LEAST ENERGY NODAL SOLUTION OF A SINGULAR
PERTURBED PROBLEM WITH JUMPING NONLINEARITY
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ABSTRACT. In this paper we study the asymptotic behavior of the least energy
nodal solution of a problem with a jumping nonlinearity.

1. INTRODUCTION

There has been a considerable interest to understand the asymptotic behavior
of positive solutions of the elliptic problem

2 .
e“Au—u+ f(u)=0 in Q
W f(w)
u=0 on 9N

where ¢ > 0 is a parameter f is a superlinear function, 2 is a smooth bounded
domain in RV. Let F(u fo t)dt. In this paper, we cons1der the problem

e?Au  — A1u+ + Xu” + f(u) = in Q
(1.2) ut #£ 0 in Q

u = 0 on 0N

where A1 > 0,X2 > 0 with A1 # X2, and u* = max{4u,0}. Let f : R » R be a
continuously differentiable function satisfying:

(f1) f(t) = o(t) as t — 0;

(£2) f(t) = O(Jt|P) as t = +o0 for some p € (1, 7= )1fN>3andp> 1if N =1,2;
(f3) there exists a constant 8 > 2 such that GF ) tf(t) where

/f

(f4) the function ¢ — £ |(|) is strictly increasing on R\ {0}.

Problem (1.1) arises in various applications, such as chemotaxis, population genetic,
chemical reactor theory. Problem (1.2) arises in the study of population dynamics
with jumping nonlinearity [6]. It can also be considered as the limiting problem of
the following elliptic system

e2Au — \u + pud + puv? = 0in Q

e2Av — v + pov® + Bou? =0 in Q

u,v > 0in O

u=v=0on 9N

The system (1.3) arises in the Bose-Einstein condenstates and nonlinear optics. An
important phenomena of (1.3) is the so-called phase separation. As f — —o0, the
components u, v separates and the difference function u — v approaches a solution

(1.3)
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of (1.2) with f(u) = pu¥ — pou® . This has been proved for least energy solutions
of (??) in [2]-[4] and for general bounded solutions in [7] (the case of N = 2) and
[5] (the case of N > 2). We refer to [1], [2]-[5], [7], [11], [16], [17] and the references
therein.
Existence and concentration of positive solution of this type of problems were
extensively studied by Ni-Takagi [13], [14], Ni-Wei [15], del Pino- Felmer [8].
Define

1 A .
IAI(W):§/RN|VW|2+71/RNWZ— )

and ) \
I,(W) = —/ VWPE+Z22 [ w2- | F(W).
2 Jrw 2 Jrn~ RN
Let W)y, be a least energy positive solution of

(—Au+ M\u= f(u) in RV
(1.4) u>0 in RV
{ u € H'(RY)
and Wy, be a least positive solution of
(—Au+ Mu = f(u) in RV
(1.5) $ u>0 in RV
{ u € HYRY).

By Gidas, Ni and Nirenberg [10], it is well known that W), is radially decreasing

and decays as

W, (Ial) ~ e V¥I#l[a| = as |o| = +oo
for ¢ = 1, 2. Throughout the course of the paper we will call Wj,; an entire solution
or a ground state.

In this paper, we prove the existence of a least energy nodal solution and show
that for € sufficiently small, the solution has a exactly one positive spike and one
negative spike and the spikes concentrate at two distinct points of €2, in other words
they repel each other. Define

1 VAVvA
plz,y) = min{ Ad(z,00), v/ A2d(y, 00)), }
v v Eiv el
Theorem 1.1. There exists g > 0 such that for every 0 < € < &g, the least energy
nodal solution u. € H(Q) of (1.2) having exactly one positive local mazimum
(hence a global mazimum) point P} and one negative local minimum (hence a global

g
minimum,) point P2 and

lim p(P;, P}) = max _¢(z,y),
e—0 (z,y) EQXQ
with uc(P!) = (=1)71Wy,(0) and u. = 0 in CL(Q\ {PL, P?}).

