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Abstract

We classify the stable solutions (positive or sign-changing, radial or not) to the fol-
lowing nonlocal Lane-Emden equation:

(=A)u=|ulP'u in R"

for2 < s < 3.

1 Introduction and Main results
Consider the stable solution of the following equation

(=A)u = |[uff'u in R", (1.1)
where (—A)? is the fractional Laplacian operator for 2 < s < 3.

The motivation of studying such an equation is originated from the classical Lane-

Emden equation
~Au=|uff"'u in R" (1.2)

and its parabolic counterpart, which have played a crucial role in the development
of nonlinear PDEs in the last decades. These arise in astrophysics and Riemannian
geometry. The pioneering works on Eq.(1.2) were contributed by R. Fowler [12, 13].
Later, the ground-breaking result on equation (1.2) is the fundamental Liouville-type
theorems established by Gidas and Spruck [14], they claimed that the Eq. (1.2) has
no positive solution whenever p € (1,2* — 1), where 2* = 2n/(n — 2) if n > 3 and
2* = oo if n < 2. The critical case p = 2* — 1, Eq.(1.2) has a unique positive solution
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up to translation and rescaling which is radial and explicitly formulated, see Caffarelli-
Gidas-Spruck [1]. Since then many experts in partial differential equations devote to
the above equations for various parameters s and p.

For the nonlocal case of 0 < s < 1, a counterpart of the classification results of
Gidas and Spruck [14], and Caffarelli- Gidas-Spruck [1] holds for the fractional Lane-
Emden equation (1.1), see the works due to Li [19] and Chen-Li-Ou [5]. In these
cases, the Sobolev exponent is given by Pg(n,s) = (n + 2s)/(n — 2s) if n > 2s, and
otherwise Pg(n, s) = co.

Recently, for the nonlocal case of 0 < s < 1, Davila, Dupaigne and Wei in [6]
gave a complete classification of finite Morse index solution of (1.1); for the nonlocal
case of 1 < s < 2, Fazly and Wei in [17] gave a complete classification of finite Morse
index solution of (1.1). For the local cases s = 1 and s = 2, such kind of classification
is proved by Farina in [10] and Davila, Dupaigne, Wang and Wei in [7], respectively.
For the case s = 3, the Joseph-Lundgren exponent (for the triharmonic Lane-Emden
equation) is obtained and classification is proved by in [21].

However, when 2 < s < 3, the equation (1.1) has not been considered so far. In
this paper we classify the stable solution of (1.1).

There are many ways of defining the fractional Laplacian (—A)?®, where s is any
positive, noninteger number. Caffarelli and Silvestre in [2] gave a characterization of
the fractional Laplacian when 0 < s < 1 as the Dirichlet-to-Neumann map for a
function u, satisfying a higher order elliptic equation in the upper half space with one
extra spatial dimension. This idea was later generalized by Yang in [27] when the s is
being any positive, noninteger number. See also Chang-Gonzales [4] and Case-Chang
[3] for general manifolds.

To introduce the fractional operator (—A)® for 2 < s < 3, just like the case of
1 < s < 2, via the Fourier transform, we can define

(—A)*u(€) = [¢[*a(¢)
or equivalently define this operator inductively by (—A)® = (=A)*72 0 (—=A)2,

Definition 1.1. We say a solution u of (1.1) is stable outside a compact set if there
exists Ry > 0 such that

_ 2
//(('OE:)_yf_%z)dardy—p/]R lu|P~ p?dx > 0 (1.3)

Sforany ¢ € C(R"\Bg,).

Set

_Joo if n <2s,
ps(n) = nt2s if n > 2s.

n—2s

The first main result of the present paper is the following



Theorem 1.1. Suppose that n > 2s and 2 < s < § < 3. Letu € C?*(R") N
LY(R™, (1 + |2])"*2d2) be a solution of (1.1) which is stable outside a compact set.
Assume

(1) 1 <p<ps(n)or

(2) ps(n) <pand

(1.4)

then the solution u = 0.

(3) p = ps(n), then u has finite energy, i.e.,

u(z) —u(y))®
el g ::/ / dedy: | el < oo

If in addition u is stable, then u = 0.

Remark 1.1. In the Theorem 1.1 the condition (1.4) is optimal. In fact, the radial
2s
singular solution uw = |x|” »-71 is stable if

See [22].

Remark 1.2. The hypothesis (2) of Theorem 1.1 is equivalent to

“+o0 if n < ng(s),
p < pC(n) = {n+25—2—2an,5\/ﬁ lf n>n ( ) (15)
n—2s—2—2a, s\/n 0ls),

where ng(s) is the largest root of n — 2s — 2 — 2an73\/ﬁ = 0, see [22]. More details
and further sharp results about a, s and ny(s) see [23].

Remark 1.3. In this remark, we further analyze the hypothesis (2) in Theorem 1.1.
Recall that when s = 1 the condition (1.4) gives a upper bounded of p (originated from
Joseph and Lundgren [18]), it is

(n) { > yon=lo (1.6)
P <Pell) = 9 (n—2)2—4n+8v/n=1 . .
( (n—2)(n—10) if n > 11.

For the case s = 2, (1.4) induce the upper bound of p which is given by the following
formula (cf. Gazzola and Grunau [16]):

00 if n <12,
p< pc(n) = n+2—\/n2+4—n\/n2—8n+32 lf (17)
n—6—\/n2+4—n\/n2—8n+32 '




In the triharmonic case, the corresponding exponent given by see ([21]) is the
following

< pe(n) = o0 if n <14,
PP i) > 15,
where
1536 + 1152n? § ))1/2
D()(n) 2 N

Do(n) := —(Dy(n) + 36y/Da(n))/3;
Dy (n) := —94976 + 20736n + 103104n? — 10368n° + 1296n° — 3024n* — 108n°;

1
D(n) = ¢ (9n2 +96 —

Dy(n) : = 6131712 — 1664409612 + 6915840n* — 690432n° — 3039232n
+ 4818944n — 1936384n° + 25113607 — 30864n° — 4320n°
+1800n° — 2160t + 9n'2.

2 Preliminary

Throughout this paper we denote b := 5 — 2s and define the operator
o b b s
Apw = Aw + —w, =y~ div(y’Vw)
g

for a function w € W32(R"+1; ybdxdy). We firstly quote the following result.

Theorem 2.1. (See [27] ) Assume 2 < s < 3. Let u, € W32(R" 1 ybdady) satisfy
the equation
Adu, =0 2.1

on the upper half space for (x,y) € R™ x Ry (where y is the spacial direction) and
the boundary conditions:

ue(xa 0) = f(l‘)7

lim 2 2% — ¢

y—=07 Oy ’

0%u, 1 2.2)
8y2 |y:O: %Azue |y:07

0
: b 2 — (—_A)S
lim Giusy 8yAbue (=A)*f(z),
where f(x) is some function defined on H*(R™). Then we have

| eia©ras = o [ VA )Pdeds. @)
+



Applying the above theorem to solutions of (1.1), we conclude that the extended
function u.(z,y), where x = (1, ...,x,) € R" and y € RY, satisfies

Apue =0 in R,

lim, 0 ¢° 5 =0 on ORH, 2.4
2 o
88;26 ly=0= 2—18A$ue ly=0 on 8R1+1,
limy o yba@yAgue = —Chp s|uclP " ue in R:L_"'l.
Moreover,
€17 |a(€)PdE = Chs YOIV Ayue (z,y) P dady
R Rt
+
and u(z) = ue(x,0).
Define
1 C, s
B = [ oA - | ek
R N0B, 2 p+1Jorrtnp,
L diu T
+ c} / goyitiZ Ze T e
ogz‘,jgwgf) Y ayinos, T AN AN
+ Y / goaroy g, T g A 2.5)
t, 1 sn S .
0<t,5<2,t+5<3 ’ RINOB, X’ dA®

dlu? dFu)

3 bylt+k

Y et T T
0<1,k<1,l+k<1 RYTNOB,

S
+ —+1/ 03 (Apul)?.
(pi1 )RTIWB] 1 )

The following is the monotonicity formula which will paly an important role.

