END-TO-END CONSTRUCTION FOR THE ALLEN-CAHN
EQUATION IN THE PLANE
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ABSTRACT. In this paper, we construct a wealth of bounded, entire solutions
of the Allen-Cahn equation in the plane. The asymptotic behavior at infinity
of these solutions is determined by 2L half affine lines, in the sense that, along
each of these half affine lines, the solution is close to a suitable translated
and rotated copy of a one dimensional heteroclinic solution. The solutions
we construct belong to a smooth 2L-dimensional family of bounded, entire
solutions of the Allen-Cahn equation, in agreement with the result of [3] and,
in some sense, they provide a description of a collar neighborhood of part of the
compactification of the moduli space of 2L-ended solutions for the Allen-Cahn
equation. Our construction is inspired by a construction of minimal surfaces
by M. Traizet [12].

1. INTRODUCTION

This paper deals with the construction of bounded solutions of the Allen-Cahn
equation

(1.1) Av+v—v* =0,

which are defined in R?.
We recall that, for any unit vector a € R? and for any b € R, the function

a-x+b
x+— tanh | —— |,
( V2 )

is a solution of (1.1) whose nodal set is the affine line defined by a-x+b = 0. These
solutions are usually referred to as the heteroclinic solutions of (1.1) and they
play a central role in the study of this semilinear elliptic equation. For example,
the validity of De Giorgi’s conjecture in dimension 2 ensures that any bounded,
entire solution of (1.1) which is monotone in one direction must be one of the
heteroclinic solutions [5]. Heteroclinic solutions do not exhaust the set of bounded,
entire solutions of (1.1) and in fact there are many solutions of (1.1) which are not
monotone in any direction. A classical example is the so called saddle solution,
whose nodal set consists of two orthogonal straight lines [2]. This example - and its
construction - generalize to solutions with dihedral symmetry [1]. In [4] it is proven
that there exist solutions whose nodal lines are almost parallel straight lines which
are related to solutions of a Toda system.
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All the solutions constructed in the above references share the common property
that their structure at infinity is easy to describe. Indeed, away from a compact set,
their nodal set consists of a finite number of disjoint curves which are asymptotic
to half affine lines. Moreover, along any of these affine lines A the solution is
asymptotic to a copy of a heteroclinic solution whose nodal set is precisely given
by A. These affine lines are called the ends of the solution and, if 2L is the number
of ends - which is necessarily an even number - such solutions are called 2L-ended
solutions of the Allen-Cahn equation. We refer to [3] for precise definitions of these
notions. Therefore, the heteroclinic solutions are models at infinity for 2L-ended
solutions. The set of 2L-ended solutions of the Allen-Cahn equation is denoted
by Msy. It is proven in [3] that, near any nondegenerate element, Moy, is a 2L-
dimensional smooth (real analytic) manifold. Finally, let us mention that the Morse
index of any element of Myy, is finite [9].

When L = 2, thanks to [6], [9] and [10], we have a rather complete description of
the set of 4-ended solutions M. This description is of particular importance in the
present paper and we will return to it in Section 3. Building on this, in this paper,
we explain how to construct a wealth of new solutions of (1.1) by gluing together
several 4-ended solutions of (1.1) along their ends starting from a given set of affine
lines.

2. STATEMENT OF THE RESULTS

Given an integer L > 2, we consider a finite number of affine lines Ay, ..., Ap in
the plane and assume that not two of these lines are parallel and not three of them
intersect at a common point. If this is the case, we will say that the set of affine
lines is admissible.

The union of Ay,...,Ap defines a network in the plane. We denote by V the
number of vertices of this network (i.e. points which correspond to the intersection
of two lines) and we denote by E the number of edges of the network (i.e. segments
of one of the A; joining two distinct adjacent vertices). A half line included in one
of the Aj, starting from a vertex and containing no other vertex, will be called a
ray. Observe that the number of rays is equal to twice the number of lines. The
connected components of

R2—(A1U...UAL)

will be called domains and will be denoted by €24, ...,Qp. We will see in Lemma 3.1,
that it is possible to color the different domains defined by the lines Aq,...,Ap,
using only two colors (which will be denoted by +1 and —1) in such a way that two
adjacent domains have different colors. The color of the domain €2; will be denoted
by ¢; € {£1}. Observe that there are only two different ways to color the domains
Q1,...,Qp.

