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Abstract

We derive a monotonicity formula and classify finite Morse index solutions (positive
or sign-changing, radial or not) to the following triharmonic Lane-Emden equation:

(=APu=|uff'u in R",

where p is below the Joseph-Lundgren exponent. As a byproduct we also obtain a new
monotonicity formula for the triharmonic maps.
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1 Introduction and Main results

In this paper, we study the finite Morse index solutions of the following triharmonic
Lane-Emden equation
(=APu=|uf"'u in R" (1.1)

and give a complete classification of such kind of solutions.
The Lane-Emden equation

—Au=|ulP"'u in R" (1.2)

and its parabolic counterpart have played an essential role in the development of meth-
ods of nonlinear PDEs in the last decades. A fundamental result on equation (1.2) is the
celebrated Liouville-type theorem due to Gidas and Spruck [16]: The equation (1.2)
has no positive classical solution if 0 < p < pg, where ps := (n+2)/(n—2) ifn >3
while ps := oo if n < 2. Since then there has been an extensive literature on such a
type of equations or systems. In particular, in 2007 the seminar paper [10] by Farina
(see also [11]), the equation (1.2) is revisited for p > Z—fg The author obtained some
classification results and Liouville-type theorems for smooth solutions including stable
solutions, finite Morse index solutions, solutions which are stable outside a compact
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set, radial solutions and non-negative solutions. The results obtained in [10] were ap-
plied to subcritical, critical and supercritical values of the exponent p. Moreover, the
critical stability exponent p.(n) (Joseph-Lundgren exponent) is determined which is
larger than the classical critical exponent pg = 2* — 1 in Sobolev imbedding theorems.
In some sense, the Joseph-Lundgren exponent p.(n) is a critical threshold for obtaing
the Liouville-type theorems for stable or finite Morse index solutions. The proof of
Farina involves a delicate use of Nash-Moser’s iteration technique, which is a classical
tool for regularity of second order elliptic operators and falls short for higher order
operators.
The biharmonic Lane-Emden equation:

(—=A)*u = |[ufP~'u  in R™ (1.3)

has also attracted lots of studies in recent years. The classical Gidas-Spruck type result
has been extended ([21], [27]). The radial solutions are classified ([13], [15]). The
classification of stable/finite Morse index solutions was initiated by Cowan-Esposito-
Ghoussoub [4] and Cowan-Ghoussoub [5]. A complete classification was obtained by
Davila-Dupaigne-Wang-Wei in [7]. They give a complete classification of stable and
finite Morse index solutions (whether positive or sign changing), in the full exponent
range. To by-pass the Nash-Moser iterations, a key point used in [7] is the monotonicity
formula for bi-harmonic equations.
On the other hand, very recently the nonlocal Lane-Emden equation

(-=A)°u = [uf'u inR" (1.4)

were considered in Davila-Dupaigne-Wei [6] when 0 < s < 1 and Fazly-Wei [18]
when 1 < s < 2. Both [6] and [18] gave a complete classification of finite Morse
index solution of (1.4).

The motivation to study the above equations comes from both physics and geom-
etry. In particular, the critical case is inevitable for studying the conformal geometry
like the prescribed scalar curvature problem. On the other hand, it is well known that
the Liouville-type theorems play a crucial role to get a priori L°°-bounds for solutions
of semilinear elliptic and parabolic problems. In this regard, we refer to the book by
Quittner and Souplet [26].

In this paper we initiate the study of finite Morse index solutions to the triharmonic
Lane-Emden equation (1.1). There are three critical exponents. The first one is the

Serrin’s exponent -". The second is the Sobolev exponent pg = :’L’—J“ﬁ. The third is

—6
the Joseph-Lundgren exponent which is given by the following formula:

(n) { 00 if n <14, (15)
Pel) = +4—2d(n) . .
?%8772(1(2) if n Z 15,

where

— —dp(n (1.6)

d()(’fL) 2
do(n) := —(dy(n) + 36+/dz(n))"/3;

1 1536 + 1152n2 3 1/2
d(n) := 5 (9712 +96 — 10304 12T )) ;



dy(n) := —94976 + 20736n + 103104n2 — 10368n> 4 1296n° — 3024n* — 108n°;

do(n) : = 6131712 — 1664409602 + 6915840n* — 690432n° — 3039232n
+ 481894413 — 1936384n° + 251136n" — 30864n° — 4320n°
+ 18001 — 2160 + 9n'?.

Remark 1.1. In the harmonic case, the Joseph-Lundgren exponent (Joseph-Lundgren
[19]) is given by

PcHarmonic\T) ‘= n—2)2—4n+8y/n—1 , .
: (72—2)(71—10) fFn=1l

while in the bi-harmonic case, the corresponding exponent (Gazzola and Grunau [13])
is

00 ifn <12,
pcBiharmonic(n) = n+27\/n2+47n«/n278n+32 lfn > 13 (18)
n—6—\/n2+4—n\/n2—8n+32 - ’

In the triharmonic case, p.(n) satisfies a 6-th order polynomial algebraic equation
which in general has no explicit solution. It is interesting that we obtain explicit for-
mula.

Next, we recall several definitions.

Definition 1.1. A solution u of (1.1) is said to be stable if
/R |VAp|?de > p/]R lulP~p?dx,  forany p € H?(R™).
Definition 1.2. A solution u of (1.1) is said to be stable outside a compact © C R"if
/]R |VA|?dz > p/]R |ulP~tp%dx, forany p € H*(R™\O).

Definition 1.3. The Morse index of the solution u of (1.1) is defined as the maximal
dimension over all subspaces E of H3(R™) satisfying

/ |VAp|2dz < p/ lulP~Yp2dx, forany ¢ € E\ {0}.
n R’ﬂ
Hence, a solution is stable if and only if its Morse index is equal to zero. It is

known that if a solution u to (1.1) has finite Morse index, then there exists a compact
set IO C R™ such that

/ |VAp|2dz > p/ |ulP~tp?dx, forany p € H*(R™\ K).
an

The first main result of the present paper is the following



Theorem 1.1. Let u be a stable solution of (1.1). If 1 < p < p.(n), then u = 0.
For finite Morse index solutions we have the following
Theorem 1.2. Let u be a finite Morse index solution of (1.1). Assume that either
(1) 1<p<28or
(2) 242 < p < pe(n),
then the solution u = 0.

(3) If p= 28 then u has a finite energy, i.e.,

n—6’
/ |V Aul? :/ Ju[P*t < +oo0.
Rn Rn

Remark 1.2. In both Theorems the condition p < p.(n) is optimal. In fact the radial
singular solution is stable for p > p.(n). See [22].

Remark 1.3. While there are many works on second order and fourth order Lane-
Emden equations, there are very few works on 6—th order Lane-Emden equations. We
refer to Farina-Ferreo [12], Lazzo-Schmidt [20], Martinazzi [23] and the references
therein for related results on polyharmonic nonlinear equations.

Theorems 1.1-1.2 are proved by Monotonicity Formula which we introduce in the
next section.

2 Monotonicity formula for triharmonic Lane-Emden
equations

We denote 0,u = Vu - £, = |z|. Let §;,i = 1,2, 3, 4 be defined by

24
& =2n— ——,
p—1
36 36 36
d2 =n(n —2) —
24 6 6 12 6
bg=——(1+ —)2+ —)+2n—(1+ —
3 p—l( +p71)( +p71)+ np—l( +p—1)
12
—(n+b)(n+b—2)(l+ﬁ)7
6 6 6 6 6 6 6
ds =(3 2 1 —2n(1 2
6 6
N2 4 —
+n(n —2)( +p—1)p—1
2.1)



Next, we will introduce a functional and consider its monotonicity formula. Let

By:={yeR":|ly—z| <A}, A>0.
We define the functional E (), z, u) depending on z € R™ A > 0 and u:

E(\ z,u)

p+1 1 1
— /\6%1*"(/ Loaup - 7/ )
By 2 p+1Jg,

6 6 6 6
_ ASFET—n—5 1 —9 —3u
/aBk [pfl(pfl )(pfl )(pfl )
24 6 6 36 6
1 —9 L (—— — 1A%,
p—l(p—l )(p_1 )Aaru+p_1(p_1 JAZOpru

+ %A?)awu n A4a,.m.,.u] [

6 1 U+ r/\(?ru}

P 6 6 6 6
9 AFET s (L2 0y (2 9 (—— —3
* /é)BA <p—1(p—1 )(p—l )(p—l Ju
24 6 6 36 6
-1 —2)A0, S (—— —1))\%),,
pil(pf1 )(p71 ) U+p71(p71 ) u

+ p%“lx"amu o U+ A

P 6 6 6
— (61— 6 AR5 2 2y (2 9y
(61 )aBA [p_l(p_l )(p_l )
18 6 18 5 3
+p—1(p—1 1))\8Tu+p_1)\ Oprtt + A eru}
[

6 p+1
u+ Nl + (—— + 2 /\GE*””/ Ayu)?
= 4+ (25 +) [ (aw)
, 6 6
(24— 66, 4+ AP S22
( 1“)/61% [ (= = Du

14 9 6
+ E)\&u + A OTTu] [ 1u + A@Tu}

— (96, — 38, — 36) / AGpET 5 [ilu + A0,u)”

OB p—=

1 6 6
+ (51 _ 8)/ )\6%77175[
OB

(— —Du
12
+ ——A0u + /\Q&TU]Q
p—1

p—1'p—1

pt1 6
+ 54/ PN Rl Y A0pu) |u
(= )

2.2)



p+l_
4 264/ )\251)71 n 5u2
OB

+ 2/ )\6%_"_5()\2Au ~ A20,u — (n — 1)A0,u)?
GY:N

1 p+1 d
+ - / )\GP%f”%—()?Au — AN20pu — (n — 1)A0pu)?
2 Jon, dX

—4(ﬁ—n+3)/ AT 5 N2 Vuf? — A2(0,ul?]
OBx

-0+ [ A”“*"“d[ﬁlw\? X210, uf?]
OBy

_ 6p+ —n—4 d 2 _\2 6 212
6/{93AA SV 1u+/\8 W = X0+ 20w

P+l d
+/ = T -n—2 [|V( 6 u+)\3ru)\2 —10x( 6 u+)\5ru)|2]2,
9B -1 p—1

where 6;(j = 1,2,3, 4) are defined in (2.1),
The following is the monotonicity formula which will play an important role.

Theorem 2.1. Let u satisfy the equation (1.1). Define u*(x) = AT u(Ax), then

dE(\, x,u)
dX
5 dBut | 2 d?ut |2
:/BB (2>\ (d)\g) + (106, — 265 — 56)A% ( d>\2)
du?
+ (—1861 + 63 — 405 + 264 + T2)A () ) 2.3)
d? d 2
+/331 (4)\3(WV9u )? + (8a — 48 + 4n — 28)A (JVQUA) )
d .. 212 dAu?
42\ - [adlve(VQu )] + A aBl( ™ ) .