Theorem 2.2. Let u, satisfy the equation (2.1) with the boundary conditions (2.2), we
have the following

dE(\, z, ue) b (ons, dOUD o 5, d2ud du)
—_— = 67 (3 S A 3 AN (—E
d\ w/]Ri+lﬂaBl 1(3 ( d\3 ) + 4 ( d\2 ) + Az ( d)\) )

d?u? du)
eb 2)\3 N e |12 B )\ . e
+/Ri*10881 1( Ven iz |7+ BidVen 70 |)

du?
+/ N (Agn =),
R NoB; dA

(2.6)



where 1 = £ and

Ay :=106; — 253 — 56 + a2 — 200 — 23 — 4,
Ay = —183) + 65y — 403 + 204 + 72 — a2 + B2 + 200 + 260,
B, :8&—4ﬁ—2ﬁ0+4(n+b)_147

4s 2s 2s
a:=n+b—2— _1,ﬁ.fp_1(3+p_1fnfb),
4s 2s 2s
a0.7n+bf _1, 60—p_1(1+p_17n7b)
and
8s
:2 —
01 (n+b) p—].’
12s 12s 2s
= —2) — 1
do=(n+b)(n+b-2) (n+b)p_1+p_1(+p_l),
8s 2s 2s 6s 2s
== S @ ) 2 ) ()
4
—(n+b)(n+b—2)(1+p_sl), 2.7)
2s 2s 2s 2s
B =3+ )@+ )4 )=
s 2s 2s
-2 1 2
(n+ B+ =)@+ =)=
2s 2s

+(n+bd)(n+b—2)(2+

p—1 )p -1

We will give the proof of Theorem 2.2 in the next section. Now we would like to
state a consequent result of Theorem 2.2. Recall that E(\, z, u.), defined in (2.5), can
be divided into two parts: the integral over the ball B) and the terms on the boundary
0B)y. We note that in our blow-down analysis, the coefficients (including positive
or negative, big or small) of the boundary terms can be estimated in a unified way,
therefore we may change some coefficients of the boundary terms in E(\, z, u.). After
such a change, we denote the new functional by E€(\, z, u.).

Define
+00 if n<2s+6+73,
e e 0 nxmrervE O
We have the following
Theorem 2.3. Assume that "+25 < p < p,(n), then E°(\, x, uc) is a nondecreasing
Sfunction of A > 0. Furthermore,
dE¢(\, x,u,) ptl_g 2s

2
> Cn s pp o [ o (24 20
dA R AOBA(z0) P 1 "
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where C(n, s,p) is a constant independent of \.

By carefully comparing 2425 < p < p,,(n) with p > 225 and (1.4), we get the

n—2s
following (see the last section of the current paper) monotonicity formula for our blow

down analysis.

n+2s
n—2s

Theorem 2.4. Assume that p > and (1.4), then E€(\, z,u.) is a nondecreasing

Sfunction of A > 0. Furthermore,
2s

2
ﬁue + )\arue) )

dE°(\, x, ue) yb(
Y NOB (w0) b=

> 25p+1 6— n/
I C(n,s,p)A*%r A

where C(n, s,p) is a constant independent of \.

3 Monotonicity formula and the proof of Theorem 2.2

The derivation of the monotonicity for the (1.1) when 2 < s < 3 is complicated in its
process, we divide it into several subsectlons In subsection 3.1, we derive dd)\ E(ue, A).

In subsection 3.2, we calculate -2 8N u) and 8» u), i,j =1,2,3,4. In subsection 3.3,
the operator A? and its representatlon will be given. In subsection 3.4, we decom-
pose 7x E(u 1) Finally, combine with the above four subsections, we can obtain the
monotonicity formula, hence get the proof of Theorem 2.2.

Suppose that zy = 0 and denote by B, the balls centered at zero with radius A. Set

o pt1 Ons
E(ue, \) = A%i*”(/ LIV A ? — —/ \ue\p“)-
RIHAB, 2 +1 Jorr+1nB,

3.1 The derivation of L F(u., \)

Define ).
Ve 1= Aptie, ud(X) := Ar-Tuo(AX), we(X) := Ayv,
25 Lo 2 4y (3.1
(X)) = A1 2y, (AX), w)(X) := A1 T (AX),
where X = (z,y) € R, Therefore,
Apud (X) = v)(X), Apod (X) = w) (X). (3.2)
Hence
Ab’wé\ = O,
ou
. b OUe
;li%y Oy 0,
0%u, 1
TyQ |y=O: %Aacue |y=Oa
0 _
?}13%) Cn sybaiywi = _On,3|ue|p 1“6-



In addition, differentiating (3.2) with respect to A we have

du _ dv dv _ dw?

A d\ Ttax T odn

b

Note that

Blue, \) = B, 1) :/

1 Ch.
v - S .
R"NB, p+1Jorm+ing,

Taking derivative of the energy E(u2,1) with respect to \ and integrating by part we
have:

dF(ug\,l) :/ bev)‘Vdvé\ 70“/ |u/\|p71u)\dué\
d)\ R1+1ﬁBl d)\ ’ 0R1+1ﬂBl d)\
ov) dv) 00} dv)
:/ v dA_/ A )
AR NBy) n RYTINB, Y
du}
- Cn s/ Uz‘ p—luéie 33
R (33)
/ p OU2 dvd +/ p Ov2
= - Yy Yy
OR"T1NB, Jy dA R} NOB; or
b—lavé\ ve b“ﬁ“é‘

d A
- / ybAvg\& + by
RTFINB, dA

Now note that from the definition of v and by differentiating it with respect to \, we
get the following identity for X € ]R:L_H,

dy ax R} By Y dy dx’

ov 25
e — 2\ A ) A
PG = 20t = (4 2!

Hence,

/ yb%@ :/ yb<>\dvé\ dvé\ 7( 2s +2)U/\dvé\>
gt Or AN Jgmoag,? VA dx T p—1 YA

dv S d
:)\/ Yy’ 62—7—1-1—/ yP(v))2.
RTH1NOB, Can) (p 1o RTH1NOB, (ve)

Note that

/ bA Adv2 / » 00 v / »Ove ve

_ WP Av _ yre e P -c

R™HNB, ©dA oryting, 0y dA Jprtingp, T Or dA
dv

—|—/ VooV (y*=<).
RIHNB, d\




Integration by part we have

A

b
~/]R"+1r131 Ve d)\
pOve dve / pDve dve
oR™'NB, Y dy d\ Riﬂmagly or d\
dv)‘

_ b
/R”“mBlv "V )dA

__/ bav)‘dv +/ b(??})‘dv
B ORT T NBy Y Jy dA Ri*lmagly or d\

I
|
\

A
—/ ybAbUé\Ab due.
R"'NB, dA
Now
/ bALAA du / bA )\(Adue/\erﬁdué)
- v, = — v -
R1+1ﬁ31y bYe b d}\ Rn+1mBl Yy bY d)\ yay d)\

0 du) du)
b A b A e
== Y Apvg +/ V(y’Apvl)
A(R1+1031) 8 d)\ Ri+1ﬂBl d)\
A
_/ byt Ay 2 2
R"1NB, Jy dA
0 du)‘ du >\
b A b
- Y Apvl — +/ Yy VA,
/6’(R1+10B1) ¢ on dA R1+1mBl d)\
0 du) OAv) du)
b A Ue b ble e
- Y ApS - — + / y
-/8(R"+10B1) on dA aRTNB) on  di

/ bAQ /\du
R"NB, bl "\

0 dup AN du
_/ iy +/ T
AR} TNB) n A(R"*NBy) n




Here we have used that AZv} = Aju} = 0. Therefore, combine with the above

arguments we get that

/ b dv / » OV dod / » OV dod
y Vg =- Yoo+ Yy
R1+IQB 8R7l+lmBl 8y d}\ Rn+1maB 87' d}\
0 du 0 du)
+ / Y A0 / y'Avy
R NBy e 5 d)\ R} TINOB, " ordx
p O N / p O 5 du
- Y == Ay Y == Apv;, 34
/aRiHmBl =" " Jerings, Y or N 34

:/ ybavé dve _/ ybAUAﬁdué\

RfrlnaBl 3r dA R1+10331 ¢ 87” dX\
du) 0 du

—C’(n,s)/ |u>‘|p71—e—|—/ Y= Ayu) —<.
aRiJrlﬁBl ¢ d)\ Ri+lﬂ831 87’ ¢ d)\

Here, we have used that Muaiy(xo) =0, aay d:)\ =0on 8R”+1 and lim, o ° 55 9 Ay

—Cp s|u2 [P~ tu. By (3.3) and (3.4) we obtain that
d oY dv} ow) d
7E(u 1) / yb Ve QU +\/ yb We AU,
dA R1+10931 or d\ R"+1ﬂ631 or dX

/ p o O dup
- Y We o
]R1+1ﬂ831 37" dA

Recall (3.1) and differentiate it with respect to A, we have

(3.5)

dud(X) 1, 2s A
d\ X( _1ue(X)+7'arUe(X))»
doM(X) 1, 2s A\
€ = — 2 . X
d)\ )\((p 1+ ) ( )+7ﬁ8’lve( ))7
dw)(X) 1, 2s A\ A\
N —X((ﬁ‘F‘i)we(X)‘FTarwe(X))
Differentiate the above equations with respect to A again we get
2, A A A A
)\d u (X))  dul(z) _ 25 dug (X) —|—r8rdue .
dA? dA p—1 dA dA

