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Abstract. We consider the problem
E2Au—-V(@)u+u? =0, u>0, ueH (R),

where p > 1, € > 0 is a small parameter and V is a uniformly positive, smooth potential. Let I' be a closed
curve, nondegenerate geodesic relative to the weighted arclength [V, where o = % - % We prove the
existence of a solution u, concentrating along the whole of I', exponentially small in € at any positive distance
from it, provided that € is small and away from certain critical numbers. This proves a conjecture raised in [2]

in the two-dimensional case.

Résumé. Equations de Schrodinger non linéaires: Concentration sur des géodésiques pondérées
dans la limite semi-classique. On considere le probleme

E2Au—-V(xju+u? =0, u>0, ueH (R?),

avec p > 1, ol € > 0 est un petit parametre et V est un potentiel régulier, uniformément positif. Soit T’
une courbe fermée formant une géodésique non dégénérée relativement 3 la longueur pondérée fr Vo, avec
o = Z%} - % Nous démontrons l’existence d’une solution u. qui se concentre le long de la courbe I' tout
entiere, exponentiellement petite en € & toute distance positive de I', pourvu que € soit petit et évite certaines

valeurs critiques. Ceci répond affirmativement & une conjecture énoncée dans [2] dans le cas bi-dimensionnel.

1. VERSION FRANGAISE ABREGEE

Soit V(z) une fonction réguliére avec inf g2 V(z) > 0. On considere le probleme
E2Au—V(z)u+u? =0, u>0, uecH(RY), (1.1)

correspondant aux ondes stationnaires de I’équation de Schrodinger non linéaire standard. Une at-
tention considérable a été apportée au cours des derniéres années au probléme de la construction de
telles ondes stationnaires dans la limite dite semi-classique € — 0, & la suite du travail précurseur de
Floer et Weinstein [9] en une dimension d’espace. Il s’agit essentiellement de trouver des solutions
qui se concentrent en un ou plusieurs de l’espace quand € — 0. Une question importante consiste a
déterminer si des solutions présentant des propriétés de concentration sur des ensemble de dimension
plus élevée existent.

Soit T' une courbe fermée réguliére dans R?, de longueur totale £, et (¢,6) ses coordonnées naturelles
normales et curvilignes décrivant tous les points a proximité de la courbe. Soit w 1'unique solution de

w' —w+w’ =0, w>0, w(0)=0, w(dtoo)=0. (1.2)
Nous supposons de plus que I' est stationnaire et non-dégénérée pour la fonctionnelle d’aire pondérée

fr Ve, o= % — % En d’autres termes, I' est une géodésique non dégénérée pour la métrique conforme

Vdz?. Notre principal résultat est le suivant.

Théoréme 1. ] existe une constante A, > 0 telle que, étant donné ¢ > 0, il existe g > 0 pour lequel,
pour tout 0 < € < gy vérifiant la condition de gap

|e2k? — M| > ce, (1.3)
le probléme (2.2) a une solution strictement positive u. qui, prés de T, prend la forme
1 t
uc(t,0) = V(O,O)Pil w (V(O,Q)% E) (1+0(1)), (1.4)
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et est d ordre ( ~2 ) en de ors de tout -voisinage de T.

e résultat démontre la con ecture soulevée dans [2] dans le cas bi-dimensionnel. a preuve est
basée sur une réduction de  apunov-Schmidt in nie par un changement de variables qui absorbe ¢
par dilatation dans ’expression de l'opérateur de aplace, c’est & dire en remplacant u( ) par u(e ),
I’équation devient

Au+V(e )u+uP =0.

Soit (, ) = &71(t,0) les coordonnées naturelles dilatées. our () = V(O,H)Iﬁ, 0) = V(0,9)% )
nous écrivons

u(, )= (¢) ()= (¢)),)

ou est une fonction /-périodique donnée. ans de telles coordonnées, nous recherchons la solution
sous la forme

(z, ) =w(z)+e (¢) (2)+ (2, )

prés de la courbe I', ol est une deuxiéme fonction donnée, et est ?(dx)-orthogonale & w;(z) et (z)
pour tout . Ici  est la premiére fonction propre dans 2(R) du probleme "+ wP™! — =)
Une version pro etée du probleme non-linéaire résultant pour est tout d’abord résolue par une
méthode d’application contractante basée sur l'invertibilitée uniforme des opérateurs linéaires mis en
eu. pres cette procédure, le probleme complet est réduit & un s stéme non-linéaire, non local, du
second ordre, d’E Os pour la paire ( , ) qui peut etre résolu, grace & notre h pothése sur la courbe,
par le théoréeme du point xe de Schauder.