We will give the proof of Theorem 2.1 in the next section. Now we would like to
state a consequence of Theorem 2.1.

The functional E (), 2, u), defined in (2.2), can be divided into two parts: the inte-
gral over the ball B) and the terms of integrals on the boundary 0B). We notice that
in the blow-down analysis process, the boundary terms can be controlled using initial
energy estimates. Then, we may change some coefficients of the boundary terms in
E(\ z,u), we denote it by E°(A, z,u), which may be formulated in the following
way:

E¢(\ x,u)

s diu dIud (2.4)
= E(\, 2, u) —/ ( Z Ci A T )7
9B1 “o<yj<2




where ¢; ; € R are chosen properly which may be different by various cases. Moreover,
we still can obtain the lower bound of W and the lower bound is independent

of ¢; ; € R. We have the following precise statement

Theorem 2.2. Assume that Z—fg < p < pm(n). Then there exist c;; such that

E<(\, x,u), defined at (2.4), is a nondecreasing function of A > 0. Furthermore,

dEC()\,J?,U/) 6Rtl _g_ / 6 2
——2 2 >C(n,p)N°p1 7" u+Moyu) , (2.5)

where C(n,p) > 0 is a constant independent of \, and

+00 if n < 30,
Pm (1) := 4 50430 VTER?—60n 5100 if n> 31
5n—30—+/15n2—60n+190 =7
Remark 2.1. In the above theorem, we need the upper bound condition of p, namely
p < pm(n). Let us recall that in the biharmonic case the monotonicity formula holds
forallp > ™4 (see [7]). Since pe(n) < pm(n), the above monotonicity formula holds
for ng < p < pe(n) which is used for our blow down analysis. See Theorem 7.1. It
seems that in the triharmonic case, the supercritical condition p > % alone is not
sufficient to make such kind of monotonicity formula (2.6) hold. We refer the readers to

section 7 and [1] for more details.

Remark 2.2. The proof of Theorem 2.2 is quite involved. In the bi-harmonc cases, the
positivity of % is trivial. Here we have to discuss three cases: n < 20, 21 < n < 30
andn > 31. In each case we have to come up with different combinations of terms.

Remark 2.3. In [1], Simon Blatt also derived a monotonicity formula for triharmonic
Lane-Emden equations under different conditions on p which is much stronger than
our’s here (see below). He then used to prove partial regularity of stationary solutions
and obtain Hausdorff dimension estimates for the singular set of solutions. By unifying
the notations, we see that in [1] (Corollary 3.13), the author gets the monotonicity
under the condition —(n — 20) 4+ 8a(n — 1) > 0. Transfer to our notations, the

monotonicity formula of [1] requires the hypothesis Z—fg < p < Pmy (n), where
(n) +00 if n < 20,
n) =
P ni e >,

A direct calculation shows that py,, (n) < pm(n). Therefore, by using our arguments in
the current paper, the second main result Theorem 1.2 of [1] actually can be improved
t0 "8 < p < pp(n).

By slightly modifying the proof of Theorem 2.2, we are able to get the monotonicity
formula for the triharmonic map, i.e.,

A3y = 0.

Indeed, let p — +oo in (2.2) and denote E (N, z,u) = lim,_, o E(A, z,u), where
1
the term —L- \65=1 " [55. [u*PF1 is understood vanished, then we have
p+1 0Bx



Corollary 2.1. Assume that 7 < n < 30. Then there exist c;; such that ES (A z,u),
defined similarly as in (2.4), is a nondecreasing function of A > 0. Furthermore,

dES (M, z,u) n 2
N2 5 G /8 - (M) 2.6)

where C(n) > 0 is a constant independent of \.

Remark 2.4. In [1], Simon Blatt derived a monotonicity formula for extrinsic trihar-
monic maps under the conditions on 6 < n < 20 by which a smoothness result was
obtained (See Theorem 1.1 of [1]). However, by our results here, his Theorem 1.1 can
be improved to 6 < n < 30.

At the end of this section, we say a few words on the powerful applications of
monotonicity formula. It is known that monotonicity formulas are one of the most
important tools for studying geometric problems as well as supercritical equations and
systems. For monotonicity formulas for stationary harmonic maps we refer to Evans
[8] for harmonic maps and Chang-Wang-Yang [9] for biharmonic maps. For the sec-
ond order Lane-Emden equation we refer to Giga-Kohn [14] and Pacard [24]. For
biharmonic and fractional Lane-Emden equations we refer to [6, 7, 18].

3 Monotonicity formula and the proof of Theorem 2.1

Since the derivation of the derivative for the E(\, x, u) is complicated, we divide it into
several subsections. In subsection 3.1, we derive -4 E(u, \), where E(u, A) is defined

in (3.1) below, which in fact is the first term of E (A, z,u) introduced in (2.2). In
subsection 3.2, we calculate the (higher-order) derivatives aa—:ju)‘ and ;—;iu)‘, i, =
1,2,3,4. In subsection 3.3, the operator A? and its representation will be given. In
subsection 3.4, we decompose %F(u’\, 1). Finally, combining with the above four

subsections, we can obtain the derivative formula, hence get the proof of Theorem 2.1.

Without loss of generality, suppose that zo = 0 and denote by B} the ball centered
at zero with radius \. Set

_ 1 1
— \bpm1 - 2_ _ - p+1
B(u,\) = A (/BA e . Jul ) 3.1)

3.1 The derivation of -2 E(u, \)

Define .
v := Au, uMz) = ATu(Ar), w = Awv,
. . (3.2)
M) = A1 o), w(z) == A1 T ().
Therefore,
Aut (z) = v (z), Av*(z) = w(x). (3.3)



In addition, differentiating (3.3) with respect to A we have

dv*

dut _ dv*
e

dA

Note that

E(u,\) = E(u*1) = /B v

@ _
dx

duw?
d\ -’

L/ |u/\|p+1.
+1/p,

Taking derivative of the energy E(u?*, 1) with respect to A and integrating by part, we

have :
dE(u*,1) N = /\du/\
o ),V v / [ X
' (3.4)
= W Av / Aw Ad“
By
Next, we calculate the term | B VUAV%:
dv? ov> do? dv*
A _ o 2T A
Blv Van /331 ar dx /B RN
[ e
o 9B, 87" d}\ B, d)\
o dv* W 0 du N
_A&&wM_AB aqxf/v Vi 09
[ 0w
o 9B, (97" d}\ 9B, 6’1" d)\
ow* du* du?
= _ Aw —— .
+/331 ar dA /B Y
By (3.4) and (3.5) we obtain that
d v dv? ow™ du* 0 du*
LEwM gv” v i 3.6
B 1) = /E,Bl ar d\ +/531 ar d\ /aB ar dx (3:6)

Recalling (3.2) and differentiating it with respect to A, we have

duMz) 1

d\ X(pfl
’U)‘fE
dd>(\ ) :i((%”)
’U)AZ‘
P = L (G

u(z) + rout(x)),

Ma) +rot (@),

M) + r@rw’\(m)) .



Differentiating the above equations with respect to A again we get

dPurMz) | duMz) 6 duMa) o du*
dX\2 d\  p—1 dx TN
Hence, for x € By, we have
du? 6
A _
Or(u™(x)) = A T T
du(z) d?ud(z) 6 . du’
8 =\—": 1— ——)—,
O dA ) dN\2 + p—l)d)\
dov* 6
A WY o2
8T(U (x)> d)\ <p7 1 + )'U ’
duw? 6
A _,ew b A
0.(w(@)) = A = (=2 + 4w

Plugging these equations into (3.6), we get that

d — dv dv? 6 dv?
LEw 1) = it
ey /aBl(AdA Gty
dw* v 6 du?
o (4 A\
N o L o)
d2u? 6 du?
O 6 ydut
()\w e +(1 p—lw d/\) .
_/ [A@@_(L+Q)UA@] .
= Jom, Vax ax o1 d
dw* du? N et N du?
D M e ey
= Edl(uA, 1) —‘rEdQ(UA, 1)
3.2 The calculations of (%u* and 86;1- w05 =1,2,3,4
Note \ 5
du® 6 N
e LT (3.8)

Differentiating (3.8) once, twice and thrice with respect to A respectively, we have

Pur du? 6 du’ 0 du*

o o aw g a 3.9

Aor Ty To—1ay T an (39)
d3u? d?ur 6 d2u o d2u?

- g 3.10

D3 e T p—1ave Toran (3.10)
4, A 3., 3., A 3.,

)\du +3du{ 6 d°u 0 d’u 3.11)

D TUDE T p—1ax | ar and

10



Similarly, differentiating (3.8) once, twice and thrice with respect to r respectively we
have

9 du* 6 0 9?
= (— 4 D)=+ r—u 3.12
ar d\ <p—1+ )57"“ +r8r2u ’ (3-12)
0% du? 6 0? 03
() 1
or?2 d\ (pfl + )87"2u +r87"3u ’ (3.13)
o3 du? 6 03 A\ ot N
Z 2 - — 14
or3 dA (p—l + )5 3 +r87"4u (3.14)
From (3.8), on 9By, we have
o 6
or T dx  p-— 1
Next from (3.9), on 0B, we derive that
o du* d?u 6 . dut
_—— = )\ 1 — —_.
or dX d\2 +( pfl)d)\
From (3.12), combining the two equations above, on 057, we get
0? N o du* 6 0
N == (14— =
arz " or d\ ( +p71>8ru (3.15)
AQd%ﬁ \ 12 duAHH 6 ) 6 '
= —A——— — ) ——u".
dN2 p—1 d\ p—1'p—1

Differentiating (3.9) with respect to r, and combine with (3.9) and (3.10), we get that

0% du? o d%u? 6 O du’

a2 dx  "or d  p—10r d\

3.16
7>\2d3u/\+(27 12 ))\d2u)‘7(17 6 ) 6 M 10
T dx3 p—1""" d\2 p—1"p—1dx~
From (3.13), on 9B, combine with (3.15) and (3.16), we have
ORI 0% du? 6 0%
= — (24— )=
ars " or?2 di ( +p—1)8r2u
d3u? 18 d?u? 1 1 du?
e e 18 dwd (18 108 jdu gy
dX\3 p—1 d\2 p—1 (p—1)27 dA
6 6 6
—(2 1 A,
@4+ )0+ )
Now differentiating (3.9) once with respect to r, we get
ﬁ@ — (i + 1)872M +Ti3@
or2 d\2  ‘p—1 or? d\ or3 d\’

11



then on 0B;, we have

3 du 0? d2u* 6 02 du?
L = (1) =—. 3.18
o Carae G Vara (3.18)

Now differentiating (3.10) twice with respect to r, we get

0 d®u? 6 o d?u? 0% d*u?
— s =(— 1)t r—=—.
Or d\3 p—1 Or d\? Or?2 dx2
Hence on 0B7, combining with (3.10) and (3.11) there holds

872d2u)‘ B gd?’u)‘ - 6 )gdzuA
or2 d\2 " 0r d\3 p—170r d\2
diu 12 . d3u 6 6 . d%u
2 A4 — —— 1— — .
i T ) e T )l )

(3.19)
=\

Now differentiating (3.9) with respect to r, we have

o d?u? 6 0 du’ 872du>‘

a2 p—iordx o an
From this combined with (3.9) and (3.10), on 0B, we have

Pl odw o o
or2 dx  TOr d\2  p—10r d\
d3 A 12 d2 A d)\
PP SR A ] A
d\3 p—1"d\2 p-1 p—1"d\

(3.20)

= \2

Now from (3.18), combining with (3.19) and (3.20), we get

18 . d3ut 6 18 d2u?

