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Abstract

In this paper, we compute the Joseph-Lundgren exponent for the quadharmonic Lane-
Emden equation, derive a monotonicity formula and classify the finite Morse index
solution to the following quadharmonic Lane-Emden equation:

Ay = |uP"'u in  R".

As a byproduct, we also get a monotonicity formula for the quadharmonic maps
Aty = 0.

1 Main results and Background
We study the finite Morse index solution of the following Lane-Emden equation
Ay =|uP" 'y in  R". (1.1)

The goal of the current paper is to complete the classification of the finite Morse index
solution to Eq. (1.1) and to establish the corresponding Liouville-type theorems. It is
well known that the Liouville-type theorems play a crucial role to obtain a priori L>°-
bounds for solutions of semilinear elliptic and parabolic problems. See the monograph
of Quittner and Souplet [19]. To the best of our knowledge, such a kind of work to Eq.
(1.1) has not been accomplished previously. Postponing the background of this topic to
the last part of this section, we would like to state the main results of the current article
first. Recall that a solution w of (1.1) is said to be stable outside a compact © C R" if

/ |A2p|?dz > p/ |ulP~ p?dx, forany ¢ € H*(R™\O).
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In particular, if © = (J, we say that u is stable on R™. On the other hand, the Morse
index of the solution v of (1.1) is defined as the maximal dimension over all subspaces
E of H*(R") satisfying

/ |A2p)?dr < p/ |ulP~ p?dx, forany ¢ € E\ {0}.

Rﬂ, Rﬂ,

It is known that if a solution u to (1.1) has finite Morse index, then u must be stable
outside a compact of R™. The first main result of the present paper is the following

Theorem 1.1. Let u be a stable solution of (1.1). If 1 < p < p.(n), then u = 0.

Where p.(n) := PeQuadharmonic(n) is the Joseph-Lundgren exponent for the quad-
harmonic Lane-Emden equation (1.1), which will be introduced shortly. Further, we
have more general results for the finite Morse index solutions.

Theorem 1.2. Let u be a finite Morse index solution of (1.1). Assume that either

(1) 1<p<28or
(2) M2 < p < pe(n),
then the solution u = 0.

(3) If p = “E8 then u has a finite energy, i.e.,

n—8’

Remark 1.1. In the above both Theorems, p.(n), given below, called the Joseph-
Lundgren exponent. The condition p < p.(n) is optimal. In fact the radial singular
solution is stable when p > p.(n) (See [17]).

Now we give the Joseph-Lundgren exponent for the quadharmonic Lane-Emden
equation, which is defined by

(n) (n) 00 if n <17, (12)
Pc(N) ‘= PcQuadharmonic\T) = n+6—2d(n . :
n—lO—Zd((n)) if n>18,
where
1 1 1 ds
d — | Zp2 3/ de — = ]d (1.3)
(n) 4TL + 5+ 5 67 5 7+ I
and

45
do : = 2097152 — an + 180n° — 396n® — 5184n7 + 36928n° + 27648n°
—132096n* + 147456n° — 1572864n2;



3 9 81 33 123 303 21
di = 24 23 22 99 91 149 9 | 9UI g9 | 41 18
LT Ge536" 4006 048" T 128" 1w T TR
— 1056117 + 3888n'0 + 25396n'° — 2794561 + 94771202 + 19799042
— 48427008n' + 135979008n'° + 677117952n° — 2620588032n°
— 3265265664n" + 14294188032n° + 2415919104n° — 16106127360n*;
do = (do + 124/ dl)%;dg, = 128”2;
8192 1 1 584 4096
dyi=———+ 3—2n8 - 5n7 +n® 4+ 16n° — 7714 —128n° + ——n?
40 128 1 1 dy 1 dy
ds = —n?>+ ==, dg:==ds+ ~dy — —, dy:=ds— —dy + —.
5 3n—|—37 6 25+62 & 7 5 62+d2

The expression of d(n) seems very complicated, however we have that

d(n) <+/n forn>18; lim —= =1.

n— 00 \/ﬁ

Remark 1.2. In the quadharmonic case, the above Joseph-Lundgren exponent p.(n)
actually satisfies a 8-th order polynomial algebraic equation. It is interesting that we
can obtain the explicit formulation here.

Remark 1.3. Theorems 1.1-1.2 are proved by Monotonicity Formula which we intro-
duce in the next section.

Now we describe the background and development for lane-Emden equations. It is
well known that the Lane-Emden equation

—Au=[uP"'u in R (1.4)

and its parabolic counterpart have played a key role in the development of methods and
applications of nonlinear PDEs in the last decades. The fundamental works on Eq.(1.4)
are due to [9, 10]. Another ground-breaking result on equation (1.4) is the celebrated
Liouville-type theorem due to Gidas and Spruck [3], they assert that the Eq. (1.4) has
no positive solution whenever p € (1,2* — 1), where 2* = 2n/(n — 2) if n > 3
and 2* = oo if n < 2. However, if p = 2* — 1 the Eq. (1.4) has a unique positive
solution (up to translation and rescaling) which is radial and explicit (see Caffarelli-
Gidas-Spruck [1]). Since then there has been an extensive literature on such a type
of equations or systems. Among them, the paper [8] by Farina in 2007 (see also [7]),
the equation (1.4) is revisited for p > Z—f% The author obtained some classification
results and Liouville-type theorems for C?(R™) smooth solutions including stable so-
lutions, finite Morse index solutions, solutions which are stable outside a compact set,
radial solutions and non-negative solutions. The results obtained in [8] were applied
to subcritical, critical and supercritical values of the exponent p. Moreover, the criti-
cal stability exponent p.(n) (Joseph-Lundgren exponent) is determined which is larger



than the classical critical exponent ps = 2* — 1 in Sobolev imbedding theorems. Pre-
cisely, in [8], the p.(n) is given by

(n) (n) { o0 if n <10, (15)
Dc(N) = PcHarmonic\Tt) "= § (n—2)2—4n+8v/n—1 . .
(n—2)(n—10) if n>11

which can be traced back to Joseph-Lundgren [13]. It is proved that the C2(IR™) stable
solution of Eq.(1.4) is identically to zero if p < p.(n), while Eq.(1.4) admits a smooth
positive, bounded, stable and radial solution if p > p.(n)(n > 11). In some sense,
the Joseph-Lundgren exponent p.(n) is a critical threshold for obtaing the Liouville-
type theorems for stable or finite Morse index solutions. The proof of Farina involves a
delicate use of Nash-Moser’s iteration technique, which is a classical tool for regularity
of second order elliptic operators and falls short for higher order operators.

About the biharmonic equation
A2y = |u\p_1u in R", (1.6)
the corresponding Joseph-Lundgren exponent (Seee Gazzola and Grunau [11], 2006)
is

o0 if n <12,
Pc = pcBiharmonic(n> = n+27\/n2+47n\/m ifn>13 (1.7)
n767\/n2+47n\/n278n+32 - )

Further, Davila, Dupaigne, Wang and Wei in [6] obtain the Liouville-type theorem and
give a complete characterization of all finite Morse index solutions (whether radial or
not,whether positive or not). See Lin [14] and Wei-Xu [23] where it is shown that any

nonnegative solution v of Eq.(1.6)is=0for1 < p < Z—fg.

Very recently, in our previous manuscript [16], we derive a new monotonicity for-

mula and classify completely all the finite Morse index solutions (positive or sign-
changing, radial or not) to the triharmonic Lane-Emden equation:

(=APu=|uff'u in R", (1.8)

where the corresponding Joseph-Lundgren exponent is determined by the following
formula:
(n) 00 if n <14,
cTriHarmonic\TV) ‘= Pc ‘= n+4— n .
petritt P ntg—gggng if n 2 15’

where ) 1o
1 1536 + 1152n> 3
D(n):= (99?496 - ———""— 4 ;
() =5 (9" + do(n) 3hom) "
Do(n) := —(Dy(n) + 36y/Da(n))/3;
Dy (n) := —94976 + 20736n + 103104n? — 10368n° + 1296n° — 3024n* — 108n°;



Dy(n) : = 6131712 — 1664409612 + 6915840n* — 690432n° — 3039232n
4 4818944n° — 1936384n° + 251136n" — 30864n° — 4320n°
+ 180010 — 2160 + 9n'?.

Obviously, the exponent p.(n) becomes more and more complex along with the order’s
increasing.

On the other hand, we note the nonlocal Lane-Emden equation:
(=A)u = |[ulP~'u in R" (1.9)

When 0 < s < 1and 1 < s < 2, the complete classification of finite Morese index
solution to Eq. (1.9) has been finished by Davila, Dupaigne, Wei in [5] and Fazly, Wei
in [12] respectively.

Unfortunately, so far ones do not have a generic approach to deal with the general
polyharmonic Lane-Emden case

(=A)™u = |[ufP"'u in R (1.10)

or polyharmonic map (—A)™u = 0 in R™ to obtain the Liouville-type theorem and a
complete characterization of all finite Morse index solutions. This remains an interest-
ing open problem.

Finally, we refer the readers to J. Serrin, H. Zou [20], P. Souplet [21] and E. Mi-
tidieri [15] for the Lane-Emden systems and X. F. Wang [22] for the corresponding
reaction-diffusion equations.

The paper is organized as follows: In Section 2, we introduce the monotonicity
formula (Theorems 2.1 and 2.2). In Subsections 2.1-2.2, we give some preliminary
calculations related to the functional of the monotonicity formula. In Section 3, we
give the representations on the operators A7, j = 1,2, 3. In Section 4, we establish the
differential by part formulas. In Sections 5-6, we calculate the derivatives of the func-
tional of the monotonicity formula and prove Theorem 2.1. The Section 7 is devoted to
prove the desired monotonicity formula, i.e., Theorem 2.2. In Section 8, we will show
that the homogeneous stable solution must be zero. The Section 9 is on the energy
estimates and blow-down analysis, we will prove Theorem 1.1. Finally, the Section 10
will study the finite Morse index solution and prove Theorem 1.2.

2 Monotonicity formula

Let (r,0) be the spherical coordinates in R”, i.e., r = |z| € (0,00) and 0 = z/|x|
is a point of the unit sphere S™~!. The symbols Ay and V refer respectively to the
Laplace-Beltrami operator and the gradient on S"~1. We denote 9,u = Vu- Zor = |z|.
Let

By :={yeR":|ly—z| <)}



and .
ut(x) = ANiTu(dx), A > 0.

Define
Lo a2 1 Ap+1
E(\ x,u) = S|A%uNE — ——ulP
B, 2 p+1
, d iy dIur o du_ ddu
CP AT —— Cl} NIV ——V A
+/6’Bl(- Z e d)\g_"“Z‘ 1,J Qd)\l ed)\J
4,7 >0,i+5<7 1,7>0,i+5<5
dIu>
02 )\’J”A A
T Z d)& N
1,5 2>0,i+5<3
P diu? dIu*
C3 NHIV,A VoA )
+Z b 070N Y OT0T N
1,5 >0,i+75<1
2.1)

Theorem 2.1. Suppose that v is a solution of (1.1), then we have the following mono-
tonicity formula

d I u? u
—E()\, (Aj +a;)\2~1 2\ / A
anEA @) /aBl jzl Ta (o 22 [ (Voh d)\)
Bs bs )\23 1 / A2l 1 A 2
" ~/8B1 ;( " ) d/\q 0B ; Cl i Cl ( d)\l )
>\

+2/ AV
o, | 9d>\|
2.2)

where the constants C} ; depending on n, p can be determined in our proofs below.

Remark 2.1. In our proof below, the constants C; ; (and the constants in the next
Corollary) can be determined via n, p and may be negative, but we don’t need the exact
expressions of them. Furthermore, we don’t need the positiveness of the constants in
our proof of the Liouville type theorem. Therefore, we just represent them by the generic
notations C7 ;.

Theorem 2.2. Suppose that u is a solution of (1.1). If Zi‘g < p < pe(n), then there
exists a constant C(n,p) > 0 such that

d du?
—E(\ z,u) > C(n,p) M—+ - )2
) o dA
! . 2.3)
= C(mp)/\s%’g*"/ (—— + A\oru)?
8B, P —

The proof of Theorem 2.1 will be split in the Sections 2-6. Based on Theorem
2.1, by combining the algebraic and differential analysis in the Section 7, we can get
Theorem 2.2.



By slightly modifying the proof of Theorem 2.2, we are able to get the monotonicity
formula for the quadharmonic map, i.e.,

Aty =0.

