the geometric

eigenvalue problem (2.1) have good estimates as follows.

Lemma 2.1. For all small £ satisfies the gap condition (1.11), we have the following spectral gap
estimates of the geometric problem (2.1): there exist two positive constants C (independent of €)

and N° € N with N — oo as € = 0, such that

>
g
AN

© < —Cvfe, foralli=1,2,--- N°,

s
\Y

Cve, foralli=N®+1,N°+2,---.
Proof. By the following Liouville transformation, for details see Chapter X, Theorem 6 in [8]

£ (4
EO = /0 Hal(a)/(’)/())da, t = %/0 \/(11(9)/(70)(197 te [0771-)7

1/4 Yol2a,  5yol(a))?
et) = 00)(1wa0) ", a) = T - TEhTe

the eigenvalue A satisfies the following eigenvalue problem
" 62
—e —q(t)e= TOE (14+A)e in (0,m), e(0) = e(w), e (0) =e (m).
T

Now consider the following auxiliary eigenvalue problem

—y —qt)y =€y, 0<t<m, y(0) = y(n), y (0) =y (x).

The result in [29] shows that, as n — oo

1
Hence, if ¢ is small then we have, as n — oo,

472
AZ = ——

(% — \,) + 0(%), (2.2)
where we use the definition of A, in (1.9). The last formula together with the gap condition (1.11)
implies the estimates in the lemma. O

We finally recall the following theorem due to T. Kato([26]), which will be fundamental for us

to obtain invertibility of the linearized problem in the last section.



Theorem 2.2. Let T'(e) be a differentiable family of operators from a Hilbert space X into itself,
where € belongs to an interval containing 0. Let T(0) be a self-adjoint operator of the form Identity—
Compact and let 0(0) = o9 # 1 be an eigenvalue of T(0). Then the eigenvalue o(€) is differentiable

at 0 with respect to €. The derivative of o is given by

@
Oe

. oT
= { eigenvalues of Py, o g(O) o P(,O},

where Py, : X — X,, denotes the projection onto the oq—eigenspace X,, of T'(0).

2.2 Local coordinate and first approximate solution

Let ¢ = |T'| denote the total length of I'. We consider natural parameterization v(#) of T' with
positive orientation, where 6 denotes arclength parameter measured from a fixed point of I'. Let
vo(0) denote the outer unit normal to I', pointing to the interior of Q_. Points §, which are

do—close T for sufficiently small dg, can be represented in the form
§=(0) +tw(0), [t|<do, 8 €][0,0), (2.3)

where the map § — (t,6) is a local diffeomorphism. By slight abuse of notation we denote a(t,8)

to actually mean a(¢) for § in (2.3). In this coordinate, near I" the metric can be parameterized as
gre = dt* + (1 + kt)?de?,

and the Laplacian operator is

o2 1 o2 k9 Kt 8
Bio=ont Tz T T 3 59’
o2 (1+kt)2 002 1+ktot (1+kt)3 06

where k(0) is the curvature of T'.

We begin with the formulation of the problem in some suitable coordinates. Stretching variable
§ = ey and setting Q. = Q/e, let us consider the scaling u(y) = @(ey), then problem (1.3) is thus

equivalent to

Ayu + (v—aley))(1—v?) =0 inQ,, STU =0 on 09.. (2.4)
y
We also set up new coordinate (z, z) near I'c = I'/e in .,
ey = y(ez) + exw(ez), |x| < do/(20¢€), z € [0,£/e), (2.5)

and then the metric and Laplacian operator can be written as

9z, = d-'ll'2 + (1+6k$)2dz2,

A = 6_2 + ; 6_2 + ck ﬁ — e’k 2
DE Or? [1+ekz]? 022  1+4ckz 0r  [l+ekz]® 0z



Now, let & represent the strip as, formulated in (z,2) coordinate in R2,
L
6:{(;5,;:)::1:6]1&,0525;}. (2.6)

Near T, the first equation in (2.4) can be written as a problem on the whole strip & by the form

Y(4) = Upy + tsx + Bs(u) + By(u) + Bs(u) + F(u) = 0, (2.7)
where
Bs(u) = ck(e2)u, — e°k*(e2) zu,, (2.8)
Bilw) = —[eai(0.c2)z+ %é an(0,¢2) 2| (1 = u?), (2.9)
Bs(u) = Bg(u) — €®ay4(0,e2) z3(1 — u?), (2.10)

with By(u) represents all terms of order €3 in the term A, .u and a4 is bounded smooth function.

Here and in what follows we also denote

Fu) = u — u®.

To define the approximate solution we recall some basic properties of the heteroclinic solution

H(z) = tanh(i) to (1.10) in the following.

V2
H(z) =1- A4 e V2l 4 0(672\/5@\), z>1, (2.11)
H() = —1 + Age=V2lel 1 (221}, 5« 1, (2.12)
H'(z) = V240e™V212l 4 0(e72V21el) | 12 > 1, (2.13)

where Ag is a universal constant. It is trivial to derive that

4
1— H%*(z) = V2 H, (), /(1—H2)Hx de = \/§/H§dm =3 (2.14)
R R
For a fixed odd integer N = 2m +1 > 3, we assume that the location of the N phase transition
layers are characterized by periodic functions z = ej(ez), 1 < j < N in the coordinate (z, z).

These functions can be defined as the following

ej: (0,0) > R, (2.15)
llejllaz0,0 < Cllogel?, (2.16)
V2 V2
ej+1(¢) —€;(¢) > =~ [loge| — <~ log|logel. (2.17)

For convenience of the notation we will also set

eo(¢) = —do/e —e1(¢) and en+1(C) =do/e —en(C).



Set
Hi(z,z) = (-1)"" H(z —e;(e2)),

and define the first approximate solution to (2.7) by
N
uo(z,2) = Z Hj(z,z).
j=1

Our first goal is to compute the error of approximation in a do/e neighborhood of I';, namely

the quantities

Ey, = 7Y(ug)

= Ugzz + Uo,zz + Bs(uo) + Ba(ug) + Bs(ug) + F(uo), (2.18)

where

N N N
_ E : 2§ : ! 2§ : '\2
Uo,zx + UQ,zz = Hj,zz — € ej H',z + € (ej) Hj,xza
Jj=1 Jj=1 Jj=1

N N N
Bs(ug) = 5kz H;, — &°k* Z (x—ej)Hjp — e°k* Z ej Hj,.
j=1 j=1

i=1
We now turn to computing other nonlinear terms in Ey. For every fixed n, 1 < n < N, we

consider the following set

do do £y | en—1(e2) + en(ez) en(€z) + ent1(e2)
An:{(w,z)e(—?,?)x(O,g) 5 <z < 5 .
For (x,z2) € A, we write
7 1 1"
F(ug) = F(Hp) + F (Hp)(uo — Hy) + F " (Hn)(uo — Hn)® + m;?XO(e—Mlerwl)
Jj#n
N
1 ]_ ” 9
= ZF(H]) + F (Hp)(uo — Hyp) — ZF(HJ) + §F (Hp)(uo — Hp)
j=1 Jj#n
+ max 0(6_3‘5'61'_“).
i#n
As the computations in [16], we obtain, for (z,2) € A,,n=1,...,N
al 1
F(uo) = Y F(H;) + 5 F"(Ha)uo = Ha)* + 3|1 = H} | (uo = Hy)
j=1

1 " B 5 les
=5 2 F(0)(ow — H;)? + max OVl ),
Jj#n

In the above formula, we define o,,; as follows. If n is even, oy,; = (—l)j forj<n and oy, =

(=1)*! for j > n. If n isodd, op; = (=1)/*! forj<n and o,; =(-1)/ for j > n.

10



Also, it is derived that, for (z,2) € A,,n=1,...,N

By(ug) = —eat:ci[l - (Hj) ]+6(1th(1— )
+Eat$[(u0)2—H3] — —5 attz T —ej) 1—H2)

252attz (1-H) — ¢ attz (z —ej)e;(1— H)

j=1

1, 2 2 1, 2 2 2
+§€ ap ;(I—Hj) + SEan® [(uo) —Hn].
Jj#n

Substitute (2.14) to above formula, it follows then for (z,2) € A,,n=1,...,N:

N N
E, = skz Hjo — 2satz D H» — V2ea, Y (z—e;) (-1 Hy,
V2 al -
1 2 2 I+1 21,2
— —E Gyt z T —€; ]+ H;, - 75 Ayt : €; (_1)]+ Hj, — ¢ k z:l ej Hja
j= i=

1
+\/§satmz (=1 H;, + satm[ (u0)2 - Hﬁ] + %EQG” z? [ (uo)2 - u2

J#n

N
| V3 |
—V2e%an JZI(;U —ej)e; (1) H; , + 762 agp T ; (=1t H;,
i#n

N
-’k (w—e)Hjp — € Ze H,z-l-szz ],m-}-3[1—H2](u0—H)
j=1
| -7 2 1 2 -3v2|e;—z| 3
+§F (Hn)(UO _Hn) - §F (Unj)(anj _Hj) + Ijniz( 0(6 ) + O(E )
= Eo + Eoo,

where

j=1

N N
Boi(z,z) = ¢kY Hj, \/_Eatz D H; o —V2ear Y (z — e5) (1)1 Hj 5, (2.19)
j=1

Eyy, = Ey—Ep.

