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Abstract

We consider the following anisotropic Emden-Fowler equation
V(a(z)Vu) + 2a(z)e* =0 in Q, u=0 ondQ,

where Q C R? is a smooth bounded domain and a is a positive smooth function. We
study here the phenomenon of boundary bubbling solutions which do not exist for the
isotropic case a = constant. We determine the localization and asymptotic behavior of
the boundary bubbles, and construct some boundary bubbling solutions. In particular,
we prove that if z € 99 is a strict local minimum point of a, there exists a family of
solutions such that e2a(z)e*dz tends to 87a(Z)dz in D' (R?) as &€ — 0. This result will
enable us to get a new family of solutions for the isotropic problem Au + g%e* = 0 in
rotational torus of dimension N > 3.

1 Introduction
The classical Emden-Fowler equation, or Gelfand equation
Au+e?e*=0 nQCRY, w=0 ondQ (1)

has motivated a lot of studies, because it has both geometrical and physical background.
When N = 2, (1) or more generally the equation (2) below relates to the geometric problem
of Riemannian surfaces with prescribed Gaussian curvature (see [7] and references therein).
For N > 3, it arises in the theory of thermionic emission, isothermal gas sphere, gas com-
bustion. It is also considered in relation with Onsager’s formulation in statistical mechanics,
the Keller-Segel system of chemotaxis, Chern-Simon-Higgs gauge theory and many other
physical applications (see [4, 5, 6, 11, 13, 19, 17, 25] and the references therein).

It is well known that there exists a critical value €* > 0 such that when € > €*, no
solution of (1) exists while for ¢ € (0,*), we have a family of minimal solutions which tend
uniformly to zero as ¢ — 0. When N = 2, for any € € (0,¢*), we have also a second solution
which is non stable and blows up as € — 0. The asymptotic behavior of non stable solutions
to (1), or to a more general equation

Au+e?k(z)e =0 in QCR?,  w=0on 09 (2)
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where k(x) is a positive smooth function has been studied in [3, 14, 15, 18, 21, 27]. Let
G p denote the standard Green’s function of —A with Dirichlet boundary condition and Hp
denote the regular part of Gp, i.e.

1
HD(J?,ZJ)ZGD(JU’?J)+%10%|$—Q|- (3)
If u. is a family of solutions to (2) satisfying
7. = 82/ k(x)e'sdr — ¢,
)

as € — 0 and lim. g [|uc|| L (q) = o0, then up to a subsequence, there holds either £ = oo,
ue — oo for all x € Q; or £ = 8m, m € N* and u. makes m points simple blow-up on
S ={x1,..., xm} C Q such that

Ezk(x)eufda:ﬂ&rz&gj, u5H87rZGD(~,xj) in CF.(Q\S), VEkeN,

j=1 =1

where (21, ..., Zy,) is a critical point of ¥ defined by

U(z) = Z Hp(zj,x;) + Z Gp(zi, ;) +2 Z log k(zx;).
J=1 i#] J=1
Conversely, many authors have constructed blow-up solutions, see for example [2, 9, 10, 20].

So the solutions of equation (1) or (2) are now well understood in dimension two.

Here we consider the following generalized Emden-Fowler equation
Aju+e®e=0 inQCR?*® u=0 ondQ 4)

where 2 is a smooth bounded domain, A, is the operator

1
Aju= mV[a(x)Vu] = Au+ VlogaVu

and a(x) is a smooth function over Q satisfying
0< a1 <a(zr) <as < +oo. (5)

Our motivation is due to the fact that few is known for equation (1) in dimension N > 3.
As far as we know, the only explicit results in higher dimensions concern the radial solutions
in spheres (see [11, 13]) or in annuli (see [22]). It is worth to mention that Pacard proved
in [23] (see also [16]) that for annuli, i.e. Q = A,, = {z € RY 7y < ||z|| < 1}, there exists
% C (0,1) of measure equal to 1 such that for all R € 3, there are infinitely many symmetry
breaking points with bifurcation from the branch of radial solutions. Unfortunately, we
do not have no more precise information about the behavior of these non radial solutions.
However, through these results, we observe already a quite different situation with the case
in dimension two. Our idea here is to consider axially symmetric solutions of (1) in a torus,
and try to give some precise descriptions of them. In fact, let T be a standard N dimensional
torus (N > 3), i.e.

2
T={o= (@) eRY; (ol +...+ad —1) +ak <1} (6)
with 0 < ro < 1. If we look for solutions of (1) in the form of u(x) = u(r, s) where

r:,/a:%—!—...—t—x?v_l and s=uxpn,

a direct calculus yields that the problem (1) is transformed to

V(N 72Vu) +e*rV 2" =0 in Qr, u=0 on 90, (M)
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where Qp = {(r,5) € R%; (r—1)2+s% < r2}. This is just the equation (4) with a(r, s) = rV =2
so problem (4) represents a special case of (1) in higher dimension.

The equation (4) seems to be similar to (2) or (1). We can show the existence of critical
value ¢* > 0 (depending on a and (), the existence of minimal solution and non stable
solution for all € € (0,e*). But the structure of non stable solutions is quite different. In
[28], the authors studied the asymptotic behavior of bubbling solutions to (4), they proved
that if 7. = O(1), then either u, — 0 uniformly on any compact subset of €, or there exists
a finite set S = {x;} C Q and m; € N* such that u. — u* weakly in WHP(Q) for any
p € (1,2), where u* verifies

Aqu* + SWZmiémi =0 inQ, u" =0ondN. (8)

Moreover, m; € N* and each x; must be a critical point of a. Recently, we have constructed
in [26] bubbling solutions near any topologically non trivial critical point of a in . In
particular, near any interior strict local maximum of a, we have solutions with arbitrary
given number of bubbles, which illustrates again the contrast with the isotropic situation.

Nevertheless, if we look at the equation (7), the function a(r,s) = 7¥=2 has no critical
point in Qp. Consequently the blow-up cannot occur in the interior of the domain, it must
appear near the boundary. A natural question is to understand these boundary bubbling
solutions, which is just the aim of this paper.

First, we show the localization and asymptotic behavior of boundary blow-up when «a
has no critical point in €.

Theorem 1.1 Suppose that the anisotropic coefficient a has no critical point in Q. Let u.

be a family of solutions to problem (4) satisfying

7;:52/6“5d$—>£<oo and maxu, — o0
Q Q

as € tends to 0. Then ¢ = 8mm with m € N* and up to a subsequence, there exists a finite
set S ={x1,...,xp} CON and mq,...,m, € N* such that

e2e"s yqdr — Z 8mm;dy; in D'(R?).
1<j<p

Moreover, the tangential derivative 0-a(x;) =0 for any 1 < j <p and
u. — 0 inCE(Q\S), VkeN.

Remark 1.2 We should emphasize that the boundary blow-up phenomenon does not exist
for the isotropic case, or more generally when a is constant in a neighborhood of the bound-
ary. In that case, solutions of equation (4) are decreasing with respect to d(x,0Q) in a fixed
neighborhood of 92, by moving plane argument as showed in [21] (see also [18]).

Remark 1.3 We can combine Theorem 1.1 with the result in [28] to get a more general
conclusion for a satisfying just (5), see Proposition 3.4.

The second part of the paper concerns the existence of boundary bubbling solutions. Let
us introduce some notations. Let G(x,y) be the Green’s function associated to —A,, that
is, for any y € Q,

A G(z,y) + 819, =0 inQ and G(z,y) =0 if z € 0. 9)
Define H to be the regular part of G(x,y) as
H(z,y) = G(z,y) + 4log |z — yl. (10)

Then our main results for this part can be stated as follows.
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Theorem 1.4 Let T € 00 be a local minimum point of a on OS2, i.e.
36>0 suchthat a(Z)<aly), Vy€ Bs(T)NQ, y+# 7.