&3 du? diu Saa- )
dX\3 p—1"p—1 d\2

_ — 3
or3 dX A dr*

(3.21)

From (3.14), on 0 By, combining with (3.21) yields

ot 0% du? 6 0
- A — (34 —)—
8r4u or3 d\ ( +p—1)8r3u
d*u* 24 dPut 12 . 18 d%u?
% -3 A2(2
i N i ae TACT ) e
6 3 48  du*
_1)(1+ _1) —
P P p—1dA
6 6 6 6

p_l)(2+p_1)(1+p_1)p_1u .

— A1+

+ 3+

12



In summary, we have that

o3 d3u? 18 d?u? 18 108 | du*
R A A (— + )
or dX p—1dA\ p—1 (p—1)2" dA
6 6 . 6
— (2 1
e+ 20+ -2t
and 62 2, A A
d“u 12 du 6 6
A 2 A
—ut = A “A————+ 1+ —)—
arz" d\? p—1 dA + +p—1)p—1u
o _ a6,
o Tdx p—-1 "

3.3 On the operator A? and its representation

Note that
n—1

1
Au=V-(Vu)= up + Uy + T—Zdive(veu).

Set v := Au and w := A%u. Then

w =Av = v, + L_lvr + %dive(v(w)
T r
2(n — 1 —1)(n— —1)(n—
— 0yt M&Wu n (n )gn 3) B, — (n )gn 3) B,
r T r

+ 7’74diV9(V9 (dng(Vgu))
n—3
T

—2(n — 4)r~*dive(Vou).

+ 2r2dive (Vo (U, +

UT))

On 0B;, we have

W = Opprrtt + 2(n — 1)0pppu + (n — 1)(n — 3)Opprs — (n — 1)(n — 3)0ru

+diV9 (V@ (dng (V@U))

n—3

+2diV9(V9 (uw =+ ur))

—2(n — 4)divg(Vou)

= I(u) + J(u) + K(u) + L(u).

13



By these notations, we can rewrite the term E 4o (u?, 1) appeared in (3.7) as following

Ed2(u)\a 1)

= [0 e
o AT S AT st e
n . )\%K(UA)% _ /\K(u)‘)% — 5K(u>\)%
N N )\%L(UA)% _ )\L(u)‘)% - 5L(UA)%7

correspondingly, we rewrite Ego(u”, 1) as

Egp1) =T +T+K+L
i=h+L+I3+Ji+Jo+Js+ K1+ Ko+ Kg+ L1 + Ly + Ls,

where I, I, I3, J1, Jo, J3, K1, Ko, K3, L1, Lo, L3 successively corresponding to the
12 terms in (3.22). By the conclusions of subsection 2.2, we have

I(u’\) = Opprpt™ + 2(n — 1)8”,,1/\
+ (n—1)(n — 3)dpu* — (n —1)(n — 3)9u’
d*u? 24 | d3u?
=M+ 2N2nh-1) - —
Apa TR -1 1) e
36 6 d?u?

+Aq5jia+5tiy4nfU5?3+0rfnm*3ﬂdy

24 6 6 18 6
+A®*5j]u+giﬁx2+5i7»+%n’D;f]@+5ij)
12 du?
(=D = 3 =3 -]y
6 6 6 6

p—ﬁp—l
6 6 12
+p—1%—1

6 A

(3.23)
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For convenience, we denote that
d2 A d A

d3u? U N

X3

Jdiur

A
I(u™) = A I

+ )\3(51 + /\2(52

where d; are the corresponding coefficients of \i% X appeared in (3.23) for ¢« =
1,2, 3,4. Now taking the derivative of (3.24) with respect to A we get

d dSu? . d4u Bt
—I(ut) =)* A3(61 + 4 M2(36, 46
=g (1+)dA4+ (301 +02) 55 (3.25)
d?u? du? '
+ (202 + 03) 35 + (93 + 0a) -
Since
3rrUA+(n73)6ru)‘
d?u? 12 du? 6 6
=\2 Nn—-3— Y 4+~ (44— _ A
o A3 TN U T Y Gae)
2, A A
::)\Qdd;\g —l—)\a%—l—ﬁu)‘.
Hence,
d d3u 2, A du/\
—~[Orr -1 =N+ = (3.27)
I [0 + (n = 1)0,u] 0 RNV s oz Tt A
here « = n — 3——and6——(4+%_n).

3.4 The computations of /1, I5, I3 and Z

We start with

du?
I = — -
' 331)\d>\( R
4 3, A
5d S 4 3 d’u
= MAa+s A
/BB1 (A D T 4+ 1) Y + (361 + 02) —— 0
d2u>‘ du? | du?
2
+ A% (202 + 03) ——- D + (03 + d4) d/\)d)\
4, A A 3., A 2>\ 3., A
:i [5du4di_ 5du3d2+(51_1)/\4du3di
d\ d\* d\ dX\3 d\ dX3 d\ (3.28)
v du® 361 — 0y + 03 — 12, du? '
— 3 el 2/ 9% 2
(4= G+ )N T 5 /\(d)\)}
du
12—38; +302+6
w0230 0 8NP

d?ur
d\2
dd /\d2 A

6 — o )N —
+/{,Bl( DN e

15
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where 6,,2’ =1,2, 3 4 are defined in (3.23) and (3.24). In this computation, we denote
that f = u?, ' : @u* and we have used the fact that

)\5f//l//f/ :[)\5f/lllfl _ )\5fl//f// _ 5)\4fl//f/ + 20)\3f//f/ _ 30)\2f/fl]l
+ 60)\(]:/)2 _ 20)\3(f//)2 + /\S(f///)Q + 10)\4f/// //7
/\4f////f/ — [/\4f///f/ _ 4)\3f//f/ T 6/\2f/f/}/ _ 12/\(f/)2 T 4/\3(f//)2 _ )\4f/// //’
2
)\3f///f/ — [/\Sf//f/ _ %f/f/]/ + 3)\(f/)2 _ /\B(f//)27

and

2 p11 gl )‘2/// "2
NP = (S0 = A

RITR
I = —)\/ I(u)) ¥
d2 A du/\ d2uz\

:—)\/ (A4d“ g, B2 g, T A e ) S
op, A X Zaxz TN T e

d 5 d3u? d?u? du*
_d _ du” 2
X 331[ Noe e ] (529
d3u? d*u? du?
5 2 <43
+/aBl[A(dA3) 020 () + A ()]
du d?ut d*u? du? du?

_ 4 _ 28 W v ad

+/aBl (6= 00N e 8 e g

here we have used that
_)\5f////f// — [ _ )\5f///f//}’ 4 5>\4f///f// 4 )\5 (f///)2

and

A=A P A

Further,

5/ I
9B

+/031 [(55, — 20 )\3(d;)\:) — 583 (CiiuA )?]
+/831 4dd3>\3A d;,\: + (1501 — 60 — 50) d; %\ a 564%\“]
(3.30)

16



here we have use that

_)\4f-////f/ _ [_ 5)\4fmf/ 4 20)\3f//f/]/ _ 20)\3(f//)2 _ 60/\2f//f/ 4 5)\4f///f//

and
_)\3f///f/ _ [_ Agf//f/]/ + 3)\2fllfl + )\3(](-//)2'
Summing up I, I, I3, we can get the term Z.

I 1111 +12 +Ig

d [ s dru) du) B s d3ud d?u)

X Jop, AN dA I3 dx2
3,,A A 2, A

+3(51—52—|—53—12 QMdu)‘

2 d\ d\
d2u? du?
4 2 A A\ 2
- d2u?
106, — 205 — 56)A3 (—=)?
o100 25, - 50

+ (01 — 6)

du

K)Q]
d*u? dLA}
d\2 d\

+ (12 — 361 + 02 — 5d3 + 204)A\(

+ / [(156, — 565 — 65 — 60) A
0B,

d3ur
2)° 2,
4o /azal(d)\?’)

Since u* (z) = )\Pﬁju()\x), we have the following

d*ur 6 6 6 6 6
4 5 _ _ _
i et S o -9 - g
24 6 6
+ P 1(p — 1)(p e 2)r A0 u(Ax)
36 6 )
+ P (p — Dre N0 u(Ax)
24 5.3 444
e A Oprr(A) + 75X &Wﬁru(x\x)},

+

and

d3u? s - 6 6 6

Y = AT T g - D -

dA p—1'p—1 p—1
18 6

—
p— (p — YrAOru(Ax)
18

+ Er%?a”u(,\x) + r?’)\garwu(/\x)],

2)u(Ax)

17
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12
— 17"/\8Tu()\x) + 12\, u(Az)]

and N
du
AT = ApT
dA [p— 1
Hence, by scaling we have
4 el
dX\ Jop,  dXt dA
d pt1 6 6 6 6
_ A\6FET—n—5, b 1 _oy (2 _3
o, T G VG G
24 6 6 36 6
—1)( 2)A0pu + ——(—— — 1)A\?0,,u

—1%—1 p—1 p—1'p—1

+ i)\38TMU + A amru] [ 6 u ~+ r/\aru],
p—1 p—1

u(Az) + rAdru(Az)].

further,
i 5 d3u Put
d\ Jop,  dX3 d)N?
d »
-4 = | 6 (8 4y
X Jop, p—1'p—1 p—1
18 6 18
—— —1DAu + 71>\2(“),«ru + X*0,u]
p—

—2)u

p—1 (—1
6 6 12
——(—— -1 7)\87" )\2 T )
[p—l(p—l )u—&—p_1 u+ A*0ppul
Ly TR
X Jop, " AN d
d P
_ e )\6ﬁ_n_5[ 6 ( 6 71)( 6
A Jop, p—1p—1 p—1

1
8 (L — DAOpu + —)\Q&Tu + X0yl

p—1'p—1

6 1u+)\8ru}.