(2.20)

(From the above expression for Eq we see that, given the sizes for e,’s in (2.15)-(2.17) and the

properties of the function H in (2.11), denoting by x4, (z, 2) the characteristic function of the set

A, we have

N
Eo(,2) = Eor+3Y Xa, [1—H2|(uo— Hy)

n=1

+ Z XA, [ (2| loge[?)eV2Ien—al 4 0(1)maxe—m\ej—wl] + 0(e%).

J#n

11



For further application, the evaluation of the first approximation is of importance. Using the

condition (2.15)-(2.17), a tedious computation implies,

| 2|

= O(e? |loge|"),

= Ot [logel?), | Boz|

LZ(SJO/s) LZ(SJ()/E)
where

Ssose = {—0o/e <z < bofe, 0< z<1/e}.

The discrepancy between the order of the components FEg; and FEys in the error E; makes it
necessary to improve the original approximation ug and eliminate the O(g)-part Ep; of the error.
In the language of formal asymptotic expansions one can say that we need to find a correction

layer expansion of our solution, which will be done in the next subsection.

2.3 Improvement of approximate solution

We now want to construct a further approximation to a solution which eliminates the terms of

order ¢ in the error Ey. Firstly, we take e; as the form

: k(6)
e; = (=1L F4+ £, 0) = ———. 2.21
i= W g 0= (221)
(From the properties of e;’s in (2.15)-(2.17), the unknown functions f;’s should be defined as the

following
fi:(0,0) = R, (2.22)
1 £ill 20,00 < C |logel?, (2.23)
V2 V2

fi11(Q) = £5(0) > 7 loge| = 5% log] loge]. (224

For convenience of the notations we will also set

fo(Q) = =do/e = f1(() and fn41(¢) =do/e = fn(Q),
£=(f1,---,fn) with fi,---, fx satisfying (2.22) — (2.24).

Secondly, since
/ zH2dz =0, (2.25)
R
it is well known that there exists a unique solution(odd) to the following problem
Voo + F(H)U = 2H, inR, ¥(+o0)=0, /'Ile dz = 0. (2.26)
R

Therefore, we can define our correction layer by

N
¢*(2,2) =) $5(@,2), ¢5(@,2) = (1) V2a,(0,62)¥(z — ¢y),

12



and take the basic approximation to a solution to the problem near the curve I’ by
Uy = Ug + ¢*
The new error can be computed as the following
Ey = Eo+ ¢}, + ¢% + F (u0)¢" + Bs(¢")
+ By(ug + ¢*) — Ba(uo) + Bs(uo + ¢") — Bs(ug) + N(¢%),
where
N .
By(¢") = V2elkay ) (-1 T, + O(),
* %\ 2 *\3
N(¢*) = —3uo(¢*)” — (¢%)"-
We compute two main components of E; in the sequel. The first term is the following

Grp + 5 + F (uo)o*

N N
= &3 [Gae + G + F (H)5 | — 363 [ (w0)? — HZ |5
= =
N
= 25at05z2m—e IDTARY: ”—352[ HJ?]¢;'-‘+O(53).
j=1

The other term is in the sequel
Bi(uo + ¢*) — Ba(uo)
N N
=2\/§s2at2Z(:c—ej)H(a:—ej)\Il(x—ej)+2\/§6 Za: ug — H
=1 j=1

N
+2v26%ai Y ej H(z —e)¥(x —e;) + O(°).

j=1
Therefore, the following lemma is readily checked, which implies that ¢* is the right correction

layer as we just stated in previous subsection.
Lemma 2.3. With the notation of the previous subsection we have

E,

Y (u1)

N
= Eop2 — \/—Eatz fi (1) H; , + 2v2e%a] Z(w—ej)H(x—ej)lIl(x—ej)

N N
—SEZ(ug—H;)d);‘ + 2v2¢%a Z:c uo — H — 3uo (¢*)2 - (¢*)3
j=1 7j=1

+2v2¢% a? Zej (x—e))¥(z —e;) + V2e’kay Z(—l)j"'1 U,
=1

1l

Eyy + Eny + E12,

13



where we have denoted
N
Eyn =- 26%2 fi(=1)"'H; ., Eis = E; — Ep — Ey;.
j=1

Moreover, we have the following estimate
HE11HL2(G) < Ce'?|logel?, | Bz +E12||L2(6) < Ce*2?|logel. (2.27)

o
Locally and formally, we set up the full problem in the form Y(u; + ¢) = 0, which takes the

form near the curve I',

T(ur +¢) = Li(¢) + Bs(¢) + E1 + Ni(¢) =0, (2.28)

where
Lig) = fus + 0oe + (1-3w)?)o, (2.29)
Bs(¢) = Bs(¢) + Bo(u) + [5 2a:(0,e2) ¢ + €2 ay(0,e2) 2° + 3 2a4(0,€2) xs]ul ¢, (2.30)
Ni(9) = ¢+ 3um¢® + [EQat(O,EZ):c+ e? ay(0,e2) 2* +532a4(0,5z)m3] . (2.31)

3 The gluing procedure

In this section, we use a gluing technique (as in [14]) to reduce the global problem in Q. to a
nonlinear projected problem in the infinite strip & defined in (2.6).

Let § < 80/100 be a fixed number, where Jy is a constant defined in (2.3). We consider a smooth
cut-off function 74 (t) where ¢ € Ry such that n5(¢t) = 1 for 0 < ¢t < é and n(t) = 0 for ¢ > 26.
Set n5(x) = ns(e|z|), where z is the normal coordinate to I'.. Let u;(z,2) denote the approximate
solution constructed near the curve I'; in the coordinate (z, z), which was introduced in (2.5). We

define our global approximation on . to be simply

3 +1] -1, forz <0,
W(y) = M55 () [ul ] rx
n5s(@) [ur —1] +1,  forz >0.

For u =W + (Z) where <$ globally defined in Q., denote
Su) = Ayu + (u—aley)) 1 —v?) in Q..

Then u satisfies (2.4) if and only if

2 N S
L(#) = —E + N(¢) in Q, 6—Vy¢_—8—1/yw_o on 9., (3.1)
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where

£(@) = Byd + [1-3W2 + 2a(ey)W |,
N(§) = (9)* + 3W(9)* ~ aley)(9)?,

o

= S(W).
We further separate q} in the following form
¢ =m0+

where, in the coordinate (z, z) in (2.5), we assume that ¢ is defined in the whole strip &. Obviously,

(3.1) is equivalent to the following problem

s Dy + (1= 3W2)6 + 2a(ey)W o ]
Ayt —2(1 = aW)g +3(1 = 1) (1 = W)y

w | Nsse +0) - E=30-w2p], (32
— 2 (Ayis)d — 25(Vy56) (V)
+(1-)NG+v) - A -mH)F,  (33)

where 9, defined in )., is required to satisfy the homogeneous Neumann boundary condition. For

further references, we write the following estimates. From Lemma 2.3

s E = n5En + n5(Ew — En) (3.4)
with the validity of estimates

75 B1all oo,y < CM0gel’,  ||n5(Br = Bu)|l oq,) < C*/*[logel”. (3.5)

A trivial computation gives that

ﬁd/s

11 =15)E| o,y = IEllL(@on{lz/>s/e}) < Ce™ % (3.6)

The key observation is that, after solving (3.3), the problem can be transformed to the following

nonlinear problem involving the parameter ¢

£(9) = 15[ Nngsg + ) — B =301 - W) . (3.7)

Observe that the operator £ in Q. may be taken as any compatible extension outside the 64/e-
neighborhood of T'; in the strip &.