Note that for sufficiently small e > 0, the least energy positive solution to the
problem (1.1) has a unique maxima P.; u. decays exponentially away from P. and
d(P.,00) — max d(P,0Q) as € — 0, which implies that the solution concentrates at

€

an interior point furthest from the boundary of 2. This was studied by Ni-Wei [12].
For the least energy nodal solution, the problem was studied by Noussair—Wei [15]
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when A\; = Ay =1 and f(u) = vP. They obtain the same results as in Theorem 1.1.

In addition, they prove that u.(z) = W(%)—W(z A )+ve, where [|ve|| o (@) =
0 as € - 0 and W is the unique solution of the hmltlng problem. The study of
asymptotic behavior involves the uniqueness and non-degeneracy of solution of
the limiting problem. Then using the expansion, an asymptotic expansion of the
energy is obtained. This approach does not work here since u; and uw_ are not
differentiable. Neither we have uniqueness nor nondegeneracy of the ground state.
There is another approach by del Pino and Felmer [8] where they used variational
characterizations of positive solutions and symmetrization technique. However their
approach works well for positive solutions and does not work for sign-changing
solutions. We shall modify the approach of del Pino and Felmer. The problem here
is more complicated since the solution is sign-changing and we have to estimate the
interaction of the positive and negative components.

2. PRELIMINARIES

Without loss of generality, we consider 0 < A1 < A2. The associated functional
to the problem (1.2) is

E.(u) = /Q (%w? + %(w)? + %(u‘f - F(u)) .

Note that from (f>), E. € C? °(HL(Q),R). Moreover, if u. € Hi(Q) is a critical
point of E., then u. € C?(Q) N C () and hence u, is a classical solution of (1.2).
) (u

Note that E.(u) = E; i, (v) + E¢ x,(u) where
_ e o 2y My a2 +
B\ (u) = =IVuT]* + —(u")* = F(u™) |dx,
0 \ 2 2
2
Bow) = [ (i|Vu—|2 + 202 - F(u-))dx.
o \ 2 2

Define the Nehari manifold as

/\/Ez{ueHé(Q):uiiéO,s /|Vu+|2+A1/ /f
(2.1) /|Vu |2+)\2/ /fu u }

Define the positive and negative Nehari manifold as
(2.2) NE={ueN.:+u>0}

respectively. Note that any u belonging to N; is sign-changing. Moreover, all the
sign-changing solutions of (1.2) is contained in N;. Also note that Nt NN =0
and N = Nt + N . Let

(2.3) Ce = 1nf E.(u)

uEN,

We will show that there exists u. € N: such that ¢. = E.(u.), that is u. is a least
energy sign-changing solution. We state some elementary lemma,

Lemma 2.1. For all e >0, Nt and N are closed subsets of Hj(Q).

0<c¢t = inf E u) = inf max E tu
€ weNF 6,)\1( ) wEH (2),u0 150 E>\1( )



4 E. N. DANCER, SANJIBAN SANTRA, JUNCHENG WEI

and

0<e, = ugjl\f EE >\2( ) ueHll(Ig) u£0 ?%CEE A2 (tu)

Moreover, every minimizer of E. on NF is positive.

Proof. This follows trivially by using (f4) and Sobolev embedding theorem. See
[12]. O

Remark 2.2. Similarly if we define
He = {u € Hy(Q) : (B{(u),u) = 0}.
Then from (f4) we obtain that for every u € Hg(2) \ {0}, there exists a unique
1 # t; > 0 such that tyu € H, and
E.(tiu) = max E.(tu).

And using the fact that supp ut N supp 4~ = 0, we obtain that for any u €
H(Q) \ {0}, there exist 0 <t # 1 and 0 < s # 1 such that tut — su™ € N are
uniquely defined.