—2)u

[

On the other hand,

d / 33 d?u* du*
dX\ Jop,  dX? dX

d P

N ] (LI
X Jop, p—1'p—1
12 ) 6
+ ——A0u+ A0 ul[——u+ )\aru],
p—1 p—1

18



A A
i QdeL = i /\6%_71_5[ u + /\8,"’&]2,
X\ Jop, A\ dX T dX Jop, p—1
A alde a8 6y,
A\ Jop, " dX2 AN dX Jyp, p—1p—1

12 2
+ ——A0,u + )\23”1&) ,
p—1

d du* , d el _,_5r 6
D o, I TNy, N ) AR

and
d A d )\6%77175

R ut = —
d\ Jop, X\ Jom,

’LL2.
3.5 The computations of J;, K;, L;(i = 1,2,3) and J, K, L
We begin with

d du? du® _du®
J::/ )\—Ju’\—:/ AN (——)—
Y fop, AN O o8, STy

. . du” . du?
_)\ /aBl le@ (V@(le@(V@K)))K

du? du?
_ : _ - 3.32
)\/331 Ve(leg(Ve an ))V@ ax ( )
du? 2
=\ divy(Vyg——
OB, [diva(Vs dA )

d 2
=\ —dive(Veut)]”.
/aB1 [d)‘ IVG( o )]

19



Here we have used integrating by part formula on the unit sphere S™. Next

d?u*
J::—)\/ J(u) ——
2 o, ( )d)\Q

RITE
=\ / divy(Ve(dive(Veu)))
0B,

d\?

. N d2u>\
=\ . V@(le@(VeU )V@W

2

=—A / dive(Vgu/\)d—dive(Vgu/\) (3.33)
0B, d\2

_d
X Jog,

d
+ / divy(Vou') - —divy(Veu)
B, dX

—-A [diVQ (V@UA)] % [diva (VGUA)]

d 2
+A —divy(Veu)]”.
[ Lydivo(Vou)

Here we denote that g = divy(Veu?), g’ = “divy(Veu’) and we have used the fact
that

1
“Agg" =[-2gd'] + 99 + Mg =] Agg' + 592]/ + g

Furthermore,
du?

J. ::75/ J(u ) ——
3 - (W) 5
du?

=—5 /631 divy (V@ (divy (Vgu))) N

du?

25/ Va (dng(Vgu))Vgi
OB, dA

(3.34)

=— 5/ dng(Veu)idin(Vgu).
9B, dX

20



Therefore, combining with (3.32), (3.33) and (3.34), we get that
J =i+ o+ J3

d 2
:2)\/ —divy(Veut
o, xSV

d
- 4/ dng(Vgu)fdiVQ(VQU)
0B, d\
+ a4 —A[divy(Vou)] A [dive(Vou)]
d\ Jos, d\
d 2
=2\ / —divy(Veut

d

—2— divy(Veu?)divy(Veu?)
X\ Jo,

4 —\[divy(Vou)] 4 [dive(Vou)]
dX\ Jos, d\ '

Hence, we get that

d
J>—-2— dng(Veu)dng(Vgu)

X\ Jop,
4+ 4 —A[dive(Veu)] & [divy(Vou)
X Jop, dA
d . 2
=-2- o, [le@(V@U)]
d d 2
+ — —A— dng VQU .
X Jop, d\ [ ( )}
Note that
d 2
— divy(Veu?
i, ot
— 4 A6EE =5 ()\QAu — MN0pu— (n — 1))\8Tu)2,
dX Jog,
and p p
“ = Idi A\12
X - )\dA[ IVQ(VQU )]
d pt1_ o 4 d 2
- = Aot (N2 A — \20,,u — (n — D)NO,u)”.
B Sy, d)\( u Orru— (n— 1)A0yu)

21
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Next we compute K1, Ko, K3 and K.

YA s
—o) /831 dive (V@(%(uw +(n— 1)ur))%
—9)\ - divy (Ve(X? CS/\B + N (o + )CS;\L: Ma +ﬂ) )) ‘;uA
— _9 . Vo (A2 65)\3 + A% (o + )65)\2 +/\(oz+ﬁ) )ngu

:%</8 _A3dci(dciv"“ ) )+(2_2O‘)A2/ (dAv"“ )

2

d
) 3
(d)\2V9u )+ A /(;Bl(d)\Qv‘gu )
— (2a+2p / Vout
( )A BBl(d)‘ ). .
Here we denote that h = Vyu*, h/ = %V(;UA, and used that
RENIN// M od n21/ 271311 3/7.11\2
—\3HH" = [—7a(h) |+ 3X2R'R" + N3 (h")2.
Next,
2y
Ko :=—\ K(u*
2 . ()
d?u? du? d?u
=—2 2 -
A . leg(V@()\ d)\2 + A\ N + Bu )) N2
d?u? du? 2yt
=2\ | V(N A+ But) Vg
J 0B (3.38)
=2 o [28AVu? ﬁwu — B(Vout)?

d? d
+2/\3/ Vout)? — 208 Vout
aBl(dAQ ou’)? aBl(d/\ ou)?

+2X%a awu WVGU

Here we have used that

2ARR" = [2\hh — h?) — 2X\(R')%
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Further,

du?
Ky :=— K@) —
3 . ()
d?u? du? du?
=_1 di 2 - A2
0/8B1 ivg(Vo(A e + A o + But)) )
d2ur du? du?
=1 2 A i 3.39
OABIVQ(A N2 + A N +,8u) 9d>\ ( )

_4a A, A / do
= [5ﬁ/831 VouVou| + 10« ) (d)\VQ’U, )

B,

+10/\2/ iv ukd—zv u?
o, dX 0 ax2 0

Now combine with (3.37), (3.38) and (3.39), we get that
K:=K;+ Ky + K3

A el

dX Jop, dX " d\

— veu)\)2

d
+ 2ﬂAv9uA5v@u* +4B(Vou)?]

2
+4)\3/ (d—vm)2 + (8ar — 4B)\ <iv9m)2
OB

e o, N
d 2 (3.40)
2 A A
+ 12X . JVQU Wv(gu .
d d d du
- _ )\37 B A\2 )\2 Y N2
x Jon, ol Ver) + 6 (Vo)

+ Qﬂ)\v‘gu)‘%VguA +48(Vou*)?]
2

d d
4 3 A\2 — 48 — 12)(— A\2
+/¢931 A (d)\2v9u )* + (8a— 40 )(dAV‘gu )

Notice that by scaling we have

d

D Sy,

d 1
Y

i i A2 i 67’—1'}7n74i 2 2 2 2
X aBlAdA(W“ F=0 /81%A ax N Ivul® = ol

and

6
p—1

d d  d d pt1 d
a PEINLR VNP B A6 —n—2 @
X Jop, e =0 - )

- |8r(

[V( u + Aopu)?

2
- 1u+)\8ru)\2] .
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Finally, we compute L.

d du? du? | du?
L::/ )\—Lu’\—:—2n—4)\/ divg(Vyg—)——
VT S, T dx @) (n=4) o8, Von )
du?
=2(n—4 )\/ Vo—— 2;
d2u? d?u?

A A _ . A
Ly:= /aBl —AL(u )W =2(n— 4)/\/631 divy(Vou )W

d2
=-2(n—4 / AVout — Vout
( ) o e

=(4— )/ i[Qw v M—(v M2+ 2( —4))\/ [iv T
IR AN et )Y ot " o, x> "

du? du?
L ::/ —5Lu>‘—:10n—4/ divy(Veut)—
3 o, ( )d/\ ( ) o, ( )d/\
du? d
=—-10(n—4 / Vou'Vy—— = —5(n—4 —/ Voutl?.
( ) o, i ( )dA 331[ ]

Hence,

,CZ:L1+L2+L3
— _(n — i i A\27 _ i A2
— (n 4)dA/aBl A (Vo)?] 4l 4)dA/aBl[v9u]

d A2
+4(n— 4))\/681 [ Vo]

d TS 2 2 2
= — —4 B p—1 —_ — I
(n )d)‘/é)BA/\ d}\[/\|Vu| N 10rul?]

d p+1
_ 4(TL _ 4)a /E)B /\6p%1—n—5 [)\2|Vu|2 . )\2|aru|2]

d A2
—l—4(n—4:))\/aB1 [avgu 1"

Proof of Theorem 2.1. From the equation (3.7) and combining with the estimates on
Z,J,K, L and the basic integrate by part, we obtain Theorem 2.1. m]

4 Homogeneous solutions

We first deduce polar coordinate representation for the harmonic, biharmonic and tri-
harmonic operator:
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-1
Au= (9, + 2

1
. Ju + T—QAgu,

and
n—1 n—1

A% =Dy + 0, 2u+ Dg(Dyr +

n—1

) (r %)

+ Ag(r*2(3ﬂ« + Or)u) + Ag(r*‘lu).
Therefore,

n—1

A3y = (0 + 0r)3u + A (r~%u)

n—1

n—1

+ AQ ((arr + ar) (r72(arr +

r r
)2 (r2u) + 17 2(0pr +

n—1

3T)u)

n—1 n—1

+ Oy + ar)%)

B, ) () + 748, + "

+ Ag ((3Tr + Or)u

n—1

+ 7”_2(8,,,, + 8T)(7"_2u).

r

. . __6_ . .
Assume that u is homogeneous, that is, u = r~ »~Tw(#). By a direct calculation, the
function w satisfy

AgwszAngrklAgwfkow = |w|P™ w, 4.1)
where
ko =
I A =2 = )= =) (=6 - ),
s :%(1% +o- n)(}% +4)(% +6-n)
-|-(p%1+2)(%+4—n)(%+4)(%+6—n)
+%(%+2—n)(%+2)(%+4—n).
e = (g + 40— 27 = 6) + (- = —2)
+(k+2)(n—]%—4).

Hence, test (4.1) with w(#), we have

/ |V9A9w|2+k2\A9w|2+k1|ng|2—|—k0w2 = /
sn—1

Sn—

1 Jw[PT. 4.2)
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For any € > 0, choose any 7. € C§°(%, 2), such thatn. = 1in (g, 1) and
L)+ P )+ P )]+ 14 0]+ )]+ 1%l )] < 1000

Note that

n—=6 n—1 n—=6 n—2

A(r= =z w(@)ne(r)) = (Orr +

and that [Vu|? = % |Voul? 4 u2, we see that

VA7 w(0)ne(r)[?

1 - 1 n n—2
= 195100 + 0 T e ()(0) + 7 T () Agu]
0 -1 ne ne2
15 (@ + =) T () w(O) + 1T () Agu]?
= Il + IQ.