First, we solve, given a small ¢, problem (3.3) for 1. Assume now that ¢ satisfies the following

decay property

Vo)| + [¢w)| < e if |a| > 6/, (3.8)

for certain constant v > 0. The solvability can be done in the following way. Let us observe that

1 — W? is exponentially small for |z| > 6/, where z is the normal coordinate to .. From the

expression of W and the fact that |a(ey)| < 1, we get

min 2[1—a(ey)W ] > 0.
y€e2e

15



Then the problem

Y

% =0 on 895,

Ay —2(1 —aW)p +3(1—n5) (1 — W2 =h  in Q,
has a unique bounded solution 1 whenever ||| < +00. Moreover,

[9]le0 < CI[R]]oo-

Since N is power-like with power greater than one, a direct application of contraction mapping

principle yields that (3.3) has a unique (small) solution 1) = ¥(¢) with

[(@)]| L < Ce[ |@llre(a|>s/e) + VBl (a|>s/e) + €075 ], (3.9)

where |z| > §/e denotes the complement in . of §/e-neighborhood of I'.. Moreover, the nonlinear

operator v satisfies a Lipschitz condition of the form

[[(h1) — P(p2)l|L < Ce[ |lpr — D2llLoe(ja)>576) T 1IVI1 — Vdal|Leo(ja)>s/e) |- (3.10)

Therefore, from the above discussion, the full problem has been reduced to solving the following

(nonlocal) problem in the infinite strip &

£(6) = n5| N (ns6 +(6) — B = 3(1 - W2p(9) ], (3.11)

for ¢ € H?(S) satisfying condition (3.8). Here £ denotes a linear operator that coincides with £
on the region |z| < 83/e. The definitions of this operator can be showed as follows. The operator

L for |z| < 83 /e is given in coordinate (y1,y2) by the formula
Dyp + (1 - 3(u1)2)¢ + 2a(ey)uy ¢. (3.12)

We extend it for functions ¢ defined in the strip & in terms of (x, z) as the following

L(8) = oo + boe + (1=3(w)?) 6 + niosBs(9), (3.13)

where Bs is the operator defined in (2.30), in which all derivatives and variables are expressed in
the coordinate (z, z).

Rather than solving problem (3.11), we deal with the following projected problem: given f =
(f1,-.., fn) satisfying (2.22)-(2.24), finding functions ¢ € H*(8), ¢ = (c1,...,cn) with ¢; €
L?(0,¢/e) such that

N
L(¢) = Nao(¢) — B2 + Y ¢;(2)x;(2,2) Hjp in 6, (3.14)
j=1
¢(z,0) = d(z,0/e), ¢:(2,0) = ¢.(2,0/c), z€R, (3.15)
/ &z, 2)xj(x,2)Hjde =0, 0<z</{l/e, j=1,...,N, (3.16)
R
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where No(¢) = 05N (¢ + 1(¢)) — 3n5(1 = W2)p(¢), E» = nzE. The smooth cut-off functions are
defined by

261
27

27 _ 1 1, |t|<a
p=va =4 1 )
0, |t| > b,

ijgsz)) where a = /2
log =

xj(@,2) = Tlfi(

We notice that with this choice x;x; =0, for i # j, provided that ¢ is taken sufficiently small.

In Proposition 5.1, we will prove that this problem has a unique solution ¢ whose norm is
controlled by the L?-norm of E;,. Moreover, ¢ will satisfies (3.8). After this has been done,
our task is to choose suitable parameters f;’s, possessing all properties in (2.22)-(2.24), such that
the function c is identically zero. It is equivalent to solving a nonlocal, nonlinear second order
differential equation for the unknown f under periodic boundary conditions, which will be shown

in section 7.

4 Linear Theory

This section will be devoted to the resolution of the basic linear theory for the operator £ defined

in (3.13). Given functions h € L?(&), we consider the problem of finding ¢ € H?(&) such that for

certain functions ¢; € L2(0,1), j = 1,..., N, we have
N
L(p) = h+ Y ci(2)xj(z,2)Hj» in6, (4.18)
j=1
¢(z,0) = ¢(z,l/e), ¢.(2,0) = ¢.(z,l/e), z€ER, (4.19)
/ d(x,2) Hj (x,2) xj(z,2)de = 0, 0<z<{lle, j=1,...,N. (4.20)

Our main result in this section is the following.

Proposition 4.1. There ezists a constant C > 0, independent of € and uniform for the parameters
f in (2.22)-(2.24) such that for all small € problem (4.18)-(4.20) has a solution (c,$) = T¢(h),

which defines a linear operator of its arguments and satisfies the estimate

I8llz2(s) < Cllhl|L2s)-

O
For the proof of Proposition 4.1, we need the validity of the existence result for a simpler

problem. Let us define the linear operator

L0(¢) = ¢zw + ¢zz + (1 _3H2)¢7
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and consider the problem: given h € L?(&), finding functions ¢ € H?(&) and ¢ € L?(0,4/¢) to

Lo(¢) = h + c(2)x(z) H; in &, (4.21)
¢(z,0) = @(x,t/e), ¢=(x,0) = ¢:(x,L/e), xz€R, (4.22)
/q’)wz Yx(z)dz = 0, 0<z<§, (4.23)

where x(z) = n%(z) and n? is the function in (3.17).

Lemma 4.2. Problem (4.21)-(4.23) possesses a unique solution, denoted by (c,¢) = To(h). More-

over, we have

IA

llc Hel|22(s) C Pz (),

AN

¢llazey < CllhllL2(s)-

Proof. We will first prove an apriori estimate for (4.21)-(4.23). To this end let ¢ be a solution
of (4.21)-(4.23). We observe that for the purpose of the a priori estimate we can assume that ¢ =0

n (4.21). Let us consider Fourier series decompositions for h and ¢ of the form

oz, 2) = Z dr(x)e™*  h(z,2) = Z hy (z)e he=.
k=0 k=0
Then we have the validity of the equations
—k** ¢ + Lo(pr) = by, TER, (4.24)
and conditions
/ or Hyx(z)dz =0, (4.25)
R

for all k. We have denoted here

£0(¢k) = ¢k,zw + FI(H(m))(ZSk

Let us consider the bilinear form in H!(R) associated to the operator £, namely

B, 0) = [ [l — PDIWP] da

Since (4.25) holds uniformly in k¥ we conclude that

Cllldrlz2g) + k2l 72@)] < Bk, dr) (4.26)

for a constant C' > 0 independent of k. Using this fact and equation (4.24) we find the estimate

(1 + B )0k l72m) + 100ell 72y < Cllbkll72w)-
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In particular, we see from (4.24) that ¢ satisfies an equation of the form
Oee — 20k = i, T ER
where ||Ag|| r2®) < C||he||2(r). Hence it follows that additionally we have the estimate
l6k,zellz2®) < Clibkllzz)- (4.27)
Adding up estimates (4.26), (4.27) in k we conclude that
1D?I[72(s) + 1D9lI12(e) + [19ll72(s) < CllhllZas)s (4.28)

which ends the proof in the case ¢ = 0. To prove the general case we multiply equation (4.21) by

H,x(z) and use (4.23). This yields:
c(z)/ H£X2(m)da:=/£0(¢)H$de—/hwada:
R R R
Z/(HzXzz+2szXz)¢dx_/thdea
R R
hence
lleHz|L2() < Ce||0llL2(s) + ClIblIL2(s) (4.29)

where u € (0,1). Taking ¢ sufficiently small and using (4.28) we get the required a priori estimates
in the general case.
The existence part of the Lemma follows from standard Fredholm alternative argument. The

proof is completed. O

In order to apply the previous result to the resolution of the full problem (4.18)-(4.20), we
define first the operator (c.f. (3.13)) for a fixed number j

L(§) = £(9) = bua + 92 + (1= 3(H;)*)§ + 155 Bs(9),

and consider the following problem

L) = h + ¢j(2)xj(z,2) Hj; in6&, (4.30)
¢(z,0) = ¢(z,L/e), ¢.(z,0) = ¢;(z,l/e), z€R, (4.31)
/¢(m,z)xj(x,z) Hj,de =0, 0<z< g (4.32)
R

We have

Lemma 4.3. Problem (4.30)-(4.32) possesses a unigue solution (c;,$). Moreover,

IN

lle; HjzllL2 (o) C|hll2(e)>
lpll2ey < Cllhllz2s)-

AN
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Proof. We recall that H; = (—1)7*1H (2 — ej(£2)) defined in & and denote below

£(z,2) = E(z +ej(ez), 2).

