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ABSTRACT. We consider asymptotic behavior of the following fourth order

equation
u

=7 Jqevdx
where Q is a smooth oriented bounded domain in R*. Assuming that 0 <

p < C, we completely characterize the asymptotic behavior of the unbounded
solutions.

A%y in Q, v =0,u =0 on 9N

1. INTRODUCTION

In this paper, we study the asymptotic behavior of unbounded solutions for the
following fourth order mean field equation under Dirichlet boundary condition

A%y = i
(1.1) { w=r n

u=—= on
where p and is a smooth oriented bounded domain. In dimension two,
the analogous problem

Au=p in

(1) { _

u= on

where  is a smooth bounded domain in 2, has been e tensively studied by many
authors. et (u p ) be a unbounded sequence of solutions to (1. ) with p

ma uw () . hen it has been proved that
( 1)( ) u is uniformly bounded near a neighborhood of
( agasai uui , a e )
( )( )p for some 1 and
u () ( )in 2 ( ) ( reis erle , i hafrir
, agasa i uui , a e ), where is the reen function of A
with Dirichlet boundary condition. urthermore, it holds that
(1) C ) ( )= =1

where ()= ( ) 5-log is the regular part of ().
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n the other hand, giving  points satisfying (1. ), ara et and acard  con
structed multiple bubbling solutions to (1. ) when the bubble points satisfy non
degeneracy condition. Del ino, owalc y and wusso 1 constructed multiple
bubbling solutions to (1. ) when the bubble points are .our
thermore, henand in 1 ;1 obtained the sharp estimates for the bubbling rate
and the eray chauder degree of all solutions to (1. ) for all p . related
question connected to physics consists in adding Dirac masses to the nonlinear parts
we refer to artolucci hen in arantello andto arantello for results and
asymptotics in this conte t.

In , the second author considered the following fourth order equation under
avier boundary condition

Alu=p in
(1.)

u=Au= on
where is a smooth and bounded domain. ssuming that is conve , the
corresponding property ( 1) and ( ) are established in . ater, in and ei

considered the attainment of least energy solution and removed the conve ity

assumption of . herefore, property ( 1) and ( ) are established for (1. ).

harp estimates for the bubbles and the computation of topological degree are
contained in and

he purpose of this paper is to establish the corresponding property ( 1) and
() for equation (1.1) indeed, equation (1.1) is more natural than (1. ) from
the viewpoint of the dams inequality (see (1.1 ) below). ur main result can be
stated as follows.

T (u p)
(1.) p ma u ()
P 2
u u () - u ()
(1.) u()= 7 ()
() A?
(L.) A ()= ( ) ( )= ()=
1 )
(L.) ( ) ( )= (1 )
log



he main di culty (and main di erence) between (1.1) and (1. ) is that for
fourth order equations, a imum rinciple wor s for avier boundary conditions
but doesn t wor for Dirichlet boundary conditions.  ore precisely, reen s func
tion for the avier boundary condition

(1.1) A ()= ( )in ( )=A( )= on

is positive but the reen s function for Dirichlet boundary condition may become
negative (see 1 and 1 ). his poses a ma or di culty in using the method of
moving planes (as in ) to e clude the boundary bubbles. e overcome this by

using the oho aev identity and by proving strong pointwise estimates for blowing
up solutions to (1.1).

s an application of heorem 1.1, we consider the following minimi ation problem

1

(1.11) (u) =~ Au? plog
where is a bounded and smooth domain of and u 2(). ere, 2()
denotes the completion of () for the norm u Ay 2. dam s version of the

oser rudinger inequality 1 asserts that there e ists ( ) such that
(1.1) 2 ()
for all u 2( ) such that Aw 5 = 1. It follows from (1.1 ) that  is bounded
from below if and only if p 2 (for the proof, see the appendi of ). ur
thermore, if p 2 the minimi er of  actually e ists, that is, there e ists a
u 2( ) such that
(1.1) (u) = inf (u) =

or , it is an interesting question to as whether the minimum can be

attained or not. he wuler agrange equation of is ust (1.1). or the corre
sponding problem in two dimension, given  a smooth two dimensional domain,
we consider

(u) = = u plog u ()

where () denotes the completion of () for the norm u u 2. gain,
by the oser rudinger inequality, is bounded from below if and only if p ,
and moreover, the minimum of is always attained if p . owever, it has
been noted that minimi ers do not always e ist for . ctually, it depends on
the geometry of in a very subtle way. or e ample, the minimum of is not
attained if is a ball in 2, but, it is attained if is a long and thin domain, see
11 . o, it is rather surprising to have the following claim.

