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ABSTRACT. We consider the following semilinear elliptic equation with singular

nonlinearity:
Au—uiu:OinB, u =1 on OB

where A > 0,7 > 0 and ¢ € C?>*(0B) and B is the unit ball in RY . Under various
conditions on A, v and v, we construct solutions with one isolated zero in B.

1. INTRODUCTION

Let B be the unit ball of RY (N > 2). The main purpose of this paper is
to construct nonnegative solutions with one isolated zero point of the semilinear
elliptic Dirichlet problem

(1.1) Au—Au™ =0 inB, u=1 ondB,

where A\, v > 0, 1 € C?>*(0B) with () > 0 for § € SV ! = 9B.

Problem (1.1) appears in several applications in mechanics and physics, and in
particular can be used to model the electrostatic Micro-Electromechanic System
(MEMS) devices. See [FMP], [GG1], [GG2], [GG3], [GPW] and the references
therein. In particular, in [GG1], [GG2] and [GG3], Ghoussoub and Guo have given
a thorough study on the following problem

(1.2) {ut:Au—%(f), ret>0,

u(z,0) =1for z € Q, u(z,t) =1 for x € 0N
where A > 0, f(z) is a positive function and Q is a bounded smooth domain in RY.
(1.1) is just the steady state of (1.2) with f(z) = 1 and v = 2. The set {z|u(z) = 0}
is called tou to set and plays an important role in MEMS.
Problem (1.1) can also be considered as steady state problem of thin lms prob-
lems. E uations of the type

(1.3) u=— (fu) Au)—  ((u) v

have been used to model the dynamics of thin lms of viscous uids, where =
u(z,t) is the height of the air 1i uid interface. The zero set , = {u = 0} is the
li uid solid interface and is sometimes called set of u tu . uptures play a
very important role in the study of thin lms. The coe cient f(u) re ects surface
tension e ects- a typical choice is f(u) = u . The coe cient of the second-order term

rimary , 0 econdary J 0.
oint uptures, ingularity.



can re ect additional forces such as gravity (u) = u , van der Waals interactions

() =u , 0. For more bac ground on thin Ims, we refer to [ D, PI,
P2, LP1,LP2,LP3, W , D, |and the references therein. y choosing f(u) =
u, (u)=u" ,(1.3) is e uivalent to a fourth order e uation
(1.) w=— (v (Au—u")
with v = — 1. gain, solutions to (1.1) are steady-states of (1. ).
In [GW], we computed the ansdor dimension of rupture sets for
A
(1.) Au——  (z)=0inQ
ul/
We showed that if v is a nonnegative t t o solution of (1. ) such that u €
1) and uw'” z , then the zero set of u has locally nite ausdor

[(N-2)v (N 2)] (v 1)-dimensional measure. owever,itisadi cult uestion
to construct solutions to (1.1) e hibiting point ruptures. If v > 0, it is easy to see
that there e ists a radial solution u (z) = |z|?> ¢ 1 of the problem

(1.) Au—Au”=0in B, u=1 ondB,
AN (N=2)v)
(v 1)

The purpose of this paper is to construct nonnegative solutions of (1.1) with one
isolated zero point, under various conditions on ¢ and v. ur main idea is to study
the surjectivity properties of the linearized operator associated with the nown rup-
ture solution \x\i in some weighted older spaces. The weighted older space has
been introduced and used by Mazzeo and Pacard [MP], Mazzeo-Pacard- hlenbec
[MP | in constructing singular solutions to amabe type problems ([MP1], [MP2]).
It is also used by ebai [ 1], [ 2] to construct solutions singular on submanifolds.

The corresponding eumann problem

where A = > 0. It seems that this is the only nown e ample.

1
(1.) Au—; (lz[) =0 in B, g—uzo on 0B

has been studied by del Pino and ernandez [D | for » > 1. They showed that

(1. ) has at least one nonnegative radial solution u = u( ) satisfying | 2 1
U( ) 2, 1, 2 > 0.
di erent ind of problem
1
(1.) Au  (2)— =0 in, u=0on9dN
ua
was studied in [, De, G W, Go, GL| and the references therein, where (z) > 0.

The regularity of w is obtained. Problem (1. ) is fundamentally di erent from
(1.1) the sign of nonlinearity ma es the Ma imum Principle applicable to (1. )
which allow the use of e.g. a super-sub solutions scheme. In fact the following

problem
1
Au  — — (z)=0in Q,u =1 on 019,

ua

possesses a (uni ue) positive solution in case that is, for e ample, positive.
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UT TION

We de ne the linearized operator

- A Aovu @Y learly we have
(2.1) A D = -
where is a positive constant. Precisely,
_20(N (N -=2)v)
Ty
It is nown that the eigenvalues of the problem
(2.2) -A = |, fesht!
are = (N —2), >0 with multiplicity = (V= (3\,(1\]2;2 2 ) In particular,
we denote that =0, =N-1, =N-1, |, y=N-1, 5 1 =2N
and (f) ( =0,1, ) the eigenfunction corresponding to  which is normalized

in such a way that

20) =1
ote that () = onst.
We de ne the indicial roots of by
2—N N -2 2 12
(23) . . 20

We deduce the following proposition by simple computations.