Lemma 2.3. N is a closed subset of H}(Q). There exists some u. € N such that
ce 18 achieved. Moreover, u. is o weak solution and hence a classical nodal solution

of (1.2).
Proof. Let € > 0 be fixed. Since c¢. = infy,ecn, Fe(u), there exists a minimizing
sequence uc , € N; such that E.(u.,) = ¢ as n — +o0. Note that by (f3), E: is
coercive on N, as
1 1 _
EE(Us,n) > (5 - 5)/ {52|vu5,n|2 + /\1 (u:_,n)2 + ’\2(us,n)2}
Q
and hence u, , is bounded from below on N.. Again by Ekeland’s variational
principle we have for all n € N,

1
Es(us,n) S Ce + E

1
Es(v) 2 Es(us,n) - E”’Us - us,n”a Ve € Ns
as before u. ,, is bounded in HJ(f2). Let us define hi)\i :R® - R by

hiy(ts,0) = / (52|V(u5,n +to + sut + ) )PP + AL ((uen + to + sul, +luz,))?
Q
—  f((te,n +to+ su:n + lu;n)+)(u5,n +to+ su:,n + lus’n)+> dx
P s (t,s,1) = / (62|V(u5,n +to+ sub +1uy) 7P 4 Ao ((uen +tp + su;’:n + lu;n)_)2
Q

= f((uen +to+ su:n +luz )7 ) (e + to + sujn + luE,n)) dz

Note that h,, € C* and h;; , (0,0,0) =0, “1(0 0,0) = 0, h" 2(0,0,0) = 0.
As ue,, € N: and by (fs) we have

6h:’>\1 + + ! + +
T(O,O’O) = Aus,n f(us,n) _f (us,n)us,n dz < 0’




6hgl,\2 (0,0,0) = /Qu;n (f(“s,n) _fl(un)us,n> dz < 0.

Hence by implicit function theorem, there exist C! functions s,(t),l,(t) defined in
a neighborhood of 0 say (—d,, +d,) such that s,(0) =0, 1,,(0) = 0 and

Bt sy (8 5n (1), 1n(8)) = 0, hy; 5, (t, 80 (t), 1n(t)) = 0 Vt € (=6n, +6,)
which implies that for ¢ € (=0, +dn),
(2.4) Un = e + 10 + sn(t)ul, + In(thuz, € N
Moreover, we claim that s! (0) and I!,(0) are bounded. In fact we have
ont

2210, 0,0)

ot
2224(0,0,0)

o @Vt Vo + 20t 0 — f'(uf)ud e = F(ud,)e)
Joudn(fudn) = f'(udn)udn)

Using the fact that uc , is bounded in Hg(€2), the numerator is bounded. We have
from Fatou’s Lemma

5,(0)

mm?@w@maﬁ@wz/@wwm—mmzu
Q

n——+o0o Q

Now we claim that in fact the denominator is bounded away from zero. Also note
that by Sobolev inequality we have

(2.5) (/|Vu+2+)\1/( ))>c

Hence we have [, ut, (f'(u},)ut, — f(ut,)) > C where C > 0 independent of n.
Also note that u. , € N; this implies that s/, (0) is bounded. As a result we have

Ec(uen +to + sp(t ) Ug +In(t)u Ue, cn) — Ee(uen)
1

and hence for all ¢ € H(9),

d
S (e + 0 + 3n(Dud, + ()| |
t=0
1 -
< Dl + st O)u + Oz,
This implies that
(2.7) li fi( +to+ sn(t)ut, +ln(t)u. )| =0
- e
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Using the fact (2.7) and u. , € N. we have,

0 = lim {52/ Vue n Vo + Aut ot — Xul 07 — f(ue,n)p
Q

n—-+00

@ [P et - [ adauta)
Q Q

w50 [ AV et - [ s, b

Q Q

(2.8) = lim {62/ Vue Vo + Mud ot = dul 07 — f(us,n)cp}
n—+oo Q ’ ’

Again as ., is bounded in HJ (1), there exists u. such that u., — u. in Hj(Q)

as n — +o0o and hence u. , = u. in LP(Q) for p € (1, F£2). As a result, u. (z) —

u:(z) a. e. as n — +oo. Note that uf, — u} and uZ,, — uZ in LP(Q) and by
(2.5) we have ul # 0. Similarly we have u_ # 0 in Q. Hence u. is a weak solution
in V.. By standard elliptic regularity, u. is a classical nodal solution of (1.2). Now
we claim that in fact ¢, is achieved by wu..