We assume also 0,a(z) < 0. Then for € > 0 sufficiently small, problem (4) has a family of
solutions u. such that ee%s xodx — 875 in D'(R?). More precisely, we have

1
e2uZ + |z = &)

5+ H(z, &) +o(1) in Q (11)

us(x) = log (
where &, pe satisfy

1
fe ~ 77— ase — 0. (12)

&= d,00) ~ ool

1
[Tog <]

Here we use the symbol f ~ g to mean the existence of C' > 0 such that

1
— < liminfi < limsupi <C.
C e—0 e—0 ¢

Throughout the work, the symbol C denotes always a positive constant independent of ¢, it
could be changed from one line to another.

The following result shows the reason why we construct the bubbling solutions near a
local minimum point of a on the boundary, but not near a maximum point.

Theorem 1.5 Assume that T, = O(1) and & € 0N is a nondegenerate local mazimum point
of a, then T & S.

If we return to the original equation (1) over T, we get then a family of solutions which
blows up at a (N — 2) dimensional submanifold on OT.

Theorem 1.6 Let T be the torus defined by (6), then there exists a family of solutions u.
for (1) such that as € — 0,

lim [ e?e“sdx =0 (13)
e—0 Jr

and u. blows up exactly on
Srﬂ-:{(:ri)ET; 24 42d_, =1—r, a:N:0}.

The paper is organized as follows. First we consider the behavior of boundary bubbles,
we prove Theorem 1.1 and 1.5 by potential analysis, Pohozaev identity, combined with blow-
up arguments used in [15] and [28]. Then we prove Theorem 1.4 via the localized energy
method, a combination of Liapunov-Schmidt reduction method and variational techniques
similar to our previous paper [26]. The difficulties for proving all these results come from
the fact that the distance between the bubbles and the boundary will tend to zero, there-
fore some refinements, in particular some precise informations for the Green’s function and
the corresponding Robin function need to be developed to make our approach successful.
Theorem 1.6 can be shown as a direct consequence of Theorem 1.5 and 1.4.

2 Behavior of the Green’s function G(z,y) near 0

In order to study the bubbles of (4) which tend to the boundary, we need to have a good
understanding of the Green’s function G(z,y) associated to —A,, when y is near 99, and
its regular part H, especially the corresponding Robin function z — Hg(x) = H(z,x).
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Lemma 2.1 There exist positive constants dy and C such that for any x € Q, d(x,0Q) < d,
there exists a unique point x,, € O satisfying d(x, Q) = |x—x,| and if £* = 2z, —x denotes
the reflection point of x with respect to OS2, then

|G(y,z) + 4log |z — y| — 4log|z* —y|| < C, Vye (14)
Moreover,
: |z —yl
lim G(y,z) —4log —— =0. 15
d(z,00)—0 (v ) & |z — v Lo () (15)

Proof. Consider L(y,z) = G(y,z) + 4log |z — y| — 4log |z* — y|. We have

y—=x y —a” :
—Ag ) L(y,z) = =4V loga(y) - (y —F o 17*|2) in Q.

It is clear that the right hand side is uniformly bounded in LP(Q) for any p € [1,2). Fur-
thermore, by the regularity of the domain €, we know that ||L(-,z)||L~(a0) = O(d(z,00))
when d(z,09Q) < dy. The standard elliptic theory implies then ||L(:,2)|| L) = O(1).

More precisely, remark that for 1 < p < 2, | Ay L(y, 7)|| L (o) tends to 0 as |z —z*| — 0.
So [|L(-, )| e (@) — 0 as d(x, 02) tends to 0. O

Recall the following expansion of z — H(z,y) proved in [26].

Lemma 2.2 Let Hy(xz) = H(z,y) for any y € Q. Then y — H, is a continuous map from
Q into C%(Q), ¥V v € (0,1). Let Hp be the reqular part of the standard Green’s function
defined by (3), we have

H(x,y) = 8nHp(z,y) + Vlega(y) - V(|z — y|*log |z — y) + Hi(z,y) (16)

where y — Hy(-,y) is a continuous map from Q into C17(Q) for ally € (0,1). Furthermore,
the function (z,y) — Hiy(x,y) € C1(Q x Q), in particular z — H(z,x) € C1(Q).

Using the equation satisfied by H,,, we can get, for any v € (0,1),

1

HHyHCOV’Y(ﬁ) =0 <d(y’8m> uniformly in Q. (17)

Now we show the behavior of the Robin function x +— H(x, z) near the boundary.
Lemma 2.3 Let Hi denote the Robin function x — H(x,x), then

1
Hp(z) =4log d(z,00) + O(1), VHg(x)=0 <d($739)> uniformly in Q. (18)
Sketch of Proof. Using the equation of z — H(z,y), clearly H(x,y) = 8nHp(x,y)+O(1)
in 2xQ. By the behavior of Hp (see for example [1]), we have H(x,x) = 4log d(x, 9Q)+0(1)
in Q. For the estimate of VHp, using the equation satisfied by Hp(:,y), we obtain

1
IHp (5 y9)llcr@) = O (W) for y e Q.
Consider the equation of x — Hj(z,y),
Aoy Hi(z,y) = 4[Vioga(z) — Vlega(y)] - ﬁ —8rVloga(x)V,Hp(x,y)

— V2 (lz — y[*log|z — y|) - (Vloga(x), Vioga(y))

in Q and Hy(z,y) = —Vloga(y) - V. (|z — y|?log |z — y|) if z € Q. We get then

1 . .
||H1('7y)||01(ﬁ) =0 (CW) uniformly in €. (19)
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Moreover, for 1 < p < 2, we can prove, by direct calculus,

T—y 1 .
— =0 ———5= formly f Q
|33—y|2HW1—;1>'P(aQ) <d(y,3Q)> uniformly Ior y € i,

hence |V, Hp (-, y)|lwir@) = O (d(y, Q) 1) in Q. Checking carefully the equation satisfied
by V,Hi(-,y), we obtain

1

IVyHi (- 9)ll oy = O (d(y,@ﬁ)) uniformly in Q. (20)

As Hp(x,y) = Hp(y,z) in Q x Q and Hr(x) = 8wHp(z,z) + Hi(x,x), we are done. O

Remark 2.4 Here we have a(x)G(z,y) = a(y)G(y, z) in QxQ, but not the usual symmetry
for the standard Green’s function Gp and thanks to the expansion (16), we see that H, is
not in C1(Q) in general (except if Va(y) =0). These facts make our estimate for the Robin
function Hr more involved .

3 Boundary blow-up analysis

Now we are in position to prove Theorems 1.1 and 1.5. If 7¢ is bounded, we know that w,
is bounded in W1?(Q) for any p € [1,2). We get first a Brezis-Merle type result.

Lemma 3.1 Let Q be a smooth bounded domain in R?. There exists o > 0 (depending on
Q and a) such that if a solution of (4) u. satisfies, for x € Q and 6 > 0

/ gZele dy < a,
Bs (1)05

then HUEHLOO(B[;/Z(I)OQ) <C.

By the results in [3], we need just to consider the situation near the boundary, i.e. when
x € 0. Indeed, we can use conformal transformation to change Q locally as a part of
R x Ry (see the proof of Lemma 3.2 below), then we use a reflection argument in order to
apply methods in [3] (see also [28]). We leave the detail for interested readers.

We define the blow up set for u. as follows:

S & {z €Q; Jer — 0and z., — z such that u., (z.,) — oo} .

Thanks to Lemma 3.1, we obtain

S=xn« {xeﬁ; V4 >0, liminf EQe“Edy>a}.
e—0 Bg(a})ﬂﬁ

Consequently, up to a subsequence, we have that e2e%s yqdx tends to >e,esMj0z; in D' (R?)

and #(S) < oo, since 7. = O(1). By the result in [28], if we assume that ¢ has no critical
point in Q, then & C 99.

Lemma 3.2 For any k € N, u. — 0 in Cf (Q\ S). Moreover, for any zo € S, we have
Ora(xg) =0 and ny > 8.

Proof. First, by the definition of the Green’s function G,

1

ue(z) = ——— | a(2)G(z,x)e2e" P dz T .
@) = 5ray GGG )Ee D, Vaen (21)
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Fix any subset K C € such that K NS = (. Given A > 0, since S C 95, applying (15),
there exists § > 0 such that [|G(y, z)|| =) < A, if d(y,S) < d. Therefore, if we decompose

Qas Y ={yeQ; dy,S) <d} and Qy = {y € Q; d(y,S) > ¢}, for any z € K,
/ a(y)G(y, z)e2eWdy < as) x / e2etWdy < ayToh = O(N).
Q1 (951

On the other hand, the definition of & implies that u is uniformly bounded in any compact
set away from S. Hence for fixed § > 0, there exists C' > 0 such that

/ a(y)Gly, x)ee"Wdy < Ce* | G(y,x)dy = O(c?),
QQ Q2

because [|G(-, )11 (q) is uniformly bounded for 2 € Q. By (21), we get lim. o [|uc||L(x) =
0. The usual elliptic theory shows then u. — 0 in C*(K) for all k € N.

Let 29 € S. Choosing a smooth open neighborhood U of zy such that U NS = {zo},
we can assume that there exists a conformal diffeomorphism ® from By into U satisfying
(I)(O) = Xy,

700N T) = [-4,5] x {0} and @'(@NT)= R xRy)NB; = Qy

It is not difficult to check that v, = u. o ® is a solution of
—Apv. = e%|VP[%e% in Qp, with b=ao® (22)

and ve = 0 on 'y = 9Qp N (R x {0}). Taking b(z)01v. as a test function, since v; = 0 and
ve = 0 on I'g, we get

W) Tk, _ [ 22NV
Qo 3x1 2 o Qo 8(171

b(x) 5 Ove Ove
+/FT|VUE| ”1d0_/rb(x)ax1 5 do,

(e¥s —1)dw — &2 / b(x)|V®|? (e — 1) vido
r

where I' = 99 \T'g. Thus all the right hand side terms are uniformly bounded. If 9;a(xg) #
0, by taking ¢ small enough, we can assume without loss of generality that d1b(xz) > 0 in
0, because |9,,b(0)] = |[V®(0)| x |0ra(xo)| # 0. Therefore

| 1VeePds =00,
Qo

this deduces that u. is bounded in H*(U N Q). The Moser-Trudinger inequality shows then
the boundedness of e*s in LP(U N Q) for all p > 1, which yields |Juc||z~@wno) = O(1) by the
equation, hence contradicts with zg € S = 3.

Furthermore, let z. € U realize maxg g Ue (). So lime_ox. = xg. Let de = d(x.,00)
and —2log \; = u.(x.) + 2loge. We claim

d
lim = = co. 2
L )
First, we have lim._o A. = 0, since otherwise e2e% is uniformly bounded in U N Q and no

blow-up will occur. Suppose now (23) is not true, up to a subsequence, we may assume that
d./Xe < C. Define

we(y) = ue (e + Acy) + 2loge + 2log A.  in ng{y€R2; xe—i—)\syeUﬂQ}.

Clearly we(y) <0 in Q,

Az r)we =€ in Q. and / e=W) dy = 52/ et (@) dg = O(1).
Q. UunQ
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Taking x = z. in (21) and applying Lemma 2.1 (as d(z.,9Q) — 0), we obtain

B 87T(l1($6) /Qa(z)G(z’xE)EzeuE(Z)dz - us(me)
1 |zt — 2| 9
= 1 € 1 ue(2) — ue (@,
Sma(e) /Q {og P +0(1)| a(z)ee dz — ug(x.) (24)
1 / 2 uc(z) |27 — 2|
= — a(z)e“e¥s¥ log —=——dz — u-(z:) + O(1).
2raes) Sy ") o — 2 7 Uele) HOW)

Here, we have used the fact that |z} — z|/|x. — 2| — 1 uniformly in Q\ U, as z. — xo. Let
z=x.+ Ay and yf = (xf — z.)/Ac, the equality (24) leads to

1

= — a(ze + Aey)e?= ) 1o Md —ucs(xe) + O(1). 25
rates) e A O log By () + 01 (25)

Notice that |yZ| < 2C and |[e*<||L1nr=q.) = O(1). By decomposing the last integral over
domains {|y| < C} N Q. and {|y| > C} N, we obtain clearly

- 2C
/ a(ze + Aey)e?= W) log Mdy <ag x / e W) og <1 + ) dy = O(1).
Q. [yl Q. [yl

But lim._, uc(x.) = 00, we reach a contradiction with (25), so the claim (23) holds.

Thus, Q. tends to the whole space R? and standard blow-up analysis implies that up to
a subsequence, w, converges to w in C? (R?) where

—Aw=¢Y in R? and edy < 0.
R2

/ e’dy = 8.
RQ

Fatou’s lemma yields then ny > 8. O

It is well known from [8] that

More precisely, we will quantify 7g.
Proposition 3.3 For any xg € S, we have 1y € 8TN*.

Proof. Let zg € S, under conformal transformation, we can assume that zo = 0 and there
exists § > 0 such that BsNS = {0},

Qo = Bg(O) N =DBsN (R X Ri) and E(;(O) NN = [—(5, (5] X {0} =Ty.
Tt suffices to prove that (recall that v. = u. o ® verifies (22)),

lim e2|VO|ev=dx € 87N*. (26)

e—0 o

Define (. by
—A(. =Vlogh- Vv, in Qy, (. =v. on 99y.

Then g. = v. — (. satisfies
—Ag. =e*Ve% in Qy, g. =0 on 9.

where V. = |[V®[2¢%=. Since ||ve|lc(an,) — 0 and v, converges to 0 weakly in WP (€) for
1 < p < 2 by Lemma 3.2, so (. is a family of continuous function satisfying ||<ch(ﬁo) — 0,
thus V; is a family of continuous functions which converges uniformly to the positive function
V =|V®|2.
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We will prove a Li-Shafrir type result as in [15]. Indeed, we can get a first bubble by
considering maxg ge = g<(z<) as in the proof of Lemma 3.2. We claim:

If max |g.(z) + 2loge + 2log |x — x.|| = O(1), then 1y = hm e2Veededr = 8. (27)
Qo =0 Jq,
Recall that d. = d(z., 0), let
We(y) = ve(ze + dey) + 2loge + 2log d.

be defined in B;. Then —Aw, = V.(z. + d.y)eVs. Since all the assumptions of Proposition
2 in [15] are verified by W, we conclude then

lim £2V.e%dx = lim Ve(ze + doy)eP=dy = 8. (28)

e—0 Bdg(fs) e—0 B

Let D. = Qg \ Bq, (z.), we will prove ||gc| z=(p.) = O(1). Unfortunately we do not have
the sup + inf inequality as in [15], so we need some new arguments. In fact, we will use the
potential analysis. Write

gs(rc):/Q Go(y, 2)e*Ve(y)e=Wdy,

where Gy is the standard Green’s function associate to —A over the domain Qy. Let z. =
(xl,22), thanks to Lemma 3.2, we can assume that ! = 0 by translation. By Lemma 2.1,
we can also fix dg € (0,9) small enough such that for any |z| < do,

|27Go(y, x) +log|z —y| —log|z™ —y|| < C, Vy € Q.

Let x € Bs,ND.. If |z|/4 < |z —y| < 3|z|, as |z —a*| < 2|z|, |[y—a*| < ly—z|+]|z* —x| < 5|z
and 27Go(y,x) < log20 + O(1); if |z — y| > 3|z|, then |y| > |z — y| — |#| > 2|z| hence
lz—y| > |yl —|z| = [y[/2. Now [y—z*| < |y[+|z[ < 3[y[/2, we get 2mGo(y, z) < log3+0(1).
So Go(+, ) is uniformly bounded in the domain Qg \ By 4().

It remains to consider |y — z| < |z|/4. In this case, since |z| < |z — 2| + d: and x € D,

lel § 3z —ae| —de

> de
4 — 4 -2

ly —ze| > |z — | =y — 2| > v — 2| -

so |y| < |y — xe|+|ze| < 3|y—xc|. By the hypothesis in (27), we get g(y) +2loge+2log|y| <
C,if ly— x| <|z|/4, y € Qo and x € D.. Hence

I:/ Goly, ©)e2Veed-Wdy S/ (
Bz /4(x)NQ0 By /a(z)

Using polar coordinates y = x + |z|re??, as |y — 2*| < 9|z|/4 and |y| > 3|z|/4 in By /4(x),

1/4 9
I<C/ {log<4)+1}rdr<oo.

Finally, for z € Bs, N Dy,

ly — x|

log
ly — x|

C
2
+ 0(1)) e” x 62|y|2dy.

x)e2V.ed= dy

\\

x)52vs€gsdy+/ Goly, x)e?V.e% dy

Qo\B|z|/4(z QoNB||/a(x)

<O(1) x / 2V.ededy + I
Q0\B|z|/4()

=O0().
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Applying Lemma 3.2, we conclude then ||g. || L (p.) = O(1), which implies [|2V.e% | 11(p_) =
O(£?). Combining with (28), the claim (27) is proved.

If now

max [gs(x) +2loge + 2log |z — x5|} — 00, (29)
0

we prove similar results as Lemma 4 and 5 in [15] by induction, that is, up to a subsequence,
we can get a family {z. x}1<x<m such that

max 9 () +loge+ min log|e —zc k|| =O0(1) and 1y =8rm. (30)

Qo 2 1<k<m ’

The main idea is to compare the distance between the different bubbles and their distances
to the boundary. By suitable gauge transformation, we can either transform some of them
into interior bubbles and then use the result in [15]; or split them into boundary bubbles
which concentrate in different places of 02 and then use the induction hypothesis. We show
here just the situation with m = 2 and leave the complete proof for interested readers.

Assume that (29) holds. Then by considering the point y. which realizes the maximum
of g.(x) + 2loge + 2log |x — x| over Qy, we get a second bubble by repeating the argument
in [15] and the proof of Lemma 3.2. Suppose that the first estimate in (30) holds with
Zeq = Te and x. 2 = ye. Define

CZ; = min [|x5 —ye|, d(ze,0Q), d(ye, 30)}

Up to a subsequence and a permutation of index, we have the following possibilities:

(i) de = d(ze,dQ) and |y. —z.| < Cod.. Under translation, we can assume d. = |z.|. Take
M, = (Cy 4 1)d. and consider w.(z) = g-(M.z) + 2log e + 2log M. in B4 (R x Ry).
Up to a subsequence, we have then two interior bubbles where we may use the result
in [15] to claim that

lim £2V.e% dx = 16m. (31)

e—0 By, N

(i) d. = d(ze,00) and |ye — $g|/d; — 00. S0 |y:|/|z<| tends to infinity. Take M, = |y|
and consider w.(z) = g.(M.xz) + 2loge + 2log M. in B4N (R x R, ). The two bubbles
are now split away, either we have one interior bubble and one boundary bubble, or

we have two separated boundary bubbles. So we turn back to the simple boundary
bubble case and again (31) holds.

(iii) gg = |ye — x|, it suffices to take M, = |z.| and w. as above, we transform then the
bubbles to two interior bubbles as in case (i), so the result in [15] yields also (31).

Meanwhile, for all three cases, since |x — x| > |x — y|/2 in Qo \ Baas. (for corresponding

M,), the first estimate in (30) implies g.(z) +2loge+2log |z —y-| = O(1) in Qo \ Barr.. We

can show always [|ge || Lo (\Biy,.) = O(1) by using the Green’s function as for (27). Now it

is easy to conclude that ny = 167. O
Combining with the result in [28], we get

Proposition 3.4 Let u. be a family of solutions to problem (4) satisfying

T = 52/ e*dr=0(1) and lim maxu. = oco.
Q e—=0 O
Then up to a subsequence, u. tends to u* in D'(QY), where u* is the solution given by (8)
with a finite set 8’ = {x;} C Q, composed by critical point of a. On the other hand, there
exists a finite set S = {z;} C 9Q such that in D'(R?),

e2eteyqdr — Z 8mm;6g, + Z 8mN;0;
z; €S’ z; €S
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Moreover m;, A\; € N*, 0ra(z;) =0 for any z; € S and
u. —u* in CL, (Q\(S'US)), VkeN

Remark 3.5 As we have mentioned earlier, when a is constant in a neighborhood of 051,

S=0.

Proof of Theorem 1.5. If it is not true, we have £ € § which is a nondegenerate local
maximum point of a. As in the proof of Lemma 3.2, we will take a conformal transformation
to change a small neighborhood of z in Q into Qy = Bs N (R x R% ) with a replaced by
b = ao® and u. replaced by v. = u. o . Moreover, 0 = ®(Z) becomes a nondegenerate
local maximum point of b. Choosing § > 0 small enough, we may assume that Qo NS = {0}
and z - Vb(z) < 0 in Qg. Using the Pohozaev identity (see [24]) obtained by multiplying
b(x)z - Vv, to equation (22), we get (I' = 9 \ (R x {0}))

/ div [b(x)|VP|22] e2evsdx:/g%(x)|vq>|2(x.y)evsda— %/b(az)(w-y)WUEFda
Q0 r r

0 1

+ / b(z) 2 (x - Voo )da + f/ (x - Vb)| Vv, |2dz,
T 8V 2 o

since x - v = x - Vv, = 0 over [—§,6] x {0}. Thanks to Lemma 3.2, we see that the first

three terms in the right hand side tend to zero as ¢ — 0 while the last term is non positive.

However, the left hand side tends to 16a(Z)mm with m € N*| this is just impossible. O

Remark 3.6 The nondegeneracy condition can be erased if we know that x-Vb(x) < 0 near
0 in Q. It is worth to mention that Theorem 1.5 cannot be proved by the usual moving plane
method, however we state here a special case which is a direct consequence of this method.

Proposition 3.7 Assume that a(x) = a(r) for x = (r,s) € Q and a is nondecreasing with
respect to . Assume also T. = O(1). Then SO{r = rmax} is empty, where ryax = max, g 7.

Proof. In this case, we see that the equation (4) is in the form Au + c¢;(x)01u + e%e* = 0
with ¢; > 0 in , thus the moving plane argument (see Theorem 2.1 in [12]) implies that
for any xg = (Tmax,s) € 99, there exists a neighborhood U of zp, independent of ¢, such
that u. is decreasing with respect to » in U. Hence no blow up can occur at xy because

T. = O(1). O

4 Existence of boundary bubbling solution

From now on, we will construct a family of blow up solutions stated in Theorem 1.4. We
should define some approximate solutions, and choose an appropriate configuration space
for the parameters. Then we need to understand the behavior of linearized operator around
these approximate solutions, to get suitable functional settings and the inverse of these
linearized operators. Finally, we solve the nonlinear problem and conclude by variational
techniques. This procedure has been used successfully in constructing interior bubbles for
equation (2) in [9, 10] and for equation (4) in [26]. Here we construct boundary bubbles.
Our difficulty is to estimate precisely the distance between the boundary bubble and the
boundary.

4.1 Approximate solution

Given £ € 2 and p > 0, we define

8u?

P+ = €PP

u(z) = log (
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The configuration space for £ is chosen as the following

e o (= C11 02

AN eeBs@mn < d(¢,09) < 32

{eemmnas ot <aicom < o2 (52)
where C7,Cy > 0 will be determined later on and  is chosen as

log(8”) = Hr(€) = H(&,£). (33)

Using the choice of A and the estimate (18), there exists C' > 0 such that for ¢ > 0 small,

1 c

— << —. 34

C|logel? == |loge|? (34)

We get also u(z) = log(8u?) — 4log |z — &| + O(2u) on 9Q. The ansatz is then U(z) =
u(z) + He(x) where H€ is a correction term defined as the solution of

AH®+ViogaVu=0 inQ, H®=-—u on 0. (35)
By the same proof as for Lemma 2.4 in [26], we obtain that for any 0 < o < 1,
He(z) = H(x,£) — log (34%) + O(=°)

uniformly for z € Q and £ € A. Moreover, it will be convenient to work with the scaling of
u given by

812

(W2 + |y = &'1?)?

where ¢ = ¢/e and Q. = Q/e. To resolve (4), it suffices to obtain w such that

v(y) = u(ey) +4loge = log

Agepw +€¥ =0 in Q., w=4loge on 0Q.. (36)

We will seek a solution w in the form w = V+¢ where V(y) = U(ey)+4loge = v(y)+HE (ey).
Problem (36) can be then stated as to finding ¢, a solution to

Ayepd+e'¢+N(@)+E=0 inQ. and ¢=0 on 9.,

where the nonlinear term is N(¢) = " (e? — 1 — ¢) and the error term is E = Ay, V +€V.
Note that V' satisfies A, )V +€¥ = 0 in Qc, we claim the following estimate for E:
Lemma 4.1 For any o € (0,1), there exists C independent of € > 0 small enough and
& € A such that

1

w2 (1+p=3ly —¢&'3)

B)| < 0= | + ] vyeQ. (37)

Proof. By definition, we have
2
- & [eHs(em _ 1} .
(02 +ly = &)
Using the choice of p and Lemma 2.3,

HE(ey) = H(ey, &) — log(8u”) + O(*) = H(ey, &) — H(E,€) + O(e”)
= O(e”|logelly — £'|*) + O(7).
Fix 1/2 < B3 <a < 1. For |y — ¢| < ue~1, then
_ 8/1’2 |: O(e“+e%|loge||ly—¢'|*) _ 1| = 8#2 x 0 (goz + €a| 10g€||y - £/|a)
(W +ly = &P)? (W +ly = &P)?
O(£”)

(4 pBy =P

(38)
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Here we have used (34), e*[loge|ly — ¢'|* = O(1) and supp, t*/(1+t) < 1foralla < 1.

Notice that H is uniformly upper bounded over 2 x €, which can be seen by its equation
and the maximum principle. Therefore, for |y — &'| > pe™!, using again (34), we get

8u { H(zy,€)—log(84%)+0(=*) 8 a-
= — | e ’ — 1:| = —-— X O 1 = O g « 5
G2+ Iy €PP (e vy —epy < W=
for any a € (0,1). Combining the two parts of estimate, we get immediately (37). O

The same arguments deduce also the estimate for W = eV as follows:

- — ! —4 . !/ —
W(y):{o(”Q(H”l?/—fD ) Tfly—ﬂéuaf
0(64 a) if |y—§/‘ > e 1

4.2 Linearized equations and nonlinear problem

Consider now the following linear problem associated to the approximate solution V: Given
h € L*>®(£,), find ¢, ¢; and c¢s such that

2

1
—A —Woé+h+—S"¢:Zyx inQ
ae)® =Wo + +a(€y);cz X in Q.

$»=0 on 90, (40)

/ oZixdy =0, for i=1,2
Qe
where W is a function satisfying (39), Z;, x are defined as follows. Denote

22 (y—£&i

Zy=1— 5 and Zj= 5ot
prly—¢P prly—¢P

for i =1,2.

We choose a large but fixed number Ry and a nonnegative smooth function yg : R — R so
that xo(r) = 1 for r < Ry and xo(r) = 0 for r > Ry + 1, 0 < xo < 1. The cut-off we use
is just given by x(y) = xo(Jly — &'|/n). The functions Z; and x depend on p, € and &, but
we omit this dependence in the notation for simplicity. The equation (40) will be solved for
h € L*(9.), and we will estimate the size of the solution in terms of the following norm

h
IRl = sup Ml (a1)
YEQe 2 Jrlul*Z (1 + |y;§ |)

Proposition 4.2 There exist g > 0, C > 0 such that for any 0 < € < €9, £ € A and
h € L*(9Q.), there is a unique solution ¢ € L=°(Q.), ¢; € R to (40). Moreover

1]l =0,y < Cllogelllhll. and |ci| < C|logel*|[Al..

To prove this result, a crucial argument is to get the following a priori estimates of
solutions, with respectively orthogonality conditions to all Z;, 0 < i < 2; or just to 21, Zs.

Lemma 4.3 There are Ry > 0 and g9 > 0 such that for any 0 < & < gg and ¥, ¢ solutions
respectively to
_Aa(sy)d) = Ww + h in QE
P=0 on 0f),

(42)
Qe
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and
Do) =Wo+h inQ.
¢=0 on 08 (43)
/ XZigdy =0 Vi=1,2,
Qa
we have
V)L < CllRll«  and  [|¢][z=(q.) < Cllogel||hll« (44)

where C is independent of € € (0,&q).

Proof. The proof of estimate for ¢ is totally similar to the proof of Lemma 3.2 in [26], we
need just to remark that since p ~ |loge| ™2, then for any fixed R > 0, we have B, g(¢') C Q.
for € small enough and & € A since d(¢/,Q.) ~ e !|loge| L.

Let ¢ satisfy (43). We will modify ¢ to satisfy all the orthogonality relations as for ¥
(see (47) below). For this purpose we consider modifications with compact support of the
function Zy. Let R > Ry + 1 be large enough which value will be determined later on. Let

1
- —4log(epR) + H(&, €)'

ag
Note that we have H (&, &) = O(log|logel), since £ € A. So it is easy to see that
lir% 4|logelag = 1, uniformly in A. (45)
£E—

Let 1y be a radial smooth cut-off function on R? so that
0<nm <1, m9=1in Bg(0) and n9=0in R*\ Bry1(0).

Denote

n(y) = o <|y;§’|)

and also
Zo(y) = Zo(y) — 1+ aoGley, &) + T(ey),
where T is a correction term, solution of
—A,T=0in Q, T(x)=1-Zy(x/e) on . (46)

Take now Zo = nZy+ (1 — 7])20 and (5 =¢+ /\ZO, we adjust 5 to satisfy the orthogonality
condition:

/ ¢Zixdy =0, forall 0<i<?2. (47)
Qe
Let L = —Ag4cyy — W, we claim then

- - C
1Zolloc <C, || LZo] < Toge ™ Al < Clloge]|[R].. (48)

Estimate (44) for ¢ is now a direct consequence of (48). Indeed, as L(Z =h+ )\LZO,
using conclusion for v, we have

16llec < € (10l + NIL(Zo). ) < Rl (49)
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Therefore ||¢]lso < [|6]loc + |Al[|Zollso < C|loge| |||+ For getting (48), we show first the
estimate of functions T and Z,. Since

2,2
1—-2o (g) :ﬂﬁﬁ on 012,
we get readily for £ € A,
H1—Z0 (g)‘ckm) =0(%), Ya>0, keN. (50)
Thus, the elliptic theory implies that
1Tl er @) = O(e?™®), forany a >0, k€N. (51)

On the other hand, we have [|Aycy)Zo + €' Zol|« = O(ep), because
A 7 vy — _ -1 ‘y B £,| -
aey)Zo +€"Zy =eVloga(ey)VZy =0 [ep " |1+ T . (52)

To estimate || Zo||oo; as || Zo||os < 1, we need only to consider the term (1 —n)agG(ey, €).
When 1 -1 # 0, as G(ey, €) = —dlog(ely — &]) + H(ey,€) and |y — €] € (R, diama),
combined with the estimates (17) and (45), we obtain

| Zollso < C, for & > 0 small enough. (53)

For the estimate of ||LZg||,, we decompose €2, into three regions: Q; = {|y — ¢'| < uR},
Q= {uR < |y— €| < p(R+ 1)} and @ = {Jy— €| > u(R+ 1)}

On Q, we get by (52),
5tz [ =Y
LZy=LZy=0 [ep " |1+ m + (e¥ — W) Zy. (54)

According to (38),

ly — &

(" —W)Zy=—EZy=0 (s"‘;ﬂ {1 +

-3
] ), for any a € (0,1).

Therefore

/17 —3
\LZy(y)| = O <5a,u2 {1 + 'yugq ) , Yye. (55)

On €5, we have

LZy =nLZo+ (1 —n)LZo + 290N (Zo — Zo) + (Zo — Z0)Daey)n
= LZy — (1 =)W (Zo — Zo) + 2VN (Zo — Zo) + (Zo — Z0)Aa(ey)n

The estimate of LZj is the same as (54). Using (17) and (51), for £ € A,

~ R
%—%:%aw@—ruvwz%Pm o

S He9) - (69| + 06
— ao[0(1) + O (2] logelly — €%) ] + O(2~2).

We have also

V(70 — 7o) = ay [o (Iy—1£|> eV, H(ey, g)} + O,



Boundary_IHP.tex January 31, 2007 16

Applying (45), the expansion of H and (19), we derive then

~ 1 = 1
ZO - Zo =0 <) 5 V(ZO - Zo) =0 <> in QQ. (56)
| log ¢ pl logel

Moreover, |Vn| = O(p~!) and A, .,yn = O(p~?), we obtain finally by (39)
~ ~ ~ 1
1- Zo — 7o) + 20V (Zo — Z0) + (Zo — Z0) Dy H —0(——).
H( MW (Zo = Zo) +2ViiV (Zo = Zo) + (Zo = Zo) Ba(ey Lo (9y) o <u2llog5>

Hence

~ 1
TR - () . (57)

p?|loge|
On (3, since ZO = 20, SO
LZy = —Du(ey)Zo — W2y = — (Dagey) Zo + € Z0) + EZo + W (Zo — Zo).

We have always (52), it suffices to consider the last two terms. For this propose, we decom-
pose Q3 to two subregions: Q31 = {u(R+1) < |y—¢&'| < pe~'} and Q30 = {|y—¢&'| > pe1}.
For y € Q31 and any «a € (0,1),

R 2—a
A H O - (69| +06)

[

:0( ! >x{10g uR +o<ealogeny—f'w)}w(e“)
(
d

ly —¢'|
! >x0(1+|y_§>.
[Tog <] r

- 1 —en3
EZy+ W(Z() — Zo) =0 TR P |:1 + |y § |:| in Qs1. (58)
p?|loge| 7

For y € Q35, we have EZy + W (Zy — Z)) = e"Zy — WZy. Thus W = O(e*=%), e¥ =

O(e*=%) and Zy, Z; are uniformly bounded,
7 ly—¢117°
|LZ0(y)| = O Ea/,L_Q |:1 —+ u:| n Qgg. (59)
Combining the estimates (55), (57)-(59), we conclude finally

~ C
< — .
ILZol|« < Moge|’ VEeA (60)

Now we prove the estimate for A. Multiplying the equation L(Z =h+ALZ, by a(sy)z),
integrating by parts (use Zy = 0 on 9€).) and the first inequality in (49), we find

‘)\/ a(sy)ZOLZOdy’ = ‘—/ a(sy)hZody—l—/ a(sy)(;LZOdy‘
Q. Q. Q. (61)

< Ohll+(1 + ILZo|1+) + CINIILZo |2

We need just to show a convenient lower bound of the left hand side. Decompose the domain
Q. as before, by (55), we have

/ a(sy)ZoLZOdy =0(%), Vae(0,1).
Q1
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From (60) and (53), we derive that

o0

C rdr _0 1
|loge| Jpyq 1+73 Rlloge| ) -

It remains to estimate the integrate over 5. Let

/ a(ey) Z{)LZ)d?J <
Q3

1 :/ a(ey) ZoLZydy
Q2
= / a(ey) Zo [ULZO +(1- U)LZ)} dy +/ 2a(ey) Zo ViV (Zo — Zo)dy
QQ Q2
+ [ Za(Za— 209 - faley) Vil dy,
Qq
The integration by parts for the last term will deduce

I= /92 a(ey)Zo [LZo —(1- n)W(Z) - ZO)] dy + /Q2 a(gy)@o — Zo)2|Vi[2dy

+ / a(sy)ZOVnV(ZO — Zy)dy — / a(sy)(Z) — ZO)VnVZ)dy
Qo Q2
=L+ 1+ I3+ 14.
Applying (52), (56) and (39),

LZy— (1 =W (Zo — Zo) = O (,u?|loggj(1+r3)>

1
L=0(-—" ).
! O(R2|1ogs|>

Moreover, |Vn| = O(u~1) and |V20| = O(p~'r=3) in Q,. Using again (56), we get

R 1
g — d I = e ——— .
L=0 (|10g€2> and i =0 <log6|R2>

As Zo— Zo = 0(Zp) in g, using (45),

where r = |y — £'| /. Thus

5 ~ R+1 9
I3 = /522 a(ey) ZoNnNV (Zo — Zo)dy = ao/R a(§)n’1(r)% [4+0(1)]dr
a(§)

= TTogd [140(1) + O(R™?)].

Combining all these estimates, we conclude that for R large enough and € small enough,

a(ey Z LZOdy > . (62
f 02 g >
Inserting this lower bound and (60) in (61), we obtain
A A
<Cl|hlls+—=),
|loge| — 1Al + | log ¢|?
which yields readily |A| < C|logel||h||«, our proof is completed. O

Proof of Proposition 4.2. First, we prove some a priori estimates for ¢, ¢;, solutions of
(40). By the previous lemma,

2
[0l (2.) < Clloge] (IIhII* +y |Ci|||ZiX||*> : (63)

=1
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It is easy to see that || Z;x||« = O(u) for ¢ = 1,2, so a main step is to estimate the constants
¢i- To this end, we multiply (40) by a(ey)Z; where Z; = Z;n; and

e(y—¢ . .
my) =xa <(yu§)>7 x1 =1in By, x1=0inR*\ Bs.
We have then

2
/ a(ey)Z;Lody :/ a(ey)hZ;dy + Z Cr / Z; Zyxdy
Q. Q. = Je.

(64)
:/ a(sy)therci/ fody.
Qs

€

We claim that |[LZ;|, < Ce¥/3u~! for i = 1,2. Decompose the domain €. to two regions:
O ={ly—¢| <pe 1} and Qy = {|y — &'| € (ue~t,2ue™1)}. Since Z; = Z; in O, so

LZ;i = —Dy(ey)Zi — WZ; = —eVloga(ey)VZ — (W — ') Z;. (65)

We have, by Young’s inequality,

o —2 ly — ¢l -
—eVioga(ey)VZ; =0 [ epn™ |1+ S

— 0 + 0 (51/3M_3 {1 n |y;§/|]—3> |

Using (38), we obtain

(W —e"Z;=EZ;=0 | e*u2

, 13
1+|y;§] xO(™), Yac(0,1).

Hence
~ 13
ILZi(y)] = O(*) + O <51/3u3 [1 + wlf'} ) in Q. (66)

In 5, we have LZ- = (LZi)m — 2V Z; — Zi Ag(eyyn1- Since
e’ =0, W=0@E""), Zi=0(y-¢1™"), VZi=0(y-¢17?)

and also Vi = O(ep™), Ageyym = O(e2p™2), we deduce easily HLZ—HLW(m) = 0(e?t%)
for any « € (0,1). Combining with (66), our claim is true. Consequently

| atenZizody = | acnorZity =0 (4ol ) (67
On the other hand,
A’Mme@zow*mm> (68)
and by definition,
/ ZQ xdy = Cp.

€

Substituting (68) and (67) into (64), we obtain

jeil <€ (Ml + P bl )i =12
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Combine with (63) and recall that u ~ |loge|~2, finally

[@lloc < Cllogel R+ (69)

Consider the Hilbert space
H= {¢> € H&(QE);/ xZipdy =0 for i= 1,2}
Qa

endowed with the norm (|| gy = [V 12(q.). Equation (40) is equivalent to find ¢ € H
such that

/ a(ey) VoV — aley)Won]dy = / aley)pdy, Vi € H.

Q. Qe

By Fredholm’s alternative this is equivalent to the uniqueness of solutions to the problem,
which is guaranteed by (69). O

Proposition 4.2 implies that the unique solution to (40), ¢ = T'(h) defines a continuous
linear map from the Banach space C, of all functions h in L>(2.) endowed with the norm
|- ||+, into L>°(€2:). We need also the differentiability of the operator T' with respect to the
variable £’. Indeed, we can compute the derivatives of ¢ with respect to £’ and obtain their
estimates as follows

18¢ T (h)||oe < C|logel*|[A]]. (70)
Sketch of Proof. The proof is similar to that in [9] or [26], here the difficulty comes from
the fact that & goes to the boundary as € tends to 0. The most delicate point is to estimate
|0¢:W||... Since W = eV, we need just to estimate ||0¢V||o thanks to (39). Consider first
the variation of . Thanks to (18) and (33), we get readily |O:p| = O(u|loge|) over A.
This will lead to ||O¢ul|oc = O(e~'p~!). Using then the equation for the ansatz U and the
maximum principle, we obtain

1 3
106U |oo < [|0eulloo||U |0 = O (|0§€|> .

After the scaling, this yields ||0¢ V|l = O(]logel|?). O

Now we are in position to solve the nonlinear equation associated to V.

1
c; Zix in
a(ey) ;2 )

¢=0 on 99, (71)

/ xZipdy =0, Vi=1,2
Qa

_Aa(sy)gb -W¢=FE+ N(¢) +

where W =", N(¢) = €' (e? — 1 — ¢) is the nonlinear term and E = A,V + €V is the
error term. We have the following result.

Lemma 4.4 Let o € (0,1). Then there exist g > 0, C' > 0 such that for any 0 < & < g
and any & € A the problem (71) admits a unique solution ¢, ¢; such that

6]l (@.) < Ce*[logel. (72)
Furthermore, the function & +— ¢(¢') is in C' and
Ve dllpoo () < Ce®|logel®.

The proof can be done along the lines of those of Lemma 4.1 of [9] by fixed point
argument, so we omit the details.
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4.3 Variational reduction and expansion of the energy

In view of Lemma 4.4, given £ € A, we can define ¢(¢’) and ¢;(¢’) to be the unique solution
to (71) satisfying (72). Recall the ansatz U(§) = u(z) + He(x), we set

Fe(€) = J(U(€) + 6(6)), (73)
where J; is the functional associated to the equation (4), i.e.
_1 2 _ 2 v
Je(v) = ) /Qa(x)|Vv\ dx — ¢ /Qa(x)e dx
and
@ =0(25) o (1)

Lemma 4.5 If£ € A is a critical point of F. then u = U(§) Jra(f) is a critical point of Jg,
that is, a solution to (4).

Sketch of Proof. The proof is similar to that of Lemma 5.1 of [9]. The most delicate
point is to verify the closeness of 0/ V with Z;, here again the difficulty comes from the fact

d(&,00) — 0. As
2

8p c
V=1Io H* (e
SwEry—epr
and [Jg p| = O(ep|logel), we need just to estimate ||0¢ H®| (). For that, we can use the
equation (35), by differentiating the second member with respect to £, we can prove that
|0 He || oo () = O(e* ™) for any o € (0,1). This leads to 0V = —4Z; + O(e*) in Q.. O

A key argument to get critical points of F. is its expected closeness to the functional
Jo(U), for which the proof is completely similar to that of Lemma 5.2 in [26], so we leave
the detail for interested readers.

Lemma 4.6 We have
Fe(&) = J(U(E)) + 0:(5),

where 0| + ||VO:|| — 0 uniformly on A, as € tends to 0.

We get also the asymptotic expansion of J.(U) where U is the ansatz.
Lemma 4.7 Let U be the approximate solution defined as U = u+ H®. Then

J(U) = —167a(€) loge — Axa(€)H(£,€) + 8x(log8 — 2)a(€) + o(1) (75)
where the term o(1) tends uniformly to 0 in A.

Proof. By definition,

1

J.(U) = 5/ o(2)| VU 2dr — 62/ a(z)ede = Ta + T,
Q Q

Using the equation —A,U = £2e% in 2, U = 0 on 0N and the expansion of H¢,

2J4 = 52/ a(x)e"Udz
Q

_ 2 8,&2 1 «
=< | o)y ey [I‘)g @t —gpp T H@E+OE )} -

Make the change of variables x = euy + £ and denote Q= {y € R?%; £+euy € Q}, we obtain

[ 8a(§ +epy) [
”A‘/@ A+P? [T+ Pe

CH(E + ey, €) — 4 1og<eu>} dy + O(").