Indeed, let p — +oo in (2.1) and denote E (A, z,u) = lim,_, o E(\, x,u), where

ptl _ . .
the term pﬁ)ﬁp—l " [5p, [u*PT is understood vanished, then we have

Corollary 2.1. Assume that 9 < n < 17, then there exist c;j such that Eo,(\, x, u), is
a nondecreasing function of A > 0. Furthermore,

dEs (N, x,u) B / 2
— 12 2 >C(n)\" Aoru)
dA ( ) 9B (zo) ( )

where C'(n) > 0 is a constant independent of ).

2.1 The calculation of % E(u, \)

Suppose that z = 0 in the functional E()\, x, ) and denote by B, the balls centered at
zero with radius A. Set

_ pil 1 1
E(u, A = N8 / —|A%u? — —— ufPF).
(. A) ([, 3%l =omg [ 1ar)
Set
v:=Au,w = Av, z := Aw. 2.4)
Define . .
uMx) = AT (), 0™ (z) = AeT 2u(Aa), 2.5)
w(z) : = )\%"'411)()\;16)72/\(95) = )\%+62()\x). '
Therefore,
Au(z) = v (z), AvM(z) = w(z), Aw (z) = 2. (2.6)

Furthermore, differentiating (2.5) with respect to A we have

du? B dv . do? B dw? | dw? B @
Ay dNT T dN T d T dN T d\
Note that

_ _ 1 1
E(u,\) = E(u’\7 1) :/ 7|A2u’\|2 — 7/ |u’\|”+1.
By 2 p+1/p



Taking derivative of the energy with respect to A and integrating by part we have

dE(u*, 1) :/ A2y ,\Azdu / |u)\|p71u)\@
Bl Bl

d\ d\ d\
OAZ du du? du?
_ AQ A _ A2 A A— / Alp—1, A%
/331 “on , VATVAT T TR
[ PR [ DA
9B 3n 8B, 87’1 d)\ B dA

_ / ‘u/\|p—1ukﬂ
B dA

u u
_ / AQ A 8Ad o / 8A2UA AM + ASU)\ addT
9By OB

8n on d\ 9B, on
du?
o Au A Ap—1, X5%
/Blv v dA /B N
u UA
_ A2y AaAddT _/ OA*u AAdL A3y ad(iT
9B, on on dA 9B, on

_/ O3y Adu / Aly Adu _/ " *WH&M
dB1 ’I'L d)\

In view of (1.1) and (2.6), we have the following

oB

d\ 8r dX 87“ d\
0 du? 0 d

—7A3 /\7_7A2 A ~ Au A
" Tt Y an
_/ A 0 du* IS 0 dv*
N 9B, or d\ Or dx

0 )\du/\ 0 dv
arz ax o’ Taxe

Further, from (2.6), let k := , we have that
A 2, A A
%A ~- 1
2,2 A
B =V DG

and
;T A= Adi — (k +6)2*
%w)‘ = )\% — (k+ 4w



Therefore, we obtain that

T () 2, A A gy
dE(u?, 1) :/ /\z’\d U +7Z>\du L dz" du
dX 9B, dX? dA d\ dA
d?o? dv? dw? dv* 2.7
A A ARY N
* /631 e TR T @

= By, (u* 1) + Eg, (ut, 1).

2 by Zut,j = 1,2,3,4,5,6

We start our derivation from the following

2.2 The computations of

duA 8 A 3 A
)\H = mu +rau . 2.8)

Differentiating (2.8) j(j = 1,2, 3,4, 5) times with respect to A we have

v du 8 du? o du*

A CRR S N A S 29)
TR e Vo e
Differentiating (2.8) j(j = 1,2, 3,4, 5) times with respect to r we have
%% = (pflu)aaruhur;zu& (2.14)
%% = (p§1+2)§;u>‘+r§;u>‘, (2.15)
;—;% = (;D§1+3)aa;u>‘+r§;u>‘, (2.16)
5‘%% _ (pf1+4)§;uk+r§;uk, 2.17)



85 du)\ 8 65 A 66 A

— = (——+4+5)— —_— 2.18
ord d\ (p—l+ )8 54 +T8r6u 2.18)
From (2.8), on 9B, we have
our _dur 8,
o Tdx p-—1
Next from (2.9), on 0B, we derive that
0 du* d?u? 8 _du?
— = 1-— —_
or d\ d)\2 + p—l)d)\
From (2.14), combining with the two equations above, on 0By, we get
2 d A
iu/\ _0du 1+ i)gu/\
or? or d\ p—1"0r (2.19)
_pedw 16 g, 8 ) 8 s |
A2 p—1 d\ p—1'p—1 "

Differentiating (2.9) with respect to r, and combining with (2.9) and (2.10), we get that
0% du? 0 d?u? 8 0 dut

o2 dx  "or d\*  p—10r d\

2.20
_)\2d3uA+(2_ 16 )AdZUA—u— 8 ) 8 du* 220
A3 p—1"" d)\2 p—1"p—1d\’
From (2.15), on 9B;, combining with (2.19) and (2.20), we have
» 0% du? 8 9%
VP S kY ) S R P
ars " or? di ( +p71>8r2u
3, A 2.2 A
:/\3du Y 24 du Y 24 + 192 )dL 2.21)
dX\3 p—1 d\2 p—1 (p—1)2" dx
8 8 8
—(2 1 A,
@4 =) =)
Now differentiating (2.9) once with respect to r, we get
0% d?u? 8 0% du? 0® du?
57w = o1 Vam dx e
or? d\ p—1 or? d\ or3 d\
then on 0B;, we have
0% du? 0% d*ut 8 0?% du?
— = A —— —(—— F+ 1) =——. 2.22
o an o av  Go1 TV (222)

Now differentiating (2.10) twice with respect to r, we get

0 d3u? 8 0 d*u? 0% d*u?
s :(77 Do T3 0
or d\ p—1 ar d or? dX

10



hence on 0B;, combining with (2.10) and (2.11) there holds

672d2u’\_ gd?’u)‘_’_(l_ 8 )ngu/\
or2 d\2 T 0r d\3 p—170r d\?

d*u? 16 . d3u? 8 8 d*ut
2 A4 - —)—— 1-— 2 — .
d\* +A( p—l)d)\?’ + p—l)( p—l)d)\2

(2.23)
=\

Now differentiating (2.9) with respect to r, we have

O 8 ol 5wt
or d\2 p—10r d\ or? d\’
This combining with (2.9) and (2.10), on 0By, we have
LR N W Y
or2 d\  "O0r d\2 p—10r d\
2d3u/\+)\(27 16 )d2u)‘7 8 (1- 8 )M
d\3 p—1"d\2 p-1 p—17d\~

(2.24)
=)

Now from (2.22), combining with (2.23) and (2.24), we get

873@ =)3 d*u

24 dBur ) 8 24 d2u?
ar3 d\ d\4

2 N — J— J—
A3 p—l)d)\3 ( p—l)pfl dX\2?
8 8 8 du?
1 —_—
p—l)( er—l)p—l dA

(2.25)

(-

From (2.16), on 0B, combining with (2.25) we obtain that

ot 9 du? 8 . 0°
P, S W b R PR P
ort " or3 d\ (3+p—1)8r3u
dur 5 32 dPut 16 ) 24 d?u?
d\* p—1d\3 p—1"p—1 d)\?
8 4 64 du?

1 kel
p—l)( +p—l)p—l dA
8 8 8 8

2 1 .
S D )

From (2.17), on 0B, we have

=)4

+ A2+

— A1+

+ 3+

>’ ot du? 8 ot
— = A —— — (—— +4)=—u’.
ars " ort d\ (p—1+ )8r4u
Now differentiating (2.9) three and four times with respect to r, we get
0® d*u} 8 03 du? ot du?
———— = (— 42—+ T — 2.26
I R B I W M (220

11



and 4 12 A\ 4 A 5 A
0* d°u 8 0* du 0° du
WW_(EJF?’)WKHﬂﬁTX 227)

Next differentiating (2.10) two, three times with respect to r, we have

0% dPut 8 9% dZu 03 d2ut

—_—— = — _— 2.28
2 AN T p_102 a2 o dx (2.28)
and 3 3.\ 3 2.\ 4 72, A
0° d°u 8 0° du 0* d°u
Il - - i . 2.29
o av ~ Go1 Vas e o e (2.29)
Differentiating (2.11) with respect to r, we have
8% d3u? o d*u* 8 9 dPur
—_— = A+ 2 - — ) ——. 2.30
"o e arad TP T ae (2.30)
From (2.11) and (2.12), on 0B, we have
8 dS A d4 A 8 dS A
.. ug =A u4 + (3 - ) u3 )
or dA d\ p—17d\
o d*u dPu 8 diu
R — )\ 4 — .
oravd Vo TUT T
Hence on the boundary 9B, we have
82 dS A d5 A 8 d4 A 8 d4 A
RS LY R R S N AN ¢ S
or?2 d)\3 d\>5 p—17" d\* p—1"" d\
(2.31)
LG 8 2 8 )d%ﬁ
p—1 p—17d\3 "~
Combining with (2.28), on the boundary 0B;, we have
873d2u’\ B 872d3u>‘ B 8 672d2u>‘
or3 dX2  TOr2 d\3 p—10r2 d\?
dou? 8 d*u? 8 72 dBu?
=\3 6 — 22 3 2 6)A
d\® * —1) d/\4+((p—1) D 1+ ) d\3
8 8 8 d*ut
—(1-— 2 — .
( p—l)( p—l)pfl d\?
(2.32)

12



Hence on the boundary 0B;, we get that

o ot s
ort d\ T Or3 dx2 p—1 or3 d\
5,2 9 4, 3,2
d’u 3 clu4+(5(8)2_68)2du3
p—1 d\ p—1 p—1 dA
8 8 8 d>u?
SR . B | YO SRS Vet
p—l(p—l )(p—lJr) d\2
8 8 8 8 dut

)A?

(2.33)
Therefore, we obtain that

NN TS TN
€ Tort dx p—1 ort
_pdwt 8 d o8 8 5 dut
dN? p—1" d\ p—1'p—1
8 8 8 d>u?
10— (—— + 1)(——= +2))\?

p—l(p—1+)(p—1+) dN2
8 8 8 8 du?

1 2

B e

8 8 8 8 8

_p—l(p—1+1)(p—l+2)(p—l

85
pE

(2.34)

Finally we compute g—;u’\. From (2.18), on the boundary 0B, we have
AN 5 du* 8 °
—ut = A — (—— + 5) ==
a6 " or® d\ (p— 1 + )8r5u
Differentiating (2.9) four times with respect to 7, on the boundary 0B;, we have

8° du? ot dPur 8 ot du?

o Ceaae G gaan

(2.35)

Differentiating (2.17) with respect to r, on the boundary 0 B;, we have

872d4u>‘ gd‘r)uA - 8 )gd‘lu’\
or2 d\t T Or d\5 p—1"0r d\*°

(2.36)

In a similar way, differentiating (2.10) with respect to r three times and differentiating
(2.11) with respect to r two times , on the boundary B, we have

ot du? 0® d3u} 8 0® d*u)
o av = Yorav ~ o1 Ve ae @3
and 3 3 9 diu 92 dBu
0° d’u d*u 8 d’u
i = A= - ) — . 2.
or3 d\3 or? d\* +( p— 1)5‘7'2 d\3 (2-38)

13



From (2.36), combining with (2.12) and (2.13), on the boundary 0B, we get that

0% dur  ,dSut 8 d>u? 8 8 d*u?

or2 dxt 7 dXS +(8_2p71) d\P +(p71_4)(p71_3) A\t

Therefore, combining with (2.38), we get

3 dBur 3d6u>‘ 8 2d5u)‘ 8 8 d*u?
Z — _ _9 _
or3 d\3 A d\S +(0 3p—1)>\ d\® +3(p—1 )(p—l A d\?
8 8 8  d*ut
3 — 2 — — .