Direct computation gives that problem (4.30)-(4.32) is equivalent to

oz + G + (1 = 3H?)$ + Bo() + Bi() = h + ¢;(2)x(z) H, in 6,

$(x,0) = d(z,l/e), ¢:(x,0) = ¢:(,4/e), z€R, (4.33)

/x(m)qumda: =0, 0<z< é,

R €
where
Bo(p) = ¢* (e;-(ez))2<$m — e2el/(e2) o — 2¢€(€2) Py

In the above, B; is the operator transformed from ngsBs in (2.30) under the changing of variable.

Direct computations will show that the linear operators Bo and Bl are small in the sense that

1B1(8) + Bo(9)lr2(s) < 0(1) [|9llr2(s5)

with o(1) — 0 as € — 0. This problem is then equivalent to the fixed point linear problem

where Tj is the linear operator defined by Lemma 4.2. From this, unique solvability of the problem

and the desired estimate immediately follow. O

Proof of Proposition 4.1. We will first define some cut-off functions that will be important in
the sequel. As before, let % (s) be a smooth function with 7’ (s) = 1 for |s| < a and = 0 for |s| > b,
where 0 < a < b < 1. Recall that e; = (—1)7* f + f;. Then, with R =log1, and X; = z — ¢;(e2)

we set
' % M _ 2" -1 _ 28 -1
mi@2) =mh(H), a=vag—, b=v2T -, (4.34)
(cf. (3.17)). We search for a solution of ¢ = T'(h) to problem (4.18)-(4.20) in the form
N p—
$=1v+ 1 (4.35)
j=1
(From the definition of the functions n; and x;, we have
MiXi = Xi» XiVni = xiAn; = 0. (4.36)

We will denote

=

N
=1-Y
7j=1
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It is readily checked that ¢ given by (4.35) solves problem (4.18)-(4.20) if the functions ¢;,j =
1,---, N, satisfy the following linear system of equations, for j =1,--- | N,

L(¢;) = mj(h— 1+ 3uly) + x;jci(ez) Hip + 35 (uf — H3)¢; in &, (4.37)

()Zj(.'L',O) = (Z)j(.’l?,[/é‘), J)j,z(wao) = d_)j,z(xae/s)a T e R, (4'38)
/(qﬁ]—}—xjw) Hj.xjdz =0, 0<z<§, (4.39)
and the function 1) satisfies
N N .
Yoo + 22+ X(1=3ud)y = Xh+ ) (1—15)¢i(e2) Z 2V1; - Vs + ¢;An;), (4.40)
j:l
¥(z,0) = ¢(z,l/e), v:.(2,0) = Y:(z,l/e), —oo<z < o0 (4.41)

In order to solve this system we will set up a fixed point argument. Observe that the orthogonality
condition in (4.39) is satisfied for <;3j + x4 rather than ¢_>j, hence it is convenient to introduce new

variable q;j = ¢; + x;%. Then combining (4.37) and (4.40) we get the following system for éj

L£(5) =mj(h— 2 +3WY) + x;cj(ez) Hjp + 3n; (W? — H; ) ¢;
+ X, L7 (¥) +Ax; +2VY - Vyx;, in 6,

. . - . (4.42)
¢j(m70) = ¢j($7€/5)7 ¢j,z($;0) = ¢j,z($:£/5); z € R,
- L
/¢1H],zX]d$=07 0<Z<—,
R €
To solve (4.42) we assume that functions ®;,5 = 1,---,N, and ¥ are given. First we replace

¢j, ¥ by ®;, ¥ on the right hand sides of (4.42) and solve (4.42) for each ¢, j = 1,..., N, using
Lemma 4.3. We get the following estimates, for all j =1,--- | N

N
16illmey < C[IIbllzace) + 1¥llire | +0(1) D 19;1m2(e, (4.43)

as € — 0. Given ¥ we can now find functions ¢; = $;(¥) which solve (4.42) by a fixed point

argument. Next, we can now solve (4.40) for ¢ which in addition satisfies

1
1¥lla2 o) £ Cllbllee) + 5 Z |9, (¥ |H2(G): R =1log - (4.44)

Combining this with (4.43), taking ¢ small, and applying a fixed point argument again we get
finally a solution to (4.40). This ends the proof. O

5 Solving the Nonlinear Intermediate Problem

In this section we have the following theorem for the resolution of problem (3.14)-(3.16).
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Proposition 5.1. There exist numbers D > 0, 7 > 0 such that for all sufficiently small € and all
f satisfying (2.22)-(2.24) problem (3.14)-(3.16) has a unique solution ¢ = ¢(f) which satisfies

3
||z (s) < Dez| loge|?,

6]l Los (2|5 8/e) + IV Bl Loz 576) < €775

Besides ¢ is a Lipschitz function of £, and for given fi,f5 : (0,£) = RN such that:

loge
1f: — 2| z20,0) < | 212 |7 (5.1)

it holds

ll¢(f1) — ¢(f2)l|m2(e) < Cellogel|’|lfs — ol m2(0,0)- (5.2)

Proof. A first elementary, but crucial observation is the following: there holds E; = 7§ E= Es;

Moreover, the term

N

nsEn = —V2ensa Z fi (17 Hy,

i=1
in the decomposition of E» can be absorbed in that term Z;VZI X;j ¢j Hj . Let T¢ be the operator
defined by Proposition 4.1. Given f in (2.22)-(2.24), the equation (3.14)-(3.16) is equivalent to the
fixed point problem for ¢(f):

o(f) = Tr(h) = A@6,9), (5.3)
with

b= —n5(Eoa(£) + Era(£)) + Na(4(0)). (5.4)

In the sequel we will not emphasize the dependence on f whenever it is not necessary.
We will define now the region where contraction mapping principle applies. From the estimates

3/2

in Lemma 2.3, the terms Fg, and Ej are of order O(¢%/2|1loge|?). Hence, we consider the following

closed, bounded subset of H?(&):

6]l 2 () < De?|logel?,
B=(¢eHS) ,

@llzos (215 5/2) + IVl Loo (215 5/2) < €770/
and claim that there are constants D, 7 > 0 such that the map A defined in (5.3) is a contraction
from B into itself, uniform with respect to f. Given ¢ € B we denote ¢ = A(¢p,f) and then have
the following estimates. Firstly, (3.9) and Lemma 2.3 imply that for ¢ € B

< Coe®|loge’ + Clidlla(s) + 77 (5.5)

H —nj <E02(f) + E12(f)) + No() ‘

L2(8)

+Cet/ [ Bl Lo(zi>87e) + IVllLoo(z/55/¢) ] ,
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with some v > 0. Secondly, the exponential decay of the basic approximate solution u; outside

the region: {|z| > dg/e} and the fact that F'(W) = —1+ O(e ~7/#!) for some constant v > 0 imply

1A, D)l (ja155/2) + IVAB, D)l Loe (2] 56/0)
< Ce e 4 C5[||<Z~5||Lm(\m\>5/s) + IVOllLes (o)>67¢) |- (5.6)
(From (5.5)—(5.6) we get that A indeed applies B into itself provided that D is chosen sufficiently
large and 7 sufficiently small.

Let us analyze the Lipschitz character of the nonlinear operator involved in A for functions in

the subset B, namely niN (1556 + ¥(¢)). For ¢1, ¢» € B we have, using (3.9) and (3.10):

| m3 0 (r5s0 + 0(60)) = 15N (mi e + 0(62)) |

L2(8)

< 0[63/2| 10g6|2 + 6—705/6] { ||¢1 — ¢2||L2(6) (57)

+e 41 — pollpeo(juia/e) + €/HIV(B1 — h2)llLoo (/676 }

Using this one can show that A is a contraction map in B and thus show the existence of the fixed
point.