10



Hence, for X € R N By, we have

du 2s
A X)) = e
0.(u}(X) = AT — =,
du (X) d?u} (X) 25 du)
- € — )\ € 1 _ € ,
O dA ) d\2 ( p—l)d/\
dv} 2s
A X)) = e 2 A
8T(Ue( )) )\d)\ (p_1+ ) e
dw) 2s
A _ e ([ _“2 A
0w} (X)) = NE - (=5 + 4yl
Plugging these equations into (3.5), we get that
d — dv) dv) 2s dv)
ally 7y A 1) = b A€ e (%2 A WU
ax e ) /RiﬂmBl“ o Gor )
dw? v 2s du?
b e e 4 A e
AW (=7 T e o)
d?u) 2s du)
_ b A e _ A%
v (g + (1 p—1e o)
A 702 A (3.6)
b1y v dvug 2s N0
= Yy [)‘ 7( +2)Ue }
R" T NOB, dXx dA p—1 d\
dw) du) d?u) du)
b e e A e b, A e
A — -5
YD e e ] ey
SZEdl (ui, 1) + Edg(u?, 2)
. &, A N s
3.2 The calculations of ;-u; and j;ug, i,7 =1,2,3,4
Note \ 5
d 2
Yo — 2T A 4w, (3.7)

dx  p—-1° or
Differentiating (3.7) once, twice and thrice with respect to A respectively, we have

v du? 2s  du} 0 du?
A (& € — € . € 3.8
D2 Ty T p—iax o an 3:8)
dPud d2u) 2s  d%u) 0 d2u?

ALle g8 te e 4 2 &Y 3.9
D3 T T p—1ae o ane (39)
d4 A d3 A 2 d3 A d3 A

aLte | gdue | 25 dup | 0 du (3.10)

v e Tp—1ae oraw
Similarly, differentiating (3.7) once, twice and thrice with respect to r respectively we
have

0 du 2s 0 0%

or d\ :(p G.1D




0% du) 2s o AN

3 du 2s IR ot

T Te (=2 . 1
or3 dA (p— 1 ’ (3.13)

From (3.7), on R N 9By, we have

or " d\ p—lu

A A
Oug | dug 2s
€

Next from (3.8), on R’:"! N 0By, we derive that

0 dué‘ d2uf,‘ 2s . du}
— = 2 1-— £,
or d\ )\d/\z + p—l)d)\

From (3.11), combine with the two equations above, on Rﬁ“ N 0B, we get

9% 0 dup 1 2s )QA

arzte = “ar ax — +p—1 ar e (3.14)
B 2d2ué\_ 4s dug\+( n 2s ) 2s o '
d\? p—1dX p—1'p—1"°¢

Differentiating (3.8) with respect to r, and combine with (3.8) and (3.9), we get that

ﬁdué‘ 0 d?u) 2s gdug\

o2 dx  "or dX  p—10r dx
3, 2, A A (.15
7)\2d ue+(27 4s ))\d u€7< 2 ) 2s du}
7 dx3 p—1"" d)\2 p—1"p—1d\x~

From (3.12), on ]R’}FH N OBy, combine with (3.14) and (3.15), we have

RN 0% du 2s 0%
= e (9 il
o e or? d\ 2+ p—1 ) a2 e
3, 2, A 2 A
:/\3d Yo _ 2 6s d-u; A 6s L 12s )due (3.16)
dX3 p—1 d\2 p—1 (p—1)2" dX
2s 2s 2s
—(2 1 2
Now differentiating (3.8) once with respect to r, we get
P dPug _ ( 2s )izd“é\ +T573%
or2 d\2  ‘p—1 or? d\ or3 d\’
then on RT’l N 0B, we have
0® du) 0% d?u) 2s 0% du)
2 e _Z\Z S0 )— =2 (3.17)

or3 d\ T Or? d\? p—1 + or? dx’

12



Now differentiating (3.9) twice with respect to r, we get

o d3ud | 2s a0 d*u) 0% d*u)
arane o

p—1 )5 d\2 or2 dx2’

hence on Rﬁ“ N 0By, combine with (3.9) and (3.10) there holds

872d2ué‘ B gdSué‘ - 2s )ngui
or2 d\2 " 0r d\3 p—170r d\2 (3.18)
d*u) 4s _dPu) 2s 2s _d*u) '
=N A4 — )2+ (1— 2 — c.
o P T TS TR T e
Now differentiating (3.8) with respect to r, we have
ngUé‘ _2s gdué‘ ri? du
or d\2 p—10r d\ or? d\’
This combine with (3.8) and (3.9), on }Ri“ N 0B, we have
ﬁdué‘ B ngUé‘ 2 gdué
or2 d\  “0r d\2  p—10r d\ (3.19)
o d3u 4s  d*u) 2s 25  du) '
=A + A2 - ) — (1- ) .
dX3 p—17d\2 p-1 p—17dA\
Now from (3.17), combine with (3.18) and (3.19), we get
idué )3 d*u) + 23— 6s )dgué‘ - 2s ) 6s d?u)
or3 dA d\* p—17 dX\3 p—1"p—1 d)\2 (3.20)
(- 2s )1+ 2s ) 25 du) '
p—1 p—1"p—1d\~

From (3.13), on R "' N 9By, combine with (3.20) then

ot 93 du) 2s | O3
_ :)\7 e _ 3 _ A
ot e or3 d\ ( +p71)8r3ue
:)\4d4u2‘7)\3 8s d3u2\+>\2(2+ 4s ) 6s d*u)
d\4 p—1 d\3 p—1"p—1 d)\2
2s s 16s du)
—A(1 1 <
( +p71)( +p71)p71 dA
2s 2s 2s 25
3 2 1 2.
+ +p71)( +p71)( +p71)p71ue

In summary, we have that

373“)\:/\3513112‘_ 5 0s d2ui‘+/\( 6s n 1252 )dué‘
or3 ¢ d\3 p—1 d\2 p—1 (p—1)2" dX

2s 2s 2s
—(2 1 A

13



and

9? d?u) 4 2 2 2
2%\: 9 u;_)\ s du6+(1+ s) s x
ar d\ p—1dX\ p—1"p—1
ou du) 25
= - U
or dx p—-1°

3.3 On the operator A? and its representation
Note that
n+b

1
Apu =y~ V- (°Vu) = up + uy + r—gafbdivsn (0°V gnu),

where 01 = £, = /|z|? + y2. Set v = Ayu and Afu := w. Then

b1
W=Dy = vy + 0+ — 07 v g0 (67 500)
T T

2 -2 _
Ot (n+b) Bt (n+b(n+bd )8”“ ~(n+b)(n+b-2) B
r 72 73
+ 77407 divgn (05V (07 Pdivgn (00 V snu))
+ 27207 P divign (00V gn (upr + Lb_Qur))
T

—2(n+b—3)r 10 divgn (0} Vsnu).
On RT‘l N 9B, we have

W = Oppprtt + 2(n + ) Ot + (M + ) (N 4+ b — 2)0rpu — (n+b)(n+b—2)0,u

407 P divn (0V (07 divgn (0 V gnu))

b—2
1200 div g (00 o (try + 22200

r

_2(n + b— 3)9;bdivsw (9?v5’nu)

=I(u) + J(u) + K(u) + L(u).

14



By these notations, we can rewrite the term E 4o (u?, 1) appear in (3.6) as following

Eap(u), 1)
:/ oh( dw) du) d*u )‘)_591) N
R 0B, P ax e 1\

d du) d?u) du)
— )\eb e _)\ebl A e _5917[ A e
/Rmm& Fan () g — AT g = B0 ()
"

d du d?u? du?
\OY— T c J(u) € _ 500 J(ud)—= 3.21
/RWQBB Va4 g AT ) =80T (e e 32D

+

d du) d?u) du)
)\eb A e K A e ebK A e
+/];i+lﬁ83 1d)\ (ue) d\ 1 (ue) d>\2 5 1 (ue) d\

d du>‘ d2u)\ du)‘
b e L A e bL A A
N /R:*] noB; )\61 d\ ( ) d\ 1 (U’E) d\2 501 (Ue) a\’

we define as
Ep) ) :=I+J+K+L
=L+ L+I3+J1+Jo+J3+ K1+ Ko+ K3+ L+ Lo+ Ls.

where I, I, I3, J1, Jo, J3, K1, Ko, K3, L1, Lo, Ls are corresponding successively to
the 12 terms in (3.21). By the conclusions of subsection 2.2, we have

I(ué) = (9TTTTu +2(n+ b)amu
+ (n+b)(n+b—2)dpud — (n+b)(n+b—2)du)

:A4dd;4 + 23 (2(n+b) — Sfl))d;;‘f

T 2_81)—(n+b)£51+(n+b)(n+b—2)]f;§
+A[—p8_31(1+ 2_1)(2+ 2_1)+2(n+b)p_1(1+p2_81)
(4B +b=2) (- 1) e
+[(1+pQ_51)(2+pZ_"Sl)(SJr]92_‘51)}92_51

i1+ 2 2t
+(n+b)(n+b72)(p2_sl+2)p2_51]u2‘.