This above combining with (2.37) yields

RN S Y
ort d 2 T or3 d\3 p—1 or3 d\2

=\t

)A —1)A

dSu* 8 5 dPu? 8 8 T

—4 -2
d\6 + (8 p—1 dMd +6(p 1 )
8 8 8 dBu?
—4 - — DA ——
p—l(p—l ) d\3
8 8 8 8 d>u?
-1 1
P L B [ +1)

p—1

Combining with (2.35), we get that

LR TN R SN
ord d\ T Ort dx\2 p—1 ort d\
dSu 8 dPur 8 8 d*u*
5-5 10 — A3
d\6 + p—1 d\> + pfl(pfl ) dX\*
8 8 1 8

— )\5 )/\4

14

d\*




Therefore, from (2.18), we obtain that

b o° du} 8 o
o g an ~ o1 T gt
dSu? 8 dbu? 8 8 d*u
A6 — AP 1 A
P Sy R s o B A v
8 8 8 dBu?
-2 1 2)\3
Op—l(p—1+ >(p—1+ A dX3
8 8 8 8 d?u?
1 1 2 22
+ 5p_1(p_1+ )(p_1+ )(p_1+3) e
8 8 8 8 8 du?
- 1 2 AHN——
6p—1(p—1+ )(p_1+ )(p_1+3)(p_1+ Ay
8 8 8 8 8 8
— —(——+1)(——+2 4 A
+p_1(p_1+ )(p_1+ )(p_1+3)(p_1+ )(p_1+5)u
In a summary, let k := %, we have the following
A A
ai _)\dL — ku?,
or d
(2.39)
A CL TN S LU k(k + 1)
or2 7 dx? d\ ’
Byt d3u? d3u? du?
— =X — 3kA\2 k(k+ 1)A—— — k(k 4+ 1)(k + 2)u*
o3 i RN 3k DATE k(R (R4 2,
a4u>\ 4 d4u/\ dBU)\ dZU)\
gu _ TSt A2 (2.40)
5 =N~ N g+ 6k(k+ DA
A
—4k(k+1)(k+2)A%+k(k+1)(k+2)(k+3)uk,
oPur 5 dou? T d3u? d?u?
= — 1 A3 -1 1 2
55 =N g~ ORA g  10k(k + N g = 10k(k + D)k +2)0 —
du?
+5k(k + 1) (k +2)(k +3)A—-
—k(k+1)(k+2)(k +3)(k + 4)u?,

(2.41)
ur o dou? 5 dou? R T 5 d3u?
55 =N e R + 15k (k + DA — = 20k(k + 1) (k + 2)A TE

d?ur
+ 15k (k 4 1) (k + 2)(k + 3)A\?
d)\2
du?
= 6k(k + 1) (k +2)(k + 3)(k + A
+k(k+ 1) (k +2)(k + 3)(k + 4)(k + 5)u’.
(2.42)
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3 On the operators A/, j =1,2,3

Let us recall that

-1
Au= (0pr + nT@T)u + Ag(?“_Qu),

A2y =(8,, + ”T_lar)2 + 80 (O + ™ - L0,)(r %) + 20 + " - 187”)“)
+AF(r )
and

n—1 n—1 n—1

" (r“),«)(r_Q(arr—k " 8,«)u)

@+ R0 4200+ 0,)?) + 8301
n—1 _
0,)(r "))

A% = (O + =000+ A (00 +

r
n—1

-1
+ 20 () 4 (O + =0 u+ 12 (D +
T T T
+

AS(r~%u)
3.D

By a direct calculation, if we denote that @ = n — 1, on the boundary 0B, then we
have

n—1

Fy(u) =0,y + ——0,)"u = (aTa +3ad,s + 3ala — 2)d,4 + ala — 2)(a — 7)dys

— 3a(a — 2)(a — 4)d,2 + 3a(a — 2)(a — 4)8T>u

6
= g a0,
=1

Fi(u) ::(3@4 + (6a —12)8,s + (3% — 24a + 42)d,2 + (60a — 9a2 — 96)d,+

(8a% — 64a + 120))u

4
= Z b;0riu,

j=0

and
2

Fy(u) ::(36,:2 + (30— 12)8, + 26 — 6a>u =" 00,
=0
here 9,3 := O, and so on.

Let us recall that (2.39), (2.40), (2.41) and (2.42) in the end of the previous section,
we can turn the differential with respect to 7 into with respect to A\. Thus we have the

16



following

6 ; 4 - 2 -
- dIut It ARV
Fo(u) = z;)kj)‘]WaFl(u) = Z;)(*tj)/\jwv&(“) = z;)ej/\jw~ (3.2)
= = =

For the simplicity, we let

ag =1,a5 = 3a,a4 = 3a(a —2),a5 = ala —2)(a —7),a2 = —3a(a — 2)(a — 4),
a1 = 3a(a —2)(a — 4).

Then we have k; determined by

ke = 1, ks = —6kag + a5, kg = 15k(k 4+ 1)ag — Skas + aq,
ks = —20k(k + 1)(k + 2)ag + 10k(k + 1)as — 4kay + as,
ko = 15k(k + 1)(k + 2)(k + 3)ag — 10k(k + 1)(k + 2)as + 6k(k + 1)as — 3kaz + as,
ki1 = —6k(kE+1)(k+2)(k+ 3)(k+4)as + 5k(k + 1)(k + 2)(k + 3)as

—4k(k+ 1)(k + 2)aq + 3k(k + 1)az — 2kas + aq,
ko=k(k+1)(k+2)(k+3)(k+4)(k+5)ag — k(k+1)(k+2)(k+3)(k+4)as

+k(k+1)(k+2)(k+3)as — k(k +1)(k + 2)as + k(k + 1)az — kay;
(3.3)
and ¢; are determined by

ty = —by,t3 = 4bsk — b3, to = —6bsk(k + 1) 4+ 3bsk — ba,
t1 = dbgk(k + 1)(k + 2) — 3bsk(k + 1) + 2bok — by,

to = —bsk(k + 1)(k 4 2)(k + 3) + bsk(k + 1)(k 4 2) — bok(k + 1) + b1k — by
(34
and e; are determined by

€2 =3,e1 = —6k+3a—12,¢g = 3k(k + 1) — (3a — 12)k 4+ 26 — 6a.  (3.5)

4 Differentiating by part formulas

In all this sections, we denote that f(/) = ZJTf and respectively.

Lemma 4.1. We have the following type-1 (i.e., N f9) f(V)) differentiating by part
formulas:

m_ a1

ffl_dA< f2)7

@ 1) — _ypyz oy 4 Loy
)\2f2f1— )\(fl)2+d>\(2)\2flfl)a

3) p(1) _ 2y p(Y2 _ 330 p@32 o D 13 02) p(1)
NSO P = (P2 = N(FO) 4 (O D),

17



, d , 1
A F@ 2 = o2 4 ea3(F@)2 1 L4 @) p) _ Lyap@) 4@
I (FD)? 4 6N (D)2 4 - (WO FO - X

— AN @@ 4 6/\2f(1)f(1)),

d
5£0) £(1) — (N2 _ 4003 (F@N2 L \5(£GN2 L Z (23 (M) £(1) _ 5 £(3) £(2)
N fO O =60A(FD)? — 40X (FF)? 4 W (FO)? 4+ o (N f OO =3 f O f

— A O ) 51 () £(2) oo N3 (2) ¢ (1) 30)\2f(1)f(1))7

d
XSO D = — 360A(FV)? 4 300X (£*))? — 14N (F )2 4 (Aer@ 5
— AW M) 1225 £3) £ () 4 3001 F(3) p(1) — g5 \1F(2) £ ()
— 1203 F2) £ 4 1802 (1) (1) 76 ¢(4) £(2) 4 1/\6f(3)f(3))
2 Y
AT O =2520A(fF1)2 — 252003 (£2)2 + 189N°(F3))2 — X\T(f*))2
+ 4 ()\7f(6)f(1) — XS £O) (1) 4 g5 p(4) ¢ (1) _ 8405 £(3) £(2)
X
—210A*f®) f ) 4 31501 F?) f2) 4 8403 £(2) (1)
— 126022 fM () L 7AE £(4) p(2) _ 736 £(3) £(3)
— AT ) 4 )\7f(4)f(3))_
Proof. These formulas above can be checked directly. O

Remark 4.1. We see that we can decompose the term X f9) (1) into two parts, the
quadratic form and derivative term, i.e.,

/\jf(j)f(l) - Z b, A2l f(s (ZC‘ l>\Z+lf )

(‘;S%,SGN

Lemma 4.2. We have the following type-2 (i.e., N 71 £ f2)) differential by part for-
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mulas:

AF® = MOV 4 S (FFO — 2 72),
d 1

2 1(1) £2) — _y( ()2 1 2 £(1) ¢(1)
A2 — _\(fM)2 4 dA(Aff)
44(3) (2) _ _on3( (2) d 1yae2) )
NFOFE) — 23 (FD)2 4 (SN fO),
(@) p(2) _ @))2 _ \5( ¢(3) d (3) (2) _ D \4£(2) $(2)
)\5]04'](-2 —10)\3(f2)2 )\5(']03) +dA()\5f3f2 2)\4f2f2>7

d
N6 F) p(2) — —60)\3(f(2))2 + 9)\5(f(3))2 + oY ()\6f(4)f(2) — 6\ ) ()
415N @ @) 1,\6f<3>f<s>>
2 )
d
)\7 (6) £(2) _ 420)\3 (2)\2 —84)\5 (3)y2 )\7 (4)\2 el A7 (5) £(2)
7O (/) (P2 4N (FD)2 4+ = (NTf O f
—ATf@ G 4 z/\6f(3)f(3) — 7N F () 420 f () £ (2)
2
10504 ) @) 4 ZAsf(:a)f(?))).
2
Proof. These formulas can be verified directly. O

Remark 4.2. We note that we can decompose the term X' f9) () into two parts,
the quadratic form and derivative term, i.e.,

NHLPO) £2) = Z a4 AP f(s (ZC NP 7 )

s<IE2 seN

5 Theterm E4,(u*, 1)

Recall the definition in (2.7)

2,0\

— d“v dv? dw* dv*
o) = [ (O AdT_\dwm vy
a: (v, 1) /831( v PR A )

5.1)

Since w* = Av* = §,,0* + "T_lﬁrzf‘ +r~2divy(Vev?), in view of (2.39), on the
boundary 0Bj, we have

2, A
_ AQC;AQ +/\%(n— 1 Lfl)
+ UAL(Q + i —n) + divy(Ver?)
p—1 —1
2d2 A dv )\
7)\ d)\2 + « )\a+B’U +le9(Vg’U )
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Integrate by part with suitable times we have the following

— d?v* d
Fal )= [ [0+ e - 25— 9n(in
d d d d
x| B0 - G 6 o) .
(5.2)
- %%ww% Al

)\
+2/ MV 2
9B, | dA‘

Let us further investigate the inner structure of Eg4,(u*, 1), we can obtain more and
crucial information for our construction of the monotonicity formula under the desired
condition. Since v* = Au?, on the boundary 9By, by a direct calculation we have the
following

do? d3u* dZu? du? du?

=\? DA—— e Ap——

Py v Tt DAy et B+ Ao
d?o? o du? d3u* d?u* d?u*

e N pa Hlat DA+ Qat B4 2) " + Ao

therefore differential by part, we can get that

dov? 5 d*v? 2 9 5 dBur
/031(2a—26—4) (dA) +2)\(d)\2) _/BB (2 —2a—65—28))\(d>\3)

d4 A )
d)\4)

)\
+ (20° + (16 — 28)a® + 16 + 63% + 323 + 40)A3(ddA2 )2+ 207(
A

+ (=207 + (26 + 8)a” + (262 — 8)a — 26° — 8% — sﬁ)Md%)z

d i+ diu diu du?
@ A CU VTN o 9 4)A(A
er/\(,zc”A D ) T 228 A’

2

d3u? d?u? du*

dv> _ dIu d2u?
i+J 3 2
(Zew)\ Vo Vo d)\j)+2)\ (B5)

+2X%(Vy 24 (14 -28)03(V

/()Blz () (Zb P ds)\s )+ZCM21 (Ao W)Q

i diu diur
+ﬁ(z AT d\i d)\J)

,J

d dz A d A
—)\(Zeu/\wvg d; Vo C;; ),

(5.3)
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where ¢; ; and e; ; may have exact expressions of «, 3, but we do not intend to give
them here since the key term is the quadratic form.

Remark 5.1. From (5.2), the first term of the above integral is positive. Recall that
v* = Au’ now we have

_ d 8 d 1.,d dAu, B

(1) > % B (A2 - 23 L 2 PoA )2

Wl 1) 2 0 [ Gty - xR S »
1d A2 1 A2 '
§J(A\V9AU %) §|V9AU | }

If we use this estimate alone, we can not construct the desired monotonicity formula
for all n with % < p < pe(n). More precisely, when n € [15,27], it seems that,
n+8

under the condition 755 < p < p(n), the desired monotonicity formula can not hold.