By a straightforward calculation we have the following estimates

_ 2 2)
I S( |V9A9w|2+%m9|2+%\vew| dO)
. o 2 16
. Oor_l 2(r)dr
([ razar)
+C(/ Vowl? + |A9w\2d6)
Sn

/ Z k+jfln§k)n§j)dr)

1<k—+j<4,k,j>0

4.3)
and
_ _9)\2
*6)2(71*2) (n+2)° w? 12
+ ol d@) (/ rons(r )dr)
wo( [ w0+ 19ou?) / S ).
1<k+j<6,k,j>0
4.4
Here ngk) = %ng fork > 1 and néo) := 7). Notice that

/ 2 (r)dr > |loge| — +o0, as € — 0T,

[ e

1<k+;j<6,k,j>0
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where C' is independent of the radius R. Recall the stability condition for triharmonic
equation:

[ vsoparzp [ Jurdta.
n Rn
n—6

Let =7~ "2z w(0)n:(r). Then combining with (4.3) and (4.4) and letting ¢ — 0, we
obtain that

2 _12n -2
p/ w[P*a8 S/ VoAgul? + 20 4” 01 Agul?
-6 2)(3n% — 12n — 4 —6)%(n — 2)? 2)2
[ [ e TR PP G U T U Y
16 64
this combine with (4.2), we have the following estimate
3n? —12n — 20
| o= 019000l 4 (ke — S A
-6 2)(3n? — 12n — 4
+ (phy — (RO )1(6" ")) w2 4.5)
-6 2 ) 2 2 2
64
Since, k = 1%’ we have p = %. Equivalently, by the coefficient of the above
inequality, we let
n—6)%(n — 2)%(n + 2)?
C()Z:(k+6)k0/k—( )( 64)( ),
-6 2)(3n% — 12n — 4
S G G )1<6n no4), “6)
3n? —12n — 20
Coi=(k+6)ky— g

4

We consider the algebraic equation cg, c1, co about the variable k£, we only need con-
sider positive real roots. Roughly speaking, ¢ is a six-order algebraic equation about
k, it has no explicit solution in general. Nonetheless we shall prove

Lemma 4.1. Assume that % < p < pe(n). Then ¢y, c1,c0 > 0.

Assuming the validity of Lemma 4.1, we derive from (4.5) that w = 0. This gives
Theorem 4.1. Let u € ngof (R™\ {0}) be a homogeneous, stable solution of (1.1),
for "8 < p < p.(n). Assume that |u|PT' € L}, (R™\{0}), then u = 0.

n—=6 loc

The proof of Lemma 4.1 is quite technical and thus we delay it to the appendix.

5 Energy estimates and Blow down analysis
In the first part of this section, we obtain initial energy estimates on the solutions of

(1.1), which are important when we perform a blow-down analysis in the second part
of this section.
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5.1 Energy estimates

Lemma 5.1. Let u be a stable solution of (1.1), then there exists a positive constant C
such that

/\ulp“n6+/ |V Aul?n®
R"L R"L

A 62 A 62
§C</ |AU|2774|V77|2+/ ‘VU‘Q‘ 776‘ +/ uQ|v ;7 ‘
R™ R™ n R™ n
5.1
O L M SR
R™ R™

+ [ vy vr).
R

Proof. Multiplying the equation (1.1) with un®, where 7 is a test function, we get that

/ Ju[PTind = / — A3y -un® = VA?y -V (un®) = — A2uA(un®)
. Rn . .
= VAu - VA(un®).

v (5.2)
Since A(&n) = nA& + EAn + 2VEV, we have

A(un®) = n®Au +uAn® + 120°VuVn,
therefore,

VA(un®)VAu =61° AuVnVAu + (1) (VAu)? + An®VuVAu
+uVARSYVAu + 60n* (VnVAu) (VuVn) (5.3)

+ 12775 Z al]uamajAu + 12775 Z &-u&-jnajAm
,J %]
where 0;(j = 1, ...,n) denote the derivatives with respect to z1, ..., z,, respectively. A

similar way can be applied to deal with the following term |V A (un?)|?. On the other
hand, by the stability condition (see Definition 1.1), we have

p [t < [ VA (5.4)
R‘n, RTL
Combine this with (5.2), (5.3) and (5.4), we have
/ |V Aul*n®
RTL
<Ce [ (vaup @ [ IauPyaf
n Rn
A 62
+ [ wupdSEE )
R n
vA 612
[ BT [ wapipvats [P,
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we can select € so small that Ce < % Finally, combine with (5.2) and (5.3), we obtain
the conclusion of this lemma. O

Lemma 5.2. Let u be a stable solution of (1.1). Then

/ \u|p+1+/ (VAu)? gCR*(i/ u?, (5.5)
BR BR B2R
/ JufP T +/ (VAu)? < CR* 5. (5.6)
BR BR

Proof. We let n = £™ where m > 1 in the estimate (5.1), we have

[ rvaupgem s [ quprigen

(5.7
2 2 2
< [ @+ [ 1vata© + [ 1auPne,
where
go(&) : = ¢om0 > Ve[ VIEl VRN IVTe [V Eel Ve,
0<i+j+k+r+s+t<6
g =€t Y VIV VRV, (5.8)

0<i+j+k+I<4
g2(8) = €02 N |VIVIg,

0<it5<2

where we define V¢ := ¢ and notice that g,,,(£) > 0 for m = 0, 1, 2. Now, we claim
that

91(8) < Cgo(€)g2(8), |V?92(8)] < Car (), g5(8) < CE™ g (9). (5.9)

This claim can be verified by direct calculations and will be used for the following
estimates. Since |Vu|? = $A(u?) — uAu, we have

[ IvuPa© =3 [ a6n© - [

n

= % / wAG(S) - / ulug (€) (5.10)

n

;/ wAgi(€) +5/,,L(A“)292(’5)+4*1€/n u?go(£).

IN
I

We note the following differential identity

(Au)? = Z(ujuk)jk - Z(ujk)Q — 2VAu - Vu.

Jik 3.k
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Hence (Au)? < > (ujur) jk — 2V Au - Vu. Therefore we have
[ @@ < [ Swudne© -2 [ VauToE
n Rn J’k; RTI,

=/ Z“jukgz(f)jk _Z/Rn VAu - Vgs(€)

R™
< c/ |Vu|291(§)+5/ |VAu|2§6m+C(6)/ |Vul?g1 (€)
R R R™
< c/ |Vu|291(§)+5/ IV Auf2¢5m.
. . (5.11)

Combining with (5.10) and (5.11), by selecting the positive parameter € small enough,
we can obtain that

/ Vulg(€) + / (Duga(6) < C [ uPg0(E) +6 / IV Aupeom.
n n Rn Rn

By combining the above inequalities with (5.7) and selecting the positive parameter §
small enough, we have that

/ |VAu|2§6m+/R |u|f’+1§6’“ﬂgc/]R u?go(£). (5.12)

This proves (5.5). Further, we let £ = 1in B and ¢ = 0 in B, satisfying |V¢| < %,
we have

/ ‘VAu|2§6m+/ ‘u|p+1§6m <C UQQO(f) < CR-S u2€6m—6
y y - ® (5.13)
< CR‘G(/ |u‘P+1€(3m—3)(p+1))%Rn(liﬁ).

By selecting m > 1 and letting m close to 1, we can make sure that (3m —3)(p+1) <
6m. It follows that (5.6) holds. O

5.2 Blow-down analysis and the proof of Theorem 1.1

The proof of Theorem 1.1. Firstly, we consider 1 < p < 28 If p < 248 we can let
R — oo in (5.6) to get u = 0 directly. However, if p = Z—fg, this gives

/ |VAu? + [uP™ < +o0.
RTL
Hence
lim |VAu? + [uPtt = 0.

RB=+420 J By (x)\Br(x)

30



Then by (5.6), and noting that now n = 6"’+1 we have

/ VAU + [uP*t < CR u?
Br(z) Bar(z)\Br()

§CRﬂ/ M”W%HMW%SCdm JulP+t) P
Bar(2)\Br(z) Bar(z)\Br(z)

Let R — +o0, we get that u = 0.

Secondly, we consider the supercritical case, i.e., p > "+6

via a few steps.

. We complete the proof

Step 1. limy o F(u,0,)) < 00

From Theorem 2.2 we know that E is nondecreasing w. r. t. A, so we only need to
show that E(u, 0, A) is bounded. Note that

1 2 12 A
BE,00 <~ [ B0, < - / / B(u,0,~)dvd.
AJa I
From Lemma 5.2, we have that
2X
» 1 1
/ »yﬁpﬂ " / 7|VAu|2dx—7/ [ulPTdz]dydt < C,
B, 2 p+1/g,

where C' > 0 is independent of .

2\ t+
L*-l,n 6 6 6
v A e o - N — 2
0B, p—1 p—1

18 2
p—l(p—l )’Vau‘f" ’yarru""'y arrru]
6 6 1
o = Dt 20,200

1 At
<C / {65 —n=5 / [u® +72(0ru)? + 7 (Orru)? + 7% (9prru)?]
AUy S oB

= Oﬁ t6§%7ﬂ75/ [U,2 +7%(8ru)® + 74(87'7"“)2 + 76(87'7'7'u)2]
A B3

n—6etl g 1 A 62t _n—5
S C)\ r—1 F t'r—1 dt
A

(5.14)
and
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2 A 4d 2 2 2
Tt A - rrW _]- T
) / /637 0P A= 700 (1= 10,0

1 6P+l—n 5 A 2
< tor |[272Au — 2720,,u — (n — 1)v0,u]
A% Iy OB
,

[’YQAu - 7267'7'11' - (n - 1)78,11] |

1 22 6P+1 = 2 2
< = p=1 "0 — o — (1 —
< AQ/A {05 /33A I27*Au — 2y%0ppu — (n — 1)70,u] (5.15)

[VzAu — 726'Mu —(n— 1)78ru] |

< Cﬁ tﬁp%rl—n—s/ [74(Au)2 +74(3TTU)2+725TU]
A B3

2)
< C/\n—ﬁg—ﬂ%%/ tﬁg—ﬂ—n—5dt
A

<C.

The remaining terms can be treated similarly as the estimate (5.14) or (5.15).

Step 2. For any A > 0, recall the definition
uMz) == ArTu(Ae),

and v* is also a smooth solution of (1.1) on R™. By rescaling (5.6), for A > 0 and balls
B,(z) C R",

VAU ? + [urPT! < Corn8Eh

B, (x)

In particular, u* are uniformly bounded in L? + (R™) and VAu? are uniformly bounded

loc
in L? (R™). By elliptic estimates, u* are also uniformly bounded in W2*(R™).

loc
Hence up to a subsequence of A\ — +0o, we can assume that u* — 1> weakly in
W22 (R™) N LPTH(R™). By Sobolev embedding, u* — u® strongly in W22(R™).