(3.22)

15



For convenience, we denote that

2,2
+/\262d =+ A6, du;

d*u) N
dX? )\ ¢

d\*

d3u
d/\5

I(u}) = M == + A\°6;

(3.23)

u

where d; are the corresponding coefficients of )\’ d)\; appeared in (3.22) for ¢ =

2,3,4. Now taking the derivative of (3.23) with respect to )\, we get

d d° u d*u dBu?
T(u)) =2 ==2 + X3(6; + 4) +>\2(361 + 0g) ==
d\ d\® d\* d\3
3.24
A28+ ) LY (5, + ) B o
2 3)" e 3 )7
and
8Tru2‘+(n+b—2)8rué‘
d2u’\ 4s _du 2s 2s
_\2 _ e _ _ A
_)\ d)\Q +A(n+b 2 — 1) d)\ pi— 1(3+p_ 1 n b)ue (325)
2d2 A )\ \
=A vl =+ A Y <+ Bug.
Hence,
d N 2d3 A 2., du)‘
- Yrr b—2)0, =A A 3 - ’
0 + (b= 2)0,u2] = R M@+ 2) T+ (a+ )

(3.26)

25 (

herea=n+0b—
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3.4 The computations of /,, I5, I3 and Z

d du?
L= MO} — T (ul) —=<
! /RiﬂﬂaBl Tnd )y
dbu) d*u? . d3u)
= O (N ——& + A4+ € 1 \3(30, + 6 ¢
/Ri+1m931 (Vg H A AR G0+ 02)
d?u) du) | du
2 e e e
+ A%(262 +(53)7d>\2 + )\((53 + 04) 5\ ) Y
d d4)\d)\ dB)\d2)\ dS)\d)\
_d 911)[ 5 u: ug s u?:, u; +(5171)/\4 u?:3 Uy
dX R N0B, d\* dA dA3 dA dX\3 dA
d>u) du) 36, — 69 + 63 — 12, du)
4—6 ) )\3 e e )\2 e \2
RS vy 2 Can )]

b du;\ 2
+ 91 [(12 — 301 + 09 + 54))\( )
RYT1NOB, dA

d?u)) du)
dx? Y]

d\?
d3u) d?u)
b 4 e e
* /Riﬂmé,& Gr(6 = 0NN e
(3.27)

where 6;(i = 1,2,3,4) are defined in (3.22) and (3.23). Denote f = u?, f’ := d:/\é,
we have used the following differential identities:

+ (61 — 4 — 82)23( )2+ A5(

)\5f/ll//f/ :[)\5f//1/fl _ )\5fl//f// _ 5)\4fl//f/ + 20A3f//f/ N 30)\2f/fl]l
+ B0A(S)? = 20°(f)2 + N2 (f")2 + 10AL " 1",

)\4f////f/ _ [)\4f”/fl _ 4)\3f//f/ 4 6>\2f/f’}/ _ 12)\(f/)2 + 4)\3(f//)2 _ )\4f/// //’
2
)\Sf///f/ _ [)\Bf//f/ _ %f/f/]/ + 3)\(]0/)2 _ )\?)(f//)Z7

and

2 ¢l gt >‘2//’ "2
NP =[S = A

17



d?u)
I ==\ / 001 (u)) s
R0, e) e

d4 dS )\ d2 )\ d d2 A
_ b 3 2
= R 0B, RN N0 TN 5y )d)\2
d b s d3ud du) du? )\]
= — - U

d\ Jrarinon, dX3 dx ax e

dPu d2u? du)
blybH e \2 3 e \2 e \2
+/RTWBI oo (e (T2 4 (e
d3u d?ud d?u? du) du)
b _ 4 e e 2 e e e A
+/Ri“ﬂ<931 Ol = N e e — 0N e Ty gy e
(3.28)
Here we have used that
_/\5f//// 1 — [ )\5f///f//} +5)\4f///f//+)\5(f///)
and
M==AY A A
5/ )du;\
v, )
dBu? dzu d du
3 e 2
5/Rn+10831 w +/\ g + N0 + Ay + dau 2] 0

I

d b d®u du 5 d%u) du)
. e € 2 _ 5 )\ € €
A/mmaBl 1[0 Ty T (20 500X e o]

d?u) du)
b o 3 e\2 e \2
+/Rn+1m&9 (561 — 20)A (d)\2 )2 — 53 A( 7\ )%

dBu d2u? d2u? du? du
025Nt ——2 =€ 4 (158, — 60 — 5. e ¢ _5i,—2ul].
+/Ri+1r1831 1PV e (150 D an gy

(3.29)
Here we have use that

_)\4f////f/ — [ _ 5)\4f///f/ 4 20)\3f//f/]’ _ 20/\3(f//)2

and

_ 60A2f/lf/ + 5)\4f///f//

_)\3f///f/ _ [_ /\Bf//f/]/ +3)\2f//f/+)\3(f//)2_

18



Now we add up I, I>, I3 and further integrate by part, we can get the term Z.

A 2211 + 12 + 13
5 d*ud du) B s d3ud dPu

dX\* dA dA3 d\?

d?u? du?
24 — 661 4 59N> ——& —=¢
(24 =601 4 02) N

d
-4 1B
d\ Jrrtinon,
By dud
5 _ )\4 e e
O =N T

du? du?
2 e e

+ (901 — 352 — 36)\ I\ A (3.30)

d?u du}
+ (8 = 51)\( d)\; )2 — 04\ d)\e ud — 254(u;\)2]

d3u/\ . dzu/\

0% (2X\°(—=)2 + (106, — 265 — 56) A3 (——=)?

Jr/RiHmc’)Bl (22 + (1081 — 28 — 56)N°(T5)

du)
(1861 + 8 — 403 + 264 + TDA() )

MX) = AT ue(AX), we have the following

Since u;
d4u)\ 2s 2s 2s 2s 25
47 Te _ Z\po1 -1 —2 - *
o AP 1[p_1(p_1 )(p—l )(p_l 3)U6(>\ )
8s 92 2s
1 -2 X
= 1(p_1 )(p_ . )T A0 e (AX)
12s 2s
p— 1(]9 1 DrX*0prue(AX)
+ ]%TSAgarrrue()\X) + 7"4)\4arrrrue ()\X)] ’
and 3, A
d3u 2 28 25 25
3 € — \p- —1 B
FTE 1[pfl(p—l )(p*1 ZreA)
6s , 2s
~1 X
S~ DA 0X)
+ 681r2A26rrue(AX) + N0y ue (AX)],
p—
2d2u;\
d\2
Ry o 4s 242
=\ 1[[)_1(27—]_ l)ue()\X)—i_p_lr)\arUe()‘X)—"_r A 8TTU,€(AX)]
and

A 2s 2
aue _ g2 -2 (OX) + A (AX)].

19



Hence, by scaling we have the following derivatives:

d ps diud dud
dA RTFINOB, dA\* dA
d 252+l 5 pr 28 2s 2s 25
== ATt -1 —2 —3)u,
dX R} T'NOB, [p—l(p—l )(p—l )(p—l )
8s 25 2s 12s 2s
-1 — 2)A0rue — 1D)A20, e
+p—1(p—1 )(p_1 )AOru +p—1(p—1 YA Ot
2
+ ]%)\SGTM% 4 )\48Trrrue] [pfslue + r)\(‘?rue];
d ps doud d?u)
X\ Jertinos, 7 da3 dx?
d » 2 2 2
_ = AQsp%}—n—E)yb[ S ( S . 1)( S - Q)Ue
d\ R1+1ﬂaB/\ p—= 1 b - 1 p— 1 (331)
6 2 6 .
. _31 e - - = DA + ]fslVaMue + N30yt ]
2 2 4
5 ~ X _"”1 e + I%lwrue + A28,
i/ ot \4 d®u) du)
dA R?H1N0B, 7 dA3 dx
:i \2s 2t —ns b[ 2s ( 2s — 1) 2s 9,
d\ Jrr+inoB,y p—1p-1 p—1
6s 2s 6s
p— 1 (p 1 - 1)/\87““6 + p— 1>‘28r7“ue + ABarrrue]
2s
[p — 1ue + /\&ue];
d ot 23 d?u) du)
dA R?HN0B, 7 da2 dl
d p 2 2
-4 D VL) [ LR S
dA R} T NOBy p—1p—-1
4 2
+ » _S T AOptte + N2 0yt ] [pfslu6 + A0 |
and
i 0022 du) du)
X\ Jer+inos, U dn ax
d pt+1 2
NPT [ + ]

dA RYT1NOB,

20



Further,

d/ b g A2 d?u)