Since ue € N, implies that ¢. < E.(u.) and hence we have from (2.8),

1 1
Ce+ = > Be(ue,n) = Ee(uc) +0(1) + 5/ |V (e — ue)[Pda
Q

which implies that u. , — u. strongly in H}(Q) as n — 400 and E.(u.) = c.. O

Lemma 2.4. Let w. ), and w. ), be the least energy solutions of
—2Au+ Mu= f(u) in B.(0)
(2.9) u>0 in B,(0)
u=0 on 0B;.(0)

—2Au+ Xu = f(u) in B.(0)
(2.10) u>0 in B(0)
u=20 on 0B,(0)
respectively. Then for sufficiently small € > 0, we have

2¢/317(1+0(1))
E55>\1 (ws,)q) = EN{IA1 (W>\1) +e € }

2¢/Xg7(1+0(1))
E5a>\2 (w5,>\2) = EN{I)Q (sz) +e € }

where o(1) = 0 as e — 0.
Proof. For the proof see [8]. O
Let A = {ZL' €N \/All.’L'—P1| = \/)\2'3}' —P2|}

Lemma 2.5. We have for € > 0 sufficiently small

(P1,P3) (P1,P3)
(2.11) e < EN{IM (Was) + Dy (Wag) + e 8 +o(e‘%)}.



Proof. Let v. be a positive solution of

—e?Au+ \u= f(u) in B, (P)
(2.12) u>0 in By, (P)
u=0 on B,, (P1)

where r; = min{d(P;,09),d(P;,A)}. Let w. be a positive solution of

—&?Au+ du= f(u) in By, (P)
(2.13) u>0 in B,,(P,)
u=0 on B,,(P)

where 7o = min{d(P», ), d(P», A)}. Note that supp v:Nsupp w. = @ and v. € N
and w. € N_ . Then we have v. — w. € N: and hence we have from (2.12) and
(2.13),

Ce S EE(UE - wa)

S EE,)\l (UE) + EE,)\Q (ws)
N —n _2rg

S € I)\l(W)\l) +e ¢ +I)\2(W)\2) +e =

2ry 2rg
+ ole” = )+ole” ).
Hence we have,
N _ 2min{ry,ra}
cc < ¢ I/\1 (W/\1) +e € + I)\2 (W)\z)

2min{r,r0}
+ o(e” T )}

< EN{I)q(W)\l) + I, (Wa,) + o~ 26l
(2.14) + o(e—w)}.
O
Corollary 2.6. We also have c. > .EN{I,\1 (Wy,) + In,(Wy,) + 0(1)}.
Proof.
ce = uie%E{Es,Al (u) + E; z, (u)} > ug}f; B (u) + uieljl\z_ Ee; 2 (u)
this implies the result. O

Lemma 2.7. Ase — 0,

€ ’ € ’ €

— +00.
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Proof. As e?Au.(PL) < 0 it implies that f(uc(P})) > Au.(P}) which implies that
CuP~1(Pl) > )i, hence there exists a positive constant 3 such that u.(Pl) > 3
and similarly we obtain that u.(P2) < —f. Also by Lemma 2.5,

& / IVuel? + Ao / (W) + o / (us)? < CeN
Q Q Q

and hence by Moser iteration we obtain [[uc||pe(q) < C.

d(PL, 09
Suppose that lir% % < C. By scaling ve(z) = uc(ez + P}), then (1.2)
g—
reduces to,
Ave — Mve+ A0 + flue) =0 in Qe
(2.15) vE £ 0 in Q.
ve. = 0 on 0N,

where Q. = LEP;. Note that from (2.5), [|ve|| 1 (q,) < C; there exists W € H'(RV)
we have v, = W in H'(R") and by Sobolev embedding theorem we have v. — W

in LY (RY). Hence v. — W point-wise almost everywhere in Q. Also by Schauder

estimates, it follows that there exists C' > 0 such that ||ve|| c28@ny < C for some
loc
0 < B < 1. Hence by the Ascoli-Arzela’s theorem there exists W # 0 such that

llve = Wllcz vy »0ase—0
where W is a positive solution satisfying

AW =MW+ f(W)=0 in RY

(2.16) w©) > B,WeH!
W = 0 on ORY
where RY = {y : y, > —a}. Then by result in [9] we obtain W = 0, a contradiction.
d(P?,09) |P! - P2|
Similarly lm%] ——=——~ = 400. Now we prove that hn%) — =4