6 The term E  (u’, 1)
Recall that (2.7), we have

— d2u du? dz* du?
Eq,(ut1) = A AN,
ar (v, 1) /831< S T T Y )

6.1 The integral corresponding to the operator Fj

First, we consider the operator F{, as defined in (3.2). We split the integral into two

parts, we denote that

A\ d2u)‘)
F01 I:/ )\Fo(u )7 y
9B, ( d\?

dFo(ur) | du?
Foo := TEy(u™) — A -
02 /6B1 ( 0(“ ) d\ ) d\

Recall that (3.2), if we denote that f = u?, f' = 4 \ye have

dx
dSu? dbu? dtu? d3u? d?u? du?
A\ 6 4
Fo(u?) = kg W_FI%W + kg A N + k3 e + ko a2 -‘rle/\K—Fk‘o’u,)\.
Hence,
dFy(u?) d"u? d%u* s dou?
A 0 _ 7 6 5
7F0(u ) -A d\ = 71€6)\ dNT + (kﬁ - k5)>\ G + (2k5 - k4))\ )b
d*u? d3u?
4 3
+ (3k4 — kg)/\ W + (4]€3 — k‘g)/\ P
d?u du?
+ (Bka — k1)A\? Tz T 6k —ko)A— + Thou™.
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By the following differential identity, combining with the differential by part formulas
of Section 4, we have

>\7f/m//f// + k5>\6fm”f” + k4)\5f”/’f/’ + kg)\zlf///f//
+ k2)\3f//fl/ + k_l)\Zf/f// + ko)\ff//

— |:)\7f//lll/f// _ )\7f////f/// + (k5 _ 7))\6]('////]('// + (7 k5

))\6(f///)
1
+ (—6ks + kg + 42)N° f" " + (15ks — §k4 + ks - 105)A*(f)?

FRASF = Sho 2] + AT 4 (9ks — ka — SON ()2
+ (=60ks + 10ky — 2k3 + ko + 420003 (f)% — koA(f)? + ki N2/ 7
and
— XU (L= ks) MO 4 (25 — k)N (ks — Ra) NS f
+ (4ks — k) N3 f" 1+ (Bko — k)N2 " f + (6ky — ko) Nf'f' + Thof £/
— AT XTI = XTF 4 (8 — R ) A 4 (ks — 15)AC £ f
— (14ks — kg — 138N f" " + (55ks — 3k4 + %kg — 480)\*(f)?
(8ks — kg — 48)N° f""" f' + (—40ks + 8ky — k3 + 240)\* ' f/
160ks — 32k, + 8ks — ky — 960) N3 f” f' + ;ko 12
N(F")2 4 (14ks — kg — 138)N°(F")2 + (22 — ks) XS f7 f7
(—380ks + 58ky — 10ks + kg + 2820)X3 ()2 + (6k1 — ko) A(f)?
(

+
+
+
_|_
+ (—480ks + 96ky — 24ks + 8ko — k1 + 2880)\2 " f'.

Then by the above two identities (f = u*, f’ = -Lu*), we get the following integral
corresponding to the operator A:

d?u? du? dFy(u?) du
Fo= / AE + TFy(ut) = — A —
°7 Jom, ( () gy TR Gy A dA )

diu? d3u? d?u? du?
— A 7 A 5 3 A 2
]-'01+/831[4>\(d)\4)+3>\(d)\3) AN (S 4+ AN,

where
Ay =2,

Az = 26ks — 2k — 288ks,
Ag = —440ks + 68ky — 12ks + 2ko + 3240k,
Ay = 480ks — 96ky + 24ks — 8k + 6k1 — 2ko — 2280kg,

6.1)
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and the part Fy; denotes the differential term, exactly, it is

e o d [ )\7(16 u du? » dou? dPu? _ L dru? dPut
R )Y d\6 dx d)\5 d\2 A\ d\3
d®u du? d3u d2u?
8 — k5)\O 4+ (—20ks + 2k4 + 180)N°
+( ) d)\® d>\+( 5 + 2ks +180) d)3 d\2
d?ur  diu? du?
70ks — k4 + k3 — 585)\* 8ks — ky — 48)N° -
+ (70ks 4+ k3 ) (d)\g)+(5 4 ) I AN
d3u* du?
—4 - 240\ _—
+ ( Oks + 8ky — k3 + O))\ A%
- (160ks — 32k; + Sks — k» — 96023 L u du ¥ 3ko(u?)?
5 4 3 2 D2 dn 0
d*u> d2u? d3ur du?
2ks — 22)\° 18 — k5)A\® 2 4 kodu) —
+ (2ks Wt e T 2 (d/\3)+0 X
d
+ (—240ks + 48ky — 12ks + 4k + k1+1440))\2( d“A)}

6.2 The integrals corresponding to the operator Ay I (u’)

Let us define

d2u)\ dju/\ d2 A
IL(F) = MAGF A—:/ Nt :
() /8B1 oL dx? 8B Z AN dN?
2, A
/ Zt /\J“ng . Ved —,
o = d\
and
/ m ) - AL a,F (u))@
o5, o141 A ax
4 . 4
dIu dju du?
= A —t )N -
/31 7 H(JZ_:( N ) jz Y, )d/\
i du?
Vo
=1
where

tos = —t4,t0s = 3ty — t3,t03 = 4tz — 2, to2 = Sta — t1,t01 = 6ty — to,

and t; is defined in (3.4). Recall the formulas in the Lemma 4.1-4.2, we regard that
f= Vou?, then we can obtain that
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du* 3 du 5 dut
Il(Fl) +IQ(F1) —ABI BIA(VGTA) + By (VQ Nz ) + B3\ (Ve e )
d it divw _ diu?
* 5/ ( > bV FIRAAY )
981 "<y <2

where

B1 = 2ty + 6ty — 8ty + 24t3 — 96t4, By = 2ty — 12t3 4 68t4, B3 = —2t4 = 6.
6.2)
The coefficient b; ; can be determined by ¢; but we do not give the precise form since
the constant is not important for our estimate below.

6.3 The integral corresponding to the operator AZF,(u*)

Recall that the sphere representation of triple-harmonic operator, i.e., (3.1) and (3.2).
Let us define the following

- d?u 2 d?u 2ot
I(F) : = NTIAZF (u) —z/ A e A=
1( 2) /BBl 0 Q(U ) A2 9B, Pt € d)\2 d)\2
v dPud

= ARV ey,
. MR B e
and
d du?
I (F. :/ TAgFy(u?) — A A2y (u?) ) =
d(F)i= [ (T80Fa(e) = A AR TS
2 . 2 .
o L diut d S odiut N du
- A NAZE L) A A2 NAZEL))
/6,31 (7 o(Q N AT) — AR (D N AT )> X

j=0 j=0
3 .
v du?
=3 [, e G e

where
€p3 = —e2,€ep2 = dex — €1, €91 = ber — e

and e; is defined in (3.5).

Recall the formulas in the Lemma 4.1-4.2, this time we regard that f = Agu’, then
we can obtain that

d2ur

du? 9
dA? )

I(Fy) + I(Fy) = ClA(AGK)Q + CaX3(Ag
0By

d it div - diut
" 5/33 ( 2 GNP B B )
1 0<i,5<1
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where
C1 = —2eg + 6e1 — 8eg, Cy = 2e9 (6.3)

and C}; ; are determined by e;, we don’t need to outline the precise expressions of them
since the constant will not affect our applying the monotonicity formula.

6.4 The integral corresponding to the operator A} F3(u?)

Recall the formulas in the Lemma 4.1-4.2 and set f = VoAgu?, then we can obtain
that

' - d*u? du? dASF3(u) du?
I(F3): = ASFs(u ASF. 7*A793 o
(R = [ (Ahmen) G + 7a3R0A) T RLA
2 A
:/ 7)\V9Ag’u, V@Ag Y 77V9A9u VQA97+)\|V9AQU ‘
0B, d\

d )\
= a[/@ _AVGAQU VQAQK — S(VQAGU )

>\ 2
+2)\/aBl (VgAe d)\) }

6.5 The monotonicity formula and the proof of Theorem 2.1

We sum up the terms Edl and EdT Then
1
E(A = [ S|A%M ur Pt
(’x?u) /Blzl u| +1| |

) d ut ddut o du _ du?
0 z 1 i+
+/83 ( g C” . + E C’i’j)\ IVog——Vog——

1,5>0,i+5<7 A dN i,j>0,i+5<5 X’ X
diu I
2 vitj A du d’u
+ ) CENTA, Ao
1,7 >0,1+5<3
du diu?
3 yitg A A )
+ Z C /\ Vo Gd)\lve ed)\J ,

6,4 >0,i45<1

where the constant C”C can be determined by the calculation of E,, and Fy, in the
above three subsectlons Then we obtain the Theorem 2.1.

7 The desired monotonicity formula: The proof of The-
orem 2.2

In this section, we construct the desired monotonicity formula via the blow-down anal-
ysis. We start from the Lemma 2.3 in the previous section. Firstly, we have
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Lemma 7.1. Ifp > £8, then

2 2l—-1 dl A
Z(Cl + Cl))\ - (A W) Z 0
=1

Proof. We known from (6.3), (3.5) and (5.3) that
Cy = —6k* + (=72 +6n)k — 178 +30n; Cy +cy =8,

n+8

where k =: —=5. By this natation we observe that p > is equivalent to 0 < k <

o8 By ﬁndmg the roots (denoted by r1(n), r2(n)) of the equatlon
—6k? + (=72 +6n)k — 178 +30n. =0

about variable k, we get that

1
rin):=-n—6— ,\/9712 — 36m + 228

2
= 6 (3n — 36 — \/9n? — 36n + 228)
_ 1(3n—36)2 — (9% — 36n + 228)
6 3n — 36+ v9n? — 36n + 228
—30n 4 178 <0 for n>6

T 31— 36+ vOnZ — 36n + 228

and

1 1 1
ro(n) := 5n—6+ 6\/9712 —36n + 228 > i(n—

therefore we obtain that C; > 0if 0 < k < "T*S. Recall that co = 2o — 28 — 4 > 0,
then the conclusion follows. O

Theorem 7.1. If 22 < p < p.(n), then there exist constants b; ; such that

dsu? d diu? diu?
Y (Bs+ )X (Vo—rr)® > o > biiVo i Vo .
= dX (O<i,j<2,i+j<3 ay )

Proof. To see this, from (6.2), (3.4) and (5.3), we get that

Bby := By + by =6k* + (144 — 12n)k> + (60 — 204n + 994)k>
+ (60n? — 850m + 2732)k + 94n? — 1012n + 2644,

and

Bby : = By + by = —38k* 4 (—292 + 38n)k — 6n? + 132n — 544,
Bbg::B3+b3 = 8.

26



Lemma 7.2. Ifp > 2£2, then we have Bb; > 0.

Proof. To show this, we first see that if n € [9, 29], under the condition 0 < k < 5= 8,
by a direct case by case calculation we can prove that Bb; > 0.

For n > 29, let us introduce the transform k& = "7’8@ hence 0 < a < 1, then we
have

Bb, :g(n _ 8)tat = ;(n ~12)(n - 8 + L (302 Z 1020 + 497)(n — 8)20?
+ (n — 8)(30n? — 425n + 1366)a + 94n> — 1012n + 2644
=fa(n)a* — fz(n)a® + fa(n)a® + fr(n)a + fo(n).
We can see that if n > 29, then f;(n) > 0 for j = 1,2,3,4. Since 0 < a < 1, we have
Bby = fa(n)a® — f3(n)a® + fa(n)a® + fi(n)a+ fo(n)
> fa(n)a® + (f2(n) + fi(n) + fo(n) — fa(n))a®
= fa(n)a* + (—1596 + 9n® — ?ﬁ + 738n)a’

By a direct calculation we can show that

261
—1596 + 9n> — 7n2 + 7381 >0 if n > 6.

Hence we derive that Bb; > 0 when n > 29. O
Lemma 7.3. Assume that "—JFS < p < pe(n) and n > 9, then Bby > 0 except for
n=17,18.

Proof. Firstly, we recall that 218 < p < p.(n) then we have 2519 — \/n < k < 258

for n > 18. By solving the equatlon Bby, = 0, we find the roots

1 73

ri(n) = gn— 15 = —\/133n2 — 532n + 664,
173
ra(n) = 5n = 15 + 5 \/ 133n2 — 532n + 664.

Notice that 71 (n) < 25! — \/n is equivalent to

133n2 — 1976n — 3344\/n — 1292 > 0,

the above inequality holds whenever n. > 21. The strict inequality 72(n) > "= 8 can
be proved by a direct calculation.
Therefore, the conclusion holds when n > 21. For the remaining case 9 < n < 20

except for n = 17, 18, we can show that the conclusion also holds. O

Combining with Lemmas 7.2 and 7.3, we immediately get the following lemma.
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Lemma 7.4. Forn € [9,+00),n € NT, except for n = 17,18, we have that

3
D (Bo+b)A* (Vg

s=1

dsu?