— 07\

dX Jrr+inoB, dX? dX\?
d

dA RYT1NOBA

)\25 m

Pt g b[ 2s 2s

4
+ 75)\@% + )\28”%]2,
p—1

d du
— 0\ Ve u)
d\ ]R:+1ﬁ831 dA

d , 2

= = )\28%—"—%17[ e+ P RTHITAS
dX\ Jri+inos, p—1
and p p
1
by = )\255—:77175?41)“3.

dX R} TINOB, dX RYT'NOB

3.5 The computations of J;, K;, L;(i = 1,2,3) and J,K, L

Firstly,
Y /R N divgn (02V g (07 Pdivn (02 Vg %))) d;f
=—\ /R . 03V sn (67 Pdivgn (e’;vsn%))vm C;“f (3.32)
= R NOB, el_b[divsn (0175 Cilu)\é )}2

du)
:)\/ 00 (Agn —2)?,
R NOB, ! dX

21



here we have used integrate by part formula on the unit sphere S™.

d?u
Jyi=— A 07T (1) s
2 /]Ri*lmaBl 1 (ue) d>\2

2,
=— divgn (05V e (07 diven (03 Vgnuy))) d “;
Ri+1ﬁ631 d)\
d?u
dX\?

=)\ / 00V n (07 °div gn (0°V gnu) ) Vn
Ry NoB,

d2
=—A 0y divgn (0] Vsnup)— divse (07 V snup)
RM1N0B, dA

d

dX\ Jri+1noB,

d
+ / 0 *divgn 07V snu)) - —~divgn (03V snuy)
RYTINOB,

. d ...
— A0 [divsn 00V gnu)] Y [divs: (00Vsnu))]  (3.33)

X

d
N A/ 070 = divgn 00V gnu))’
R} NOB; dX

d b 1.d A2 1 A\2
_ L% A Liag.
d)\(/RiHmaBlGl( S ATy (Asnug)” + S (Asnu) ))
du))

+/ ON(Agn —=)2,
R NOB, il d>\)

here we denote that g = divg» (0Vsnud), g’ = Ldive (0°Vgnuy) and we have
used that

1
g =[—99) + 99 +Ng)?=[—gd + 592]/ + Ag")*.
Further,
d A
Ty = — 5/ 007 (u)) =
]Ri“ﬂc’;‘Bl dA
du?

=—5 / divgn (05V gn (07 *divign (07V snu))) —
R}TINOB,

X

A
=5 / 03V gn (07 °divign (03 V gnu))) Vgn d, (3.34)
Ri+1 NoB,

dX

d
=—5 / 0, divgn (00V snul ) —~divgn (00V gnul)
RTINOB,

dX
d
= — == 917 A n A 2.
2 dA /RTQSBI 1(Asnue)

22



Therefore, combine with (3.32), (3.33) and (3.34), we get that
J =1+ o+ J3

_pr d 2
=2\ / 070 [—~divgn (08 V gnu)
BRI N0B; | B o )

d
—4 / 07°divgn (0°V gnu) —~divgn (02 V gnu)
RYT'NOB, dA

d . d ..
+ a R1+1m831 —)\911) [leSn (ﬁg’vsnué‘)} a [leSn (GlfVSnué‘)]

—r d ..
=2\ 91 b [aleSn (H?VSTL’U/?)]Z

RYT'NOB,

d
—2— 0, divgn (00V 5nul)divgn (00V gnu)

dX Jrr+inos,

d d

— 05 [divgn (0°V gnud)] — [diven (00V gnu)
+d}\ Ri+1maBl 1 [ Vs ( 1VS ue):l d)\[ Vs ( lvs Ue)]

d 1.d
9?( — 2(Asnu2\)2 — iAa(ASnui)2>

dA RYT'NOB,

+ 2/\/ 0% (Agnul)?.
RYT1NOB,

(3.35)
Note that
d Zbqs
= 0% (07 divsn 00V snu)]?
dA RYT1NOB, 3.36
p (3.36)

N A2 T8 (A2 A — A20,10 — (n+ b)AOhu),
d>\ R1+1083>\ ( ( ) )

and
d d 2
L2 O A— 07 divgn (00V gnu)
dA Jri+1noB, ! d)\[ 1 divss (0 Vsnup)]
= i 25%7n74i()\2Abue - )\287“7“”6 - (n + b))\aru(i)Z.
dX Jrr+inaB, dA
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Next we compute K1, Ko, K3 and K.

K,
- / o0 g () e
T Jwreinen, TAATCT dA
=2\ divgn (2Vgn (i(aw +(n+b—2)0,)u)) dug
Ri+1ﬁ631 dA ¢ d)\
dPu /\ d2u>‘ du
=2\ divgn (0Vgn (X® A2
/R"‘FlﬂaBl Vg (l S ( d)\g + ( )dAQ ( +/B) )) d)\
d3 d2u)‘ A duA
=—2\ 00V gn (A3 A2 n—t
/RiﬂmBl 1Vsr (Vg + A @+ 2) 55 A +6) VS0
d d , d d
=T —)\39b V n 2—2 )\2/ 9b V n
ax Jurti oo, H (G V) + (2= 20) etirom A )
2 d2
3 b 2
(d)\QvS"u )+ 2X /RTlmaBl 0 (d)\QVS"U )
d
— (2a+28)A 0° (—~Vgnul)?.
]Ri+1l'7631 d)\
(3.37)
Here we denote that h = Vgnu h = Vgnu and have used that
317711 >‘3d n21/ 217111 3/111\2
~NH" =] - Qd)\(h)] + 3N B 4+ NP (R)2.
Next,
d?u
Ky :i=—A\ 0K (u) —s
2 Ri+1r~|331 1 (ue) d)\2
d2 )\ d /\ d2u)\
=—2\ divgn (65V gn (A2 =
/Ri“maBl tven (619 ( d)‘Q ue)) dA?
d2 /\ du/\ d2u>‘
=2A 00V gn (A2 + da—< Vgn
/RfrlnaBl Vs d)\Q O[d/\ +Buz) Vs d\?
d
=— 6% [26AV gn n au)?
D Jarinom, [2BAV gnu) d)\Vs u) — B(Vsnup)?]
3 b d? b 2
R NOB (d)\2 ) RYT'NOB, (d)\ )
d d
2)2 6 n
+ a/RTrlmaB 1d>\v5 ue dAQVS u
(3.38)

Here we have used that

2ARR = [2\hh — %) — 2\(K')2.
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Further,

du)
K3 = 5/ HbK ug‘) £
ertinos, ) gy

d2u d A du

=— 10/ divgn (0V gn (A2 c ud)) =L

RIHNOB, G d)\2 ) d\
d2u’\ d /\ du?
=10 00V gn (N2 V gn —€
/]RfrlﬁaBl Ve (Ve ue) Vs gy

:%[56 9 Vsnu VSHU ] -+ 10)\0[/

d 2
b A
L 1 VSn ue )
R TNOB,

RYT'NOB, dX

d ) d?
1012 i n "
* /RflmaB Vg Ve gya Vst

(3.39)
Now combine with (3.37), (3.38) and (3.39), we get that

K=K+ Ky + Kj
_4
dA R NoB;

d

d
{ N (Vs o)

du A
- n n 2 n 2

26V gnud dAvs W+ 4B(Vgnud)? + 6)3%(V dA) }
3 b d2 >\)2
+4)\ / 9 VSnu
RTINOB, (d>\2

+(8a745712)>\/ 04 (— d

R} NoB, dA

(3.40)

VSTLUQ)Q.