We will now analyze the dependence of the solution ¢ found above as a fixed point of the
mapping T¢ on the parameter f. We will denote ¢ = ¢(f) whenever convenient. We will consider
periodic functions fy, £, : (0,£) = RV, such that (5.1) holds. A tedious but straightforward analysis
of all terms involved in the differential operator and in the error yield that the operator T¢(®) is
continuous with respect to f. Indeed, indicating now the dependence on f, let us make the following

decomposition:

Lo (6(8)) = Le(6(8)) = Le, (6(8) = 6(8)) + [ F'(wi(f)) = F'(wi () | 6(F:).
Above, and in what follows f,, = f,,(ez). We will denote

(f1)x; (f1)
(f1)x;(f1)

N H.
¢=o(f) — ¢(f2) + Y ——2
jzl/Hj’z
R

/ () H, o (£)x; (1) da.
dz /R

With these notation we have that ¢ satisfies:

N
Lod = A(fi,8,0(0),6(8)) + Y & Hj0 (),
=1 (5.8)

/R GH; o (£1)x; (F) dz = 0,

where

¢j = cj(f1)x;(f1) — cj(f2)x; (f2),
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and

A(fl, fz, ¢(f1)a ¢(f2))

2_&1{2 Hj o (f1)x;(f1) / ¢(f2)[ e (F)x; (1) — j,ﬁ(fz)xj(fQ)]dm} (5.9)
i=t | Hj,(fi)x;(f)dz %
R

+ [F'(W(fl)) - F'(W } ﬁ: (f2)x; (f2) [ Hj.(f2) - Hj,z(fl)] + h(f1) — h(fa),

with h(f,) defined in (5.4). Using these decompositions one can estimate [|¢(f1) — ¢(f2)||n2(s) by
employing the theory developed in the previous section.
In fact, observe that by Proposition 4.1 we only need to estimate ||.A||12(s). For instance we

have:

[(Fv@) - PovE)]e®)| | < CeT N - Bl 6@ ey (5.10)

L2(8)

To estimate the L? norm of the first term in (5.9) we fix a j and denote:

= aalOGO) g o) (B8 (8) — B () (8)] do
/ fl X] fl dZ‘ R

Then,
16, (hg)llz2e) < C sup gl - [ILe, (D)llm2e) + C sup |g:| - |Vhl|m2(e)
z€(0,8/¢) 2€(0,£/¢)
+ C|InLe (8)llL2(e)- (5.11)
We have:

gl = / () o (B0) X (B1) — H o (B2)x; (B2)]
|z|<C|log €|

< Ce V2 |logel' 2 ll9(Es) |12 @) 11 — £2ll r2(0,0)-

Using the fact that Hyg, + F'(H)H, = 0 and that supp x(f1) C {|z — fi;] > %|10g|s|} we can

estimate:
I Le, M)y < C.
Furthermore,
gz < Clloge] |22 (82) |° | Hj 2 (F1)x; (f1) — Hj o (£2)x; (f2)[*da
|z|<C|loge|
+ C|loge| |6 (£2) [P |[Hjoo (B1)x; (1) — Hjo (£2) x5 (£2)): ] dee
|z|<C|loge|
+ Clloge| |6(62) |°|[Hjo (F1) x5 (B1) — Hjo(F2)x; (£2)]2[*dae
|z|<C|loge|

< Clloge|(I +IT+ III).
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We have:

I+11

IN

Clify = £2ll2(0.0) (1622 (E)[* + [ (£2)]*)d,
||

z|<Cllog €|

Iir S C(|fl,zz - f2,zz|2 + |f1,z - f2,2|2) sup / |¢)(f2)|2d$
z€(0,¢/¢) J|z|<C|loge]|

+Cfanel + 0P - Bl s [ joe)Pds
2€(0,¢/¢e) J|z|<C|loge|

< C(|f1,zz - f2,zz|2 + (|f1,z - f2,2|2)”¢(f2)”§{2(6)
+ O, ” + B2,y — £2ll7200,0)[10() 2o -

Similar estimate, but depending only on the first derivatives in z of f,,, ¢(f2), holds for g.. Using

these estimates we conclude from (5.11) that

1£e, (hg)llz2(e) < Ce™'/?[loge|*ll¢(f)lm2(e) Ifi — fallm2(o,0)- (5.12)
We will now estimate:
Ih(F) = h(E)lln2e) < Il (B(f) — E(f2))ll 2o
+ IS [N (55 8(F1) + (1)) = N(ms6(8) + 9 (£2)) |2 (e (5.13)
+3ln5[(1 = W2(E))p(fr) — 1 = W (£2))9(E2)]l]22(e)-

Using the equation satisfied by ¥(f,), n = 1,2 we find:

IN

Ins(E(f1) — E(£2))ll12(e) < C*/*|logel|’|lfi — fallu2(s),

[0(f1) — ¥(E2) |l mr2(e) < Cellp(fr) — d(E2)l|mr2(e) + C*/?|loge|?||fi — fo|pr2(e) -

A

Then we get that:
Ih(f1) = h(E)llr2e) < Cellp(fr) — d(2)l|r2(e) + C*/?|loge|?||fi — fo|pr2(e) - (5.14)
Term involving ¢;(f2) in (5.9) can be estimated in a similar way. In summary we obtain:

@llz2(e) < Celloge|?|lfi — fallu2(0,0) + Cello(fr) — ¢(£2)ll 2 (o)

’ ] (5.15)
< Cellogel|?||fi — f2l|m2(0,¢) + Cell@ll2(e) + Celld — ¢(f1) + d(£2) || m2(s)-
Since
lg — d(f1) + ¢(B2) | m2(s) < Celloge|!||fr — £l mr2(0,0)5
estimate (5.2) follows from (5.15). This ends the proof. O

Clearly Proposition 5.1 and the gluing procedure yield a solution to our original problem (1.3)

if we can find f in (2.22)-(2.24) such that

c(f) = 0. (5.16)
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As we will see this leads to a system of N nonlinear ODE’s. We carry out this argument and solve

the nonlinear system in the next two sections.

6 The projection on H, , and the Toda System

It is easy to see that the identities (5.16) is equivalent to the following equations

/Oo[.c(qﬁ) +15E — No(¢)| Hppdz = 0, n=1,...,N. (6.1)

o

Hence, it is crucial to get estimates of all terms in (6.1), which will be carried out in the sequel.

Make notations
S={z€eR: (z,2) €6}, S, = {zeR: (z,2)€A,},
and consider for each n, (n = 1,--- , N), the following integrals
/ ns Bz, z) H' (x — en(e2))de = / +/ ns E(x,2) H' (z — e,(e2)) da
S n JS\Sn
= Enl(ez) + Ena(ez).
Note that in A, n5E(z,z) = Ei(x, 2), we begin with

En(ez) = /5 [Eoz + (B + Elz)] H'(z —e,)dz

= Io+_[1.

(From the computations of section 6 in [16], we get the estimates for some terms in Iy as follows

Iy

N N
/ [—EZZe;IH-,gc + &2 Z(e;)ij,m + 3(1-H2)(uo —Hn)] H'(z —e,)dz
Sn j=1 .

+ [ G F B = o) = S F" oo = Hy)' | He = e0) da

= (-1" [52 Yo eT’: -m e—\/i(en—en—l) + v e—\/f(en_,.l—e")]
N
+0(e?) Z e + (eg)2 +e |+ 51/2ma)(0(6ﬂ/§|ej—en|)7

= J#n

where we define

2/2 .
Yo = / Hz-2 dz = T\/—, Y1 = 3A0/(1 - I?[Z)I?L,E e_‘/iwdx.
R R

26



Obviously, we obtain

\/5 N , N
Ip = ——E2att/ Ze?H(:c—ej)H'(:c—en)dx—62k2/ ZejHj,zH'(:c—en)dx
2 Sn j=1 Sn j=1
N
2 /
_gezatt‘/ Z(x—ej)2H(x—ej)H'(x—en)d:U
Sa 521

2
= - 562 ai(0,62) €2 + (=1)"e% o k% (e2) en + €2 ay(0,62) v2 + /2 maxO(e_ﬁ|€f_e"‘),

i#n

where

2
Y2 =—£/ z? H? dz.
2 Jr

Using the facts that the function H' (z) is even, the conditions in (2.15)-(2.17) and the asymptotic

expansion of H in (2.11), one carries out the estimates for other terms in Iy and gets

Ips = Inp—Io1 — In2
N
_ _EQattej/ S (@ — ) (1 — H2) H'(z — eq) do
S “
n j=1
R ’ 2 2 !
+eay xz 1— (HJ) H'(z—ep)dz + cay T (uo) —H; |H'(zx —e,)dz
S j#n Sn
1
_§E2att/snj§lm2(1—H]?)H’(m—en)da:

N
+%62att/s x2[(u0)2—H,2L]H'(x—en)da:— 62k2/8 Z(m—ej)Hj,wH'(a:—en)dx
n n =1
N
= 0(53)2 [el + (e;-)2 +e”] +e/? H,laXO(e_ﬁ‘e"_e"l)-

n
et J#

IO = (—1)" [52 Yo 6;1’ -m e_ﬂ(en—en—l) + 041 e—\/i(en—kl—en) + 62 Yo k2(62}) en]
N

2 7 "
- 552 a(0,e2) €2 + €2 ay(0,62) 2 + O(e?) Z [e +(ef)?+e ]
j=1

+ &2 maxO(e _‘/ﬂef_e"').