Pooto
N =2 ( )=0 ( )=0
N =3 - (2—N) 2
(22 -11) ()=@-N)2 ( )=0
N = - (2—N) 2
3'22-3)3 ( )=2-N)2 ( )=0
N = - (2—=-N) 2 0
( )=2-N)2 ( )=0 r>13
N = - (2—N) 2
(-2 ()=@-N2 ()=0
N = - (2—-N)2
("2 =31 ()=2-N2 ( )=0

v>0

0 0 v

v>(2'?2 —11)

0 0 v
v>(3122-3) 3

0 v 13

0 0 v
v>(1'?2-1)2

0 0 v



(122

v>1,

0 v 1
v>1,

v>3,

v 3
) v > 3,




2 (v 1)2
2-N) (N’— N 20 2(N> v (N 2?2 12
2 20v 1)
L 2-N) (V-2 AN-Y(N_ 2y (N 27 12
2 2(v 1)
2-N) (N-2w (N 2
2 2(v 1)
2
v 1)

3. RI TIN R OR

We introduce the weighted older spaces as in [MS, MP, MP | el, e2]. For
any >0, € (0,1)and € R, we de ne some weighted older spaces C' ** as
follows

C*={ueC "B {0}) wu =sup( ~ |u| o 2 ) 1,
12
where, by de nition
u( )—  u(x
Wl o s = sup ) © sup | u() a()l
r 2 T, 2 x | _$|

In addition, for all > 0, we de ne
(3.1) C**={ eC* | espan( (0), , (0)}

It follows from (2.1) that the linear operator is well de ned from C?® into C *%,.
The proof of the following proposition is a little variant of the proof of Proposition
3of [ e2].

Pooto N >3 v>0 N =2 0 v 3
0 2 1) N 1 e C "
=  B{0} Coy
eC % € C*y
P oo y our assumptions, we mnow from Proposition 2.1 that for N > 3 and
v>0,

() and () N —-3> -1,
1= = N y 1 and 1 > -1

For N=2and 0 v 3,
() and () N—-3> -1,

1= 5 and 1 >0



hoosing

for = 0,1, ,N as those in the proof of Proposition 3 of | e2], we easily now
that () e ists for each and that there e ists some constant > 0 such that for
all € (0,1], = | ()| 2 . Thus, this proposition can be easily obtained

from Proposition 3 of [ €2] by choosing =N 1.
Let us de ne

(ce span{ 1(6), 2(6), , ~(0)})
= e C** span{ 1(0), 2(0), , n(0)} | € span{l}

We easily obtain the following corollaries from the previous propositions.

Co o N >3 v >0 N =2 0O v 3
0 2 (@ 1) N1 eC "
= B {0} (C*e { 10, , ~O)})
€C 5 € (C? { 100), , ~(0)})

(C%e {100, . ~O)})

P oo  hoosing

for =1,2, ,and

as those in the proof of Proposition 3 of | e2|, we easily now that () e ists for
each . We now that for =0,N 1,N 2, , there e ist constants > 0 such
that for all € (0,1], = | ()| 2 . Thus, the 1st part of this corollary
can be easily obtained from orollary 2 of [ e2].

To show the second part, we choose

( ) —_ _ 1-N-2 N-1 ( )



as those in the proof of Proposition 3 of | e2]. It is easily nown that, for N = 2 and
1 v 3 N=3andv>3, |()eistsforeach and,for =0,N 1,N 2, |

there e ist constants > 0 such that for all € (0,1], — | ()] 2 .
Moreover, if 0 2 (v 1) N 1, then . Thus, the second part of this
corollary can also be easily obtained from orollary 2 of [ e2].
Co o N =2 v >3 0 2w 1)
min{ ,, } e C”, =
B {0} c*e € C %
e Cc*®
P oo It is easily nown from Proposition 2.1 that ; = , > 2 (1 v) for

N =2 and v > 3. Therefore, choosing

for =1,2, ,and

()= ( N2 N ()

as those in the proof of Proposition 3 of [ e2], we easily now that () e ists
for each and that there e ists some constant > 0 such that for all € (0,1],
| ()] 2 . Thus, this corollary can be easily obtained from Proposition

3of [ e2].

c o YP@)=1 (0

In this section we will nd nonnegative solutions u of (1.1) with () =1  (0)
and 2 y being su ciently small. Moreover, u has a nonremovable zero
point. We rst obtain the following theorem.