By applying the Schauder estimates we obtain a C' > 0 such that lleDug||p~ < C.
|P; — P?|

If possible let IIII(I) = § < 400. Then it easily follows that u.(P!) > 3 and
E—

u:(P?) < —f3 which 1mpl1es that u.(P}) — uc(P?) > 24. Then

p! -
28 < fus (P2) — e (P2)] < el|Dug o 2L
Suppose P. = % Then along a subsequence |P.| — ¢ € (0,+00). Define
ve = uc(ey + P1). Then v, — W in CIOC(RN) and W satisfies
—AW + W — = f(W) in RV
(2.17) ( )= B, W(P) < -

W e HY(RN)

where P = lim._s 51;_133_ which implies that W is a nodal solution of (2.17) and
hence a critical point of the functional

L) = [ (170 + 3 0H? + 2002 - Fw) ) o



and in particular we have (I' (W), W*) =0 and W € N, where

= LRNY . T +2 +\2 — +\o -
Noo—{ueH(]R).u ¢0,/RN|Vu|+)\1/RN(u)— flwHu™;

/RN IV 2+ A /M(zr)2 _ /RN FluYu

But by (2.1) we know that ™ (Iy,(Wy,) + In,(Wx,) + o(1)) > eN(I, (W) +
Io(W~) + o(1)). This implies

Io(WH) + Io(WT) < In,(Wi,) + In, (W) = &x, 4+,
where c,, is a mountain pass critical value with respect to the functional I, i.e.

(2.18) N 1 (R 0, [V A o st o Fya S
Also it easily follows that Io(W+) = I,,(W+) > cy,, Ieo(W™) = L, (W™) > cy,-
Since any minimizer is a non-negative solution of weak solution, we have cy, =
IL,(WH),exn, = L,(W™). Thus W =Wy, (z—R) and W~ = W), (z—S) for some
R,S in RN. So WH(P) = Wy,(P — R) > 0. However W(P) < —3,W*(P) =0,
hence we have a contradiction. O

Lemma 2.8. For sufficiently small € > 0, uc has exactly one positive local mazi-
mum and one negative local minimum.

Proof. Note that from Lemma 2.5, we obtain that ¢, < e™N (I, (Wy,) + In,(Wy,) +
0(1)). Suppose it has two positive local maxima as P. and Q. and negative lo-
cal minimum R.. Then it follows similarly as in Lemma 2.7 one can show that
[Pe=Qe| 400, [Qe=Re| _, |6 and —|P5;R5| — 400 as € — 0. Also note that

€

L f(ue)ue — F(u:) > 0 by assumption,

Buue) = [ (G(wu. = Fluo)ds

Ce

1 1
w/BeR(pE)(if(us)us - F(U‘E)) + ~/BER(Q5)(5f(us)us - F(us)) +

v

1
w ) G F)

219) > (20 (00) + 1,07 +o(D)

a contradiction to Lemma 2.5. Hence u. has exactly one positive maximum and
one negative minimum. O

Now let us define
. VA1V A2
d. = \/XdPl,BQ,\/XdPZ,BQ,iPl—PQ}.
€ mln{ 1(5 ) 2(5 )\/x+\/)\—2|5 5|
Then by the above lemma, dE—E — +o00 as € = 0. Now let us re-scale the problem by

g€ = 7 and T = d.T. Then we have
€

(2.20) Au— Mt + dou— + f(u) =0in 0, = 2.

€

U
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In this re-scaling

VAaivAs

EEzmin{\/de(El,BQde),\/ng(?:,aﬂde) Woren \/_|P 52|}=1.

Without loss of generality we can consider d. > 1.