Then for any ball Br(0), by interpolation and noting (5.6), for any ¢ € [1,p + 1) as
A — 400,

[ U La(r(0) < [ “Oo”tLl(BR(o))Hu)\ - uoo||LP+1(BR(O)) —0, (5.16)

where ¢ € (0,1] satisfies ; = ¢ + 17f. That is, u* — u in Lj, (R") for any

+1 loc
q € [1,p+ 1). For any function ¢ € C§°(R"™), we have that

/ VAu® - VA¢ — (u®)P " u> ¢ = lim VAU - VA¢ — (u)P 1u>g,

A—+oo Rn

/'VA‘ZS'Q—p(u“)p%Q: tim | IVAG - p(at) e

A—+oo
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Therefore u™ € Wlif (R™) N LYY (R™) is a stable solution of (1.1) in R™.

loc

Step 3. The function ©*> is homogeneous. Due to the scaling invariance of the
functional E (i.e., E(u,0, R\) = E(u*,0, R) ) and the monotonicity formula, for any
given Re > R; > 0, we see that

0 = lim (E(u, O, RQ)\»L) - E(u, 0, RlAi))

1—00

= lim (E(u",0,Rs) — E(u™,0, Ry))

i—>00
pt1 6 8 Ai
>C(n,p) liminf/ 7"6?%17”76(71/\7‘ e )Qdydx
i—>00 Bry\Br, p— 1 or
62t _n g, 6 ou™ | 2
>C(n,p) 7T (——=u>®+r ) dydz.
BRQ\BRl p— 1 or

In the last inequality we have used the weak convergence of the sequence (u¢) to the
function ©*° in I/Vlloc2 (R™) as ¢ — oo. This implies that
6 u> n ou™
p—1r or

=0 ae. in R".

Integrating in r shows that

u™(z) = |xr%u°°<%>.

That is, 4*° is homogeneous.

Step 4. ©>° = 0. This is a direct consequence of Theorem 4.1. Since this holds for the
limit of any sequence A — 400, by (5.16) we get

lim u* strongly in L?(B4(0)).

A—+oo

Step 5. v = 0. For all A\ — 400, we see that

lim (u)? = 0.
A—~+o00 B4(0)
By (5.6),
lim VAU 4 [uPT! < lim (uM)? = 0. (5.17)
A—+o0 Bs(0) A—+o0 B4(0)

By the elliptic interior L? estimate, we get that

lim / |VEur? = 0.
A—~+oo B2(0) Z

k<3
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In particular, we can choose a sequence A\; — +oco such that

[ St <e
B2(0) <3

Hence we have
2 +oo oo .2
[ Swwparsy [ [ S vt par<
1 ;-1 /9B, k<3 =171 9B, k<3
That is, the function
—+oo
H(r) = Z/ SV € 24(1,2).
i=179Br p<3
Then there exists an rg € (1,2) such that H(ry) < 400, by which we get that

li il g, =0.
Z._>1+moo||u [ws208,,) =0

Combining this with (5.17) and the scaling invariance of E(r), we have

lim E(\7o,0,u) = lim FE(rg,0,u™) = 0.

1—+oo 1—+o00
Since A;79 — 400 and E(r,0,u) is non-decreasing in r, we get

lim E(r,0,u) = 0.

r—-+4oo

By the smoothness of u, lim,_,o E(r,0,u) = 0. Then again by the monotonicity of
E(r,0,u) and step 4, we obtain that

E(r,0,u)=0 forall r>0.
Therefore, by the monotonicity formula we know that u is homogeneous, then © = 0
by Theorem 4.1. O
6 Finite Morse index solutions

In this section, we prove Theorem 1.2. We always assume that u is a smooth classical
solution with finite Morse index.

Lemma 6.1. Let u be a smooth solution (positive or sign changing) of (1.1) with finite
Morse index, then there exist constants C' > 0 and R such that

lu(z)| < C|z|~7°T, Va € Bp,(0)°.

34



Proof. Since that u is stable outside Bg,. For z € Bf , let M(z) = |u(313)|p6;1 and
d(x) = |z| — Ro. Assume that there exists a sequence of x;, € B such that

M(mk)d(:nk) > 2k. 6.1)

Since u is bounded on any compact set of R™, d(xy) — +oo.
By the doubling Lemma [25], there exists another sequence yi € Bp, , such that

M (yr)d(yr) > 2k, M(yx) > M(x);
k

M(z) <2M for any z € B% suchthat |z — < —.
( ) (yk) y Ro ‘ yk‘ M(yk)

Now we define
__s _
ug(x) := M(yp) " 7 Tu(yp + M(yx) '), forz € By(0).

This and above arguments give that, u(0) = 1, |ug| < 25°7 in By,(0). Further,
By /m(yy) N Br, = 0, which implies that u is a stable solution in By, /s (y,)(Yk)-
Hence, uy, is stable in By (0).

By elliptic regularity theory, uy, are uniformly bounded in C] (B (0)). Up to a
sequence, uy, convergence to U, in C¢ _(R™). By the above conditions on uy, we have

[uoo(0)] = 1, |uso| < 25°T; wuois a smooth stable solution of (1.1)in R™. (6.2)

By the Liouville theorem for stable solution, we have u,, = 0, a contradiction with
(6.1). O

Corollary 6.1. There exist constants C' > 0 and Ry such that for all x € B, ,

>l 7T V()| < C. (63)

k<5
Proof. For any x with |zg| > 3Ry, take A = % and define
u(x) = )\%u(xo + A\z).
By the previous Lemma, ©@ < C in B;(0). By the elliptic regularity theory we have

> V() < C.

k<5

Scaling back we get the conclusions. O

6.1 The proof of Theorem 1.2-(1): 1 < p < Z—fg (Subcritical case)

We need the following Pohozaev identity. A general version can be seen in [27].
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Lemma 6.2. For any function u satisfying (1.1), we have that

( ) [t = [ s
Br aBR

n—=6 n
2 p+1

where

—B3(u)

R ou A(—A)2u
— P+l o9 AV 2=
p+1|u| 2(=A) uan—|—2u o
n—2 0A%u n-—2 0Au OA%y (6.4)

_ A .
2u8n+2 uan+<xVu>

0 -V 0A
— AZUM—F <z -VAu > —u.
on on
The proof of Theorem 1.2-(1). By Corollary 6.1, for R > Ry (R is defined in
Corollary 6.1), noting that p < ng (hence n — 6 z f} < 0), we have the following

estimate

R

/ |B3(u)|do < C R 71 %o < CR™ 5T — 0 as R — +o0.
aBR 6BR

Combining with the Pohazaev identity, letting R — 400, we get that

-6
C - [ et o
2 on

_p+1

Since "7*6 — # < 0, we obtain that u = 0.

6.2 The proof of Theorem 1.2-(3): p = Z—fg (critical case)

Since w is stable outside Br,, Lemma 5.2 still holds if the support of 7 is outside Bp,.
Take ¢ € C§°(Bag \ Bag,) such that ¢ = 1in Bg \ Bsg, and >, _; |z|*|VFu| <
1000. Then by choosing n = ™, where m is bigger than 1, we get that

/ VAU + [ufP™ < C.
Br\Bsr,
Letting R — 400, we have
/ |VAu|? + JuPT < +oo. (6.5)
By the interior elliptic estimates and Holder’s inequality, we have

2

R*‘*/ |Vul|? < c/ |V Aul? +c(/ |u|p+1)m,
B2r\Br B3r\Br/2 Bsr\Br/2

R~ Aul? < C VAU + c(/ )7
B

Bar\Br Bsr\Br/2
R—G/ W< C VAU + c(/ )
Bar\Br B3r\Br/2 B3r\Br/2
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Therefore, we have that

max (R_4/ |Vu|27R_2/ |Au|2,R_6/ u2) -0
B2r\Br Bar\Br B2r\Br

as R — +o00. On the other hand, testing (1.1) with an compact support function 72, we
get

/ |V Aul?n? —|u|PTin? = — VAu-VAD? u+VAuVuAny? +VAuV (2VuVn?).
R™ Rn

By selecting n(z) = 5(%)3% m > 1and £ € C§°(Bs) and ¢ = 1 in By, and
k< [VFul <1000, we get that

[ Ivaapegrm - e g <o(r [ v

B2r\Br

).

+R‘2/ |Aul* + R™¢
Bar\Br Bar\Br

Now letting R — +00, we obtain that
/ |VAu? — JuP*t = 0.
R’n,
Combining with (6.5), we get the conclusions.

6.3 The proof of Theorem 1.2-(2): p > Z—fg (supercritical case)
Lemma 6.3. There exists a constant C' > 0 such that E(r,0,u) < C for all r > 3R.

Proof. From the monotonicity formula, combine the derivative estimates (6.3), we
have the following estimates

B(r,0,u) <Crtit / VAU + uf )

+ Z TG%*”*5+j+k/ |Vju||Vku\
J,k<4,j+k<5 9B,
<C.

This constant only depends on the constant in (6.3). O

As a consequence, we have the following

Corollary 6.2.
6

/ (527u(@) + |ofur(2))?

n+6—62+3

dx < +00. (6.6)

3Rq |z|
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As before, we define the blowing down sequence
utx) = )\%u()\x).

By Lemma 6.1, u* are uniformly bounded in C”(B,.(0) \ By ,.(0)) for any fixed r > 1
and moreover, u” is stable outside Bp, ,(0). There exists a function u> € CO(R™\

{0}), such that up to a subsequence of A — +oo, u* converges to u> in CP (R™ \
{0}), u® is stable solution of (1.1) in R™ \ {0}.
For any r > 1, by the above Corollary 6.6,

6 u®(x) + |z|ue(x))?
‘/ (g (o) (@)
Br\By/r

VH*G*GZ*J:?;

|

5w (@) + |x|u} (x))?
(o7 (@) + [wfup( ))d

= lim
A=too Jp B, ‘x|n+6—62fg
6 2
—u(x) + |z|u.(x)
= lim (p ! )6_|6n+;( ) dz
A= too Bxr\Bx/r |l‘|n+ n—"6
=0.

Hence, © is homogeneous, and by Theorem 4.1, u® = 0 if p < p.(n). Since this
hold for any limit of u as A — +oo, then we have

lim  |z]77 |u(z)| = 0.
|| —+o0

Then as in the proof of Corollary 6.1, we have

6
lim 2|71 TR \Vru(z)] = 0.
Ll 2 e )

Therefore, for any £ > 0, take an Ry such that for |z| > Ry, there holds

3 Ja| 7T VRu ()| < e

k<6

Then for any r > R, we have
E(r;0,u) < CrG%_"/ (|VAu|2 + \u|p+1)

Br(0)
ptl ptl ptl ptl
+ Ceerfl_"/ |lz| %51 + C’svﬁFH_"/ || ~C%=T
B, (0)\Br(0)

9B,.(0)
< C(Ro)(r®% 5™ + ¢).

We obtain that lim,_, , F(7;0,u) = 0 since 62%1 —n < 0 and € can be arbitrar-
ily small. On the other hand, since w is smooth we have lim,_,q E(7;0,u) = 0, thus
E(r;0,u) = 0 for all » > 0, thus by the monotonicity formula we get that « is homo-

geneous, and then by Theorem 4.1, we know that v = 0.