T o N >3 v>0 N=2 0 v 3 >0
ECQ,a(SN—l) 2 ) ECQ’Q(SN_I)
2 ) 1 >0
u

(.1) Au=Au" B {0}, u=1 SN-1



P oo  hoosing0 2 (v 1) ~ 1» we have from Proposition 2.1 that
for N>3andv>0o0or N=2and0 v 3,

1= = N N 1
For any € C?**(SV~!) wede ne (zr)= () (f) where issome ed regular
function which e uals to 0 in B; 5 and e uals to 1 outside B
We are going to nd a solution € 02:?\, of the e uation

(.2) Au Y= |u 1= Dy ) in B {0}
To this end, we de ne, for all ( , ) € 02:?\, Cxe (SN
(, )=Au )= A Ju =¥ Vu )

It is easy to see that  is well de ned from C2f‘v C?%*(SN-1) into C *%,. In addition,
(0,0) = 0 and l(,)(,0) = . It follows easily from the implicit function
theorem and Proposition 3.1 that all solutions of the e uation ( .2) near (0,0) are
of the form ( , ) where € C%%(SN-1) € C*Y is a regular mapping. Thus,
we can choose > 0 su ciently small, which satis es that for any satisfying
2 () , there is € 02:?\, satisfying 2 1 , where >0
is independent of , such that v = u is a solution of ( .2). It is easy
to see that  (0) wu (0) (0) =0. Since u (z) = |22 Y and (z) |z
with2 (v 1) , we now that u (z) (z) (z) >0 for x € B {0}, where
> 0is asu ciently small number. ote that u (z) > 2@ Uforzx € B B. y
choosing > 0 small enough, we obtain that

(.3) u >0 in B {0}

This implies that u =u is a nonnegative solution of the e uation in ( .1)
with u (0) = 0. Moreover,

(.) u (0)=1 (0) (0) forhe SN

De ning () = (), we easily see that is the re uired function. This completes

the proof of Theorem .1.
From Theorem .1 and orollary 3.3, we easily obtain the following corollary.

Co o N =2 v>3 >0
602’a(51) 2 ()
| | ( 1) 12 >0 U
(.) Au=Xu" B {0}, u=1 St
T o N>3 v>0 N =2 0 v 3 >0
€eB B e C?(SN-1)



(.) Au=Auv"” B} u=1 SN

P oo Let B B B be a C%* map which satis es that, forall € B; ,
(, )isa C?*»*di eomorphism from the unit ball into itself. Moreover, satis es
that

(z ):{:c— forallz, € B; ,
’ T forallx € B B andall € B,
and
(z,0) ==z
For0 2 (v 1) ~ 1> we de ne the nonlinear mapping

()= ) ) TG A Y
It is easy to see that  is well de ned from Czj‘j‘v B; into C %, In addition,
(0,0) = 0 and

(0=
It follows easily from the implicit function theorem and Proposition 3.1 that all
solutions of the e uation ( , ) =0 near (0,0) are of the form ( , ) where
€ B, € C*y

is some regular mapping. That is, we can choose > 0 which satis es that, for
any € B there is € 02:% satisfying 2 1 , where > 0is
independent of , such that u =u is a solution of the e uation
(-) Aw (5 ) ' )=Alu[ ¥ Yuin B {0}

rguments similar to those in the proof of Theorem .1 imply that u = u

satis esu ( )=0andu >0in B { }. De ne (A) = (0) for # € S¥~1. Then
2y 1) . This completes the proof.
From Theorem .3 and orollary 3.3, we easily obtain the following corollary.

Co o N =2 v>3 >0
€eB B (A u)

(.) Au=X " B{}, u=1 St

P oo sing the same idea as in the proof of Theorem .3 and orollary 3.3,
we see that there e ists > 0 such that, for any € B, there e ist a constant
satisfying | | 1 2 and a nonnegative solution u of the problem

Au=Au?inB{}, u=1 on S*

with a nonremovable zero at . Setting u = u (1 ), we easily see that u
satis es (. ) with A =\ (1 )~ D. Moreover, is a nonremovable zero point

of u .