2. NRO CIONAN S A E EN O AIN RES

We consider standing aves for a nonlinear Schrédinger equation in RY of the form

e =fA — (@) +| P (2.1)

here > 1, namel solutions of the form (¢,z) = exp( Ae 't)u(z). ssuming that the amplitude

u(z) is positive and vanishes at in nit , e see that this satis es (2.1) if and onl if u solves the
nonlinear elliptic problem

2Au—V(z)u+uP =0, u>0, ueH RY), (2.2)

here V(z) = (z)+\. We assume that V is smooth ithinf cg> V(z) > 0. onsiderable attention
has been paid in recent ears to the problem of construction of standing aves in the so-called semi-
classical limit (¢ — 0). In the pioneering or [9], Floer and Weinstein constructed positive solutions
to this problem hen =3 and =1 ith concentration ta ing place near a given point zy ith
V'(zg) = 0, V"(zg) = 0, being exponentiall small in € outside an neighborhood of zy. his result
has been subsequent]l extended to higher dimensions to the construction of solutions exhibiting high
concentration around one or more points of space under various assumptions on the potential and the
nonlinearit b man authors. We refer the reader for instance to [1, , , 10, 11,12, 1 ,1 ].

n important question is hether solutions exhibiting concentration on higher dimensional sets
exist. In a related Neumann problem ith concentration on the boundar this issue has been anal ed
in[14,1 ,1 ]. heradial case has been considered in the or s[2,3,4]. In[2], mbrosetti, alchiodi
and Ni have considered the case of V' = V(|z]|), also treated in [3, 4], and constructed radial solutions
u (]z|) exhibiting concentration on a sphere |z| = ( under the assumption that ¢ > 0 is a non-

degenerate critical point of () = N71V9( ) here o = % — 2. he as mptotic pro le of this

solutionisu () V{( o)zﬁw(V( 0)%6_1( — 0)), here w is the unique solution of

w'—w+wP =0, w>0, w(0)=0, w(+oo)=0. (2.3)
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In [2] it is con ectured that this t pe of phenomenon ta es place (at least along a sequence e = ¢ — 0)
henever the sphere |z| = ¢ is replaced b a closed h persurface I, hich is stationar and non-
degenerate for the eighted area functional fr V2. In this note e prove the validit of this con ecture
in dimension = 2.
et T' be a closed smooth curve in R? and £ = |T| its total length. We consider the natural
parametri ation (0) of I' ith positive orientation, here 6 denotes the arclength parameter, (0)
the outer unit normal. oints mnear I' can then be represented in the form

= (0)+t (0). (2.4)

We sa that I is stationar and non-degenerate for the eighted length (T') = [ V7 if rst variation
vanishes on I' and second variation is non-singular. If £ denotes curvature of I" and e denote V' (¢,0) =
V(), givenb (2.4), these assumptions are respectivel equivalent to the point ise relation

oV (0,0) = —k(0)V(0,0) for all € (0,2) , (2.)
and to the fact that the onl /-periodic solution of the di erential equation
(VY — (V) —2v k] =0 2 )
is 0. Our main result is the follo ing.

Theorem 1. et T be a nondegenerate, stationar curve for t e eig ted lengt functional fF V7, as

described above. en t ere is a constant A > 0 suc t at t e follo ing olds. ven c > 0t ere
exists €9 > 0 suc t at for all € < gq satisf ing t e condition
|52k2_/\*|2057 (2)

problem (2.2) as a positive solution v, ic near I' ast e form

wl) = V0.0 (VO.0F L) (14 o) @)
and is exponentiall small in € outside an neig bor ood of T'.

3. EC O ROO O EORE

We s etch here the proof of the theorem, hose details are provided in [ ]. he rst step consists of
building an approximation to a solution of the problem hich involves as parameters some functions
to be later ad usted. Expanding the local variables (¢,6) de ned on a neighborhood of ' to ( , ) =
e 1(t,0), e see that the equation becomes in terms of these variables

u +u 4+ 1(u)—V(e ,e )Ju+uP =0 (3.1)
for,sa || -, hereu is e !-periodic in the variable and
1 ek(e )u e2 K(e )u
e ) )

Gxeahc )R T Trehie) T AFeke) )
We ma e a further change of variables given an £-periodic function (@) e set
u(, )= (e) ((e)e— () )
here )
1
0)=VO.07,  (6)=V(0,0)} .
he equation ritten in terms of becomes no
() - + gz + 2()+ P— =0 (3'2)

here o( ) is a linear di erential operator inherited from ; for derivatives ritten in terms of the
ne variables, and of the di erence V(e ,e ) — V(0,e ), so that all terms in this operator carr at
least one po er of € in front. In these coordinates, e ta e w(z) as our rst approximation for a
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solution, hich ields then an error (= (w) of si e . Examining closel this term, e see that its
part of order € turns out to be precisel

1=¢ Y kwy,— V(0 )zw —e 2V (0, ) w.