38



7 Proofs of Theorem 2.2

To further investigate the optimal condition to make the monotonicity formula hold,
we find that we have drop the term [, B, )\(%)Q. Recall that

d?u? 12 du? 6 6
A= Ayt = \2 1_7 - (— 2 Agu?
v ut =\ e + (n )/\d)\+ —1(]3—1 n+2)ut + Agu
d2/\ d/\
22
=\ Iz +a )\d/\ + bu? 4+ Agul.

By some integrate by part, we have that

v, 5 dBur o 5, d2ut
NEy _/aBl (W + (0 20— 2 — (L)

9B

+(~a +b2+2a+2b)/\(ddqi\))
d2 A )\

+/8B (—2/\3(V0 d;fz )2+(10_2b) (Vo K))—’_/BB A(Ag d)\)

A s, A gto A
(] A PR
9B1 o< J<2 i+i<2 0<s,t<2,54+t<2

where c! determined by a, b hence by p, n. From Theorem 2.1 we derive that

2,77 st

dEc()\ T,u) 5 (dPut\2 5 d*u? du*
/0313>‘<d/\3> +A1A<dv) 422 (d/\)
3 d2u? u
22°( — 48 —-2b+4 7.1
+/0131( ng)\z)—k(Sa B + 4n — )(Ved)\)> (7.1)

+[ o
0B,

where
Ay =108, — 265 — 56 + a® — 2a — 2b — 4 a2
Ay = —1881 + 605 — 483 + 204 + 72 — a® + b% + 2a + 20b, ’
Let k = , a direct calculation we have that
Ay = —10k% + (=60 4 10n)k — n? + 24n — 83,
Ay = 3k* + (36 — 6n)k> + (3n? — 48n + 150) k>
+ (12n% — 114n + 252)k + 9n? — 72n + 135,
and

By :=8a — 48 — 2b + 4n — 18 = —6k* 4 (=36 + 6n)k + 12n — 42.
Notice that our supercritical condition p > "*6 isequivalentto 0 < k < & —.

Firstly, we have the following lemma Wthh y1e1ds the sign of A and B;.
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Lemma 7.1. Ifp > 2£5 then Ay > 0 and By > 0.
Proof. From (7.2), we derive that
As =3(k+1)(k+3)(k—(n—5))(k—(n—3)), (7.3)

and the roots of B; = 0 are

1 1
-n—3—=vVn2—4n+38 -3+ = \/n2 dn + 8

2 2
Recall that p > ”+6 is equivalent to 0 < k < 252, we get the conclusion. O

To show monotonicity formula, we proceed it to prove the following inequality

d3u? d?ur\ 2 du?
AP 24 AN A \(—)? 7.4
NV (pa ) A (d>\2)+2(d>\) 7.4
du? d o diu
> 24 = N _ ). 7.
Ayt d>\<0<;<2C’J/\ AN dN ) (7.5)

To deal with the rest of the dimensions, we employ the second idea: we find nonnega-
tive constants d;, d2 and constants ¢y, ¢ such that we have the following Jordan form
decomposition:

3>\5(fm)2+A Ag(f//)2+A2)\(f/)2:3/\()\2fm—|—81>\f”)2—|—d1>\(>\f”+02f/)2
+d2/\( Ze )\H-Jf()f(J))

(7.6)
where the unknown constants are to be determined.
Lemma 7.2. Let p > "8 and A; satisfy
Ay +12 >0, (7.7

then there exist nonnegative numbers di , da, and real numbers cy, cz, €; ; such that the
differential inequality (7.6) holds.

Proof. Since
d

4)\4 nen o 2
o=

(2A(f)?) = 8A3(f")?
and J
N1 = RS — 2M()2,

by comparing the coefficients of A3(f")? and A(f’)?, we have that

d1 = A1 — 30? + 1201, dg = AQ — (C% — 202)(A1 - 30% + 1201).
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In particular,
max dj(c1) = A1 + 12 and the critical point is ¢; = 2.
c1
Since A5 > 0, we select that ¢; = 2, co = 0. Hence, in this case, by a direct calculation

we see that d; = A; + 12 > 0. Then we get the conclusion. O

We conclude from Lemma 7.2 that if A; + 12 > 0 then (7.4) holds. This implies
that when 7 < n < 20,p > 248 orn > 21 and

n+6 5n 4+ 30 — v/15n2 — 60n + 190
<p<
n—=06 5n — 30 — v/15n2 — 60n + 190

(7.8)

then (7.4) holds.

Combine idea from the above with the the following idea, we can get better con-
dition to make the monotonicity formula holds. We start from the differential identity
(7.6). Recall that the derivative term is a *good’ term since it can be absorbed in the
term E€(\, z, u).

We make use of two ideas to prove (7.4). The second idea is straightforward. We
use the positivity of terms Ag)\(%f)z and 3’\5(%)2 to bound the term A (g%‘)z. Note

3/\()\2f/// 4 2)\f”)2 + AQ}\(fI)Z > -2 3A2()\3fmf/ T 2)\2f”fl)
d 1
= 21/34; (N (") = MY ) + 2734 (W17 = 5%(F)?))

We observe that We divide the term Ay \(f’)? into two parts, 0 Az (f')? and (1 —
9)A(f")?, and then, find the optimal parameter 6. Following this idea, we have

3)\()\2](/// 4 2)\f//)2 + (Al + 12))\3(f//)2 + Ag)\(f/)Q
> (Ap + 12 + 2¢/3ad2) A3 (f7)2 + ((1 —a)As — 2\/304A2))\(f’)2 7.9)
4 9 /306A2%<A3fﬂf/ _ %)\Q(f/)2),

hence, we have the desired monotonicity formula once the following two inequalities

hold:
Ap + 124 24/3ad5 >0, (1 —a)As —24/3ahy > 0. (7.10)
The second inequality of (7.10) gives the range of «, that is
12a

———= < min As. 7.11
(@—1)2 " gepengo 710

Obviously, the first inequality of (7.10) holds if A; +12 > 0. So we just need to check
the following inequality:

Ay +12 > —/12aA, where 87a2 < min A, (7.12)
(@=1)? " o<k<nze
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We discuss the remaining dimensions as follows:
When n = 21,

min A2 = A2 (k = 0) = 2592,

0<k<28|n=14

thus from (7.11) we get that & < 0.9342, then (A; + 12)% — 12 |4—0.9342 A2 < 0 if
—0.5941782055 < k < 4.483334837. On the other hand, 4; + 12 < 0 implies that
0 < k < 0.05352432355. Hence, (7.12) holds.

The case of 21 < n < 30 can be dealt with similarly. We omit the details here.

Let

(n) {—l—oo if n < 30,
Pm\1) "= 9 5n4+30—vI5n2—60nF100 -
5n—30—+/15n2 —60n+ 190 if n = 3L

Combining all the lemmas of this section, we obtain the following theorem.

Theorem 7.1. For "8 < p < p,,(n), then there exists a C(n,p) > 0 such that

d du? 9
—F° > —)“.
"\ N\ z,u) > C’(n,p)/8 1 A( i )

Proof of Theorem 2.2. Let d(n) be defined at (1.6)(See also the appendix). By Lemma
8.3 of the appendix, we know that d(n) < +/n for n > 15. Hence, we have the

following inequalities
n—38 n—8
—d
5 (n) > —;

—/n (7.13)
and

1 1
8—\/722571—3—E¢15n2—60n+190 for n > 14. (7.14)

n —

2

Hence we derive that when n > 15

n+4—2d(n)  5n+ 30 —+/15n2 — 60n + 190
< .
n—8—2d(n)  5n— 30— /1502 — 60n + 190

Therefore, p.(n) < p;y,(n). Theorem 2.2 is thus proved. O

8 Appendix: Proof of Lemma 4.1

In this appendix, we prove the technical lemma 4.1.
Recall the definition of ¢y, ¢; and ¢, in (4.6). Let
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Then ¢y can be rewritten in terms of a:

3 3
co=—a’+ (8 + inQ)oz4 — (16 + 1—6n4)a2
3 . 15, 3., 33,
—|—16n 6" 5" + " +3n—-9.

Further, we let t := a2, we get a three-order algebraic equation as following:

3 3
co=—1"+(8+ Zn?)t2 — (16 + En4)t
+ 3715 — En4 — §n3 + §112 +3n—-9 oy
16 16 2 4 ’

By the two crucial transformation above, we reduce a six-order algebraic equation to
a third order algebraic equation. Now we can get the explicit solution of the above
equation (8.1) which has two imaginary roots and one real root. We denote the real
root as d(n). Let

dy(n) := —94976 + 20736n + 103104n? — 10368n> + 1296n° — 3024n* — 108n°,

da(n) : = 6131712 — 1664409612 + 6915840n* — 690432n° — 3039232n
+ 4818944n3 — 1936384n° + 25113617 — 30864n° — 4320n°
+1800n1° — 2160t 4 9n'?
and
do(n) := —(da(n) + 361/dz(n))"/*. (8.2)

Notice that

da(n) :=(9n® — 216n" + 1872n5 — 6048n° — 16032n* 4 206208n>
— 848640n% — 189952n + 383232)(n — 2)*(n 4 2)% > 0 if n > 12,

hence +/da(n) is well defined whenever n > 12. Define

— —dp(n) (8.3)

1536 + 1152n% 3 )1/2
do(n) 2 '

1
d(n) := ¢ (9n2 +96—

By the proof of Lemma 8.3 below, we will see that d(n) is well-defined, i.e., 9n%+96 >

1536+1152n2 | 3
do(n) + 2d0(n)'

Let r1, 75 denote the two real roots of ¢y which can be computed as

—8 —3
=0 g —dn), = r o~ + d(n). (8.4)

Therefore, we see that ¢y > 0 whenever 1 < k < ro. Since the roots r; and r9 depend
on dy(n), we must have a fine estimate on do(n).
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Lemma 8.1. The dy(n) has the following properties:
(1)

do(n) - 256(3n* +4)

" 03/0) — () o

(2) Forn > 15, then

d
Z-do(n) <0, 128 < dy(n) < 187.

Proof. The proof of (1) comes from the following identity which can be checked di-
rectly:

d?(n) — 36%d3(n) = 2563(3n> 4 4). (8.6)
Now we start to prove the conclusion (2) of the Lemma. From (8.6) we see that

do(n) > 0. Thus we only need to show that == d3(n) < 0. In fact,

d d 18-Ldy(n)

an ) (8.7

since
d
—%dl(n) = 648n°—6480n*+12096n3+31104n>—206208n—20736 > 0 if n > 8,

and furthermore

d 2 d 2

(= i) - da(m) = 18% (-do(m))

= — 2935341711360 + 4109478395904n'* — 9001714581504n'3
— 168292924784640n'2 + 1233104438034432n'! — 3119550711201792n'°
— 6748415824232448n° 4 21348066225291264n° — 1783991975804928n"
+ 9835612546793472n° 4 34945090870837248n° — 114643053771227136n"
+19014404334944256n3 — 110880250103070720n2 — 14427791579676672n
— 356241767399424

= — 10871635968(3n> — 18n? + 84n + 8))(n* — 8n® — 40n? + 480n + 16)
“(n—2)%(n+2)%(3n? +4)2 <0 if n > 3.