2>
) 20

Next, we have to consider the remaining case when n = 17, 18. In view of Lemmas
4.1-4.2, we have the following differential identity (denote that f’ := V, %):

3

EFPN
Z(Bb + bs)A2571(VQ dd;js )2 — BblA(f/)2 + (BbQ + 4Bb3))\3(f”)2
s=1
+ Bbs AN "+ 20 f7)? + %( — 2BbsX*(f")?) (1.1
> (Bby + 4Bby) ()7 + = (— 2Bba (1)),
A direct calculation shows that under the condition Z—fg < p < pe(n)and n = 18, we

have that Bb, + 4Bbs > 0 (this way fails when n = 17). Hence, when n = 18, we get
that
3

> (Bo 4 b )NV

s=1

dsu?
O dns

)2 > (Bbz + 4Bb3))\3(f”)2 + %( _ 2Bb3)\4(f”)2)

d p
> (= 2BbsA (f7)?).

We need different method to handel with n = 17 in the following. Notice that by the
mean value inequality we have the following differential identity:

€B1oA(f')? 4+ Bao A\ " + 22X\ f")? > —2+/e - Bag - Bio(N*f" f + 2\ ')
=92./¢- B3O . Blo()\3(f//)2 _ )\(f/)2) =+ 2 /6 i 330 K Blo%()\?’fﬁf/ _ %)\Q(f/)Q)7

here we have used the Lemmas 4.1-4.2; ¢ € (0, 1) is to be determined later.
Combining with (7.1), we have

3
> (Bo 4 b ) ANV

s=1

dsu?
0 d)\s

)2 = BhyA(f')? + (Bby + 4Bb3) A3 (f")?

4 Bbg)\()\2f”/ + 2)\f//)2 + %( _ QBbg)\4(f/I)2)

> (Bzo +4B3g + 2%) A3(f7)? (7.2)
+ (1= )Bio — 2/~ Bg - Bio ) A(f)*
d 1
-+ 2ma ()\3f/lf/ _ 5)\2(0]6/)2)

To avoid confusion, we denote that Bjy := Bb; for j = 1,2,3 in the above and
following. Thus, our conclusion holds once we can prove

Bao +4B30 +2+/€- B3g - Big > 0, (7.3)
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and

(1 - E)BIO - 2\/ € - B30 . BlO Z 0. (74)
To make sure (7.4) holds, we select € € (0, 1) satisfying
4e - Bgo

< min Big.
(1—€)? = o<h<nzs 10

Notice that when n = 17, rnanSkSnT_s‘n:17 Bip = 12606, hence ¢ < 0.9508. Thus
we select that e = 0.9508. Now we consider the inequality (7.3). Note that
if Byy + 4B30 > 0, then the inequality (7.3) holds immediately;
if Bog + 4B39 < 0, then (7.3) is equivalent to
4e - By - Big — (Bag + Bso)? > 0. (7.5)
By a direct calculation we can prove that When n = 17, under the condition "+§ <
p < pe(n), ie., max{0, Ri(n)} < k < 258 (Ry(n) see (8.10)), we have that

Mw

(Bs 4+ bs)A*7H(Vy 62; )2 > (Bgo+4330 +2y/€- Bsg - Blo))\3 i)

s=1
+ ( 1 — € BlO —2\/6 B30 B10>)\
1
+2v/€- Bsg - BlO (A?’fﬁf 5 X(f )2>
1
> 2y/€- Bsp - BlO (Agf//f 3 N(f )2)
(7.6)
Summing up, for all cases, we have proved Theorem 7.1. O

Theorem 7.2. If Z—fg < p < pe(n) andn > 9, then there exist constants a; j such that

. & u? d diu diu?
‘ Ny 275—1 2 S o
(A +a) T C7)" 2 d)\( _ Z YT AN )
1 0<4,5<2,i+5<5

Firstly, from (6.1), (5.3) and (3.3) we have that

Aay = Ay +ay = —4k5 + (=88 + 12n)k° + (—12n? + 208n — 860)k*
+ (4n® — 152n? + 1544n — 4304)k® + (32n® — 776n> + 5408n — 11196)k>
+ (9203 — 157602 + 8428n — 14040)k + 64n> — 940n? + 4368n — 6372,

M-

J

Aag == Ay + ap = 28k* + (464 — 56n)k> + (32n? — 656n + 2668)k>

—Am3 2 _ 3 2 (77)
+ (—4n® + 2320 — 2364n + 6456)k — 16n° + 380n° — 26401 + 5556,

Aas == Az + a3 = —28k* + (=216 + 28n)k — 4n” 4 961 — 408

and Aay := Ay +ayg = 4.
We separate the proofs into several Lemmas.
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Lemma 7.5. Ifp > 28 andn > 9, then Ay + a; > 0.
Proof. To see this, in fact from (6.1), (5.3) and (3.3) we have that

Ay = —2k5 + (=72 + 6n)k5 + (=602 + 174n — 818)k* + (2n — 132n°+
1492n — 4272)k® + (3003 — 768n? + 5412n — 11222)k? + (94n® — 1596n>
+ 8486n — 14088)k 4 66n> — 954n2 + 4398n — 6390,

and
ay = — 2k5 + (=16 + 6n)k5 + (—6n? + 34n — 42)k* + (2n® — 200 + 52n
—32)k% 4+ (2n® — 8n? — 4n + 26)k* + (—2n> 4 20n* — 58n + 48)k
—2n3 + 14n? — 30n + 18.

It is can be observed that —3, —1 and n — 3,n — 5 are the roots of A; = 0, hence we
have that

A= (k+3)(k+1)(k—(n—23))(k— (n—5))(—2k> + (2n — 48)k + 22n — 142),

from this, it is not difficult to see that A; > 0if 0 < k < ”T_S. For a; = 0, we have
observed that —1, —1,1,n — 3,n — 3,n — 1 are the roots, hence

a = (k+1)2(k=1)(k—(n—3))° (k= (n—1)),
thus a; > 0if 1 < k < n— 1. Forn > 18, we have that 212 — \/n > 1, then
ap > 0if 242 < p,ie., 0 < k < 258, Once a; > 0, then Ay + a; > 0. For the case

n € [9,17], we calculate case by case showing that A +ay > 0if 0 < k < 252, This
completes the proof of Lemma 7.5. U

Lemma 7.6. If 15 < p < p.(n) andn > 9, then A3 + az > 0.

Proof. By solving the roots of A3 + az = 0, we get that

1 27 1

rio(n) := 3w TV 21n? — 84n + 60,
1 27 1

roo(n) := 3" + I 21n? — 84n + 60.

Notice that 71(n) < 2522 — \/n is equivalent to
21n? — 85n — 32v/n — 196 > 0.

The above inequality holds if n > 7. The root rog(n) > ”T’S can be seen immediately.
Thus, for n > 18 we know that A3 + a3 > 0if Ry(n) < k < %’8. However, when
n € [9,17], we may compute case by case to show that As + ag > 0 if Z—fg <p<
pe(n). This finishes the proof of Lemma 7.6. O
Lemma7.7. If “£8 < p < p.(n), forn € [9,13] orn > 21, we have that Ay+as > 0.

n—=_8
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Proof. To prove Lemma 7.7, we introduce the transformation n := 2, k := 2510

hence 0 < a < 1. From (7.7), we have that

—a-t,

Ay +ay = —524 + %tg + (—10a? — 6)t° — 24at® + (28a* + 40a* — 5)t*
+ (96a® 4 96a)t® + (—92a” + 68)t* — 576at
> 524 + Ztg — 16t5 — 24t5 — 5t* — 241% — 576t > 0if n = t* > 28.

For the cases n € [9, 13] and n € [21, 27], we may calculate case by case to show that

Ay +ag > 0if Z—"_’g < p < pe(n). This finishes the proof of Lemma 7.7. O

Combining with Lemmas 7.5, 7.6 and 7.7, we have that
Lemma 7.8. If 218 < p < pc(n), forn € [9,13] and n > 21, we have
4 .
D
D (A +a)N 1(W)2 > 0.

j=1

Remark 7.1. To establish the Theorem 7.2, we need to deal with the case n € [14, 20)
by some other methods.

Now we turn to the case n € [14, 20]. To deal with these cases, firstly we establish

the following differential identity (denote that f' = %):

4 ; 4 ;
o L
. N\25—1 2 . _ 251 2
j=

j=1

— dl/\(f/)2 + (dg +4d3)>\3(f//)2 +d3)\()\2fm _’_2)\‘]@//)2

FANT(F 4 S (2N (),

(7.8)

where we have used Lemma 4.2. The term d3 +4d3 is not nonnegative. Now we invoke
the mean value inequality. For the parameter « € [0, 1] to be determined later, we have
that

d1)\(f/)2 +d4>\7(f////)2 — - d1>\(f’)2 —|—d4/\7(f/”,)2 + (1 _ l‘) . d1>\(f,)2
> 20/x - didg N 4 (1= @) dy A(f)?
= 2/adids (= 120(f)? + 6X°(f")?) + (1 = 2)da A(f')?

n % (2 v - didy (>\4f///f/ _ %)\4(f//)2 AN 6)\2(f/)2)) (7.9)
- ((1 —2)dy — 24/ - dy ‘d4)>\(f’)2 +12v/x - di - d A (f")?
n i( > di’j)\i-&-jf(i)f(j))’

X o=
1<4,j<3,i+j5<4

31



where we have used Lemma 4.2. The constants in the derivative terms, namely, d; ;
can be determined but we do not need the exactly expressions. In particular, d; ; may
be changed in the following derivation, but we still denote as d; ;. Combine (7.8) and
(7.9), we obtain that

Aj + a;) X CW Zd AZY( CW )

- dl)\(f) + (d + 4d3) N3 (f" ) +d3/\(>\2f”’+2>\f”) S ANT(f)2
+%( 2d3A\'(f")%),

> ((1 —2)dy — 247 - d; - d4))\(f’)2 F(dy 4+ 4ds + 12/ - dy - dg)N3(F")?

+ d3>\(>\2fm + 2>\f“)2 + %( Z di7j)\i+jf(i)f(j))
1<i,j<3,i+j<4
((1 — )y — 247 - d; - d4) + (o 4+ 4ds + 12z - dy - d) N3 (F")
+ i( Z d@j/\”jf(i)f(j)).

d\ L=
1<4,j<3,i+j<4

uMnu

(7.10)
If
(1—2)d; —24v/2 - dy -dg > 0 (7.11)

do +4ds +12+/x -dy -dys > 0 (7.12)

hold simultaneously, then we have Theorem 7.2. By this method, we have the following

and

Lemma 7.9. If “48 < p < p.(n), and n € [14,20] except for n = 17, then there exist
constant d; ; such that

4 . .
dJu? d - diu et
2j—1 el oo\
ZA )N ) Zd)\( Z AT d)\j)'
J=1 1<4,5<3,i+j<4

Proof. To prove this Lemma, we just need to check that the conditions (7.11) and (7.12)
hold simultaneously when n € [14, 20] except for n = 17. We perform these case by
case. To make sure that (7.11) hold, we need to select that x € [0, 1] satisfying

242d4 T
_— i di. 7.13
(1—m)? ogg?% ' 719

On the other hand, condition (7.12) can be obtained by the following two cases:

If do 4+ 4ds > 0, then (7.12) holds immediately;

If dy+4ds <0, then (7.12) is equivalent to 1222 - d; - dy — (do + 4d3)? > 0.
(7.14)
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For the simplicity, we denote that d := d(k,n,x) = 1222 - dy - d4 — (d2 + 4d3)?. Now
we turn to consider the inequalities (7.13) and (7.14). Let
- 10
Ry(n) = “— — d(n), (7.15)
where d(n) is defined in (1.3). Note that p < p.(n), then max{R;(n),0} < k. Recall

that k := -8,
p—1

For n = 14, minogkg%shzm di = 46156, then from (7.13) we get that x <
0.8001464380, thus we select z = 0.8001464380. Thus, do +4ds < 0if 0 < k <
0.02572910109 and d(k,n,x)n:147x:0_8001464380 > 0if 0 < k < 0.7919464848.
Hence, by selecting the parameter x = 0.8001464380, we can make sure that inequal-
ities (7.13) and (7.14) hold simultaneously. Hence, Lemma 7.9 holds for the case
n = 14.

Similarly we may prove Lemma 7.9 for n = 15,16,17,18,19. We omit these
details. But we would like to give the proof for the case of n = 20 for reader’s conve-
nience.

Let n = 20. Then minOSkS"T‘S\n:zo d; = 216988. From (7.13) we get that
x < 0.9021282144. Thus we may select x = 0.9021282144. Hence, ds + 4d3 < 0 if
19244642513 =~ R, (n = 20) < k < 1.026523007 and d(k, n, x)n:goym:0_9021282144 >
0 if .9244642513 ~ R;(n = 20) < k < 1.894875455. So, by selecting the param-
eter x = 0.9021282144, then both inequalities (7.13) and (7.14) hold simultaneously.
Therefore, Lemma 7.9 holds when n = 20. ]

Remark 7.2. For the case n = 17, this method of Lemma 7.9 does not work. But if
k > 0.02175341614, then we have Lemma 7.9 hold. Since, when n = 17,

min di; = 110656,

0<k<Z58|,_17

then from (7.13) we get that x < 0.8657397553, thus we select x = 0.8657397553. It
Sollows that ds + 4ds < 0if 0 < k < 0.5256119817 and that

d(k?, 717%‘)“:17@:0,8657397553 >0 #0.02175341614 < k < 1.358050900.

Thus, by selecting the parameter x = 0.8657397553 and k > 0.02175341614, then
the inequalities (7.13) and (7.14) hold simultaneously, hence the Lemma 7.9 holds.

Remark 7.3. We note that the dimension n = 17 is critical dimension when we de-
fine the Joseph-Lundgren exponent in (1.2), it is the most thorny dimension when we
establish Theorem 7.2.

But by getting more information from (7.10), we still have the following

Lemma 7.10. If Z—J_rg < p < pe(n) and n = 17, then there exist constant d; ; such that

_ dIut d o diu diud
. N )\2i—1 2> )
N R D DI S )

j=1 1<6,j<3,i+j<4
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Proof. In view of Remark 7.2, we only need to consider the case of 0 < k < 0.04.
From (7.10), we discard the the term dzA\(A\2 f”" 4+ 2\ f”)? (which is nonnegative term
hence a ”good” term) directly in our estimate, now we “pick up” and make full use of
this term. To achieve this, let us select parameters x1, x2,y € [0, 1] whose exact values
are to be determined later. We have

yody A1) +ds - A7+ 20 f7)?

=z1-y-di- A(f)? +ds - AN 20+ (L—21) -y - dy - A(f')?

> 2\/xy -y - dy - dsNP ()% + ((1—x1)-y~d1—2 xl'y'drdg))\(f/)Q
b (o d O - )

and

(=) - i A(f")? + daXT(f")?

:m~(f)-me)+dA7W52 (1—22)- (1 —y) - diA(f)?

> 2/ - ( cdy - d N 4 (1= 29) (1 — y)di A (f)?

= 2/l - y>d1d4( — 1M+ 6N (f")?) + (1= @) (1 = )i A(f)?

dd)\ ( x-did ()\4f///f/ o %)\4(‘}0”)2 _ 4/\3f//f/ + 6)\2(f/)2)>
= (1= 22)(1 = ) — 24/as (1= ) - di - da ) A(S)?

d e
+12\/9c2(1—y)-d1 'd4)\3(f”)2+a( - Z - di,j/\ +Jf()f(J))
1<4,5<3,i+35<4

Therefore from (7.8), combine with the above two inequalities, we get that

™M=

27— 1 25 1
_1(Aj+ 4" dAJ Z AT d/\J)

= diA(f)? + (dy + 4d3)N3(f" ) + ds N2 " 4 20 f")?

FANT(F) 4 (200 ()
Z d2+4d3+2\/l‘1 y-dy- d3+12\/.’152 1—y dl d4)/\3(f)

+((1—x1)~y~d1+(1—x2)(1—y)d1—2 x1-y-dy-ds

d o
— 2421 —y) - dy - d4>>\(f’)2 n 5( 3 di7j)\Z+Jf(1)f(J))_
1<4,j<3,i+5<4

We may establish the Lemma (7.10) if we have

(]. - .’El)ydl —+ (1 - IEQ)(]. — y)dl — 2\/51?1yd1d3 — 24\/1’2(1 — y)d1d4 >0
(7.16)
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and

do +4ds +2\/z1 -y -dy - ds +12\/2o(1 —y) -dy - dy > 0 (7.17)

hold simultaneously. We will select proper parameters z1, z2,y € [0, 1] to make sure
the inequalities (7.16) and (7.17) hold under the condition 0 < k& < 0.04. For simplic-
ity, we denote that

2
fi:= ((1 —z1)y+ (1 —ax2)(1— y)) dy — 4w1yds — 24%25(1 — y)dy,
foi=fi— (4 x 24)*z1yz2(1 — y)dsdy,
hy:= (d2 + 4d3)2 — 4z ydids — 122262(1 - y)d1d4;
hy : = 48%21ywy(1 — y)dadad] — hi.

Hence, (7.16) is equivalent to f; > 0 and fy > 0. As for (7.17) we observe that

if hy <0, then (7.17) holds immediately,

. (7.18)
if hy > 0, then hy > 0.

How can we select the proper parameter x1, 2,y ? Numerically, by considering the
end-point case, namely y = 0 and y = 1, then as in (7.13) to determine x1, zs, we
find that we may select y closing to 0 and z;, x> closing to 1 . In fact, let us select that
y =0.1,27 = x5 = 0.8, we have that
hy = 748.16k% — 25955.84k" + 2.5965440 - 10°k5 + 1.8144000 - 10°%°
— 1370264514 - 107k + 2.783143502 - 10"k® + 1.905355534 - 10°k>

—2.946605150 - 103k + 1.316646282 - 107,

ho = 2.689086 - 101 + 3.883824251 - 107 k'® — 5.597433856 - 10°k1°
+1.045307292 - 10'%% — 1.881709367 - 10'k5 + 8.22093182 - 10'2k1°
+ 8.52692786 - 10ME" + 7.5489982 - 101 £° — 3.79196866 - 10'°%'?
+1.322360547 - 109413 + 1.138472739 - 10173 — 1.062469518 - 109k4
— 8.42043516 - 10M k1 — 1.943781276 - 1016%* — 3.114952088 - 1014%®
— 8.750277873 - 10*°k? 4 4.523393231 - 10'°%°,

f1 = — 0.1600k° + 4.6400k° — 31.6800k* — 93.2800k> + 556.6400%>
+ 4947.5200k + 2745.6000,

fo = —40.20787k® + 31.6672860k"" + 7.3936205 - 10° 4 9492.1751k"
+2.66134182 - 107k + 0.02560000k'2 — 1.48480312k'! — 3.9194703 - 105k°
+ 4.99650206 - 105%% — 7.8719259 - 10°k* 4 2.75922586 - 107 k?
+ 18460.169k° — 264.138939%°.

We can verify that f; > 0if 0 < k < 13.82353260; fo > 0if 0 < k < 9.306459393;
hi > 0if 0 < k < 0.04606463340; hy > 0if 0 < k£ < 0.1757218049.
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Thus, when 0 < k& < 0.04, we have that f1, fo, h1, ho all are positive. Hence,
combine with (7.18), we know that (7.16) and (7.17) hold. This proves the Lemma
7.10. O

8 Homogeneous stable solutions must be zero solution
Firstly, we establish the representations of the harmonic, biharmonic, triharmonic and

quadharmonic operators in terms of the spherical coordinates. We continue from the
Section 4. By a direct calculation we have

Aty :(3”. + n ; 187-)4 + Ag(@,.,. + n ; 137.)(7,7810 + Ay ((3”, + n; 137.)2
(r2(0, + ”T’la,.)u) + @+ " Lo )3 (r2u) + (8, + ”T’lar).
(2 @+ " 00)%) 4720 + 0,
n—1 n—1

4 83(@rr+ R0 20 ) + O+ L0 (7 O+ 0 )u))

B,)r2u) + 12O + ”T_lar).

n—1

n—1 n—1

+ (Orr + ) (r2 (0 +

r
n—1 n—1

(T_Q(BW + 78,«)1&) + r_z(ar,« + 8r)2(7'_2u) + 7'_4(3M +

n—1

Br)zu

" o) Su) + 20 +

+ A3 ((8” + a,)(r~u)

n—1

r
-1
+ 7780, + "Tar)u + 77O + 78,«)(7“_211)).

Then, let u = r*kw(e), recall that k = %, by a direct calculation, the function w
satisfy
Ajw — J3Ajw + JoAw — Jy Agw + Jow = |w]P " w, (8.1)

where
Jo=k(k+2-n)k+2)(k+4—n)k+4)(k+6—n)(k+6)(k+8—n),

~Ji=k(k+2-n)(k+4)(k+6—n)(k+6)(k+8—n)
+(k+2)(k+4—n)(k+4)(k+6—n)(k+6)(k+8—n)
+k(k+2—n)(k+2)(k+4—n)(k+6)(k+8—n)
+hk(k+2—n)(k+2)(k+4—n)(k+4)(k+6—n),

8.2
Jz=(k+4)(k;+6—n)(k+6)(k;+8—n)+k(k+2—n)(k—|—6)(k+8—7(1) )
+(k+2)(k+4—n)(k+6)(k+8—n)+k(k+2—n)(k+4)(k+6—n)

k+4

+h+2)(k+4—n)(k+4)(k+6—n)+ k(k+2—n)(k+2)(k+4—n),
(8.3)
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and

—Js = (k+6)(k+8—n)+ (k+4)(k+6—n)+k(k+2—n)

+ (k+2)(k+4—n). 84

Since w € W*2(Sn—1) n LrHi(sn-1), r*"ngw(G)ns(r) can be approximated by
C§°(Buye \ Beya) functions in W42(By . \ B./2) N LPT(By). \ B 2). Hence, here
we may insert the the stability condition of u and choose a test function of the form
¢ = r= "z w(#)n.(r). Note that

AP =r"%n(r) (Q(q +2-n)(g+2)(g+4—n)w(®) + ((¢+2)(g+4—n)
+q(g+2—n))Agw + Agw) ch ~ 20 (r)w(8),

n—8 (0 )

where g = 2 =2,

we have that

IS (/Ooor 2dr) ([ at®) + alVoul? + iAol

+ 3| VoAgw[? + |Adw / S iyt IOnDar (8.5)
1<i4+5<8,:,j>0

([ @)+ Dol + [Aeuf? + [Votgul + [Adul),
Sn—l

c; are some constants, nU) = d 5 775 for j > land n: ’ := n.. Hence

where

w=(alg+2-n)g+2)g+4-m)

@ =2((¢+2)(n—q—4)+qn—q-2 )qq+2fn (¢+2)(¢+4—n)
q2=((q+2)(q+4—n)+Q(q+2—n)) +2¢(¢+2-n)(g+2)(g+4—n)
Q3:2((Q+2)(”*Q*4)+Q(”*Q*2))

(8.6)
Substituting this into the stability condition for u, we get that

p(/ lw[PT1dg) - (/ rin2(r)dr) g/ |A2p)%. (8.7)
§n—1 0 n
Notice that

/ r~tn2(r)dr > |loge| — 400, as € — 0,

/ Z i+j_1‘77£i)77£j)‘dr < C, for any 1,j.
1<i45<8,i,5>0

37



Combine with (8.5) and (8.7), we obtain that

p/ lwPTlde < / qow?(0) + q1|Vow|? 4 ¢2| Agw|?
Sn—l Snfl
+ 3| Vo Low|* + |Adw|?,

Combining this with (8.1), we have the following estimate,

/ (pJo — qo)w?(0) + (pJ1 — q1)|Vow|* + (pJ2 — q2)| Agw]?
Snfl

(8.8)
+ (pJ3 — 43)[VoDow|* + (p — 1)[Afw|* < 0.
Notice that pJy — go = 0 is equivalent to
(e — 44+ -4 I(2E8)2
P (2 . p*liig ;171) _ (n478)27 (89)
N - =5) )

see [17]. To solve this, let us the transform k := % and k := "_Tlo

reduce the equation pJy — ¢ = 0 to the following

— a, then we can

3
n*a® + (—n® — 20n%)ab + (§n6 + 50t +118n%)a?

1 )
+ (,Erﬁ + gnf’ —2n® — 180n)a’
]. [ ]-]- :
+ 81+ 1—6n7 — 1%"6 —2n° + ?57# +16n3 — 10902 = 0.