Notice that by scaling we have

d
dA R}TNOB,

p B (3.41)
_ a A?sﬁfnff)yb [/\2|Vue|2 _ )\2|arue|2]-

Ri+1 NOBx

03 (Vsnu))?

d N
5 ]R:JrlﬁaBle d)\(vsnu )

= % . N\2sBE —n—4 bdd (A2 V|2 — A2[0,10 2]
and Kl s ; o .
dX Jrr+inoB, dX " dA
- % R NOB Azsgﬁiinﬂlybdd)\[ = ]

Vsnu/\)2
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Finally, we compute L.

d du)
Ly := A -~ L(u))—F
! /RTWB] T ) gy
2(n +b—3)A divgn 00V dué)dué
= - - sn sn T
R+ M08, ! d\’ d\
d A
=2(n+b— 3))\/ 08 (Vg e )2,
R M08, dX
d?u)
Ly = NS L(u)) —2
2 /Riﬂm& L)
d?u?
=2(n+b— 3))\/ divgn (°V gnu)) ——%
R™1N0B, dx?
d2
= —2(n+b—3)/ /\Oll’VSnu?—zVSnué
]Ri+1ﬁ631 d>\
d du
=- b—3 00—~ [2AV gnu) Vgn —& — (Vgnup)?
(n+ )AZ+1QSBI 1d)\[ SnlUe V 5 d\ ( S ue) ]
d A
+2(n+b—3))\/ 0LV gn ke 12,
RTH1N9B, dX
du)
Ls ::/ —507 L(ud)—=
R 0B, )0
N b A dui\
=10(n+b-3) divgn (07 Vgnuy)
R} NOB, dX
d A
= —10(n+b—3) / 0OV 50UV g
R} NoB, dA

d
:—5(n+b—3)—/ 0%V gnul]?.
dA RYT1NOB,
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Hence,

,CZ:L1+L2+L3

d d
—(n—i—b_?))cl)\/RiJrlnaBle [)\J(VSWU ) ]

d
—4n+b-3)—~ 01V snuz)?
dX RYT'NOB; !
d
+A(n+b—4)\ 08|V gn Tone < [?
RYT'NOB,
—(n+b—3)i AZSpTT b d [N Vue|? — N2[0pue ]
dX R NOBy Y c ne
d ,pFL_,
*4(n+b73)ﬁ/ﬂgn+1 s AQég_”_E’yb[AQ\VueF 7}\2|arue|2].
NOBx
By rescaling, we have
d d
il A "
X Jeninos, 1Ay (V)]
d d
)\231)“ —n—4 b P\z|vue|2 Az\arueﬂ;

~dA RYT'NOB,
d

dX RTINOB,
_d

dX RTT'NOB,

(3.42)
03[V snud)?

AZER 1501027, 2 2|00, 2]

3.6 Theterm £,

Notice that on the boundary 0B,

:Abué‘
du) 4s du) 2s 2s

= )\? e h— — Y\—e 4+ = (1 = D) - A
oe ot e )d)\+ 1(+p—1 n = bjug + Aou;
d2)\

= \? d; +a oAﬁﬂ-ﬁou + Agu.

Integrate by part, it follows that
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dv) d3u) d?u)
b e\N2 __ 5 e \2 2 _ _ 3 e \2
S v = [ (B (08— 200 - 2 — N ()

2 2 du .
+ (—ag + 8o + 200 + 260)M(—) )
d?u)) du)) du))
o 3 e\2 o e\2 e\2
(-2 10— 2T TR + [ A8

d Lo dud du) d*u) dtu)
1 ')\erg fe ‘? 2 )\ert e e )
T cl/\(/aB1 . Z 4 Ci,j dNi dNI ™ Z Cort dxs dit )’
0<4,5<2,i4+5<2 0<s,t<2,54+1t<2
(3.43)

where ¢; ;, ¢2 ; depending on a, b hence on p, n.

Proof of Theorem 2.2. Notice that the equation (3.6), combine with the estimates on
Z,J,K, L and (3.43), we obtain Theorem 2.2. O

4 Energy estimates and Blow down analysis

In this section, we do some energy estimates for the solutions of (1.1), which are im-
portant when we perform a blow-down analysis in the next section.

4.1 Energy estimates

Lemma4.1. Let u be a solution of (1.1) and u., satisfy (2.4), then there exists a positive
constant C' such that

/ IUeI”“n”/ Y|V Apue|*nf
6R1+1 M“
A 62 VA 62
< C[/ yb\Abuel2n4|an2+/ ybIVuelz%Jr/ ybui%
R+ R+ n Ry n
[ VPRVl [ R P vl
Ri+1 Ri+1

+/ y°|Vue*n*|V2n[?].
Rf_"’l
4.1)
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Proof. Multiply the equation (2.4) with y®u,.n®, where 7 is a test function, we get that

o=/
R

n
0
= 7/ uen68—A§ue —/ be(uenG)VA%ue
R Y R

_ p+1, 6 ba(uen6)A2 bA 6YA2
_Cn,s |ue| n = Y P bu€+ Yy b(ueﬁ ) pUe
ORY T Rt Y R+

ybuenﬁAgue = / uen6div(beA§ue)
1 n+1
R+

Coe [l [ Asn®) A
ORY T Ry H

8Abu

:Cn,s/ |ue|p+1776 _/ Ab(uenﬁ)yb P} £

oRT T oRTT! Yy

- / YV (A () V Mg,
Ri*l

—C,. / e [P — / UV (A (1) T A
6R1+1 R1+1

“4.2)
Hence, we have

Ch.s / [ue|PHn® = / YOV (Ap(uen®)) V Ay 4.3)
OR% T Ry

Since Ap(£n) = nAE + EApn + 2VEVN, we have
Ap(uen®) = n° Apuie + ue Ayn® 4+ 120°Vu, Vi,
therefore,

VAb(uenﬁ)VAbue :6775AbueV77VAbue + (77)6(VAbue)2 + Abn6VueVAbue
+ u VAV Ayue + 600t (VnV Ayue ) (Vu V)
+ 12775 Z 8iju€8m8jAbue + 12775 Z 8iu66ijn6jAbue.
i,9 i,J
4.4
here 9;(j = 1, ...,n,n + 1) denote the derivatives with respect to x1, ..., T, y respec-

tively. A similar way can be applied to deal with the following term |V Ay (u.n?)|?.
On the other hand, by the stability condition, we have

2
u(@)n’ (@) — ')
p+1,6 ( _ b 30
p/}Rn [ulPT iy < /n/n |z — y|nF2s Crs /R’J_Hy [VA, (uen®)|*.
4.5)

(Here we notice that u.(x,0) = u(x), see Theorem 2.1, (2.3))
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Combine with (4.3), (4.4) and (4.5), we have
/ yb|VAbUe|2776
Ryt
<Ce [ A+ OO [ AoVl
R1+1 R1+1
NV L
+/ yb|vue|2(| . | +774\V277|2)
R+ n
VA;{I]G 2
[ T [ it [ ),
Ry n Ry Ry

we can select € so small that C'e < % Combine with (4.3) and (4.4), we obtain our
conclusion. O

Corollary 4.1. Let u be a solution of (1.1) and u. satisfy (2.4), then

/ Jue [P+ +/ y' (VApu)?
ORI NBR,» RY T NBR)2
< C’[RfG/ yPu? + R74/ y° | Vue|?
R} NBR RYMINBR
8 e
RTT'NBR
Proof. Weletn = £™ where m > 1 in the estimate (4.1). We have
/ |ue|p+1€6m +/ yb|VAbue|2§6m
OR7 T R

<clf (Bl + [P e ve
Ry

+ / Y|V PV + Ve + / YPuRESm 6|32,
Ri+1 Ri+1

Let £ = 1in Bgjs and & = 0 in B, satisfying |V¢| < %, then we have the desired
estimates. O

Lemma 4.2. Suppose that v is a solution of (1.1) which is stable outside some ball
Bpg, C R™ Forn € C°(R"\Bg,) and x € R", define

_ 2
pla) = [ D=y, 46
Then
_ 2
/ |u‘p+1,’72dx_|_/ / [u(z)n(z) — u(y)n(y)] dxdng/ u2pdx. (4.7)
Rn n n |J; — y|n+28 Rn
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Lemma 4.3. Letm > n/2 and x € R™. Set

p(x) = /n Mdy where n(z) = (1+ |z|*)~™/2. (4.8)

|1‘ |n+25
Then there is a constant C' = C(n, s,m) > 0 such that
CH1 + |2]?) 2 < p(x) < C(1 + |z|>) /%>, (4.9)

Corollary 4.2. Suppose that m > n/2, n is given by (4.8) and R > Ry > 1. Define

pute) = [ DI o, here o) = ate/Ryva/R) @10)

‘.’E _ |n+25

for a standard test function ¢ that ¢ € C*(R™),0< ¢ < 1,9 =00n By and ¢ =1
on R™ \ By. Then there exists a constant C' > 0 such that

pr(z) < On*(a/R)|z|~ ") + R™*p(x/R).

Lemma 4.4. Suppose that v is a solution of (1.1) which is stable outside a ball Bp,.
Consider pr which is defined in (4.10) for n/2 < m < n/2 + s(p + 1)/2. Then there
exists a constant C' > 0 such that

/ wPpr < 0(/ ulpp + R'T2E)
" Bsrg,

forany R > 3Ry.