Thus, combining the above two equations, we get that

d d
—%dl(n) ©\/ dg(n) < IS%dg(n)
Hence, if we combine this with (8.7), we have that

d 18-Ldy(n)

%dg(n) = —%dl(n) — ) < 0.
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Therefore, - dy(n) < 0 for n > 15. Notice that do(n) |15~ 186.0929 < 187 and a
straightforward calculation shows that

lim dyp(n) = 128.

n—-4oo

By the monotonicity of do(n) for n > 15, we derive that do(n) € (128,187) for
n > 15.
O

By straightforward calculation we have the following asymptotic properties.

Lemma 8.2. dn)
n .
HL+OO % =1, ngrfoo(d(n) —vn) =0,
. 1
Jim Va(d(n) - i) = -3,

By Lemma 8.2 above, we known that d(n) behaves as \/n — %ﬁ if n large. Al-
though lim,, —, 4 oo %%) = 1, the limit behavior gives no information on the size relation
between d(n) and y/n. Therefore, we need the following more delicate analysis.

Lemma 8.3. When n > 15, we have
d(n) < v/n.
Proof. We prove the following inequality: For n > 15,

1536 4 1152n2
do(n)
The second inequality of (8.8) is equivalent to the following

3
In? — 36n + 96 < + 5do(n) < 9n? + 96. (8.8)

z® — (6n® + 64)z + 768n” + 1024 < 0. (8.9)

Here x € (128, 187) since dg(n) € (128,187). Next, we show that (8.9) holds. The
roots of the equation corresponding to the above inequality are

z1(n) = 3n% + 32 — 3n\v/n? — 64, x2(n) = 3n* + 32 + 3n\/n2 — 64.

For n > 15, we have that x5(n) > x9(15) > 1276 > dy(n). Next we will show that
do(n) > x1(n), which implies that (8.9) holds, hence the second inequality of (8.8)
holds. Since n? — 64 > (n — 3)2 for n > 15, we have that

768n2 + 1024

0<z1(n) =3n%2+32—-3nVn2—64=
() 3n2 + 32 + 3nvn? — 64

- 768n7 +1024  768n% 41024
3n2+32+3n(n—3) 6n2—9n+32°

To compare 1 (n) with dy(n), let us compare 5 (n) with dj(n). First, we know that
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— dy(n)(6n® — 9n + 32)% — (768n? + 1024)?
= 23328n'2 — 384912n'" + 244360810 — 8266860n° — 276048n® + 76177584n"
— 915397632n% + 1095581376n° — 40048335361 + 1592960256713

— 273199104002 — 33053736961 + 2038431744 > 0 if n > 10.
(8.10)
It follows that

2
( — dy(n)(6n2 — 9n + 32)3 — (76802 + 1024)3) — 362ds(n) (60> — 9n + 32)°
= 1358954496(116640n” — 606528n'0 + 11955601 + 16771860n 4

— 104564844n'3 + 682366923n'2 — 1464330096n'' + 5142941100n'°
— 6506609472n° + 15562840464n° — 1133224473617 + 21360207936n°
— 5590593536n° + 10574331904n* + 4294279168n> — 2878341120n>

+ 3791650816n — 3221225472)

= 1358954496(4320n ! — 2246410 4 27000n° + 711036n° — 400381217
+ 22548513n° — 38373440n° + 96546304n* — 66202112n> + 68272128n>

+ 59244544n — 50331648))(3n? +4)3 > 0 if n > 1.
(8.11)
Then combining with (8.10) and (8.11), we get that

—dy (n)(6n® — 9n + 32)3 — (768n? + 1024)® > 36+/da(n)(6n* — In + 32).

Hence,

(76802 + 1024)°
di(n) =36d2(n) > (e )

that is d3(n) > x3(n), which yields that dy(n) > z1(n). Combining with do(n) <
x2(n) when n > 15, we obtain that (8.9). Hence, we get the second inequality of (8.8).

A similar technique can be applied to the first inequality of (8.8), which is equiva-
lent to the following inequality:

22 — (6n? — 24n + 64)x 4 768n2 + 1024 > 0, (8.12)

where z € (128, 187) since dy(n) € (128, 187). The roots of the equation correspond-
ing to the above inequality are

ri(n) = 3n% — 12n + 32 — V/9n4 — 72n3 — 432n2 — 768n;
ro(n) = 3n% — 12n + 32 + \/9n4 — 72n3 — 432n2 — 768n.
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Notice that 9n* — 72n® — 432n? — 768n > 0 if n > 13. We next shows that dg(n) <
r1(n) < r2(n), hence we get (8.12). For r1(n), notice that
In* — 7203 — 432n% — 768n < In* — 720> — 432n2 4 2304n + 9216
= (3n® — 12n — 96)?,

it follows that

768n2 + 1024
3n2 — 12n + 32 + vV9Int — 72n3 — 432n2 — 768n
768n2 + 1024 384n2 + 512
>3 5 =55 = 110(n).
3n? —12n + 32 + 3n — 12n — 96 3n® — 12n — 32

ri1(n)

Notice that 3n? — 12n — 32 = 3(n +4)(n — 8) > 0if n > 9.
Firstly we observe that
—dy(n)(3n? — 12n — 32)% — (384n2 + 512)3
= 2916n'2 — 69984n"" + 54820810 — 699840n° — 12052800n° + 54991872n"

— 7831296n° — 691006464n° — 299151360n* + 4048994304n> + 3403284480n>

— 2821718016m — 3246391296 > 0 if n > 11,
(8.13)

and that
(= di(n)(3n2 — 120 - 32)" - (334n° + 512)3)2 — 36%da(n)(3n” — 120 — 32)°
= 5435817984( — 72910 4 14580n'° — 36936n'* — 631152n'3 + 3184272n "2
+ 6849792n ! — 1545350400 — 49876992n° — 32256000n° — 28111872n"
+ 26869248015 + 61315072015 + 898416640n* 4 1187315712n> 4 983040000n>
+ 616562688 + 369098752)

= —5435817984(27n'" — 540n° 4 1260n° + 25536n" — 123120n° — 352960n°

+ 1058048n* + 3124224n> — 2383872n% — 9633792n — 5767168)(3n? + 4)°
<0 if n>14.

(8.14)
Combining with (8.13) and (8.14), we have that

—d1(n)(3n? — 12n — 32)% — (384n? + 512)% < 361/d2(n)(3n? — 12n — 32)3,

hence

(384n2% + 512)3
di(n) =36V da(n) < s —aay
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that is, d3(n) < r3,(n), thus do(n) < rig(n) < r1(n) < ra(n). Therefore, (8.12)
holds. This is, the first inequality of (8.8) holds.

Summing up, recall that (8.3), d(n) is well defined and in particular, d(n) < /n

for n > 15. These are direct consequences of (8.8).
O

Next, we will show that, under the case Z—fg < p < pe(n), we have ¢ >

0,c1 > 0,ce > 0 simultaneously. Notice that Z—'_"g < p < p(n) equivalent to

min{0,r1(n)} < k < 25°%. And ry(n) is exactly the root of co = 0, hence ¢y > 0
directly. The condition min{0,r1(n)} < k < 25% is not very applicable, in view of
the estimates in Lemma 8.3 and Lemma 8.2 above, we can evaluate c1, ¢; under the
interval ”T’S —Vn<k< %’8 + +/n. In the two lemmas below, we will follow this
idea.

Lemma 8.4. Under the condition ”T_S —Vn<k< "T_g + /n, for n > 36, we have

c1 > 0.
Proof. Combining with (4.6), we have
c1 = 3k° + (54 — 6n)k* + (3n? — 84n + 372)k* + (30n? — 408n + 1224)k?
+ (?ﬁ —810n + 1917 — %n4 + %ni’*)k + 48n% — 480n + 1152.

Set k = 258 + a(n)y/n, where —1 < a(n) < 1. For the simplicity, we denote a(n)
by a. Thus,
9 3 3 3 39 3
1 =12+ (§ - Za2)n4 + (—§a3 + ia)n% + (—Z + 5(14 + 3a%)n?

+ (3a® — ga)n% + (—6a* + 60 + 3)n> + (—124° — 18a)n?

141 1
+ (24a® + T)n —3an2.

For the case 0 < a < 1, since 3a® — %a > —3_ we get from the above identity that
104

3 39 3 s s 141
cp > 12+ §n4 — Zn?’ — 10%715 — 3n2 — 3002 + 771— 3n2
3 39 3 141
=8 -0 - 31 3088 + — 2 —3t+ 12 = ¢?
8 4 108 T 12 (n=t)

>0 if n=t*>26.8(t>5.168).

For the case —1 < a < 0, since %(a —a®) > —ﬁ, we have

3
3 V3 2 39 3 s 3 141
01212+§n4—?n;—Zn3—§n2—3n2—30ng+7n
3¢ V3. 396 3.5 .4 5 141
=t — —t"— —t® — —t° =3t - 30t + — + 12
3 3 1 5 3 30t° + 5 +

>0 if n=t>>3598(t>5.999).
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O
Lemma 8.5. Under the condition ”T_g —Vn<k< "7_8 + /n, forn > 12, we have
Co > 0.

Proof. We set k = 52 + a(n)+/n, hence by the assumption we have —1 < a(n) < 1.
For simplicity, we denote a for a(n). From (4.6), we have

3
co = —3k? + (=36 + 3n)k? + (=135 + 27n — Zn2)l<: +36n —192.  (8.15)

Plugging k = ”7’8 + a+/n in the above expression we get that

co = —36 + (g - %az)rf + (=3a® + 3a)n? — ?n + 9an?.

If 0 < a <1, we have

co > —36 + 3n? —?m% — 32—9n

39
=3t* - 33 — Tf? —36 (n=1t%
>0 if n=1t>>10.9025(¢t > 3.3019).

If -1 <a <0, we have

Caq > —36 + 3n% — 3n2 — 32—971 —9n?
=311 - 3% — ?tz ~9t—-36 (n=1% (8.16)
>0 if n=t>>11.8259(t > 3.4388).
O

Next, we state a lemma via the numerical analysis of the above arguments.

Lemma 8.6. Consider the supercritical case p > Z—fﬁ, ie, 0 < k< ”776. We have
the following facts.

(1) If0<k< %andnﬁ 14, then cy, c1,co > 0;

(2) If15<n<50andr, <k< ”T*G, then cg,c1,co > 0.

Notice that k& > min{r; := 252 —d(n), 0} is equivalent to p < p.(n). Combining
Lemmas 8.4-8.6 we obtain the proof of Lemma 4.1.
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