Jj#n

27



Similarly, we obtain the estimates for the components in Iy

I, = - 25at/ ZH (x—e;) f; H (z —en)dz
Snim1

+\/_62kat/ Z U, (z —ej) H' (z — en) da
Sn izt

+2v2&% / Ze] (x—e;)¥(z—e;)H'(z — e,) dz
Kt

= — gsat(o,ez)fn + e%al(0,e2) y3en + (—1)"e? k(e2) ai(0,e2) y4 + Ofe Zf],
where

73=2\/§/H\I'H'dx, 74:\/5/ U, H dz.
R R

Using the facts that the functions H (x) and ¢*(x, z) are even, we can derive

Ly, = —35/ Z ug) —HJ?]¢;?H'(x—en)da:

nJ 1

+2v/2¢€2 at/ Z z—ej)H(x—e;)¥(x—e;) H (z —e,)dz

'n,] 1

+2v/2¢2 at/ Z H;) ¢5 H'(z — en) dz

’rl. ,7 1

—/ [3u0(¢*) + (¢*)3]H'(m—en)dm

" N
= 0(e*)a(0,e2) + O(e?) ij;

Thus, we finish the estimate of I.

To compute £y, (e2), recall that for (z,2) € S/ \ An,

H'(z — e;) = max O(e~zlei—enly,
J#N

and that n§E(z, 2) = n§ E1 (, z). Thus we can estimate

2
Enz(e2) = O(e~lei=enly + O(e/?) Y I;.
2(e2) = emax O(e” ) 21

Gathering the above estimates, we get the following, forn =1,..., N
[ B H @) = (17 [Fane; —me e gy Vi |
s

2
+ (=D)"e® yo k% (e2) e, — 3 e? ay(0,€2) ei + €% ay(0,62) 1o

4
—geat(O,sz)fn + e2a?(0,e2) 13 en

+ (=)™ k(e2)ay(0,e2)74 + Pnlez). (6.2)
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For further references we observe that

|Pallz2o) < Ce¥2, n=1,---,N. (6.3)

Continuing with other two terms involved in (6.1), using the quadratic nature of the nonlinear

term N2(¢) and Proposition 5.1, we get for
Qn(ez) = /SN2(¢) H'(z — e,(e2)) dz
a similar estimate
1Qnllz2(0,1) < Ce¥2, n=1,--- ,N. (6.4)

We point out that, by Proposition 5.1, Q,, is a continuous function of the parameters f.

The last term in (6.1) can be written as
U, (cz) = /S L) H' (& — en(e2)) da
= [ 6@ = en(e) do+ [ 105 Ba(@) ' (o = eo(e2) do
+ /S ¢ [H"(z — en(e2)) + F (W) H'(z — e, (e2)) ] da.
A similar estimate holds
1B l|z2(0,1) < Ce¥2, m=1,--- N. (6.5)

In fact, the proof is very straightforward. For example, using the orthogonality conditions we can

get
Whes) = [ 6o o —ener)) da
_ g /S G [ H" (2 — en(e2)) — () H" (& — en(e2)) ] dz
+ 2, /S 6. H"(z — en(e2)) do

The estimate for UL follows from Proposition 5.1. Moreover, it also depends continuously on the

parameters f.

Now, from above discussion, for § = £z, by the notations of

! 1" 4 2
M0, £,£,£)=P,+Qn+DB,, o1(f) = 3 a:(0,6), a3(8) = 3 a1 (0,0), (6.6)

azn(0) = =7k* (@) = (=1)"a; (0,e2)73, @4n(8) = —(=1)"120u(0,6) — 74 k(0) ar(0,6),  (6.7)

we draw a conclusion as the following proposition:
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Proposition 6.1. For the validity of (5.16), there should hold the following equations,

e2npell — e V2(enmen=1) |y emVE(Enbimen) 4 (1) ey (6) fn

—ay @ e, — (-1)"?az(0) e = 2 ayn(0) + My, n=1,...,N.
Moreover, M, can be decomposed in the following way
M@, £, F) = MmO, 15 . F) + Muz(8,£.F).

where Mp1 and My2 are continuous of their arguments. Function My satisfies the following

properties, forn=1,--- N

||M"1(07f7f 7f )||L2(0,1) < 053/2,
||Mn1(07f7f 7f )_Mn1(07f17f17f1) |L2(0,1) S 083/2|10g5|q||f—f1||H2(0’1),
Function M2 satisfies the following estimates form=1,--- | N

[ Mu2(6, 5,5 20,0y < C*2.

We omit the proof of this proposition. In fact, careful examining of all terms will lead the

decomposition of the operator M,, and the properties of its components M,,; and Ma. O

7 Location and interaction of clustered Layers

Recall that N = 2m + 1 is a fixed odd integer as in Theorem 1.2. Define the operators by
C(fa) = 20 fl + e(-1)" ay(0) o — meVE(ntemitBe) ooy VI (Jeni—futBunn)
—e’a5n(0) fo — € (=1)" a3(0) [,
where a5, and B, are given by
as,n(0) = azn(6) + 2a3(0)(6), Bn = 2(=1)""'f,

with f is the function defined in (2.21). «; is a positive function defined in (6.6). Using the fact
en = fn+ (=1)"*1f and Proposition 6.1, after obvious algebra, we have to deal with the following

system, with n running from 1 to N

L;(fn) = e agn + Mn, f(6) = £1(0), full) = fa(0), (7.1)

where fo = —00, fn41 = oo and the function og,y, is defined by
@5,n(0) = a1n(6) = (=1 f(0) + (~1)"az,n(6)£(6) + (—1)"az(6)£*(6).
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7.1 Solvability of Toda System

Before solving the above system (7.1), we study a simpler problem in this subsection. Consider

the following Toda system forn =1,--- | N
0 fr +e(=1)"" a1 (8) fn —m €7ﬁ(f"7f"_l+’6") M efﬁ(f"“*f"%@"“) = &% ?hy,, (1.2)
fa@) = £1(0),  fa(0) = £a(0), (7.3)
where fo = —00, fn41 = 0o. We have the following solvability theory.

Proposition 7.1. For given h = (hy,--- ,hx) € L?(0,£), there exists a sequence (¢;); approaching
0 such that problem (7.2)-(7.3) admits a solution £ = (f1,--- , fn) with the form:

a0 = (n—(m=1))p,(0) + fu(6) + fu(0), n=1,...,N, (7.4)

where pe, (0) satisfies

e™V2P = o0 (0)pe,, (7.5)
and in particular
1.1 1 1 1. () loglog =
6) = —log— — —loglog — — —1 0 L).
pe, (0) /3108~ glesloe — —5los ( Tog 1 )

Functions fi,--- , fn, defined by Lemma 7.2, do not depend on h and satisfy
fa(0) =0Q1), n=1,2,--- | N.
Finally, for functions fi,--- , fx, we have
| fullz2o,e) < ClhllL2o,e), n=1,2,---,N.

Moreover, if h € H%(0,£), then

—1/2
€l <1 £l <! % 1
1 0+ i 1 a0 + 1l 00 < © [loge—l] bl 00,

Proof. We divide the proof into three steps.
Step 1: Recall that ay(8) > 0. Let us define positive functions p.(8) and §(8) by

e V2P = ey () p., (7.6)

a1 (9)
V2

Then multiplying equation (7.2) by 62 and setting

§7%(8) = a1(8)pe(0) =

1 1
[logg — loglogg + 0(1)]. (7.7

fn:(n_(m+1))Ps+fna n:]-a"'aN7
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we get an equivalent system, forn =1,2,--- /N

(e fs + (1" as(0) fo) = eI Frotn) gy VB Ut
= 6% 2h, + 6% (n—(m+ 1))p;' + (=1)"(n - (m+1)), (7.8)
Fal0) = 11(0),  fall) = fal0), (7.9)
where fg = —00, fN+1 = 0.
Step 2: For the full resolution of the system (7.8)-(7.9), we now want to cancel the terms of O(1)
in right hand side of (7.8) at first. To this end, we give a lemma as follows
Lemma 7.2. There exists a solution £ = (f1,--- , fx) to the following nonlinear algebraic system
§2(=1)™ 1y () F — e V2P —Fomit8n) oy V2 (et =Fatnir) = (L) (n— (m 4+ 1)),  (7.10)
with n running from 1 to N, where fo = —00, fn41 = 0.
Proof. By setting
V2 (fn°+rf3+,3n+1)

a =ay =0, a, = v1e , n=1--- N-—1, (7.11)

we look for a solution of (7.10) in the form f, = O+ fn, where a,, satisfy the following system of

equations:
MX = C (7.12)

where we have defined

1 0 o0 0 0 m

-1 1 0 0 0 a —(m—1)
0 -1 1 --- 0 0 as
M(v_nxn = : L X = : , C = 0

0 o o0 --- 1 0 A2m—1

0 0 o --- -1 1 aosm m—1

0 o 0 --- 0 -1 —m

Obviously, the system (7.12) can be uniquely solved for the unknown variables a,,. In fact, we have

that a,,n =1,2,---,2m, are positive constants with expression as
n
an = an_n = Y _(-1)"(m+1-4)>0 foralln=1,---,m. (7.13)
Jj=1
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By (7.11),forn =1,--- ,m,m + 2,--- , N, functions f2 can be written as