The proofs of Lemma 4.2, Corollary 4.2, Lemma 4.3 and Lemma 4.4 are similar to
that of Lemmas 2.1, 2.2, 2.4 in [6] and we omit the details here.

Lemma 4.5. Suppose that p # ”+25. Let u be a solution of (1.1) which is stable
outside a ball Bg, and u. satisfy (2 4) Then there exists a constant C > 0 such that

P+1

/ y u < CRn+6 25 , / y |vu ‘2 < CRn+4 25
Br Br

p+1

/ yb(|V2ue|2+|Abu6\ )<CR7L+2 23
Br

Proof. Recall that the Possion formula for the fractional equation for the case 0 <
s < 1 (see [2]), we can generalize the expression formula to the general case with
non-integer positive real number. Therefore,

2s
Yy
Ue (T, Yy :Cn,s/ u(z ——dz.
o P
Then we have
y2s
|ue(z,y)\2 <C uz(z) ———dz, “4.11)
meo (a2 y?) T
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and

28y23—1 (’I’L + 28)y23+1
3yue(9€7y) = Cn,s /n u(z)[( nt2s yz)n+225+2 ]d27

o — 22+ 925 (o — 22+

also

_ 2s
axj Ue(l",y) = 7Cn,s/ U(Z) (n i 25)( ii)2:[{+2 dZ,
n (|l — 2|2 + y2)

for j = 1,2, ...,n. Hence by Holder’s inequality we have

2 25—2
|Vu4@yﬂ2§Ca/ w (2)y — (4.12)
(o — 22 +4) "5

By a straightforward calculation we have

(n+2s)(n+ 2s+ 2)(z; — z;)%y*

(Jo = 22 +y2) =5~

awjzj ue(-ra y) :Cn,s/ u(z)[

n + 2s)y?
- ( )y nt2s+2 ]dzv
(Jo — 2> +y*) =
B0 () =C l n+25)(n+23+2)(xjfz )2y2sHL
7 e n,s n+2s+4
' Rr (o — = +y2) =5
2$(n +25)(z; )Qyzs_l]
(|:1:’ _ Z|2 2) n+225+2 )
and
25(25 — 1)y?s—2
a yue T y Cn 5/ ) n+2s
: wsz+y>z
(n+ 2s)(4s + 1)y? (n + 2s)(n + 2s + 2)y?s T2
(Jz =22 +92)"55 (o2 +y2)" 5
Therefore, we have
25s—2
Yy
V(o) + sl <€ [ fule) —
SRR
Hence,
25—4
V2ue( y) + | Apue(a, )P < C | wd(e)———de. (@A13)
T

Now we turn to estimate the following integration, which provides a unify way to deal
with our desired estimates.
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Define

R y2k+1
(2) / o dy]dzdz
/<RzeR" @1 0 (lz—z|2 4 ¢2)"F" ]
R? k
= / )] / g daldzds
\<RzeR" o (Jx—z2P+a) =z

R2
d (4.14)
S*/ UQ(Z)[/ a Een |dzda
|z|<R,z€R™ 0 (|{,E — z|2 + Oé) s —k

1 n+2s _n+2s
50 [ () (fr - =)
|z|<R,z€R™
—(Jz — 2>+ RQ)k_#HL
where k = 0, 1, 2. Split the integral to |x — z| < 2R and |z — z| > 2R, for the case of
| — z| < 2R, we see that

/ WA(2)| (o = 22T < (fo - 22 4 RO
|z|<R,|z—z|<2R

</ () [(jo = 2]
|z|<R,|z—2z|<2R

< C’R%*Q”Q/ u?(2)dz
|z|]<3R

2/(p+1) _ _1\ (p—1)/(p+1)
< R%*S“( / |u|p+17712%) ( / — 1))
Bsr B

< opez( /B u2<z>pR<z>) |

2/(p+1)
3R

< CR"H2k+2-2525 "

Here we have used Lemma 4.2 and 4.4. For the case of |x — z| > 2R, by the mean
value theorem, we have

/ W3 (2)[(J2 = 2P)F T~ (fo - 2] 4 R
|z|<R,|z—z|>2R

<r [ () (e = 2225
|z|<R,|lz—z|>2R

< C’R”+2/ ui(z)|z|2k7”725dz
[z|>R

< CRn+2 |:/ (uze)Jrl(Z))] 2/(p+1)(/ |Z‘(2k_n_25)%)(I)—l)/(ll-i'l)
|z|>R |z|>R

P+1
9

< CRn+2k+2 25
here we have used Lemma 4.2. Hence, we obtain that

A < C R"H2k+2- 251““

) (4.15)
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where C' = C(n, s, p) independent of R. Now, combine with (4.11), (4.12) and (4.13),
recall that b = 5 — 2s, we have

/ yPuidaedy < Ay, / Y| Vue|?dedy < Ay,
Br Br

/ yb(\v2ue|2 + |Abue|2)d:cdy < Ap.
Br

Apply (4.15), we finish our proof. O
Combine Corollary 4.1 and Lemma 4.4, we have the following lemma.

Lemma 4.6. Let u be a solution of (1.1) which is stable outside a ball Br, and u.
satisfy (2.4). Then there exists a positive constant C such that

/ |ue [Pt +R’6/ yb|ue|2+R*4/ | Vue|?
AR NBR R} NBR RYT'NBR
p+1

+R7? yb(|Abue|2 + |V2ue\2) +/ N Y| VAyue|? < CR" %1,

R NBR RYT'NBR
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4.2 Blow down analysis and the proof of Theorem 1.1

The proof of Theorem 1.1. Suppose that v is a solution of (1.1) which is stable
outside the ball of radius R and suppose that u. satisfies (2.4). In the subcritical case,
ie.,1 < p < ps(n), Lemma 4.2 implies that u € H*(R") N LP*1(R™). Multiplying
(1.1) with u and integrate, we obtain that

/ [ulP* = [l gy (4.16)

Multiplying (1.1) with u* (z) = u(Az) yields

/ |U‘p_1u>\=/ (—A)S/Qu(—A)S/QuA:/\S/ ww,

where w = (—A)*/?u. Following the ideas provided in [24, 25] and using the change
of variable z = v/Az, we can get the following Pohozaev identity

| juptt = 2 n/ |w|® + i/ w w2z
p+ 1 Rn 2 n d}\ n

A=1

2s

_AS T2

He(R")"

Hence, we have the following Pohozaev identity

n n—2s
Pt = "2 )2, -
p+1 Jgn 2

For p < ps(n), this equality above together with (4.16) proves that u = 0. For p =
ps(n), this equality above means that the energy is finite. Further, since u € H 5(R™),
apply the stability inequality with test function ¢ = un?( %), and let R — o0 (where
7 is cutoff function), then we get that

p+1 2‘
p [P e

This together with (4.16) gives that u = 0.

n+2s

Now we consider the supercritical case, i.e., p > =57,

few steps.

we perform the proof via a

Step 1. limy o0 E(ue,0,)) < oco.
From Theorem 2.4 we know that F is nondecreasing w.r.t. A, so we only need to
show that E(ue, 0, \) is bounded. Note that
2)

1 1 2\ t+A
E(u6707>\) S N E(u€707t)dt S 7/ / E(u€7077)d7dt
AJx NI
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From Lemma 4.6, we have that

22 t+A 2 p+1
5p n — Apu|“dyd.
]/ /B LIV Ay Fdyde

C
- == / [ue|Pt dx]dydt < C,
ORYTINB,

p+1

where C' > 0 is independent of ~.

1/2)\/t+A/ , 2emtl _p_ 5yb[ 2s ( 2s Y 2s — )
S S R"NIB, p—1'p—1 p—1 ‘

6s 2s 6s
-1 8r e 7 267‘r e 38’!"!‘7‘ e
p—l(p—l )ik e oY Orrtte £y Ue|
25 25 4s
-1 e 7 ar e 287‘7“ e
[—1(p71 )u—i—p 1Y Orue + ue|
2\
sop [ e
R} noB, (4.17)
Yy [ue +7 (87"”6) ( rrue) (arrrue)2]
< C— 1 /2)\ t23§%}—n—5
A? R NBay
) [’U/e +’Y (6 UE) + (67"7‘“6) +7 (8TT7‘u6)2]
< canrrtre L / “Sat

<C

and
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R 2525 —n—4, b d 9 2 2
‘)\2 / / /]R"*lﬂaB Y a('y Aptte — Y Oprtie — (1 + b)y0rue) ‘

t+A
/ / 27 Abue - 27 arrue - (Tl + b)7arue]
R"+1|’783

>~ )\2

[’7 Ab’ufe Y arrue - ( ’Ya Ue]

1

< N2 / / / 2’7 Ab’ufe - 2'7 8rrue - (n + b)’yﬁrue]

A n+1033x

[72Abue Y arrue (TL b)f}/a ue]

1 +A
=0y Ka / / V[ (Avue)® + 74 (Orrue)® + 77O
A R”+1OB3,\
. 2
< oA S 12 / 2o p Ty
A2 I

<C.

(4.18)

Integrate by part, by the scaling identity of section 3, for example (3.31), (3.36),
(3.41) and (3.42), we can treat the remaining terms by a similar way as the estimates
(4.17) and (4.18).

Step 2. There exists a sequence \; — oo such that (u)?) converges weakly to a

function u%® in H}} (R™;y’dxdy), this is a direct consequence of Lemma 4.6.

Step 3. The function «2° is homogeneous. Due to the scaling invariance of E (i.e.,
E(ue,0,R\) = E(u),0,R) ) and the monotonicity formula, for any given Ry >
Ry > 0, we see that

0 = hm (E(ue, 0, RgAl) - E(ue, O7 R1>\1))
71— 00
= lim (E(u)",0,Rs) — E(u)',0, Ry))
71— 00

>1iminf/ b2 B — nfﬁ( 2s ’+7‘aué\i)2dyd$
T i—oo (BRQ\BRI)Q]R"JA *]. te or

p+l 25 ou® |\ 2
> b 29 +1 —n—6 uoo_’_,r, e dudz.
> /(\)y (e + )y

In the last inequality we have used the weak convergence of the sequence (u.¢) to the
function u2® in H} (R™;y’dxdy). This implies that

2s uw  ouXr .
=0 ae. in R}
p—1r + ar ae. m Ry

Therefore, u2° is homogeneous.
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Step 4. u2° = 0. This is a direct consequence of Theorem 3.1 in [17].

Step 5. (u)?) converges strongly to zero in H3(Bg \ B.; y’dxdy) and (u)?) converges
strongly in LP+1 (8R"+1 N(Bgr\ Be)) forall R > ¢ > (. These are consequent results
of Lemma 4.6 and Theorem 1.5 in [9].

Step 6. u. = 0. Note that

E
1 Chys
:7/ Y|V Aud P dady — / Jup [P da
2 Jrrting, p+1 Jorrtnp,
1
2

C
/ Y|V Apud Pdedy — —2 / Ju [P da:
R?*+NB, p+1 ORTHNB.

1 n,s
Jr*/ Y|V Apud |2 dady — Cn, / Ju [PT da
2 Jrrtin(B\B.) P+ 1 Jorm B\ B.)

Pl — 1
:5"‘25FE(UG,)\5)+§/ . )yb|VAbué\|2dxdy
R0 (B1\B.

Cn S
— d / \u2‘|p+1dac.
p+1 Jori+1n(B\B.)

Letting A — +o0 and then € — 0, we deduce that limy ., o, E(u., \) = 0. Using the
monotonicity of E,

2X 2X o
E(ue, A E(t)dt < sup E+C~ /
/\ [\2A] A

2\
<swp Broy [t | y[(e)? + A2V, ?
N AJa R+ N8B,
+ M (JApue* + [VZue]?) + A% VAuc %]

— 1 o,
= sup F+ C—AQSP%*"*S/ Y0 [(ue)® + A2 | Vue|?
[A,2] A R} N(Baa\Ba)
+ N (| Apue|” + [V *) + AV Ayue|?]
— 1
= sup F+C—
[\,2)] A R} T'N(B2\B1)

1Al [? + [Vl ] + [V Ay |?]

Y [(d)? + V|

4.19)
and so limy_, o0 F(ue, A) = 0. Since u is smooth, we also have E(u.,0) = 0. Since
F is monotone, F¥ = 0 and so w must be homogenous, a contradiction unless u. = 0.
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5 Algebraic analysis: The proof of Theorem 2.3

Letk := 2% and m := n — 2s. By a direct calculation, we obtain that

p—1

A = —10k* + 10mk — m? + 12m + 25,
Ay = 3k* — 6mk® + (3m? — 12m — 30)k% + (12m? + 30m)k + 9m? + 36m + 27,

By = —6k* + 6mk + 12m + 30.
(5.1)

’I’L+2S n—2s —

Notice that our supercritical condition p > is equivalent to 0 < k <
. Next, we have the following lemma which ylelds the sign of As and B;.

Lemma 5.1. Ifp > 225 then Ay > 0 and By > 0.

Proof. From (5.1), we derive that
Ay =3k+1)(k+3)(k— (m+1))(k—(m+3)), 5.2)

and the roots of B; = 0 are

1 1 1 1
—m—=vm2+8m+20, —m+ =vVm2+8m+ 20.

2 2 2 2
Recall thatp > 2 +2‘5 is equivalent to 0 < k£ < &, we get the conclusion. O

To show monotonicity formula, we proceed to prove the following inequality. That
is, there exist real numbers c; ; and positive real number € such that

- d3ur d2u?
AP AN3 Ag)
N ()’ T4 (d)\2>+2(d)\) .
du? d iy A diu? :
>A( )J’E(Z )\]dAl dAJ)'
0<4,5<2

To deal with the rest of the dimensions, we employ the second idea: we find nonnega-
tive constants d;, d2 and constants ¢y, ¢ such that we have the following Jordan form
decomposition:

3)\5(f///)2+A1/\3(f//)2+A2)\(f/)2:3/\()\2f///+c /\f”)2—|-d1 ()\f//"FCQf/)Q

+daA(f) Ze A O Oy,
5.4
where the unknown constants are to be determined.
Lemma 5.2. Let p > 25 and A, satisfy
Ay +12>0, (5.5

then there exist nonnegative numbers dy , da, and real numbers c1, ¢z, €; j such that the
differential inequality (5.4) holds.
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Proof. Since
d

4)\4f///f// _ a(2/\4(f//)2) _ 8/\3(f”)2
and J
2N = O U)?) = 20 ()%

by comparing the coefficients of A3(f")? and A(f’)?, we have that

d1 = A1 — 30% + 1201, dQ = Ag — (C% — 202)(A1 — SC% + 1201).
In particular,

max di(c1) = A1 + 12 and the critical point is ¢; = 2.
c1

Since A; > 0, we select that ¢; = 2, ¢co = 0. Hence, in this case, by a direct calculation
we see that dy = A; + 12 > 0. Then we get the conclusion. O

We conclude from Lemma 5.2 that if A; + 12 > 0 then (5.3) holds. This implies
that when m < 6 + V73,p > 2£2% orm > 6 + /73 and

n+ 2s _ 5m + 20s — v/15m2 + 120m + 370

< , 5.6
n— 2s p 5m — v/15m2 4+ 120m + 370 60
then (5.3) holds.
Let
+00 if n < 25+ 6+ /73,
m = 5n s— 5(n—2s)2 n—2s . 5.7
Pm(n) +105—1/15(n—25)2+120(n—25)+370 i > 2464+ 73, (5.7)

5n71057\/15(n72s)2+120(n72s)+370

Combining all the lemmas of this section, we obtain the Theorem 2.3.

Now we proceed to prove Theorem 2.4. From Corollary 1.1 of [22], we know that if
n>2s,s>0,p> Ztgi, then there exists ng(s), where ﬁ <aps < %"&%‘9 + ﬁ,
such that the inequality (1.4) always holds whenever n < ng(s); while when n >
no(s), then the inequality (1.4) is true if and only if

n+2s—2—2a,:vn
n—2s—2—2a,syn’

p <p2:=

where ng(s) is in fact the largest n satisfying n — 2s — 2 — 2a,, y/n < 0. In particular,

n+2s n+2s—4 :
T < 2T < p2 < +00. Therefore, we introduce

(n) ~+o00 if n < ng(s), (5.8
DPc\N) 1= n+2s—2—2a, s/n . .
—nf337§7;a£ if n > no(s).
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From [23], we use the sharp estimate ng(s) < 2s + 8.998 for 2 < s < 3, then
no(s) < 25+ 8.998 < 25+ 6 + V73 ~ 25 + 14.544. (5.9)

On the other hand, via the sharp estimate a,, ¢ < 1 from [23]

5n +10s — \/15(n — 25)2 + 120(n — 2s) + 370 _ n+ 25 — 2 — 2a,, 5\/n

>
5n — 10s — 1/15(n — 25)2 +120(n — 2s) + 370 1 — 25 — 2 — 2an /1
(5.10)

provided that s € (2, 3) and that
225m* — 720m> — 17244m? — 29088m + 7236 > 0, where m = n — 2s. (5.11)

The (5.11) holds whenever m > 11.12, that is n > 2s + 11.12. This combine with
(5.9) we obtain that p.(n) < p,(n). Therefore we get Theorem 2.4. O
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