€ 02’a(SN_1) 2 )
z €B (D) 12 >0
u
(.) Au=\u" Bz}, u=1 SN-1

X

P oo Itis nown from Proposition 2.1 that for N > and v > 0,

_ _ _ _(1—1/)
1 — 2 — - N_(l I/)
for N=2and 0 v 1,
(1-v)

for N=2and v > 1,

for N=3and 0 v 3,

I € S )
rLe 2 )

for N=3 and v > 3,
_ _ _ (1-v)

We choose such that 0 2 (v 1) ~ 1 and de ne the space
=span{ 1(0), 2(0), , n(0)}
Than s to orollary 3.2, for all € C %, the problem
— B {0
has a solution in the space (C%*  (@=») (1 ») ) = ote that for N >

>0

as follows

and v > 0

N=2and0 v 1 N=3and0 v 3,weuse ; in orollary 3.2. For N =2
and1l v 3 N=3andv >3, weuse ; in orollary 3.2. It is clear that

|$‘2 (v 1) — |x|(17u) (1 v) ‘l“

Given a function € C%*(SV~1) we have to nd a solution ( , ) € C** R of

the e uation

A((u ) G TG )= A f(u ) =0 in B {0}

where f( ) =] |7 Y . We de ne the nonlinear mapping

(5 )=[A(u ) G =Af((w ) GO



bviously, is well de ned from C** RN  C29(SN~1) into the space C . We
notice that  (0,0,0) = 0. Furthermore

and since Au = A v~ " in B,
( L) )(07 ’0) = A( U |$
U, [z, )( )

Therefore,
0 0)0=( U e )())
Since lz,)( )=0ifz € B B and since l@ () =— ifze By wesee
from [ e2]that (C>* (= (0 v ) =C** span{ u |, l,)()  €RV}
We can use the implicit function theorem to prove that all solutions ( , , )=0
near (0,0,0) are given by ( , , ) where

ec>™ (., )ec*™ RY

is a regular mapping. Therefore, arguments similar to those in the proof of Theorem

1 imply that u =wu is a nonnegative solution of the e uation in ( . )
which satis es that u = u >0in B { } and u ( ) = 0. Moreover,
u (0)=1 () for € SN where = | is a constant. This completes
the proof.

The following corollary is an easy conse uence of Theorem

Co o N >3 v>0 N =2 0 v 3
>0 || xr €B
(A u)
( .10) Au=X " Bz}, u=1 SN-1
T

P oo It follows from Theorem . that for any constant (since € C*»*(SN-1))

satisfying | | , there e ist z € B a constant  satisfying | | ( 1) 12
and v a nonnegative solution of the problem

( .11) Au=Au" inB {r}, u=1 on SN-1

with a nonremovable zero at . De ningu =u (1 ), we have that u
satis es the problem

(.12) Au=X " inB {z}, u=1 onSN!

where A = A (1 )= 1. Tt is clear that z is a removable zero of u .



c o PO)=C ()

In this section we use the results obtained in Section to consider the case that
(@) =C (), where C >10or0 C 1,forf e S¥!and € C?*(SN)

satisfying that 2 y is su  ciently small.
y simple calculations, we easily mnow that u (z) = C|z|> ® U satis es the
problem

_ 20" (N (N-2))

1 Au v” inB {0}, u=C on 0B
(v 1)
De ne \ =2 giv 1()]2\’ ~2¥) and the linear operator
- A A vy @Y
learly we have
(.2) A v Y = —

where  is same as in (2.1). Thus, ise actly same as that we de ned in Section
2. Thus, the indical roots of are de ned in (2.3). y arguments similar to those

in the proofs of Theorems .1, .3, . , we easily obtain the following results.
T o N >3 v >0 N =2 0 v 3

>0 € CQ’Q(SN_I) 2 ( ) €
CQ’Q(SN_I) 2 ) ( 1) C 2 >0

U
(.3) Au=Xu?” B{0}, u=C SNt
Co o N =2 v>3 >0
€ 02’a(51) 2 ()
L] 1) C 2 >0 U
(.) Au=Xu” B{0}, u=C St
T o N>3 v>0 N =2 0 v 3 >0
€eB B € C?(SN 1)



€B B ()\,U,)
(.) Au=X " B{}, u=C S!
T o N >3 v>0 N =2 0 v 3 >0

602’a(SN_1) 2 ( )
r €B (1) C2 >0
u
(.) Au=Xuv? Bz}, u=C SNt
T

We can also obtain the e istence for a class of Dirichlet problems with constant
boundary values.

Co o N >3 v>0 N =2 0 v 3
> 0 | | r €B (A ,u)
(.) Au=X " Bz}, u=C SN-t
x
R It is easily seen from Theorems .1, .3 and . that the parameter

A depends upon the boundary value C'. We can also obtain the e istence for any
A > 0, but the boundary value changes. Indeed, for any ed A > 0, we easily now
that (A, ux( )) is a nonnegative solution, with one isolated zero at 0, of the problem

(.) Au=Xu"" in B {0}

where
Ar  1)2 1 (v 1)
U,)‘( ) — ( ) 2
2(N —-2)v N))
It is clear that the boundary value of u, is the constant in the e pression of u,( ).
ow we de ne

(v 1)

- A Y

It is clear that )\Vugf” D= 2 and is e actly same as that we de ned in

Section 2. Thus, we can derive results similar to Theorems .1, .3, . , but with
di erent boundary conditions.
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