20 = g logHai - g (m+1—n)logm
+ (=)™ [(-1)™" 1] £(0) + fo1(0), n=1,2,---,m,
n—1
00) = —g log H a; — g(n—m—l)logﬂyl

n
1=m+1

+(=D)™[(=1)™" +1]£O) + fo106), n=m+2,m+3,---,N.
Hence all functions f2,n =1,---, N, can be uniquely determined provided that we set

m1(0) = 4(=1)"£(6).
Moreover, there holds

(=g =o. (7.14)
Then functions fn,n =1,2,---, N, satisfy:

(52(—1)n+1 a1(6') fn — anfl[efﬁ(fnff"—l) — 1] + an[e*ﬁ(fnﬂffn) _ 1]

= =8 (=) a,(6) f°, (7.15)

where fg = —00, fN+1 = 0.

Notice that the right hand of (7.15) is of order O(6%) now. This however is not enough to
solve our nonlinear problem since there is a term of the same order in front of the linear part of
the operator. Thus we need to find one more term in the expansion of f, to cancel the terms
62 (=1)"*ay f9,n=1,2,---,N. To this end let f, = fn+ f! where f}, n = 1,..., N, solve the

following system of equations:

V2Af! = ah  with a = §%a4(6), (7.16)
where
ai —aq o 0 - 0 0 0 0
—a; (a1+az) —az 0 --- 0 0 0 0
A= , (7.17)
0 0 0 0 -+ 0 —ap-1 (azm-1+am) —am
0 0 o 0 - 0 0 —Q2m a2m
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and

a 0 -~ 0 0 £9
—a 000 I -f8
J(a) = , f'=| |, h= : . (718)
0 0 a0 f}v -5
0 0 - 0 a 7%
The matrix A has only one zero eigenvalue with corresponding eigenvector (1,1,---,1)7. The

system (7.16) can be solved due to the formula (7.14). It is easy to derive that the term f! is small
in the order of O(|loge|™1).

Now, fn,n=1,---,N, solve the following nonlinear system of equations,
0> (=1)"* ' a1 (8) fu + V2an-1 (fo = fa1) = V205 (far1 — fa)
= =& (1) ay fL + Nu(F, 1Y), (7.19)
where N,,, n =1,--- , N, are given by
Na(},£1) = apo [ V2 fomtthnmlio) — 14 VB (fo = fus) + V2 (Fh = £i0) |
- an[e_ﬁ(f"“’f"”Lf"lH’fi) -1+ \/i(fn-i-l - fn) + \/i(f’rlb-‘rl - frlb)],

and fo = —o0, fN+1 = 00. In order to use fixed point argument to solve (7.19), we consider the

following system of equations:
(V2A +J)f = ah with a = §%a4(9), (7.20)

where the matrix J is defined in (7.18). The system (7.20) has a uniformly (with respect to €)

bounded solution due to the following fact:
det(V2A + J(a)) = (-1)™a™ + -+ + (H;-V:l\/ﬁaj) .

We claim that problem (7.19) can be solved by a contraction mapping principle in the set

1
ﬁ} with small constant o > 0.

(logt

In fact, from the smallness of f! in X, we have

X = {”f'”m(o,z) <

_ . c
N(f, f! < — .
The result of Lemma, 7.2 follows by a straightforward argument. O
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Step 3: We turn to the solvability of the system (7.8)-(7.9). By setting
fn :fn‘*'.fna bn(g) =N e_ﬁ(f"+l_fn+ﬂ"+l)a n=12,--- 7N7 (721)

where f,, = fO+fl4fn,n =1,---, N, satisfy the system (7.10), then all functions f,,n =1,--- , N,
solve the following nonlinear system of equations,
& (670 JETILI + (_1)n+1 a1(0) fn) + ﬁbn—l (fn - .fn—l) - ﬁbn (fn-i-l - fn)
= 0262h, + 8 p(n—(m+1))p, — 6%y (fn) + No(f,F), (7.22)
(0 = 110),  fa(0) = fa(0), (7.23)
where N,, n=1,--- , N, are given by
Na(BF) = bua[e V2Pt S 14 V2 (fu = fu )|
. 5 5 § (7.24)
- bn[e_ﬂ(f"+1_f") -1+ \/é(fn+1 - fn)];

and fo = —00, fn41 = o0.
For the purpose of using a fixed point argument to solve (7.22)-(7.23) we also need the following

solvability theory for a linear system of differential equations

Lemma 7.3. Consider the following system

52 (E Yov, + (=1)"! ay () un) +V2bp_1(Vn — Vn—1) = V2bp (Unt1 = Un) = gns (7.25)
v, (6) = v,,(0), vu(£) = vu(0). (7.26)

There exists a sequence (g;); such that problem (7.25)-(7.26) has a unigue solution v = v(g) and

1
Vliz20.0 < CV1/erlog —[lgllz20.0), (7.27)

where v = (v1,--- ,oN)T and g = (g1,--- ,gn)T. Moreover, if g € H?(0,£) then

E ”n E N 1 1
|10gl_5l| IV [lz2(0,6) + —| loglsl| [V [|z20,6) + [[Vl|L 0,0y < C - logg—l gl Er2(0,0)- (7.28)
Proof. We will denote:
i*(9)
= a1(6) + o°(0). (7.29)
Y2 (log L —loglog 1)
By (7.7) we have
1
o°(6) = O : (7.30)
(log %)

Multiplying (7.25) by a3 + o¢, we need to solve the following system

2
5 (220 % +a1)v + (a1 +0°) [VIB - 2K&au|v = (a1 +0%) g, (7.31)
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where we have denoted k as the form

1
K= , (7.32)
@ (log X —loglog 1)
and K is a diagonal N x N—matrix with explicit form as
K = diag(0,1,0,1,---,0,1,0). (7.33)

In the above, we also defined the matrix B as

by —by 0 0 --- 0 0 0 0
—b; (bi4+b) —by 0 --- 0 0 0 0
B =
0 0 0 0 -+ 0 —bym—1 (b2m—1+Db2m) —bom
0 0 0 0 --- 0 0 —bam bam

Note that for the entries in A and B, we have the relations (c.f. (7.11) and (7.21))

b =m efﬁ(f"+1ff"+ﬁ"+1) = an(l +O(

)) . (7.34)

log %
For decomposition of system (7.31), we analyze the properties of the matrix v/2B — 2Ké%q; at

first. For the symmetric matrix A defined in (7.17), using elementary matrix operations it is easy

to prove that there exists an invertible matrix Q such that
QAQ" = diag(ai,az, - ,an—1,0).

Since ay,--- ,an—1 are positive constants defined in (7.13), we assume that all eigenvalues of the

matrix A are
{Al,"' ,ANfl,/\N} with )\1,"',AN71>0, Ay =0.

Similarly, using elementary matrix operations it is easy to prove that there exists an invertible

matrix Q such that
Q [\/iB - 2K62a1] Q7 = diag(\/ial +0(8%), V2Zas + 0%, -+, V2an_1 + O(62), 0(52)).

We also assume that all eigenvalues of the matrix v2B — 2K4§%a; are {5, -+, \y_;, Ay }. ;From

the formulas (7.7) and (7.34), we have

1
Ag:A,-+0(—1), i=1,2,---,N-1 (7.35)
log 2
Since the N-th eigenvalue, with associated eigenvector (1,--- ,1), of B is zero, we can prove that
Ny = =2 g2, (7.36)
N7 T oam1 TF '
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Moreover, since V2B — 2Ké2a; is a symmetric matrix, there exists another invertible matrix P
such that
P(\/EB - 2K52a1)P*1 = diag(\S, - , %)

Now, after setting two new vectors
- . T_p — . T _ &\ P
u (ula ,UN) v, § (gla 7gN) (al +o ) g,

system (7.31) is equivalent to the following system with suitable periodic boundary conditions,

d? 2Pt dp-1
E(EVOWu‘FOélu) + IiZE’Y()P a0 u—+ QRE’YOPTL‘
+diag(X;, -+, Av) (o1 + 0% Ju = g (7.37)

Hence, we need to consider the systems, as follows, with suitable periodic boundary conditions.