Lemma 2.9. For any 0 < ¢’ < 1, there exists a constant C > 0 independent of §
such that

RVl R 1] _ _Va-8hje—p2)
ul < Ce : and u; < Ce : Vz € Q.

e —

Proof. Let vi(y) = uc(ey + P!). Then v! — Wy, in C2_(RN). Also we have
Wi, (r) < CemVA7 for all r. Let R = In$ such that ¢ = Ce ®. Then there
exist an €9 > 0 such that vF(y) < W, (y) + ¢ < 2¢. Let us consider the domain

= Q\ B.g(P!) where R > 0 is large. Hence we can choose a ¢ > 0, independent
of ¢ such that U:J_ < C on 0Bg(0). This implies that u} < 2¢ on 8BER(P51). For
any 0 < ¢’ < 1, choose ( in such a way that

f(ue)

<
Alu;'r ’

consider the equation with u. >0

flue)

€

—£2Aue + Mue = ue in Q.

Then we obtain,
—&2Au, + (1 =8 Au, <0 in Q!
ue >0 in Q'

(2.21) )
ue <2¢ in 0B.gr(P.)
ue =0 on Of).
. . . _VA1a-8)je—P} .
Using a comparison argument we obtain u} < Ce c . We obtain the
other estimate similarly. a

3. LOWER BOUND OF THE ENERGY EXPANSION

In order to obtain the greatest lower bound of the energy E. we consider three
cases.
Case 1 Suppose that

de —lase—0
\/_d(P1 o) '
Note that
CE> inf Esx\l( )+ inf Esz\z( )

ueNG ueNg
We use del Pino-Felmer’s symmetrization technique in [8] to conclude that

1 V1Pl .09)+0(1))
E., (uf) > EN{IAI (Wy,) + e 2 : }

We also deduce that

_ 1, (deto(1)
EEAQ (us ) 2 EN{IAQ(WA2) + 56 2 € }
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VA1 lo— Pl = VA |o - P

FI1GURE 1. The region of intersection

and as d. = v/A1d(P,09) + o(1), we have

2(deg+o(1))
(3.1) ce > e <I>q (W) + D, (Wy,) +e = )

Case 2 Suppose that

d.

\/—d(PQ 79) —+lase—0.
Then we argue as in Case 1.
Case 3 Suppose that

£ = Vv Pl P2

VA VA
and d. > (1 + 50)v/Md(PL,09), d. > (1 + 58)v/A2d(P2,09). Then we define
|P' = P}| = -2, |P! — P2| = d,,;. Then we have
/ 2] _ VAL 1 2] _
|P'— P7| = m”ﬁ - F|=d.p.

We consider balls Bg, ,4+5(P}) and Bq, ,45,(P2), where 0 < § << d.; is small
and 6y ~ \/ﬂ%d is defined by

(3.2) (deg +06)° —d2 ) = (depp + 02)° — d2
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Define the intersection I'c = Bg_,4+5(P}) N Bq, ,4+5(P2). Then the total volume
of T. ~ 60(6°%"). Since T, = (T N {ue > 0}) U (T N {u. < 0}), we either have
ITe N {ue > 0} < 1|T.| or L. N {u. <0} < 1|,

Without loss of generality, let

1
ITe N {u: > 0} < §|Fs|

Thus 1
|Ba.,,+5(P}) N {u: > 0}| < |Bq, ,15(P.)| - /Tl = |B:.(0)]

where r. = (d . + 6)(1 —n) for some 0 < 5 < 1, where  ~ §v/§. Let us define a
smooth function

1 if [z — P}| < (deq +6)(1—1n)
(3.3) x(z) = . |
0 if|lz—P|>(deq+9)
and 0 < x < 1 and Vx| < m. Then support of ulx? is contained in
By, ,+s(P}). Multiplying (1.2) by u}x® we obtain
(3.4 [ #vuvtd) + ahe = [ fuud
Q Q

Now let us compute
/ 2Vu - V(ulx?) = / 2Vul V(utx?)
Q Q
= /EQVUi{xV(uix) +Uixvx}
Q
= [ {0 - urvovun + utxviva |
Q
= / 62{IV(uf!x)l2 —uf VxV(ulx) + uixVxVUJ}
Q

