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Abstract
We considetthefollowing singularlyperturbedNeumanrproblem:
EAu—u+f(u)=0inQ, v>0inQand g_:j =0 ondN

whereA = EN 9> is the Laplaceoperatore > 0 is a constantf) is a

i=1 9z?

boundedsmoothdomainin RY with its unit outward normalv, and f is super
linearandsubcritical. A typical f is f(u) = u” wherel < p < +oo when
N =2andl < p < £+5 whenN > 3.

We shaw thatthereexistsaneo, > 0 suchthatfor 0 < ¢ < ¢¢ andfor each
integer K boundedby N

N,Q,f
PR A (e

whereanq, is aconstantependingn IV, Q and f only, thereexistsasolution
with K interior peaks.(An explicit formulafor ay,q, f is alsogiven.) As acon-
sequenceye obtainthatfor e sufiiciently small,thereexistsatleast[61\,0(‘{‘{7’“‘1’;)1\,]
numberof solutions.Moreover, for eachm € (0, V) thereexist solutionswith
enegiesin theorderof ¢¥ ™.
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1 Introduction

Themainthemeof this paperis the concentratiorphenomenaf the following
singularlyperturbecklliptic problem

A in
1.1) in
— on
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whereA Y —25 is the Laplaceoperatore is a constantthe exponent

satisfies 2 for and for ,and isabounded

smoothdomainin with its unit outwardnormal .

For thelastfifteenyears problem(1.1) hasrecevedconsiderablattentionasit
hasbeenshavn thatits solutionshave rich andinterestingstructuresin particular
thevariousconcentratiopphenomenaxhibitedby thesolutionsof (1.1) seemboth
mathematicallyntriguing andscientificallyuseful.

Although problem(1.1) takes a classicalform of singularperturbationsthe
traditionaltechniques$n thatareadid not seemhelpful asthe errortermsappeared
in theinnerandouterexpansionsareexponentiallysmallin e

In thepaperg22, 28, 29], theauthorsstudiedthefollowing “enegy” functional

in associateavith (1.1)via avariationalapproach
(1.2) i —
where

It is easilyseenthat is notboundedabore norboundedbelon. However, Ni
andTakagiobseredin [28] that,amongall possiblesolutionsof (1.1), thereis a
“least-enegy” solution ;thatis, asolution with minimalenegy. Furthermore,
they shavedin [28, 29 that,for ead e suficientlysmall, hasexactlyone
(local) maximunpoint in ,and mustbelocatedon andnearthe“most

curved’ partofthe . Moreprecisely musttendto , ase , everywhee
on exceptat , and whee  denoteshe mean
curvatue of the boundary . (Suchpoints  will be referredto aspeaksor

spikes) The crucialideain [28, 29] is to establishthe following enegy estimate
for e small

(1.3) € 2 € €

where o aretwo positive constantsFrom (1.3), the above conclusionon the
locationof thepeak is derived.

Sincethe publicationof [29], problem(1.1) hasreceved a greatdeal of at-
tentionandsignificantprogresshasbeenmade. More specifically solutionswith
multiple boundarypeaksaswell asmultiple interior peakshave beenestablished.
It turnsoutthata geneal guidelineis that while multiple boundaryspikestendto
clusteraroundthe local minimumpointsof the boundarymeancurvatue ,
thelocation of the interior spikesare governedby the distancebetweerthe peaks
aswell asthe boundaryof . (See[3, 4, 6-10,12-15,19, 20, 29-36] andthe
referencesherein.) In particulay it wasestablishedn Gui andWei [14] that for
anytwo givenintegers and , problem(1.1) hasa solution
with exactly interior spikesand boundaryspikesfor every e sufiiciently small.
This solutionhasits “enegy” still atthelevel e andagainhasthepropertythatit
tendsto everywherein  exceptatthose points. Thus,in generalwe call
suchspiky solutionsassolutionswith  dimensionatoncentation sets
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It seemaaturalto askif problem(1.1) hassolutionswhich “concentrate’on
higherdimensionaketse.g.cunes,or suraces.In thisregardswe mentionthatit
hasbeenconjectuedfor alongtimethatproblem(1.1)actuallypossessesolutions

whichhave  dimensionatoncentation setsfor every . (Seee.q.
[27].) Furthermoreit is intuitively clearthatthe“enegy” levelsof mary solutions
with dimensionaktoncentratiorsetswould be at the ordere . Progressn

this direction,althoughstill limited, hasalsobeenmadein [2, 23, 24,25, 26)].