To state our result, it is convenient to introduce a parameter € > 0 and look for
bounded solutions of

(2.1) e Au+u—u®=0,

which are defined in R2. Observe that, since we are looking for entire solutions,
studying (1.1) or (2.1) is completely equivalent and in fact one can go back and
forth from a solution of the former equation to a solution of the latter using a simple
scaling
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We will try to be consistent with the notations and u, @, u;, . .. will denote solutions
of (2.1) while v, 9, vs,vj, ... will denote solutions of (1.1).
This being understood, we have the :

Theorem 2.1. Assume that Aq,..., A is an admissible set of affine lines. Then,
there exist a sequence (€,)n>0 tending to 0 and a sequence (un)n>0 of solutions of
(2.1) with € = €, which, for j =1,..., D, converges, uniformly on compacts of §;,
to the constant function equal to v; as n tends to infinity. Moreover,

(i) the nodal set of uy, converges (in Hausdorff distance) to Ay U ... U AL on

compacts of R? ;

(ii) the ends of u, converge to the affine lines Aq,...,Ap,

as n tends to infinity.

Let us comment on the last statement of the result. By definition, we will say
that a sequence of affine lines, defined by a sequence of equations of the form
a, - x + b, = 0 where a,, € R? is a unit vector and b,, € R, converges to the affine
line defined by the equation a-x + b = 0, if the sequence (a,, b, )n>0 converges to
(a,b).

For a generic choice of the set of admissible lines Ay,..., A our result can be
made more precise. Indeed, given a subset © C (0, 7] we will say that the affine
lines Aq,...,Ar are in general position with respect to © if the angle (the one in
(0, 3]) between any two of these affine lines does not belong to ©. We then have
the :

Theorem 2.2. There is a finite set © C (0, 5] (possibly empty) such that, if
A1,...,Ap is an admissible set of affine lines which are in general position with
respect to O, then for all € > 0 close enough to 0, there exists u., solution of (2.1)
which, for j =1,...,D, converges, uniformly on compacts of Q;, to the constant
Junction equal to v; as € tends to 0. Moreover, for each j =1,...,L, there is one
end of ue which is included in A; and

(i) the nodal set of u. converges (in Hausdorff distance) to Ay U...U AL on
compacts of R? ;
(ii) the ends of ue converge to the affine lines Ay, ..., Ap,
as € tends to 0.

In other words, for a generic choice of the affine lines Ay,...,Ar, one can find
solutions of (2.1) which have half of their ends prescribed in the sense that, for each
j =1,...,L, they have one end included in A;. Since the space of L affine lines
is 2L-dimensional and since the formal dimension of the space of solutions of (2.1)
is 2L-dimensional, this result can also be interpreted by saying that, for e close
to 0, the set of solutions of (2.1) can be locally parameterized by the affine lines
Ay, .o AL

3. CONSTRUCTION OF THE APPROXIMATE SOLUTION

The main ingredient in the construction is a set of admissible affine lines Ay, ..., Ap.
We first prove that it is possible to color the domains €4,...,Qp defined by
Ay, ..., Ap, using only two colors (which will be denoted by +1 and —1) in such a
way that two adjacent domains have different colors.

Lemma 3.1. Assume that L > 1, then two colors suffice to distinguish the different
domains of R? — (AyU...UApL).
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Proof. The result certainly holds when L = 1 since one can assign the color +1 to
one of the half planes of R — A; and the color —1 to the other half plane. Assume
that the result is true for the domains of R? — (A; U ... U Ay), namely, that it
is possible to color them in such a way that two adjacent domains have different
colors. Let us consider the domains of R? — (A; U...UAr1) and assign to them
the color they inherit from the fact that we were able to color the domains of
R?2—(ALU...UAp).

The line Apy; divides the plane into two half planes. Consider the domains
included in one of the half plane and change their color systematically, i.e., change
+1 into —1 and vice-versa. We have then colored the domains of R? — (A U...U
Ar11) in such a way that two adjacent domains do not have the same color. O

It is clear that there are two different ways to color the domains, since given a
choice of assignment of +1 to the components of R —(A;U...UA), we can change
the sign assigned to each component and get a second coloring of the domains.