Our assumption (2. ) turns out to be equivalent to this ; being 2(dz) orthogonal to w;(z) for each
his allo s to improve the approximation to order €2 b adding to w the unique solution = ew;
orthogonal to w, of the problem

zz— T wh = 1-
o ma e the full rst approximation e need a further parameter. We consider no a ne periodic
function (@) and consider the approximation near the curve to be

(z, ) =w(z)+ewi(z, )+e (¢) (z).

ere is the 1st eigenfunction in 2(R) of the problem ” + wP~™' — =) . We search a
solution of (3.1) of the form = + . We assume that and are /-periodic functions in H?(0, /)
hich satisf in (0,¢) the bounds

2 r,4re !+ es. (3.3)

1
" o+ ! + €7, ¢
he expressions involved onl ma e sense in principle for |z| < 2 ¢! for some > 0, ho ever e
can ideali e both and as de ned in the hole strip =R [0,£e"!]. onsider a smooth cut-o
function (|z|e™!) ith (¢)=1,t< ,=0,¢>2 ,and the problem for , hich reduces to (3.1) for
jz| < e,

()= + () €eH() (3.4)
ith periodic boundar conditions on . ere

()= 1+ )pP-"r- "] 3. )

his problem is of course not equivalent in the entire space to the original one, but a gluing reduction
procedure ma es it essentiall so, to the expense of perturbing b a an exponentiall small (in ¢)
nonlocal operator in hich can be neglected for the hole remaining of the argument.

We consider rst the follo ing pro ected problem in H?( ) given , € H?(0,¢), nd functions

€ H?( ), c,d € 2(0,£) such that

()= + ()+ce) wet (¢) , €HY() 3. )
14 14
z,0) = (z, g), (z,0) = (=, E) for all —oco <z < 400, (3.)
14
(z, )wg(z)dz = (z, ) (z)dz=0 forall0< < g (3.9)
ere = (). he orthogonalit condition ma es the operator  to have a uniforml bounded
inverse bet een 2( ) and H?( )-periodic in . his, anal ing the si e and form of the errors

created, and an application of contraction mapping principle ield the existence of a number > 0,
such that for all su cientl small € and an ( , ) satisf ing (3.3), problem (3. )-(3. ) has a unique
solution = ( , ) hich satis es

2 £2.

he last part of the proof is to set up equations for and d hich are equivalent to ma ing the coef-

cients ¢,d in (3. ) identicall ero. his is achieved b simpl multipl ing the equations respectivel
b w; and , and integrating in . fter an integration b parts, using the orthogonalit conditions
satis edb , e nd that (c,d) (0,0) is equivalent to a s stem for ( , ) of the form
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()="+ 1"+ 2 =  +e1(,), (3.10)

o )=[l+e  + ()] "+ "+x = CHe +e +& 2(,).
(3.11)
ere () are smooth, £-periodic functions. he operators ; and 1 are uniforml bounded in
2(0,#), on the region of ( , ) satisf ing constraints (3.3).  oreover, for each xed ¢ the de ne

compact operators. he coe cients can be computed explicitl the operator 1( ) corresponds
precisel to V77 times that in the left hand side of equation (2. ), and it is therefore invertible ith
periodic boundar conditions, ith bounded inverse bet een 2(0,¢) and H?(0,£). he operator

2( ) is also invertible ith periodic boundar conditions 0 is ce-a a from its spectrum than s to
the condition (2. ) if the choice

1
A= do 5 V(0,0)2 d6)?
0

is made, and one uses classical as mptotic formulas for eigenvalues of periodic Sturm- iouville oper-
ators found for instance in [13].  ore precisel , e nd the validit of the follo ing estimates for the
inverse = 5 L(d).
e "ote "o+ o el d o, [dao+ d )
Using these estimates, it is not hard to construct an invariant region inside constraints (3.3) for the
xed point operator obtained from (3.10)-(3.11) after appl ing inverses of ; and o respectivel .
appl ing Schauder’s xed point theorem, one completes the proof.
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