In this paperwe shall explore the questionof the maximalnumberof spiles
in termsof the small parametek , a solutionof (1.1) could possiblyhave
Our mainresult, Theoreml.1 belov, assertghatfor every positiveinteger

€ € ,whee isasuitableconstandependingnlyon and , problem
(1.1)hasa solutionwith exactly peaks As acorollary onedervesimmediately
that problem(1.1) alreadypossessespiky solutions (i.e. solutionswith only

dimensionatoncentratiorsets) with “energy” levels

1.4) €
whee rangesfrom to . (In this paperwe use* to denotethat
thereexist positive constants and  suchthat for e small.)

Thusit seemdifficult to usedifferentenegy levelsto characterizesolutionswith
concentratiorsetsof differentdimensionsThisfurtherillustrateshow complicated
thesimpleproblem(1.1) couldbe,andits richnessseemsomavhatsurprising.

Our proof usesa “localized enegy” methodasin [13], but we now needto
obtainaccurateestimatesf the “interactions”betweentwo peaksaswell asthe
“interactions”betweena peakandthe boundaryof thedomain . Thisis notan
easytask— it requiresa thoroughunderstandin@f variousapproximation®f the
solutionsof (1.1) we arelookingfor.

To stateour mainresult,we shallincludea slightly moregenerakequatiorthan
(1.1),namely

A in
(1.5) { in
— on
We will alwaysassumehat is of class for some
andsatisfieghefollowing conditions(f1)-(f2):
(f1) for
(f2) Thefollowing equation
in
(1.6) at
N
hasa uniquesolution and isnondgeneratei.e.

2.7) Kernel A span — —



4 F.-H.LIN, W.-M. NI, J.-C.WEI

Occasionallywe assumdurtherthat satisfieqf3):

(f3) Theprincipaleigevalueof A is positive. Thatis, thereexists
aneigewvalue andthe correspondingigenfunction  (which can
be madepositve andradially symmetric)satisfying

(1.8) A

Onetypical exampleof is: , Where

—2 if —2 if . Fortheuniquenessf , se€[5], [17]
and[18].

Theenegy functionalassociatedavith (1.5)is

(1.9) - & 22
where

We now stateour mainresultin this paper

Theorem 1.1. Let satisfyassumption§f1)-(f2). Thenthere existsane sud
thatfor e € andanypositiveinteger  satisfying
(1.10)

€ €
whee is a constantdependingon and only, problem(1.5) hasa
solution  which possessexactly local maximunpoints sud that
(1.11)

€

andwe havethefollowing enegy estimate

(1.12) €
whee is theenegy of
(1.13) - 22 y

As a consequencdor ead integer , ther existsa solution to
(1.5)with thefollowing enegy bound
(1.14) €

When , wehavea solution  with thefollowing enegy estimate
(1.15) €

If wefurtherassumdhat satisfiegf3), thenthe Morseindex of  is at least

A simple corollary is the following resultwhich gives a lower boundon the
numberof positve solutionsto (1.5).
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Theorem 1.2. For e suficientlysmall,problem(1.5) hasat least —~2L- num-

ber of positivesolutions.

Remarks: 1. It seemghattheupperboundfor is “almost” bestpossible.Note
thatwhen , theupperboundis —. When , becausef theboundary
meancunature it seemshatthe bestupperboundcouldbe —, wherethe
bestconstant shoulddependn , andthedomaingeometry

2. Theconstant canbemademoreprecise Let
be a small positve number We denoteby , the maximumnumberof non-
overlappingballswith equalradius pacledin . By checkingthe computations
of theproof of Theoreml.1 (see(5.4)), we cantake

(1.16) _ — € €

where
is the Holderexponentof

Let
(1.17)

Thenwe maytake

(1.18)

3. Unlike [13], wherethe limiting locationof the spikes canbe
identifiedassphere-packingositions,we cannot saymuchmoreabouttheloca-
tionsof thespikes. Thisremainsaninterestingquestion.

To concludethe Introduction,we includea brief descriptionof the background
of (1.1). Problem(1.1) arisesin mary modelsconcerningbiological patternfor-
mations.Forinstanceijt givesriseto steadystatesn theKellerSegel modelof the
chemotactiaggrgationof the cellularslimemolds([19, 22]) andit alsoplaysan
importantrolein theGiererMeinhardtmodeldescribingheregeneratiorphenom-
enaof hydma.