The second ingredient in the proof of Theorem 2.1 is the space My of 4-ended
solutions of (1.1). Recall that a 4-ended solution of (1.1) is a solution whose nodal
set is, outside a large ball, the union of four curves, each of which is asymptotic to
a half affine line and furthermore, along each end, the solution is asymptotic to a
heteroclinic solution having this affine line as a nodal set (a slightly different but
equivalent definition was given by Gui [6]). The key fact about 4-ended solutions
is that, after a rigid motion, they are even and, in the first quadrant

QL I:{(.’L‘,y)ERQ : x>07y>0}7

they are monotone functions of the = and the y variables(see [6] for details and [7]
for related results concerning traveling wave solutions of the Allen-Cahn equation).
More precisely, if v € My is a 4-ended solution, there exists a rigid motion g of R?
such that the function ¥ := v o g satisfies

6($7y) = 77(_‘1:’ y) = TJ(Z‘, _y) = ’D(—Jf, _y)a
in R? and

0,0 <0 and 0y > 0,

in Q-.

The subfamily of My which consists of functions satisfying the above symme-
tries will be denoted by M. Because of even symmetry and the monotonicity
property, the nodal set of a solution v € M§"°", restricted to Q-, consists of a single
curve, which is asymptotic to the half of an affine line A. We denote by 6 € (0, 3),
the angle between the z-axis and A and we define the angle map by

As Mg o (<5,5)
(3.1)

v — — 0.

s
4
For the saddle solution constructed in [2], we have A(v) = 0, while, for the solutions
with almost parallel ends which were constructed in [4] we have A(v) ~ £%. In [9]
and [10], it is proven that M§v" is diffeomorphic to R and also that the angle map
is surjective. In particular, for each a € (=7, 7 ) there exists (at least) one element
v € M§U°" such that A(v) = a.

Remark 3.1. [t is very likely that A is in fact one-to-one but this is still an open
problem.
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FIGURE 1. Schematic picture corresponding to a 4-ended solution with
axis of symmetry the x-axis and y-axis. The picture on the left corre-
sponds to the case where A(v) > 0, the picture in the middle corre-
sponds to the saddle solution, namely to the case where A(v) = 0 and
the picture on the right corresponds to the case where A(v) < 0.

Let us now turn to one of the most important step in this paper, namely the con-
struction of the approximate solution. It will be obtained by gluing together 4-ended
solutions at the vertices of the network defined by the straight lines Aq,...,Ay. To
begin with, let us describe more carefully the elements of M$“". By definition,
these solutions of (1.1) have two axes of symmetry (the z-axis and the y-axis) and,
because of these symmetries, in order to describe the ends of a solution v € M§¥",
it is enough to describe the end of v which is included in -. Observe that the ends
of v are asymptotic to 4 half affine lines which do not necessarily meet at the same
point. We refer to Figure 1 where we have drawn the half lines associated to the
ends of elements in M§"" according to the angle between the ends of the solution.

To construct the approximate solution starting from a set of admissible affine
lines, we need to explain how to choose and insert 4-ended solutions at the vertices
of the network defined by these lines. We follow the approach of Traizet [12]. We
first rotate the set of affine lines Ay,..., A in such a way that their y coordinates
are strictly ordered. Hence, we assume from now on that vertices of the network
associated to Aq,..., Ay are given by x1,...,xy and if x; = (z;,y;), then

Yi+1 < Yj,

for 5 =1,...,V — 1. Thanks to Lemma 3.1, we can also assume that the different
domains €2, for j = 1,..., D associated to Ai,...,Ar have been assigned a color
t; € {£1}. The construction of an approximate solution is now decomposed into
three different steps.

Step 1. We choose the vertex with the largest y coordinate, namely x;. Two
of the affine lines Ay,..., Ay meet at x1, say Aj, and Aj;. The angle between A,
(resp. Aj) and the z-axis will be denoted by a; € [~7, 5] (resp. o} € [-F,5])
and, without loss of generality, we can assume that a; > o. We choose an element
v) € MS§Y™ whose angle corresponds to a; — o, namely

T oo — )
Alv) =3 2

Next, we define the model solution wu; of (2.1) which is centered at x; and whose
ends are parallel to A;, and Aj; by

R(v1+rx/1 (X*Xl)
up(x) := 8101 % ,
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FIGURE 2. The initial configuration of 4 lines and Step 1. The model
solution is drawn in red and centered at the vertex, its ends are parallel
to the ends of the two lines meeting at the vertex.

FIGURE 3. The first picture corresponds to Case 2 where the model
solution has to be translated so that one of its ends coincides with one of
the ends of the model solution already inserted at an earlier step. The
second picture corresponds to Case 3 where the model solution has to
be translated so that two of its ends coincide with the ends of two model
solutions inserted at earlier steps.

where R,, is the clockwise rotation of angle « in the plane and s; € {£1}. Observe,
and this is important, that the ends of u; are not included in Aj, and Ay but
are simply parallel to these lines as illustrated in Figure 2. Also observe that the
distance between the ends of u; and A;; U A/ is bounded by a constant times e.
Finally, s; is chosen so that the domains where u; is positive (negative) agree with
the colors of the four domains which have a common boundary with both A;, and
AJ'{' We also define %71 := x7.

Step 2. We repeat the above construction inductively. Let us assume that we

have already constructed a model solution at the vertices xi,...,x,x_1 and let us
explain how to construct the model solution of (2.1) at xy.
Again, we consider the angles ay > ), € [-7, §] between the two lines Aj, and

Aj]/c meeting at x; and the x-axis, and we choose an element vy, € M§V" such that

T g —
Alvr) = 5

As in the first step, we then use a rigid motion and scaling by ¢, to produce, starting

from vy, a solution uy of (2.1) which is centered at xj, whose ends are parallel to the

lines meeting at this vertex and we choose the sign which agrees with the coloring

of the domains bounded by both A;, and Ay, .

Three cases have to be distinguished.

Case 1. The first case corresponds to the case where Aj, and Aj do not
contain any of the vertices x1,...,x;_1, in which case we are done. We set
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Xi = X} and choose

Rakﬁ»a% (X - ik?)
Uk(X) = Sk Uk %

as the model solution at x, where s € {£1}.

Case 2. The second case corresponds to the case where one of the lines
meeting at x; contains some of the vertices x1,...,x,_1 while the other line
does not contain any of these vertices. Say for example that Aj, contains
some of the vertices x1, ..., xx_1 while AJ';Q does not. Observe that, necessar-
ily, these vertices are all contained in one of the two connected components
of Aj, — {xx} (this is where we use the fact that the vertices are ordered
according to their height and hence the y—coordinates of xq,...,x,_1 are
all larger than the y-coordinate of xj). Let us denote by x; the vertex in
the collection x1,...,x,—1 which belongs to A;, and which is the closest to
XK.

We define uy, by (3.2) as the model solution at x, where s;, € {1} and

where %y, is the unique point which belongs to the affine line passing through
x;, and orthogonal to Aj,, which is chosen so that the end of uy, which is
parallel to A;, and points towards x;, coincides with the end of u;, which
is also parallel to A, and points towards xj. Observe that the center X, of
ug is at most at distance O(e) from xj. This is the configuration depicted
in the first picture of Figure 3.
Case 3. The third case we need to consider corresponds to the case where
both Aj, and Aj; contain some of the vertices x1,...,x;_1. Since we have
ordered the vertices according to their height, the vertices x1,...,%xx_1 be-
longing to Aj, and Aj; are included in one of the connected components of
Aj, —{xx} and Aj; — {xx}. Let us denote by x; (resp. x;/) the vertex in
the collection x1,...,xx—1 which belongs to Aj, (resp. Aj/) and which is
the closest to xj.

We define uy, by (3.2) as the model solution at x, where s, € {£1} and
where xj, is the unique point chosen so that the end of ug which is parallel
to A, and points towards x;, coincides with the end of u; which is also
parallel to Aj, and points towards x; and we also require that the end of
uy, which is parallel to Aj;c and points towards x; coincides with the end
of u;j which is also parallel to AJ’;@ and points towards x;. Observe that
the center xj, of uy is at a distance O(e) from xj. This is the configuration
depicted in the second picture of Figure 3.

In each case, s € {£1} is chosen so that the domains where uy is positive
(negative) agree with the colors of the four domains which have a common boundary
with both Aj, and Aj .

Step 3. To complete the construction of the approximate solution, we use
appropriate cutoff functions to glue together the model solutions u, ..., uy at the
different vertices. To this aim, we need to define a partition of unity. For each
j =1,...,V, we remove from the network defined by the lines Ay,..., