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1 Introduction

Recently, there have been lots of work on the study of higher order conformally invariant
operators. A notable example is the so-called Paneitz operator (see [10])

2
(1) Pu=A*u+§ <§K0I - ZRic) du
and the associated ()—curvature:
_ 1 2 .12
@) Q = — (K3 - AKo - 3|Ricl?),
where § denotes the divergence, d the differential, Ric is the Ricci curvature of (M, go),

a four dimensional manifold and Kj is the scalar curvature. In [2]-[3], Chang and Yang
studied the existence of extreme functions for the associated variational problem:

IIu] = (Pu,u) + / QowdVy, — ( / QodVgO) log / " dV,, .

For background material and other related problems, we refer to [2], [3], [4], [6] and the
references therein. The extreme function u of IIu] satisfies a conformal invariant elliptic
equation of fourth order:

(3) Pu +2Qo = 2Qe™.

where @ is a constant. To study the qualitative behavior (such as blow up, a priori estimates)
of solutions of (3), it is important to classify all solutions to the following reduced fourth
order equation

(4) A%y = 6e*™ in R*, / e*dz < oo.
R4

In [7] (see also [12] for higher order cases), Lin classified the solutions to (4) and proved the
following theorem.
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(6) U(.CE) = IOg m, 0.
( uw@) = (lz*) oo =2

Lin s theorem shows a striking difference between (4) and its second order analogue:
(7 Au+e* =0 in R?, / e*dr < oco.
R

It is known (see [ ]) that all solutions to (7) are radially symmetric (with respect to one
point) and have the form (6).

An interesting question in Lin s theorem is: given any 0,1 4 and 0,
are there solutions to (4) satisfying ( ) Inthe case ;1 = 5= = 4, by Lin s theorem,
solutions are radially symmetric up to translation. Chang and Chen [1] proved the existence
of radially symmetric solutions to (4) for any (0,2). It remains to study the nonradially
symmetric case, that is exactly the purpose of this paper.

ere, we show that the converse of Lin s theorem is also true.

Theorem 1. 2 ROl 4 1-4,2 0 1 T
Co R (4)
() u(z) = — (x —2°2%— loglz|+co+ (1)
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Theorem 1.2 shows that there are abundant nonradially symmetric solutions to the con-
formally invariant equation (4). ore precisely, for any (0,2), even up to translation
and the gauge transformation u( z)+4log ,thereexisti i a nonradial solutions.
This is quite surprising.

In the next section, we shall prove Theorem 1.2. e make use an idea of ¢ wen [ ],
where he constructed solutions to

() Au+ (2)e*™ =0 in R?,

with prescribed asymptotic behavior. ur di culty is to show a priori estimates, our main
arguments are blow-up analysis and Pohozaev s identity.



roo o or 1

Fix 1 4, 0 for 1 and 1 - 4 < < 2. sing translation, we can
assume that 2% = 0. First, we fix a radially symmetric function ug (R*) such that
ug(z) = —log|z| for any |z| 1. Clearly, A2uq is compactly supported and
(10) A%ug(z)dr = 2.
R4
efine
(11) =u+ 22— wy = u+u — wuo.

1
Then wu is a solution of (4) if and only if A2 = Ke* — A2y, where K(z) = 6e ¢ 4 o,
For constructing , we shall use some ideas of ¢ wen. Let M  be the weighted obolev
spaces, the completion of , (R*) with the norm

A+ 2 s
where (1, 00), andé R Let =M, . Thefollowing are some useful properties
of M (cf. [ ]).
emm .1 1 § 4441 T A2
M,
= 4 dr =0
R4
16 -4 4 M o(R)

ere o(R?) denotes the space of continuous functions which tend to zero at oo, endowed
with the norm

emr . 1 4 0 1 1- 4
1 § -4 -1 K L(RY)
(4 —6-4) 4-

For any o(R*), define

log 2 1
12 =——-1 Ket .
(12) c 1 4og(R4 e dm)

Thanks to remark 2.2, ¢ is well defined and it is easy to see that Ke* — A2y belongs
to  for suitable landd —%,—-4+1 . ylemma 2.1, there exists unique =~ M,
such that A%~ = Ke* — A2y, we define then ~ = . Applying again lemma 2.1,

is a continuous and compact mapping from o(R?*) into itself. ow we will try to find a
fixed point for | which enables us to get a solution of (4).

In our analysis, a crucial argument is the following result.

emm . u _ A%y = Ke** —; R K
1
(13) / Ke''d <16 2
o O
() (z, ) 1, Au 0>
T R ( 0
(14) maxu



The proof of this lemma is given by contradiction and blow-up analysis. ne of the
key points is that the condition ( ) remains stable under the gauge transformation u ( ) =
u(r+ )+4log . oreover, this condition prevents to have some 0 for the solution
after the blow-up, which will force the total integration to be ust 16 2 and contradicts then

<16 2.

roo o emm . . uppose that the constant does not exist, so we have a family of
smooth functions u such that A2y = Ke** in 1, verifies ( ) and

/ Ke' d , lim maxwu
4

Consider .
() =u (x) +4log (5 - |$|) in 4.
Then max —4logd oo. efine

1
= (m):max , :§_|$| and = €

Clearly oo. efinealsow ()=u (x + )+4log . For| | (2 ), we
have
1
R I S B s
hence

u(x + ) —4log (7) = —4log +logl6.
In other words, w () log16 for | | (2 ). Therefore, we obtain
A2w =Kz + et in 2

w log 16 in 9
w (0) =1.

oreover, for any R 0, o R* suchthat ( o,R) 2, the condition ( ) implies

1
(1) / [Aw |d = —2/ |Au |dz oR%.
0

[o]

sing standard elliptic theory, it is not di cult to prove
emm . R 0 w w(0) =1
A%y + Aw + supw

7

0 R w - 2

Applying this result on w . p to a subsequence, we can assume that x T ,w w
in (R*), solution of
A’w=K(z )e*™ in R*
and
K(z )e*d liminf/ Kz + e'd <16 2
R4

oting that K(z ) is a constant, w must be a solution given by ( ), then

K(x etw 4 4
Aw(z) = — 4(2)/R4|$— |2d -2 = (|z] ) -2
1 1

therwise, if we take limit in (1 ), we get Aw oR?forany R 0. ince 0,
all the coe cients must be equal to zero. y Lin s result, we have w( ) = (| |?), hence

K(z )e**d =16 2,
R4

which is a contradiction. ur proof is completed.
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0< K <oo T

roo o Theorem 1. om e e . uppose that is a fixed point for the operator
in o(R*) with  (0,1], that is = and o(R*). e claim then
1)@= [logl— K d - w@)+ = @

R4
Indeed, as e* (R*), under the assumption on and , is well defined. It is
clear that A2( — )=0in R*. oreover, since for |z| 1,
(17) (z)=— | Ke log 21 d
R4 lz— |

and Ke* o NR'),weget (z)= (log|z|) at co. Liouville s theorem yields then

- constant.

Take
log
w = + C + UO + T,

then A2w = Qe*™ in R* with

Q=K€4 u0:6e 41 uo_
Clearly,

Qe*vde = Ke* dz 2 <16 2,

R4 R4
since  (0,1] and < 2. n the other hand, thanks to (16),
1 Qe4w
A = ——d .
W@ =17 o T

ince —Aw 0 and

1 1
- Aw(z) = — Qe / ———dzd
[, o= fo [

1 o 1

— —— _dxd
4 2 R4Qe / |33_ |2 !
2 4

_ w d

T Jp. 9°
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Thus w satisfies the condition ( ). ylemma 2.3 and remark 2. , we obtain then w is locally
uniformly upper bounded. sing the representation formula, we get also | | and A are
locally bounded, as e** is locally bounded. For example, fix R 0, for any z ,

A @ =ldw@)] = 75 [ 2

T relz— |
4w 4w
_ L[ Qe 1 / _Qe™
) =P Tk - P
1 1
d g
| o @
2
+ 23
From the uniform upper bound of w, it follows then w = + ¢ + log 4 is locally

uniformly upper bounded. o we conclude
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It remains to study the exterior domain. For that, we apply the Pohozaev s identity (see
[11]). For any R 1, as supp(AZ2uy) 1

/ Ke'%dx + i/ (x K)e@dx
(1) = —/ (z  )A’updz + i/ K(z)|z|e*dz

] e ] ()

y lemma 2.6, we know that the first term in the right-hand side is uniformly bounded. The
following lemma shows the behavior of last three terms, its proof is technical and delayed

to the next section. There we will use intensively the assumption 1- 4.
emm . T e =
0,1] ( R o
ince
r R* 4, =2 K:—( 2% +4 |x|)K 0,

passing to the limit R oo in (1 ), we obtain

1 _ _
-1 / (x K)e™dx / (x VA2ugdz + [ Ke*™dz.
R4 R4

sing again lemma 2.6,

_ 1 _
R Ke'dx + 2 +3 / (x K)e'™dx , if R 1.
R4

For any 0, there exists Ry 1 (depending only on ) such that

(1) / Ke'dg
R
As 1— 4, we can verify that |z| K(z|z| ?) ( 1) for some 1. Choose
=16 2 where
_ (+1
=——7"

and Ry such that (1 ) holds. Consider the elvin s transformation

o Ro.??

for |z| 1.

Therefore A? = Rglz| K  (z)e* in 1, since supp(A2ug) 1- As
/ Rilz| K  (x)e* dzx =/ Ke'Vdzr |
R4

by oser-Trudinger s inequality (see [7]), the upper bound for and [A |on 4, we can
prove e* so that |z] K  (z)e? . Thus is uniformly
upper bounded in 1 by elliptic theory.



Finally, w is uniformly upper bounded in R* o» 50 W is uniformly upper bounded in
R*. Furthermore, as A? = Ke*” — AZuq, we get easily that is uniformly bounded by
lemma 2.1, that is

If oRY), = with (0,1], then
In conclusion, as is compact, the Leray- chauder s theory ensures the existence of a fixed
point for |, so we get the desired solution as u = — w1 + wug.
roo o

For e , we recall the Pohozaev identity (1 )
_ 1 _
/ Ke'dg + Z/ (x K)e'dx
1 —
—/ (z YAZygdz + Z/ K(z)|z|e*dx

—/ |m|¥d —/ o ——A )y +/ A—(—)d

= 1+ 2+ + 4+

e claim then, under the condition of Theorem 1.2 for and |

(20) lim =lim 4= lim =0

em r .1 lim 5 =0

In fact, for |z| 1,

2 K4E ) 2 K4ﬁ
uPA@@=-¥%/' : fi—WVANmZ—EL/ 4 4o
R

alz— | 42 Jrale— |7
1 2
= Ke'v 1-— 2] d
42 Jpa |z — |2
1 -2 @
_ / | | €T K€4wd
42 Jga |o— 2
e decompose the integral over three sub domains, ;1= || Ry 2= (=,|z| 2) and
=R ( 2), assuming that |z| = R 2R; 2.
n ,since |z — | |z| 2implies [z — | | | 4 (we can discuss the cases | | 2|z
and | | 2|z|), by taking R; big enough (depending on ),
2 _ 2 _ _
(21) / ||7171(647%1 / Ke'™d
lz— R
Fix Ry, for [z| 2R,
| > -2z 4w 1
It remains to consider 5 where | | 3|z| 2. enote "= ( ); R for any RY,

P2 frite -
| e e

4 4 € 4
=mt [ ol



where = min, is positive and we use the change of variables z = R and =R .
ince | | 1 2, we have

(23) lzPA (@)= ()+ B D+ (2)
where
R R a—y
12 | —
with | | = 1. imilarly, if [z = R 2Ry, by decomposing R* as above,
1 z (T— ) 4w 1/— (- ) o aw
z|—(z) = —— — = Ke"d + =— ———Ke™d
(24) || () 2 R4 |IL'— |2 2 R4 |IL'— |2

= O+ @Y+ (),

o (=)= g [ e D

R4
(2) 1 / T 4
Ke*™d
T el B
= O+ @H+ (2+ ()
and
(a) 1 / 2P —2) 2, 4
)= — | B T T paw 4
|z (z) I W F— e*d +
(26) _ i/ | [? _25”‘ . |z|*(z = ) Ke'®q -
22 Jrs |z PP |z — |*
= )+ ®H+ (2+ ()
ere _
(z) = R* * / c a4, 1 3
12 | = |
with | |=1. fcourse, ; 2 2and 2 2 ,soitsu ces to estimate
If =4, it is easy to see that e e Yin (,12)since||=|] 12, s0
= (1) as R tends to infinity. Finally, (20) follows easily from
A
(27) lim |z]?A = lim |z|]— = lim |z ( ): lim |$|—< —) =0.
Consider now = 1. y rearrangement argument, the integral of g is less than that of their

chwarz-symmetrizations ¢ . Applying that to each hyperplane ( )a 4 = constant, we

obtain
/ © g :/ © g / C 4.
12 | — | 01 2 || o122 ||

sing the sphere coordinates, 1 = cos , 2= sin cos etc, we get

12, 2 12 p1
R* 4 // e sin?> dd = /
o Jo o Jo

(&
(L + L)

1-—2dd



where

12 pl1 5 1 12 . 1
I=/ /e 1— 2dd —/ e d —/ e d = —
Y P A 2 Jo R Jo R
and
12 p12 2 2
12=/ / e 1- 2dd l/ / e dd logft
0 0 RO 0 R

thanks to the following lemma.

emm
(=] [ e da.
o Jo
()= (og ) 00
Therefore = R % logR, then lim =0 as 3 4. ince is
arbitrary, we obtain easily (27). e finish by the proof of lemma 3.2. Indeed (for 1),

()=2/0/Oe dd=2/0/ole Y dd /0/016 dd
[ ([ e a)d

/ d
= + J—
1

which yields ( ) log  for all 2.

2

In this case, we take the change of variables 1 +4 o = cos e and +i 4= sin e

e 12, 2
R* 4, / 72d // e sin cos d d
01 2 | | o Jo
12
1
_E?A “(1me )
2
1
= — “(1-e d
ml 0 )

log R
R2
Therefore, o= (R?> * logR) and tends uniformly to zero as 1 2. Consequently,
lim |z[?A = lim |z]— =0.

For (z), we cannot prove a uniform estimate tending to zero at oo as in previous case.
owever, we show that lim = (R ) by suitable pointwise estimate. In
fact, denote "= ( 1, o) and = ( , 4) for any R*, we have

R Y s
Le = =«



which implies

|| - 4 -

7 e + R Ja ., e d-

ence
RrR* ¢ -

@ rav@)
ince 12,

2R sin cos

4 4 _
/ (z)d R /0 1+ Rcos d R (7),

ow we can claim (20). For example,

ere, we prove the following pointwise estimates for 1, 2 and
emm . =3 R 2 T

14 R2 4 R 4
2 R log R _ -
2) 2() ogR, (=) T+ 73] (2) T+
T = (.Z'l,.’EQ,.’L' )

ith these estimates, we obtain again (20). As the proof is very similar to that for
(z) in the case = 2, we ust show how to handle  using (2 ) and leave other details
for interested readers.

AsA (z)= (R )+ (R ? ;) for|z| =R,

2| |:/ 2|(A )2d R/ (R Y + R / (fjr';l)Qd

)+ R / d

1+ [z)2°
Taking the sphere coordinates 4 = cos ,x = sin cos etc,
d R sin®
/ —7 = ————d R,
1+ |z o 1+ R%sin
sowehave | | (1)+ R? , which yields lim = 0 when 1 4. The proof is
completed.
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