By astraightforvard scalingargument,we caneasilyconstrucipositve steady
statesolutionsof thefollowing systemfrom solutionsof (1.1)

( A 2 in
(1.19) { —
L — on

where € isthemeasuref ,and arenonngative andsatisfy
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Problem(1.19) s, in turn, the shadav-systemof the well-knovn activator
inhibitor systemproposedby Gierer and Meinhardtfollowing Turing’s idea of
diffusion-driveninstability, in modelling the regenerationphenomenorof hydra
in morphogenesif{11, 32)), seealsothe suney [27]. More precisely (1.19)is

obtainedrormally by letting - in thefollowing system
( A L in

(1.20) { s A —in
(. — — on

Indeed the system(1.20)wasmotivatedby biologicalexperimentonhydma in
morphogenesisHydra, an animalof a few millimetersin length,is madeup of
approximatelyl00, 000 cells of aboutl5 differenttypes. It consistsof a “head”
region locatedat oneendalongits length. Typical experimentson hydra involve
removing partof its “head” region andtransplantingt to otherpartsof the body
column. Then,anew “head”will form if andonly of the transplantedreais suf-
ficiently far from the (old) “head”. Theseobseration have led to the assumption
of the existenceof two chemicalsubstances a slowly diffusing (short-rangegc-
tivator anda rapidly diffusing (long-range)nhibitor. In 1952, A. Turing argued,
althoughdiffusionis a smoothingandtrivializing processn a singlechemical for
systemsof two or more chemicals differentdiffusion ratescould force the uni-
form steadystatesto becomeunstableandleadto nonhomogeneoudistributions
for suchreactantsThisis now knovn asthe“diffusion-driveninstability”. Explor
ing thisideafurther in 1972,GiererandMeinhardtproposedhe system(1.20)to
modeltheabove regeneratiorphenomenonf hydra.

Thepaperis organizedasfollows. Notation,preliminariesandsomeusefules-
timatesareexplainedin Section2. Section3 containghe studyof alinearproblem
whichis thefirst stepin the Liapunos-Schmidtreductionprocessin Sectiond we
solve anonlineamproblemwhich setsup a maximizationproblemin Section5. Fi-
nally in Section6 we shav thatthe solutionto themaximizationproblemis indeed
asolutionof (2.2) andsatisfiesall the propertieof Theoreml.1.

Throughouthis paperunlessotherwisestatedtheletter  will alwaysdenote
various genericconstantswvhich are independendbf € and , for e suficiently
small.

2 Notation and Some Preliminary Analysis

In this sectionwe introducesomenotationandpresensomepreliminaryanal-
ysison approximatesolutions.

Withoutlossof generalitywe mayassumehat . By thefollowing rescal-
ing:

(2.1) € €
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equation(1.5)becomes

A in
(2.2) in and— in
For 2 weput
(2.3) A

Then(2.2)is equivalentto
(2.4) 2 in  — on
Associatedvith problem(2.2)is thefollowing enegy functional
(2.5) - 22

Notethat € .
We definetwo innerproducts:

(2.6) for 2

(2.7) for

Let
(2.8) _

beafixedpositive constantNow we definea configurationspace:

(2.9) € €
where
(2.10)
Let betheuniquesolutionof (1.6). By thewell-knowvn resultof Gidas,Ni and

Nirenbeg [12], is radially symmetric: andstrictly decreasing:

for . Moreover, we have the following asymptotic
behaior of
(2.11)

N-1 N1
2 — 2 —

for large,where is aconstantLet bethe fundamentakolutionof

A centerecht . Thenwe have

(2.12) - - for
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where isapositive constant.

For , we define to betheuniquesolutionof
(2.13) A — in — on
€
Wefirstanalyze . Tothisend,set
€ €

We statethefollowing usefullemmaon the propertiesof

Lemma2.l. Assuméhat e ¢ whee is suficientlysmall.
We have
(2.14) - e 2
€
whee , denotegheunit outernormal at and

is theuniquepointon  sud that

Proof. Let betheuniquesolutionof
(2.15) A in  — on
It is easyto seethat
(2.16) for e
Ontheotherhand, satisfies
€2 in — — on

Using(2.11),we seethaton

N— lz— |

whichimplies,by acomparisorprinciple,that
(2.17) ¢ 2 if

Thereforét remaindo considethecasevhen—-¢ ¢
e €. Inthiscasewe usethefollowing comparisorfunction

1 _
= 2
€ — €

For e ,wehave
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1
€2 €
€ €
andhence
1
—_— — €
€
For e ,wehae
- -t e 2 I
Summarizingve have for ,
By acomparisorprinciple,we have
for
Similarly, we obtain
e ¢ 2 for
€
For , we define
(2.18) —
€
The next lemmaanalyzes in . To this end,we divide
parts:
(2.19) — =
€ €
where is definedat (2.10).
LemmaZ2.2. For , wehave
(2.20) €7 — €7

For , wehave

(2.21) €T

into
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Proof. For and , we have

andso

which proves(2.20). The proofof (2.21)is similar.
Next we statea usefullemmaabouttheinteractionof two
Lemma?2.3. For ——2 large, it holds

(2.22) — 2
N € €
whee
1
(2.23) N
Remark: Notethat . SeeLemma4.7 of [31].
Proof. By (2.11),we havefor e 2,
2 € N-1
- 2
€ € 2
2 1— 2

[ 1— 2l
€
Thusby Lebesgues DominatedConvergenceTheorem

I

2 1— 2
[ 1— 2

Let usdefineseveralquantitieor lateruse:

(2.24)

Thenwe have
Lemma?2.4. For , it holds

(2.25)

(2.26)

1— 2
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Proof. Notethat _

andby Lemma2.1

€ 2

€
€ €

(2.25)follows from Lemmaz2.1. To prove (2.26),we notethat

Finally we statethe following which providesthe key estimateson the enegy
expansionanderrorestimatesThe proof of it is delayedo theappendix.

Lemma2.5. For any ande suficientlysmallwehave
(2.27)
- - €
and
1
(2.28) 5 -
for any 5

3 An Auxiliary Linear Problem

In this sectionwe study a linear theory which allows us to perform the finite-
dimensionalreductionprocedure. The key to our argumentis to shav that the
constantgreindependendf e

Fix . We definethefollowing functions
(3.1)
A — where €
€ €
where is asmoothcut-of functionsuchthat for and

for ——. Notethatthesupportof ~ belongto -,  — .

2
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In this section,we considerthe following linear problem: Given 2 ,
find afunction satisfying
( A >
(3.2) {
L and — on
for someconstants . To this purposewe definetwo
norms
(3.3) 2,

where - isafixednumber
We have thefollowing result:

Proposition 3.1. Let satisfy(3.2). Thenfor e suficiently smalland , we
have

(3.4)

whee s apositiveconstanindependentfe and

Proof Arguingby contradictionassumehat

(3.5)
We multiply (3.2) by —¢ andintegrateover  to obtain
(3.6) A —

Fromtheexponentialdecayof onefinds

Obsere that — satisfies
(3.7)

A — — — — A —

Integratingby partsandusingLemma2.2,we deduce

A —_— — € 2
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wherewe have usedthefactthat —2_ andthat

It is easyto seethat

(3.8) — N — 2
Ontheotherhand,for we have

(3.9) —

andfor and , we have

(3.10) — ¢

Theleft handsideof (3.6) becomes

€

andhence
(3.11)
To obtaina contradictionwe definethefollowing cut-of functions:

€

(3.12) where
€ €
Notethat for 2, — andthesupporbf belongdo _ -,
Thentheconditions ’ is equivalentto 2
(3.13)
Theequationfor becomes
(3.14) A A

Lemma2.2yields
(3.15) e 2

Using(3.13)and(3.15),a contradictiomaigumentsimilar to thatof Proposition
3.20f [13] gives

(3.16) N A
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Next, we decompose

(3.17)
where > . Thentheequatiorfor becomes
(3.18) A A
By Lemma2.2, . Standardegularity theorygives
(3.19)

2, A

€ € €

(Obsere thatthe constant in the -estimatesf (3.19)is independenbf
€ . Inequality (3.19) in the caseof Dirichlet boundarycondition hasbeen
provedin Lemma6.4 of [31]. Inequality(3.19)in the caseof Neumanrboundary
conditioncanbeprovedsimilarly.)

Combining(3.17),(3.16)and(3.19),we obtain

€ € A €
€ 6 2 €

since
(3.20) A €

This gives
(3.21) 2

A contradictiornto (3.5).
Proposition 3.2. Thee existse sud that for any e ¢ thefollowing
property holdstrue. Given 2 , there exists a uniquepair

sud that

(3.22)

(3.23) — on
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Moreover wehave
(3.24)

for somepositiveconstant .

Proof Theboundin (3.24)follows from Proposition3.1 and(3.11) Let usnow
prove the existencepart. Set

A

wherewe definetheinnerproducton as

€

Notethat,integratingby parts,onehasfor
if andonly if
Obserethat solves(3.22)and(3.23)if andonly if satisfies

€

This equationcanberewritten as
(3.25) in

where is definedby duality and is alinearcompacbperator
Using Fredholms alternatve, shawving thatequation(3.25) hasa uniquesolu-
tionfor each , is equivalentto shaving thatthe equatiorhasa uniquesolutionfor
, whichin turn follows from Proposition3.1 andour proofis complete.

In thefollowing, if istheuniquesolutiongivenin Proposition3.2,we set
(3.26)

Notethat(3.24)implies

(3.27)

4 Liapunov-Schmidt Reduction: A Nonlinear Problem

In this sectionwe reduceproblem(2.4) to afinite-dimensionabne.

For e smallandfor , We aregoingto find afunction suchthatfor
someconstants , thefollowing equatiorholdstrue
(A b in
41) |

| — on
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Thefirst equationin (4.1) canbewrittenas

A
where
(4.2)
Lemma 4.1. For and e suficiently small, we havefor
2 )
(4.3)
(4.4 2 2 2

Proof Inequality(4.3) follows from the mean-aluetheorem.In fact, for all
thereholds

Since is Holdercontinuouswith exponent , we deduce

whichimplies(4.3). Theproofof (4.4) goesalongthe sameway.

Proposition 4.2. For and e suficiently small, there existsa unique
sud that (4.1) holds. Moreover, is of class asa mapinto
, andwehave
(4.5) -5

for someconstant

Proof Let beasdefinedin (3.26). Then(4.1) canbewrittenas
(4.6)

Let beapositive (large) numberandset

9 41 . a+ )
Definenow themap 2 as
Solving (4.1) is equialentto finding a fixed pointfor . By Lemma2.5 and

Lemmad4.1,for e sufiiciently smalland largewe have

1 a+ )
€ 2
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2 2 - 2
which shavsthat is acontractionmappingon . Hencethereexistsa unique
suchthat(4.1) holds.

Now we cometo the differentiability of . Considerthe following map
2 2 of class
4.7
A > A
A
A
Equation(4.1)is equivalentto . We know that, given :
thereis a uniguelocal solution obtainedwith the above procedure We

prove thatthelinearoperator

2 2
isinvertiblefor e small. Thenthe  -regularity of follows from
thelmplicit FunctionTheorem.Indeedwe have
A > A
A
€, €, A
Since is small,the sameproof asin thatof Proposition3.1 shavs that

€

.. . Isinvertiblefor e small.
This concludeghe proof of Propositior4.2.

5 Thereduced problem: A Maximization Procedure

In this sectionwe studya maximizationproblem.

Fix . Let bethesolutiongivenby Proposition4.2. We defineanen
functional

(5.1)
We shallprove

Proposition 5.1. For e small,thefollowing maximizatiorproblem
(5.2)
hasa solution -theinterior of
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Proof Since is continuousn , themaximizationproblemhasa
solution.Let bethe maximumwhere

Weclaimthat  muststayin theinterior of

We first obtainan asymptoticformulafor . In factfor ary , we
have

2
2
) 2
2 2 9
€ €

by Lemmaz2.5, Propositiond.2andthechoiceof  at(2.8).
By Lemmas2.4and2.5,we obtain
(5.3)

€ €

Next, we obtaina lower boundfor Recallthat is the maximum
numberof non-oserlappingballswith equalradius paclkedin . Now we choose
suchthat

(5.4) —€ €
Let bethecenterof arbitrary ballsamonghose 22 €
balls. Certainly . Thenwe have
2 ( 9,00)
€ € 2 — € 2
€ €
andhence
(5.5)
2
— € 2 e € 2
2 € 2 €
On the otherhand,if , theneitherthereexists suchthat
€ ¢,orthereexistsa suchthat —€ €.Inbothcases
we have
(5.6) - € €

Combining(5.6)and(5.5), we obtain
(5.7) € 2e 2 € e 2
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whichis impossible.
We concludethat . Thiscompleteghe proofof Propositiorb.1.

Remark: Since —2_ wemaychoose —2 — suchthat(5.4)

is exactly (1.16).
6 Proof of Theorem 1.1

In this section,we applyresultsin Section4 and Section5 to prove Theorem
1.1.

Proofof Theoem1.1. By Propositiord.1,thereexistse suchthatfor € €
wehavea  mapwhich,to ary , associates  suchthat

(6.1)

for someconstants .
By Propositiorb.1,we have , achieving themaximumof the maximiza-

tion problemin Propositiorb.1. Let e <. Thenwe have
Hencewe have

which gives

(6.2)

€ . €
3 %

Weclaimthat(6.2)is adiagonallydominantsystem.In fact,since
, we have that

If , we have
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_H (a+) a+) 41 _
— € € € : €2
For , we have
i . i ¢
€ € ollne e
For , we have
€ € - |Ine| e
€ 2
N
For each , theoff-diagonaltermgives
€2 € € €2 € €

by our choiceof —2Z

Thusequation(6.2) becomesa systemof homogeneousquationfor  and
thematrix of the systemis nonsingularSo

Hence > ; ¢ < isasolutionof (2.2).

By our constructiorandMaximumPrinciple,it is easyto seethat in
Moreover by (5.3)andLemma2.2
(6.3) 2 €
andhence

Furthermoreby Lemma2.2,for — € €,wealsohave

1 i+ )
2

since e e 2 . For —

€2

Note thatat a local maximumpointof , thevalueof = mustbe greatthan
somedfixedpositvevalue .So canonly have maximumpointsin .

for some . Foreach , satisfies
A -
€
Let be a local maximumpointof  in — . Since
— for — , it is easyto seethat € . Welook at

thedifference

. Thensimilarto the proof of Step2 of
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€

Theoreml.1lin [28], onecanshawv that in 2 _ — for
2
andhence canhave only onelocal maximumpointin — . Thisshavsthat
hasexactly localmaximumpoints suchthat €
(6.3)alsoshavsthatif wetake e ,then e ,where
(Hence € ) If wetake —2Lfo thenwe have asolution  with
enegy ~—= - (Hence € )

Finally, if ~alsosatisfieqf3), we shav thattheMorseindex of  is atleast
Infact,let  begivenby (1.8). Set

(6.4) —
€
where is definedat (3.1). It is easyto seethatfor e suficiently small
2 2 2 2 2 2
(6.5) — 2
This, togethemwith thefactthatthe supportsof aremutuallydisjoint,

impliesthatthe Morseindex of  is atleast

Appendix: Proof of Lemma 2.5

We prove the enegy expansionformula anderror estimategjivenin Lemma
2.5. Themainconcerns thatwe have to make precisethe dependencef theerror
termson

We decompose
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(1.1)

Obsere that

Notethat

So

|

(1.2) . - €

Next we have

N

(1.3) g 2

It remaingto computethelasttermin (1.1). To thisend,we divide the domain
into partsasin (2.19).0n , we have

)
wl

On , we have
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wherethelasttermcanbeestimatedis

|
o
[0
|

So

€ 2
€ €,

wherethelasttermcanbeestimatedy

2 2
26 2 2 € 2 2 € B
Notethat
€ 2
Thus
(1.4) € B 2¢ 2

Combiningthe estimateg1.2),(1.3)and(1.4)togetherwe arrive

Since € 3 2¢ 2 € € 2 e 2 2
by ourchoiceof  at(2.8),weobtain(2.27)of Lemma2.5.
Finally we prove (2.28).Obsere that

v

vl

23
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In , we have
1+ a4+ )
2e € 2
Hence
i+
(1.5) . € 3
In , we have
(a+ ) a4+ )
€
a+ )
(2.6) 5
Thereforewe obtain
(14 )
2
a+) (a+ )
€ 2 2
and
a.7)
(+ ) (+ )
€ 2 2
Combining(1.5),(1.6)and(1.7),we obtain
a+ ) 1 1+ )
€ 2 2

which proves(2.28)of Lemma2.5.

a+ )
2

=
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