We further let that a® = ¢ then the above equation is reduced to a fourth-order equation.
Find the roots, they are Let
n — 10 n— 10

Ri(n) = 5 d(n), Ra(n)= 5

+d(n), (8.10)

where d(n) is defined in (1.3). Transform back (note that p > Z—fg, hence 0 < k <

"T’g and thus only root satisfy this), we get the so called Joseph-Lundgren exponent,

see (1.2). We have the following lemma after a direct calculation.

Lemma 8.1. For the d(n) appears in the Joseph-Lundgren exponent, see (1.2), we
have

n——+oo \/ﬁ

d(n) < +/n for n>18.

Remark 8.1. This Lemma gives optimal bound for d(n) in the sense that if find the
optimal constant B satisfy

d(n) < By/n for n > ng
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Lemma 8.2. If 2510 — \/n < k < 2512 + \/n for n > 118, we have
le —q1 > 0.

Proof. Equivalently, we consider the function Wy := k(pJ; — ¢1). From (8.2) and
(8.6), we have that
Wi = —4k" + (=128 + 12n)kS + (—12n? 4 324n — 1696)k° + (4n> — 264n>
+ 3488n — 12032)k* + (68n® — 2168n? 4 19056n — 49216)k> + (376n°

1 3
— 817602 + 55104n — 115712)k> 4 (—144384 — En6 + 1n5 + 732n3

— 13520n2 + 78336n)k + 384n> — 6912n2 + 399361 — 73728.

Set k = 2210 + ay/n, n = ¢? (this is a key point). Hence, by the assumption we have
that —1 < a < 1. Thus

1 3 5 10 33 3 1 51 3 4 9 210
Wy =— +(z—za )t "+ (a” —sa)t " +(——= +za" +-a”)t
1 108 (2 8a) (4a 4a) ( 3 2a 4a)
+(—3a5+79a)t9—|—(73 —2a6—9a4+11a2)t8+(4a7+2a3+28a)t7

1
+ (% +12a° — 20" — 10a%)t° + (—44a® — 320% — 47a)t7

+ (—132a* — 150a* — 157)t* + (760> — 224a)t® + (228a% — 1126)t* — 36at.
For the case of 0 < a < 1, we get from the above identity that

1 3 51 9 3 351
> -1 —t12 Sl Tg10 Ty T8 L T 46 1235 — 43944
Wi > —108 + 2™ — ¢ 2 S
— 224¢% — 1126t* — 36t > 0 if n =% > 117 (¢ > 10.7725).

For the case of 0 < a < 1, we get that

1 3 51 9 3 351
Wy > —108 + —¢12 — S¢ll — 210 299 4 S48 3437 4 46 43044
t= *3 4 8 TR T

— 76t% — 1354¢% > 0 if n =t* > 118 (t > 10.8562627).

Lemma 8.3. If 251 — \/n < k < 2512 + \/n for n > 30, we have
pJa — g2 > 0.

Proof. Equivalently, we consider the function W5 := k(pJ2 — ¢2). From (8.3) and
(8.6), we have that

Wy =6k° + (144 — 12n)k* + (6n* — 228n + 1352)k> + (84n> — 1544n
+6272)k? + (14464 — %n4 + 3n3 + 338n% — 4512n)k + 352n>
— 4480n + 13824.
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Setk = 2519 4 q\/n,n =12, hence —1 < a < 1. It follows that

3 51
Wo =554 + (3 — §a2)t8 + (3a® — 3a)t” + (—? + 3a* + 3a%)t°
+ (=6a® — 3a)t® + (—6a* + 34a% — 51)t* + (284> + 80a)t3
+ (924 + 427)t* + 106at.
For the case of 0 < a < 1, from the above inequality we have that

1
Wy >554 + gz@ — 37 — %t

>0 if n =1%>30 (t > 5.475795).

6 _ot5 —57¢t + 427¢2

For the case of —1 < a < 0, we observe that

3 51
Wy >554 + 5158 — 37 — 7156 — 57t* — 108t3 4 4272 — 106t

>0 if n=1t>> 28 (t > 5.257108771).

Lemma 84. If 2210 — \/n < k < 2512 + \/n for n > 11, we have
pJs —q3 > 0.

Proof. We consider the function W35 := k(pJs — ¢3). From (8.4) and (8.6), we have
that

W3 = —4k® + (=64 + 4n)k? + (—n? + 48n — 320)k — 640 + 96n.
Setk = 2519 + a\/n,n =12, then —1 < a < 1. Thus,
W3 = —140 + (—2a® + 8)t* + (4a® — 4a)t® 4 (—4a® — 34)t* — 20at.
Since a € [—1, 1], from the above inequality we get that
W3 > —140 + 6t* — 4¢3 — 38t — 20t > 0 if n =t*>> 12 (i.e.,t > 3.40511).
O

For the lower dimension case, we can calculate numerically and thus we have the
following Lemma

Lemma 8.5. Consider the supercritical case p > "t je, 0 < k < ”778. We have

the following facts. o
(1) If0 < k < “58 and n < 17, then pJ1 — q1,pJ2 — q2,pJ3 — q3 > 0;
(2) If18 <n <120 and Ry(n) < k < Ra(n), thenpJ, — q1 > 0;
(3) If18 <n <29 and Ry1(n) < k < Ra(n), then pJy — g2 > 0;
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where Ry(n), Re(n) are given in (8.10).

Theorem 8.1. Let u € Wloc (R\{0}) be a homogeneous and stable solution of (1.1)
with "18 < p < p.(n). Assume that [u[P™" € LPT1(R"{0}), then u = 0.

Proof. From the inequality (8.8), combine with Lemmas 8.2,8.3,8.4 and 8.5, we may
get the conclusion easily. O

9 Energy estimates and Blow down analysis

In this section, we finish the energy estimates for the solutions to (1.1), which are
important when we perform a blow-down analysis in the next section.
9.1 Energy estimates

Lemma 9.1. Let u be a stable solution of (1.1), then there exists a positive constant C
independent of R such that

P ST

Vn? An?
gc[/ VauP|=E T2 4 auf?(( 7;7 )2 ©.1)
Vv? VAn? AZp?
(e 'W(TU)Q A=

Proof. Multiply the equation (1.1) with un?, where 7 is a test function, we get that

/ |u[PTin? / (Atu)un? = / (A2u) A? (un?). 9.2)
Since A(€n) = nAE+ EAn + 2V]R§V77, we have
A2ulA?(un?) = (A%u)?n? + 20%uAuAn? + 2A%uVn*VAu
+ uAulA®n? + 2A%uVuVAR? + 2A%uA(VuVn?)
= (A%u)*n* + the combination of terms with lower order than(A%u)?.
Further
A2 (un)[? = (A%u)*n” + 4(Au)*(An)? +u?(A%n)? + 4(VuV An)?
+ 4(VnVAu)? + 4|A(VuVn)|? + 4A%unAuln 4+ 2(A%u)nuin
+ 4(A%u)nVuV A + 4(A%u)nVnV Au 4 4(A%uw)unA(VuVn)
+ 4Au(An)uA?n + 8AuANVUV An + 8AuAnVnV Au
+ 8AUANA(VuVn) + 4ul’nVuV An + 4uA>nVnV Au
+ 4uA*nA(VuVn) + 8(VuVAR)(VnV Au)
+ 8VuVAnA(VuVn) + 8VnVAuA(VuVn)

= (A%u)?n? + the combination of terms with lower order than(A?w)?.
9.3)
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On the other hand, by the stability condition, we have

p / [P < / A2 (un)|2. 0.4)
n Rﬂ,

Combining with (9.2), (9.3) and (9.4), via the basic Cauchy inequality, we prove the
lemma. N

Lemma 9.2. Let u be a stable solution of (1.1). Then

/ [P +/ |A%u? < CR™® u?, 9.5)
BR BR B2R

/ M +/ |A2u2 < CR"85. (9.6)
Br Br

Proof. Now let n = £™, where m > 4, { = 1in Bg/3 and £ = 0 in B;C satisfying
V¢l < %. Plug into the estimates in the previous lemma. Then

[oazapens [ urien <o [ g+ [ 9uPa©

9.7)
+ [ 8P+ [ VAu(e).
where
go(6) 1= > Vi€l [PE [Tl El IV el el el Vel

0<i+j+k+s+t+utv+w=8

gi(€) =56 > V2|V Vel Voel Vg Ve,

0<i+j+k+s+t+u=6

g2(8) =8 T VRIVIE|VRE Vg,

0<i+j+k+s=4
g3(§) =€ Y VVIg,
0<i+j=2

here V¢ := ¢ and notice that g,,,(£) > 0 for m = 0,1,2,3. Now we claim that

91(€) < Cgo(€)92(6),  93(§) < Car(€)gs(€), g3(€) < CE™ga(9),
V2g3()] < Cg2(€),  [V2g2(6)] < Cg1(€),  [V2g1(6)] < Cgo(€)-
This claim can be checked directly and will be frequently applied to our estimates

below. In the next, we evaluate every term in the right hand side of (9.7). By a integrate
by part, we have

|VAu? = %A(Au)Q — A%uAu.
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It follows that

| VA = 5 [ A - [ Audug(©
; / (Au)*Ags(§) — | A’ulugs(€) 9.8)

< ey / A2uPEE™ 4+ O(es) / Aufgs (),
n R"L

where €3 is a parameter to be determined later. Integrating by part again we have

(AU)Q = Z(ujuk)jk — Z(Ujk;)Q — 2VAuVu,

Jik 3.k

hence (Au)* < 37 ) (ujuy) 5 — 2VAuVu. By which we get

[ e < [ Swune© -2 [ VaTunE
" R™ .k

R™

- /R S wyungs (€)1 — 2 /R VAuVug(€)  9.9)
2 .

<Ce) [ VuPn(©)+er [ VAR,

where 5 is a parameter to be determined later. From the differential identity, |Vu|? =
3Au? — uAu, we get that

/Rn Vul?g1(§) = ; / AuPgy (€) — / ulug, (€)

= ;/n u291(§) - /n uAug (§) (9.10)
<Clen) [ wa©)+ar [ (Burae)

Combining with (9.8), (9.9) and (9.10), by selecting the parameters €1, €2 small enough,
we can obtain that

| vala©+ [ 18P+ [ 1vAuPeE©
C u? A2q|2e8m,
<C) [ e+ [ 8%

Combining the above estimate with (9.7) and selecting €3 small enough, we have that

/ |AZuPesm / it < ¢ / 2g(6).
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This proves (9.5). Further, we let ¢ = 1 in Bg and { = 0 in BSp, satisfying [V¢| < %,
then we have

/ |AZul?¢5™ +/ uPHie¥m < C | ulgo(€) <CR™® [ w?e¥m™®
n R~ R R

By choosing m = p+ , hence (4m — 4)(p + 1) = 8m, it follows that (9.6) holds.
O

9.2 Blow-down analysis and the proof of Theorem 1.1
The proof of Theorem 1.1. Firstly, we consider 1 < pZE2. If p < 248 we can let

R — +o0in (9.6) to get u = 0 directly. For p = ”+8 , hence n = 87”Jr1 (9.6) gives
that

/ |A2u)? + |u|PT < +o0.

Hence

lim |A2u|? + |ulPTt = 0.
RB=+420 J By (x)\Br(x)

Then by Lemma 9.2 and noting that now n = 8p H , we have

/ |A%ul? + [Pt < CR™® u?
Br(z) Bar\Br(z)
2

< CR_S(/ |u|p+1) Rn(lfm) < (/ ‘ulp—H)T7
Byr\Br(z) Bar\Br(z)
letting R — 400, we get that u = 0.

Secondly, we consider the supercritical case, i.e., p > "*8 We divide the proof
into several steps.

Step 1: limy_, o, F(u,0,\) < +00. From Theorem 2.2, we know that F is non-
decreasing w.r.t. A, note that

1 2 2)
E(U’O’)\)SX/ (uOtdt<—/ / E(u,0,7)dvdt,
A

where C' > 0 is constant independent of . From Lemma 9.2, we have that

12 ot 1 .
7/ / VSﬁfn[/ —| A% dx — —/ [ulPT dx]dydt < C,
A A t B 2 p+1 B,

~

44



where C' > 0 is independent of . Further,

1 22 pt+A .
F / / / 78ﬁ_n_7 |:COU + Clpyaru + 027287"7"/& + 03’73arrru:|
A t OB,

[C&u + C1y0u + C%’yzam,u}

1 2 t4+A il
<Oy / tsﬁ‘”‘s/ [0 +72(0ru)? + 7 (Opr)? + 7% (0prru)?]
A Je oB,

2
<C [ ¢t F_”_S/ [u? + 7% (8ru)® + 7 (Orr)® +7° (Oprrur)?]
Bsa

< C/\nfsg%ﬁsi/ tsg%}nth
by

9.11)
Integrating by part if necessary, the remaining terms can be treated similarly as the
estimate of (9.11).