One describes the location of the center of mass of N —interfaces as
d2

K (670@111\1 + aluN) + Ay (a1 + as)uN = gn, (7.38)

and the other relate to the balance of mutual interaction of N-interfaces as

d2 .
K (sfyoﬁui +a1ui) + /\f(al +as)ui =g 1=12,---,N—-1. (7.39)

Firstly, using formulas (7.29), (7.32) and (7.36), problem (7.38) read as

d2 (651 1
6’70@UN + 2m + luN = EQN: (7.40)

with suitable periodic boundary conditions, which can be solved by the following claim.
Claim 1: If g € L?(0,¢) then for all small € satisfying the gap condition: given ¢ > 0, there exists

€0 > 0 such that for all € < g¢ satisfying the gap condition
.2 )\* .
|J E—N‘Zc\/gfor all j € N, (7.41)
there is a unique solution uy € H?(0,#) to problem (7.40) which satisfies

—1/2

1m ].
elfun |z2(0,6) + |[unl|z=(0,ep < C log ~ o] E2(0,6)-

Moreover, if gn € H2(0,£) then

" ].
ellun [lz20.0) + [[unllz=0,0) < € log ~ [lgnllm2(0,0)-

For proof of this Claim, the reader can refer to Lemma 8.1 in [15].
Secondly, for the solvability theory of equations in (7.39), define linear operators by
d2

Lizﬂ(570w+a1) +A;~_(a1+0—5)7 Z=17277N_1
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Claim 2: There exists a sequence (g;); such that L!

st =1,2,--- N —1is invertible and

i\ —1 c
L ‘ < L i=1,2,---,N. 7.42
H( 5’) L2(0,6)»H'(0,6) — +/€1 \/Ki ’ ( )
To characterize Morse indices of above operators, first of all, for any fixed i € {1,2,--- ,N — 1}

we give an asymptotic estimate on the number N} of negative eigenvalues of the operator Lt.
Denote its eigenvalues (T;" ;)i With corresponding eigenfunctions (1/); ;)i » in non-decreasing order

and counting them with multiplicity. From the Courant-Fisher characterization we can write 7'; j

in two different ways:

) Liy
= e Juliu 7.43
TE’] 1\48161]1\)4] uEII\?,u;éO f a1u2 ’ ( )

, Lt
—7;,; = _inf sup JuLeu (7.44)

MeM;—1 y1 M,u#0 f aju?’
Here M (resp. M;_;) represents the family of j dimensional (resp. j — 1 dimensional) subspaces
of H?(0,/), and the symbol L denotes orthogonality with respect to the L? scalar product with
positive weight function a;.
By (A5);,(03); we will denote, respectively, the set of eigenvalues and eigenfunctions of the
following eigenvalue problem: (c.f. (2.1))
4z

7O +0 = —Aa10 in (0,0, 6(0) = 6()), ©'0) ='W

€%
As we proved in (2.2), if € is small then we have, as j — oo,
47?2

E ; €
8 = T (%2 =) + 0(

). (7.45)
(From the asymptotic formula in (7.45) and the forma in (7.43), one derives
NZ > (C+o(1))(er) 172, (7.46)

where C' is a fixed constant independent of €. To prove a similar upper bound, we choose j to be

the first index such that kKA — A7 > [0°|. Then from the formula in (7.45) we find that
j=(C+o(1))(er)" 2,

with the same C as in (7.46). Define M;_; = span{®f : [ = 1,2,---,j — 1}. For an arbitrary

function u € H? and u L Mj;, we can write

u=> B6;.

>3

Plugging this u into (7.44) and using the formula (7.45), we also have

NE < (C—}—o(l))(an)’l/z. (7.47)
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Hence we get that
NinCer) 2 ase =0, i=1,2,---,N—1. (7.48)

For further arguments, we now compute the derivatives of 7/ ; (order o(y/gx)) with respect to

¢. Differentiating with respect to & the equation [[¢)¢ ;|| = 1, we find that

d, d%,j i
il =0= (2L vi,) =0, (7.49)

where (-, -) denotes the scalar product with weight function a;. On the other hand, by T. Kato’s

Theorem 2.2 differentiating the following equation with respect to

d2 i € £ i 4 4
n(s'y()@ + al) e T A (al + o ) e = —Teja zbm, (7.50)
we obtain
de , @2 ; e d dyl; o dxs N
d—é_(&‘ﬁ’ow + Oél)’l/}E’j + H’)’ow’(ﬂsd + H(E’YOW + 051) d + R (Oél +o )’(/JE’J'
g do's i > g dwéﬂ dTEza] i i d¢;’]
+)‘z de’;‘ ,(ps,j + )‘z (Oél + o )? = ?alws,j =+ TE,]-Oél dg .
Multiplying above equation by @b;, ;» integrating by parts and using (7.49), one gets
drt X;
—=d =21 1 . .51
e M (1+0(1)) >0 (7.51)

Next, for [ € N, we choose &; in such a way that g;x; = 27! with x; defined as in (7.32). Then

from (7.48) it follows that

Ni_ = Ni o~ C[20D/2 — 9] = ¢(vV2 = 1) () 7 (7.52)

€141

By the formula (7.51), the eigenvalue of L¢ bounded in absolute value by o(,/ek) are decreasing
in . Equivalently, by the last equation, the number of eigenvalues which become negative, when

. —1/2
€ decreases from ¢; to €41, is of order (6ml) 2, We define

Fl ={c€(eyn,a): kerlLl #,i=1,2,--- ,N — 1}, (7.53)
F? = {e € (e141,e1) : € does not satisfies (7.41)}, (7.54)
Fi = (eier,e) \ (FUF7). (7.55)
By (7.52) and the monotonicity (in ) of the small eigenvalues, it follows that card(F;) < C'(e;5:) -1z,
Whence there exists an interval (ay, b;) such that
. meas(F ;) 1,32
(al,bl) C Fy, |bl — al| > >C (El) \/Ii—l (7.56)

card(F]UF}) —
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Hence, by setting e;k; = (a; + b;)/2 and using (7.51), we conclude that L¢ ,i =1,2,--- ,N — 1 s

g

invertible and
[ < 7
€1 L2(0,0)»HY(0,6) ~ /&1 /K1

This completes the proof of Claim 2.

i=1,2,--- ,N—1. (7.57)

As a consequence of the last two claims and an obvious contraction mapping theory, the solution

to (7.37) exists and satisfies

1
lellz20.0 < CV1/zlog —lgllz=o.e) (7.58)

(From (7.58) by a standard argument one can show

]_ 17 1 ] 1
Tioa L [l [lz2(0,e) + AR [[w [ z2¢0,6) + Il 22(0,ep < Cv/1/erlog . llgllz2(0,¢)-
& 0 & \/ P log = !
The estimates (7.27) and (7.28) are also a direct consequence. O

By using Lemma 7.3, let v = (vy,---,v,) be the solution to the problem (7.25)-(7.26) with
right hand side replaced by the following term
82y, + 6% y(n— (m+1))p. — ey (fn)
Then problem (7.22)-(7.23) can be solved by a contraction mapping principle in the set

X =< fe H(0,1) 1 11z20,0) + Ellz2(0,0) < €777

_r
\/clog 2
In fact, in X we have

INGE, )| 120,y < 127

Now, the result follows by a straightforward argument using Lemma 7.3. The proof of the Propo-

sition 7.1 is complete. |

7.2 Proof of Theorem 1.2

In the final part of this section, we solve the system (7.1), which will give a proof of Theorem 1.2.

Proof of Theorem 1.1: Define
D= {f € H*0,1) | [|fllu=(0) < Dllogel® }
with small constant 0 < ¢ < 1 and for given fe D,wecansetforn=1,--- ,N
Eha(f) = 2agn(d) + Mu(£,£,£) + 2 a5n(8) fo + 2 (1)  a3(8) 2 + Mua(£,F).
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For any 2, we can use Proposition 7.1 to get
£ =T (32 (£%), -+, /2N (%)),

Whence, by the fact that M, are contractions on D, making use of the theory developed in
Proposition 7.1 and the Contraction Mapping theorem, we find f for a fixed f in D. This way we

define a mapping as

and the solution of our problem is simply a fixed point of Z. Continuity of M2 with respect to
its parameters and a standard regularity arguments allows us to conclude that Z is compact as
mapping from H!(0,1) into itself. The Schauder Theorem applies to yield the existence of a fixed
point of Z as required. This ends the proof of Theorem 1.2. O
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