= [ {0 - uron vt - @I + v |
Q

(3.5) = 2 /Q V() - e /Q (W )?|Vx?
where
2(1— 2)(de,149)
(3.6) 2 [T < oetemvR TR
Q

On the other hand
/ fluul® = / flutxudx + / (Fu?X) — Fluxtudx
Q Q Q

(P A1(de,1+8)(1— 3)
€

(3.7) - /Q Flutxyutx +O@ENe

Note that in order to derive (3.6) and (3.7), we use the fact (f2), Lemma 2.9 and
(3.3)

_/Aa-s)e-p
uf < Ce : =, = iU
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VAL (p+1)(de, 1 +8)(1—8") VR 1+6)0- 1)
€

[t = iy s ce I < e
Q
Hence combining (3.4), (3.5) and (3.7) we have

& / V()R + M / ()’
Q
2 dsl 1-17
Q

Let ve = t.uf x where t. is such that

62/ |Vv5|2+)\1/v§=/f(v5)v
Q Q Q

2/A7(1—= 3)(de 1+8)
tE:1—|—O<e_ e )

Now we claim that

Define ¢ : [0,400) X [0, 3*) — R such that
5(t.8) = [ feutnutx = [ fouix=p [ 1ty
for some * > 0. Then & € C*. Note that &(1,0) = 0 and
7(1,0) = [ i)l £0.

Hence by implicit function theorem, there exists a C* function 8 +— #(3) such that
a(t(8),8) = 0, for small 8 and ¢(0) = 1. Letting te=1+ 6, we have from (3.8)

B~ ® Jo [Vutx® + M [y (udx) fQ Ix
g fQ |V’LL5 X|2 + M fQ UE X fQ UE X)
Hence
O(EN62\/E<%,1€+5>(1—;’)>
B~ T
fQ ud X) ud X~ fg J(ud X)(Us X)?
2¢/A1(1=F)(de,146)
which implies 8 = 0(6_%). Then we obtain,
&2 &2
. Vu? =5 / IV (uF )P +e28 Vut xP+0(8%™),
By  +s(P}) Ba, . +5(P2) Ba, ,+5(P})
A A
5 =5 () + M8 () + O(8%N),
By, . +5(P}) By, .+5(P}) Bay . +5(P1)

and

/ Flu.) = / Fluty) + 8 Flututx + 0(8%N)
Bay . +5(P}) Bay . +5(P}) By, . +5(P2)

and

= | Vat P [ who- [ Fudx)utx = 0(8<™)
Ba, . +s(P}) Ba, . +s(P}) Ba, . +5(P})
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ing the above facts we have,

2 A

c |V |? + —1/ v? —/ F(v.)
2 Ba, . +s(P}) 2 Ba; . +s(P}) Ba; . +5(P})

62 /\1

- 5 vat Py [ whor- [ P
Ba; . +5(PF) Ba; . +s(P}) By . +5(P})

+ 0Nt — 117

1
- (—f<u:x)u:x _ F(u:x)) +O0E It —1P)
Bq, . +s(P}) 2

= / (%f(uj)u;" - F(uj)) + O(6N|t5 — 1 +e
Q

VA1(2+0)(de 1+9)
9)= E.\ () +eN0 (e e )

A/ D) (de,149) >
£

for some o € (0,min(1,p — 1)). Thus we have

VA1(2+0)(de 1 +96)
+ . N X - - &-
Bepu(uf) 2 inf B s, by o(ry(v) — CeTe :
€

2¢/X1 (1= ) (dg,1+5) VA1(2+0)(de,1+8)
Z EN{Ix\l (Wkl) +e : : : } - CSN€7 : € :
1 _2/310-3)de,149)
> EN{IA1 (Wa) + §€_+}
1 200-Z)(de+9)
> EN{IA1 (W) + 2¢ * }
Similarly we obtain the estimate for E. »,(u_ ). This proves the result.
Proof of Theorem 1.1. This follows from Lemma 2.5 and Section 3. a
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