Step 2: For any A > 0, recall the definition

uMx) = /\%u()\x)

and u” is also a smooth stable solution of (1.1) in R™. By rescaling the estimate (9.6)
in Lemma 9.2, for any A > 0 and balls B,.(z) C R", we have that

/ |AZuM? + [ut P < Crsi
B, (z)

In particular, u” are uniformly bounded in Ly Otl (R™) and A%u? are uniformly bounded
in L? (R™). By elliptic estimates, u* are also uniformly bounded in V[/'lif (R™).
Hence, up to s sequence of A — 00, we can assume that u* — 4> weakly in
W,h2 A LPT(R™). By the Sobolev embedding, u* — > in W,?(R"™). Then for any

ball Bg(0), by the interpolation theorem and the estimate (9.6), for any ¢ € [1,p + 1)
as A — 400, we obtain that

lu = u™ || La(sao) < u* = u™ |51 gl @ = u™ ||1L;Jtr1(BR(o)), 9.12)

where ¢ € (0, 1] satisfying % =t+ ﬁ. That is, u* — 6 in LEEH(R™) for any

q € [1,p+1). For any ¢ € C§°(R™), we have that

A2u®A%p — [u™Ptu>®p = lim A2 A% — |[ur Pt g,
R A=+ Jrn
[ 1876 gt = i [ A% - gl
n —+00 Jrn

Therefore, u™ € W;-? N L2F!(R™) is a stable solution of (1.1) in R”.

loc loc
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Step 3: We claim that the function u*° is homogeneous. Due to the scaling
invariance of the functional E (i.e., E(u,0, R\) = E(u*,0, R)) and the monotonicity

formula, for any given Rs > R; > 0, we have that

0= lim (E(u,O,Rg)\i)—E(u,O,Rl)\i))

1—~+00

= lim (E(u’\"707R2)—E(u’\f‘,O,Rl))

i—>+00
P 8 ou
> C(n,p)lim inf/ rsﬁ*n%( W u
i—>+00 Br,\Br, p—1 or
P 8 ou>®
Z C(nap)/ ng_n_s(iuoo +r u )2'
Bry\Br, p—1 or

In the last inequality we have used the weak convergence of the sequence (u¢) to the

function u*° in Wllof (R™) as i — +o0. This equality above implies that

8 ﬁ ou>®

p—1r or

=0, ae. in R".
Integrating in 7 shows that
8 xT
u™(x) = |2|" 7T u(—).
|z

That is, 4*° is homogeneous.

Step 4: ©> = 0. This is a direct consequence of Theorem 8.1 since u° is
homogeneous. Since this holds for the limit of any sequence A — +o00, by (9.12) we

get that
lim u* strongly in L?(B4(0)).

A—+oo

Step 5: v = 0. For all A — 400, we see that

lim (u*)? = 0.
A——+o00 B4(0)

By (9.5) in Lemma 9.2, we have that

lim |AZuM? + WP < lim (wM)? = 0.

A——+oo Bs(0) A—+00 B4 (0)

By the elliptic interior L?— estimate, we get that

lim / Z|Vju/\|2 =0.
A——+oo BQ(O) <4
In particular, we can choose a sequence \; — +oco such that

[ S
B2 (0)

Jj<4
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Hence we have

2 400 S
J i
LX),

Jj<4

2<1.

+oo .2
2 Jo N
STyt

Jj<4
Therefore, the function
g(r) = Z/ Z IViur|? € L(1,2).
i=170Br j<4
Then there exists an ro € (1,2) such that g(,,,y < +00, by which we get that

: Ai _
z—lg-l-moo [u™llwa2@8,,) = 0-

Combine with (9.13) and the scaling invariance of E(u,0, \), we have

lim E(Arg,0,u) = lim E(T0707U>\i) =0.

i——+00 i——+00
Since A\;rg — 400 and E(r,0, ) is nondecreasing in r, we get that

lim E(Arg,0,u) = 0.

1—+00

By the smoothness of wu, lim; .o F(Arg,0,u) = 0. Again by the monotonicity of
E(r,0,u) and Step 4, we obtain that

E(r,0,u) =0 forall r > 0.

Therefore by the monotonicity formula (i.e., Theorem 2.2) we known that « is homo-
geneous, then v = 0 by Theorem 8.1. |

10 Finite Morse index solution

In this section, we prove Theorem 1.2. Firstly, we have

Lemma 10.1. Let u be a smooth (positive or sing changing) solution of (1.1) with
finite Morse index, then there exist constant C > 0 and Ry > 0 such that

lu(z)| < Clz| 71, forany z € Bg,-
Proof. Assume that u is stable outside B, . Forany x € By , let M () := |u(z)| =
and d(z) = |z| — Ro. Assume that the conclusion does not holds, then there exists a
sequence of zj, € By such that
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Since w is bounded on any compact set of R™, d(z)) — +00. By the doubling Lemma
(see [18]), there exists another sequence y;, € BIC;.‘0 such that

M (yr)d(yx) > 2k, M(yr) > M (),
k
M(z) <2M forany z € B% suchthat |z —y| < ———.
(2) < (yr) y Ro ‘ yr| < M)
Now we define

ug () = M(yk)_%u(yk + M(yp) " tx) for x € Bgr(0).

This and the above arguments give that u;(0) = 1, Jug| < 25-Tin B r(0). Further,
By/m(yy) N Br, = 0, which implies that u is a stable solution in By, /s (y,) (Yk)
hence uy, is stable in Br(0). By elliptic regularity theory, uy, are uniformly bounded
in C}) (R™), up to s subsequence, uj, convergent to uo, in Cp (R™). By the above
conclusions on uj, we have

(D |uss(0)] =15
) Juse| < 277 in R™;
(3) uqo is a smooth stable solution of (1.1) in R”.

By the Liouville theorem for stable solution, i.e., Theorem 1.1, we get that u., = 0,
this is a contradiction. O

Corollary 10.1. Under the same assumptions in the above Lemma 10.1, there exist
constant C' > 0 and Rq such that for all x € Bf%o,

3 Jal 7T V()| < C.

0<5<7
Proof. For any z( with |zo| > Ry, take A = ‘2—0‘ and define
u(z) = )\%u(xo + Ax).
By the previous Lemma, %(z) < C'in By (0). By the elliptic regularity theory we have

> [VRE(0) < C

0<j<7

Scaling back we get the conclusion. U

10.1 The proof of Theorem 1.2-(1)
n+8

This is about the subcritical case, i.e., 1 < p < o Firstly, we cite the following
Pohozaev identity (see [23]).
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Lemma 10.2. For any function u satisfying (1.1), there holds

n—38 n / 1 /
- — U = By(u)do,
(g [, = B

where

k=1
2
n Za( AV k—1 4 3, Ou
LGRS i1, O(=A) Fu
2 5 u—i—E <z, V(=A)""u> n

The proof of Theorem 1.2-(1). By Corollary 10.1, for any R > Ry, noting that
p< Z—J_rg (hence n — 8;%} < 0), we have the following estimate:

./ |By(u)|do < C R ™1 7do < CR" 877 -0 as R — +oo.
aBR aBR

Letting R — 400 in the above Pohozaev identity, we get that

-8
(n2 ) )/ luPtt = o0.

Cp+l

Since ”;8 — # < 0, we see that u = 0. O

10.2 The proof of Theorem 1.2-(3)

Recall the assumption p = % (critical case) in Theorem 1.2-(3). Since u is stable
outside Br,, Lemma 9.2 holds if the support of 1) is outside B, . Take ¢ € C5°(Bar, \
Bp,) suchthatp = 1lin Bg\ Bsr, and 3 ;<7 ||| V7u| < 1000. Then by choosing
n = ™, where m is bigger than 1, we get that

/ |A2u|? + |ulPT < C.
Br\Bsr,
Letting R — 400, we have

/|A%F+mw4<+m. (10.1)
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By the interior elliptic estimates and the Holder’s inequality, we have

2

R*6/ IVul?2 < C |AZy)2 + c(/ |u|p+1)m,
Bar\Br B3r\BRr/2 B3r\Br/2

2
374/ |Aul? < c/ | A2 +c(/ |u|p+1)"“,
Bar\Br B3r\Br/2 B3r\Br/2

2
p+1

R—2/ VAR < C AZy)? +c(/ )7,
Bar\Br Bsr\Bry2 B3r\BRr/2

2
RO upsc anpae( [ )
Bar\Br B3r\Br/2 B3r\Br/2

where C'is a universal constant independent of R. Therefore, we have that
maX{R_G/ Vu?, R A2, R-2 VAU,
B2r\Br B2r\Br B2r\Br
R™8 |u|2} —0 as R — +4o0.
B2r\Br
On the other hand, testing (1.1) with un?, we get that
8%~ = = [ ARu(A% ) - A%
Rn n
and
A?(un?) — A%un? = 2Auln? + 2V AuVH?
+ ul?n? + 2VuVAR? + 2A(VuVn?).
Notice that the highest order derivative about u of the above expression if VAu. By se-

lecting 7(z) = £(%)*™, m > Lland £ € C§°(Bz), £ = 1in By and di<j<s |Viu| <

1000, we get that

A2u2§ f 8m __ ’U/p+1£ f 8m SC R_6/ VUZ
S e T T R G

+ R |Auf? + B2 IVAu|? + R~ |u|2).
Bar\Br Bar\Br B>r\Br

Now letting R — +00, we obtain that
/ |A%u* — [u[PT =0,

Combining this with (10.1) we get the conclusion. O

10.3 The proof of Theorem 1.2-(2)

This is the supercritical case: p > ”—Jrg. Firstly, we have

n—
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Lemma 10.3. There exists a constant C > 0 such that E(r,0,u) < C for all v > Ry.

Proof. From the monotonicity formula, combine with the derivative estimate, i.e.,
Corollary 10.1, we have the following estimates:

E(r,0,u) < crsf%i—"(wuﬁ + |u|p+1)

+c( > rs%i—n—”s“/ |Voul|[ V|
5,t<5,s4t<T 9B
<C.

As a consequence, we have the following

Corollary 10.2.

2
ou(x
(3Eruto) + 1%5)
/BF |”_8%

xr < +00.

3Rg |='17

As before, we define the blowing down sequence,
u(z) = )\%u()\x).

By Lemma 10.1 and Corollary 10.1, we know that u* are uniformly bounded in
C?(B,(0)\By,,-(0)) for any fixed r > 1 and moreover, u” is stable outside Br, /.
And there exists a function u* € C®(R™\{0}), such that up to a subsequence of
A — 400, u* convergent to u™ in C®(R™\{0}), u> is a stable solution of (1.1) in
R™{0}. For any r > 1, by the previous Corollary, we have

2
6 oo
[ (e (@) +1a252)
dz
n—82tl
Br\Bl/r |./L" p—1
ou* () \ 2
| (Fret @) + )25
= lim p— x
A=+00 JB,\By ), || 81
2
)
. (5Eru(e) + 21252
= lim — dz
A—oo Bxr\Bx/r |.7J|n78pf1
= 0.
Hence,
8 ou>(x)
o =0 a.e.
p_lu (x) + |z 5 a.e.,

that is, u is homogeneous, by Theorem 8.1, we get that u™ = 0if p < p.(n). Since
this holds for any limit of u* as A — +o0, then we have

lm  |z|7 7 |u(z)| = 0.
|z|—+o0
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Then as the proof of Corollary 10.1, we have

lim 37 a7 Viu(z)] = 0.

Therefor, for any € > 0, take an Ry such that for |z| > Ry, there holds

> Jel7T V(@) < <.
0<j<7

Then for any r > Ry, we have

E(r,0,u) gcﬁ‘%i—"/ |AZuf? + [P+
Br(0)

+C€T8%_"(/ |x\_8% +7’/ |x|_8%)
B (0)\Br,(0) 8B,(0)

gotl

< C(Ro) (" 17"+ ¢).

Therefore, we obtain that
lim E(r,0,u) =0
r—+00
since 8% 4+ 1 —n < 0 and € can be arbitrarily small. On the other hand, since u is
smooth, we have lim, o E(r,0,u) = 0. Thus E(r,0,u) = 0 for all » > 0. By the
monotonicity formula we get that u is homogeneous and hence by Theorem 8.1, we
derive that u = 0. This completes the proof. a
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