Boundary_IHP.tex January 31, 2007 21
But |a(§ +epy) — a(§)] < Ceply| and [H(E+epy, &) — H(E, )| = O(e*p|logel[y|*) for any

€ (0,1), thus
T = dra(€)H(E,€) — 167a(€) log(ep) — 87a() + ofL). (76)

On the other hand,

_ .2 Ug,. . .2 8’ He (z)
Jp = —¢ a(x)e”dr = —¢ a(x) € dx
Q Q (

T e e
_ / Bal€ +e1y) ne(creny.)-HEOHOE) g,
~ 2 2 .
a (1+[yl*)

We decompose the domain € into two subregions 9y = {|y| <1} and Q, = 2\ €. Using
the fact H(z,y) < C uniformly in Q x Q, we get

o H
/ 8a(§+52ﬂy) HE (6+eny,€) ~H(E)O0() gy, < C/ & 5)27“(17‘ — 0(2u7),
o, (1+yP)? (L+72)?
In 4, using again the regularity of a and H(:,¢), we obtain
Jg = —8ma(§) + o(1). (77)

Thanks to (76), (77) and employing (33), the expansion (75) is proved. O

4.4 Proof of Theorem 1.4

We suppose now T € 02 is a strict local minimum point of a(x), i.e., there exists § > 0 such
that for any y € (Bs(Z) \ {Z}) N Q, a(y) < a(T). We suppose also that 0,a(T) < 0.

Lemma 4.8 Assume that there exists 6 > 0 is small enough such that dya(z) < —ly < 0 for
any x € 00N Bs(T). Then we have g9 > 0 such that for any e € (0,e¢), the minimization
problem mingep F.(§) has a solution in the interior of A.

Proof. Let & € A be a minimizer of F.. We need to prove that £ belongs to intA, the

interior of A. First, let
Vz

0 _ = _
&=z |log €|

where vz denotes the unit outward normal vector at Z. It is clear that £° € A if ¢ is small
enough and if we choose C; < 1 < Cs. From (75) and Lemma 4.6, thanks to the expansion
of H(, &), we obtain an upper bound as follows.

m/{n]:g(f) < F.(£%) < —167a(7) loge + 16ma(T) log | loge| + O(1). (78)

Suppose by contrary that & € OA. There are two possibilities: either & € 9Bs(T) N Q;
or d(&.,09Q) = Ci/|loge| for i = 1 or 2. If & € OBs(T) N Q, we have §y > 0 such that
a(&:) > a(T) + 6. Since d(&,99) ~ |loge| ™!, applying Lemmas 4.6 and 4.7, we have

min F-(&) = —167[a(T) + do] log e + O(log | loge|)

which contradicts to (78). This argument shows also a(§.) — a(T) as ¢ — 0. Hence {, — T
by the hypothesis over a.

If d(&,09Q) = C;/|loge|, we denote by z¢ the orthogonal projection of & on 9. As
H(&., &) tends to —oo, we have

v

mAin]-"E(f) — 167 [a(acg) Ii oCis J loge — 4ma(T) [4log |IC g +0(1)| +0(1).

— 16ma(T) log e + 16ma(T) log | log e| + 1671y C; — 167a(T) log C; + O(1)

V
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where the term O(1) is independent of € small and £ € A. Notice that the function
g(t) = 167lpt — 167a(T) logt

satisfies lim; o+ g(t) = lim;—,~ g(t) = o0, so if we choose the constants C; € (0,1) small
enough and Cy > 1 large enough, we will reach again a contradiction with (78). The lemma
is proved. O

Proof of Theorem 1.4 completed. According to lemma 4.5, the function U(€) + ¢(€)
is a solution of problem (4), if we adjust £ so that it is a critical point of F.(§) defined by
(73). Lemma 4.8 guarantees then the existence of a such critical point and thus a solution
u for (4). On the other hand, we get from the ansatz, u. remains uniformly bounded on
Q\ Bq, (&) where d. = d(£,0Q). The reason is just that [|G(-,&)| Lo @\Bq, (e.)) = O(1) by
Lemma 2.1, the properties of u. can be easily seen from its decomposition. O

5 Boundary blow up solution for Au + ¢%¢* = 0 and fur-
ther remarks

Proof of Theorem 1.6. If we look at the solutions with rotational symmetry over T,
ie. ue(x) = ve(r,zy), we know that the equation (1) for u. is transformed in (4) for v,
with a(r,s) = rV=2. Since 29 = (1 — 79,0) is a minimum point of a on Qr, Theorem 1.4
deduces then the existence of v, such that 2e%sxq,dz — 878, in D'(R?). This yields a
family of solutions u. which blows up exactly on Sy C 9T. The equality (13) comes from
the rotational symmetry of our solution and the asymptotic behavior of v.. 0

Remark 5.1 By Theorem 1.1 and Theorem 1.5 (we can show x-Vb < 0 by explicit calculus)
or Proposition 3.7, the solutions ve will blow up near zy, the unique minimum point of a on
the boundary if 7c(ve) = O(1). The limit (13) shows another contrast with the situation in
dimension two, comparing with Lemma 3.1.

In particular, we get a family of solutions with a circle as blow up set in dimension three,
which is a minimal geodesic for the induced Euclidean metric in R3. Naturally, the following
questions are raised.

Question 1. Do we have another family of blow up solutions for € near zero? Can we have
solutions of (1) on T which breaks the rotational symmetry?

Question 2. For any smooth domain 0 with nontrivial topology in R3, can we have a
family of blow up solutions for € near zero? If yes, can we characterize its blow-up set by
some geometrical or topological properties of the domain?

For the anisotropic equation (4) in dimension two, many problems are also remained
open for the boundary blow-up phenomenon.

Question 3. Can we construct bubbling solutions near a saddle point T of a on the boundary
with 0,a(T) < 07

It seems that we need to understand more about the asymptotic behavior of the blow-up
phenomena near ). For the interior bubbles, as already mentioned, we proved in [26] that
near any strict local maximum point in €2, we have a family of m-bubble solutions for each
m € N*. We wonder if a multi-bubbles could exist on the boundary. However, we can prove
that 7; is not bounded in general, even when only boundary bubbles are possible.

Proposition 5.2 There are domains Q0 and anisotropic coefficients a without any critical
point in Q such that we have a family of solutions u. satisfying

7;:52/6“de—>00, as € — 0.
Q
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Sketch of Proof. Indeed, if we assume that there exists a finite set of disjointed strict local
minimums {z;} for a on 09 with negative outward normal derivatives, it is not difficult to
construct, by the same method as for Theorem 1.4, a family of solutions such that a single
bubble appears near each point x;. The reason is that we can consider

Ch
| log €

— C
a={ie) cam & e Butw), 22 < d(eom) <

1
) Vi ) 0 < -mi i gl
Z} 5 in |z; — ]
and take the ansatz as the sum of corresponding solution for each x;. Here the interaction
between disjointed bubbles are negligible. For example from the expansion (11), we see that
e, the solution given by Theorem 1.4 (see also Lemma 3.2), tends to zero uniformly in any

compact set in Q\ {Z}.
Now let 2 C R~ x R be a smooth bounded domain such that {(0,y), |y| < 1} C 9Q and

a(r,s) =2—r+h(s7?), where h(os)=e “sino.

It is clear that @ > 1 in R~ x R and has no critical point in R2. Moreover, the function
a has infinitely many local minimum points on 92 near the origin with d,a equal to —1.
Therefore, for any m € N*, we can construct a family of solutions with m simple bubbles,
and the diagonal process will give us a family of solutions satisfying lim._.o 7. = oc. O

Similarly, when a admits some critical points in 2, we may get solutions with both
interior and boundary bubbles. We can also ask the following question:

Question 4. If ¥ = 9Q = {y € Q; a(y) = minga}, for example, consider Q! = By and
a = a(||z||) decreasing along the radius, can we have boundary layer solutions?
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