T u

(1.1) ( ) 1A )

1) ()=— ()= (—)



emilinear equations involving e ponential nonlinearity and fourth order elliptic
operator appear naturally in conformal geometry and in particular in prescribing
curvature on dimensional iemannian manifold  (see e.g. hang ang )

1.1) =

where  is the so called aneit operator

=(A )2 - ic
=2 | is curvature under the metric , and is the curvature
under the new metric . Integrating (1.1 ) over , we obtain
and  is conformally invariant (here denote the iemannian element of vol
ume). hus, we can write (1.1 ) as
(1.1) =
In the special case, where the manifold is the uclidean space, = A2, and (1.1 )
becomes
)
(1.1) A? = _—
()
ith u = p = 1, we arrive at equation (1.1).  here is now an
e tensive litterature about this problem. or instance, we refer to dimurthi
obert truwe , ara et Damma uni acard , Druet 1 , Druet obert
1 , ebey obert , ebey obert en 1, alchiodi , alchiodi truwe
1, obert , obert truwe and the references therein.

ur paper is organi ed as follows. In ection , we present two useful lemmas.
heorem 1.1 is proved in ection and heorem 1. is proved in ection

N hroughout this paper, the constant  will denote various constants
which are independent of p the value of might change from one line to the other,
and even in the same line. he equality = ( ) means that there e ists

such that .1l the convergence results are stated up to the e traction of
a subsequence.

(6] R I IN RI

e state two results in this section. he first one concerns the properties of the

reen s function (1. ). he second one is oho aev s identity. ecall that ( )

is defined by (1. ). s we remar ed earlier, in general, ( ) is not positive. e
collect properties of in the following lemma.

L =

(.1 ¢ ) log




() ) 1

hese estimates are originally due to rasovs i . e also refer to
Dall cqua weers 1 and runau obert 1

e t we state a oho aev identity for equation (1.1).

L u () A%y = (u)
1 u
(w) = (u) - ? —
u
— v — U
(w= () Au= ()
ore general version of this formula can be seen, for e ample in . In our
case, integrating the identity on
div(( ) u u) (uw O )
= JAu - ( wA  (uw )
for u (), =, and noting that
div(( ) (W)= (u)( u) (u)
and
1
div. - () u = ) (w )
if = Au, we get the desired formula.
ROO O OR

et u be a family of solutions to problem (1.1) such that there e ists
such that

(.1) p

In this section, we study the asymptotic behavior of unbounded solutions and prove
heorem 1.1. et

=log — andu =u
p
heorem 1.1 is proved by a series of claims. e first claim that
C here e ists such that for all

ote that u satisfies
(.) A%y = in wuw = u = on
with forall . o



and hence by ( . ),

Au () A ()
1
2
imilarly, integrating ( . ), we get that there e ists such that
() u

for all . It follows from heorem 1. of that there e ists , where
is at most finite, such that u () uniformly in for . herefore,
with (. ), we get that ( ) cannot go to when . his proves laim

1.

consequence is the following proposition that concerns the case when u is

bounded from above
L (uw p)
p u

u ()

lim U =u

It follows from the assumption of the lemma and laim 1 that u
on . It then follows from (1.1) and ( . ) that (u ) is bounded in (). he
conclusion follows from elliptic theory.

In the sequel, we assume that

(.) ma u ()
ur second claim is an upper bound on the norm of wu
C oral =1 (1 -), there e ists = () such that
u

y reen s representation formula ( . ) and ( . ), we have

w () )
1
hus for any (), we have
u () () ()
()
where - - = 1. ere, we used that is bounded. y duality, we derive that

u



he third claim asserts that bubbles must have some distance from the boundary

C et () besuch that u ( )=ma wu . et = -
hen lim — =
uppose otherwise, ( )= ( ). et = ——.  hen up to a
rotation, we may assume that ( ) etu () =u( )
log . ote that lim = (otherwise u is bounded from above, and,
as in the proof of emma .1, we get that (u ) is bounded a contradiction with
(.)). et and () , then we have by the representation formula
(.)and (.)
u() = u ( )
= ( )
1
1
n 2 () =
ence
u () ()
In particular, this implies that » ( ) u () for all () owlet
,weget u () . his gives
1
log — = (@)
contradiction with lim = and laim 1. hus

laim concerns the first bubble

C e have that
2
lim w ( ) log = log 1 —=
in ().
y laim , we have . incew () =u ( ) log ,
v () w()and A%w = in . oteby laim , u () (), for all
(). y standard regularity arguments, u u in () where u satisfies
(.) APy= u()=

ote that solutions to ( . ) are nonunique. o characteri e u, we compute

Au ()= A | )



and for

()

Au

hat is, for any , we have Au 2, Tt then follows from
results of and thatu( )= log 1 — oreover, =
and hence
(.) lim  lim = 2
e say that the property holds if there e ists ( ) such that,
denoting = , we have that
(i) lim = =
(i) lim =
(iii) lim (uw ( ) log )= log(l —)in ().
y laim |, holds.
C ssume that holds. hen either holds, or there e ists
such that
(.) inf
et () =inf ssume that
when . et be such that ( ) = ma and = -
and () =u ( log hen  satisfies A2 = ote that
() = inf hen lim S for all
=1 ssume that there e ists such that = ( ), hem =
and
_ 1
@ —)
where = lim his implies that () = (1).  contradiction.
hus forall =1
et () and let (1). hen ( ) ( ). hat is,
inf inf and so
inf
inf
et ( ) be such that —forall =1 ( ). hen for
=1 , we have (I ) andinf



inf (I ). hisyields

() ()
* )
imilar to laim , we also have that
2
lim Lt ) = and lim ()= log 1 —=
in (). etting = , then holds. he claim is thus proved.
C here e ists  such that holds and there e ists such that
(.) inf
therwise, since holds, then holds for all 1. iven , We
have ( ) ( )= forall = (). hen
p = = S ¢Y)
where lim lim (1) = . incep , we derive that 2 for

all a contradiction. ence laim holds.

C or =1 , there e ists such that
(.1) inf u ()

y reen s representation formula, we have

uw ()= ()
ence
(.11) u ()
et () =inf = = (). hen
ote that for ¢ ), ———. hen laim

and easy computations show that

hus



n the other hand, for (), we have
5 and hence

(1)

ombining ( .1 ) and ( .1 ), we obtain the desired estimates.

C et = lim and = =1 . ssume that
lim = . henwu uniformly in
et small such that = ~ () is connected.  hen
u () () for by the representation formula ( . ). et
, then we have u () = and hence u () for all
his implies that u uniformly.
C ssume that lim = . hen there e ists 2
such that
lim w ()= ( )in ( )
ince v satisfies
A’y =
and v is bounded in ( ) by laim , by standard regularity arguments we
deduce that u in (), where (). Thus, for small
enough,
u ()= ¢ ) = () (1)
ince ( ) is continuous in , we get that
lim » ()= ( )
where = lim lim .y laims and |, 2,
hen = ( ). o we get the result.
C et = lim and = =1 . ssume that
lim = . hen and there e ists u () such that
A%y = in ,u= wu= in and
lim v =wuin )

Indeed, with ( . ), we get that u for all . It then follows
from heorem 1. of that there e ists u () such that lim u =u
in ( )- herefore . It then follows from laims and and standard
elliptic theory that there e ists u () such that

lim v =win ()



oreover, passing to the limit in laim , we get that

inf u( ) for all
e are left with proving that v can be smoothly e tended to . efi and
we let small enough such that
u( ) for all ()
herefore, there e ists such that for all () such that
= , we have that
u( ) u()
a ing , we then get wu( ) for all () . roceeding
similarly for all the points of |, we get that there e ists such that wu( )
for all
e let 2( ) such that A? = . ( ince u , we may simply put
=1when = .) It follows from standard theory that () and that
(= (0)
for all . or small enough and ,
(1) uw()= C ) = () ()

assing to the limit (first in  and then in ) in ( .1 ) and noting that w ,
we get that

w( )= ()
for all - herefore, u in and u can be e tended smoothly as a
function on . oming bac to the definition of , we get that is and
then u ( ). his ends the proof of laim 1 . s aremar , let us note that if
the concentration points were isolated (that is =  for all = ), the argument

above would prove that (u ) is bounded uniformly near the boundary, which would
immediately e clude boundary blow up.

ow, we e clude the boundary blow up in case lim =

C ssume that lim = . et . hen
lim lim =

In particular, =

e argue by contradiction and we let . hen (. ) yields
lim lim 2
hus for all , we have that

(1) ?



for all large enough. urthermore, we may assume that
et = p () with

(1) ( )(Au )?
. p =
() )NAu)?
where such that ; ( ( ) ) 1for ()
outer normal vector to at . hen it is easy to see that p
(.1) ( J(Au )? =
ow applying the oho aev s identity in ( )with =
and (u) = ( 1), and using Dirichlet boundary condition an
obtain that
( ) = (
Y Au
1 A
- (Au )2 ( u )
—u Ay u  Au
ote that u = ( Yin ), where (

obtain that all the terms in the last three integrals are of the form

lim WM = ()
while
lim ( ) ) =
ince lim = , we thus obtain that
(1)
for large enough. herefore,
lim lim =

contradiction with ( .1 ). his proves laim 11.

C e have that

lim =

() is the
and

d:( 1), we

~—

hus we



e a.rgue by contradiction and assume that, up to e tracting a subsequence,

lim . elet (this follows from laim 1 ). rguing
asin laim 11 we get that
( ) = ( )
Y Aw
1 A
- (A'U, )2 ( u ) U
—u Ay u  Au
etting , we then get with laim 1 that
2 ( )
YAy
1 A
- (Au)2 ( u) u
—u Auy u Au
for all small enough, where =lim depends on  with
ith laim 1 , we now that u ( ). assing to the limit above,
we get that the goes to ero. contradiction. hen lim = , and

laim 1 is proved.

C = 2 =1

ince , the same proof as in emma . of in ei gives the
claim. e also refer to Druet obert 1
C he identity (1. ) holds.

he proof is e actly the same as that of heorem 1. of in ei and as

in Druet obert 1
heorem 1.1 follows form laims 1 .

ROO O OR

y heorem 1.1, there are no boundary bubbles for (1.1). he proof of heorem

1. follows along the lines of ections and of we ust need to change the

avier boundary condition to Dirichlet boundary condition. et us s etch the
changes. e first choose a good appro imate function fi and let

(.1 ()=logﬁ



where = = . e consider the pro ection of

A? = in
) = = on
et
() =
hen satisfies
A2 = in
) = = on
n , we have for su ciently small
2
()=log( ) log — ()
uniformly in (). omparing ( . ) with (1. ) and (1.1 ), we have
(-) =log( ) )y 2 () ()i
e now use as a test function to compute an upper bound for .et
be such that ( ) = ma ( ). imilar computations in page

, yield

where is a generic constant. y our assumption (1.1 ), we have

1 .
(-) = *?ma ()

n the other hand, let v be a minimi er of for p 2. If v blows up
as p 2 then a lower bound can be obtained by following e actly the same
computation in

1
() = *’ma ()

rom ( . )and ( . ), we deduce that blow up does not occur. hen u is uniformly
bounded from above. It then follows from emma .1 that u converges to a
minimi er of when p 2,

inally, when is a ball, (without loss of generality, we may ta e = ()), by
the result of erchio, a ola and eth , v is radially symmetric and strictly
decreasing. ere = . ow, by the so called oggio s formula , we have
1 2 1
( )=—7 ( ) where 2= 2 (1 H 2
for (). hus
1 1 2 1 1 2 1
()= lg— — = ( )=— — -
and hence



It is easy to compute ()= ( 2) and hence

()=

his shows that condition (1.1 ) is satisfied. heorem 1. is thus proved.
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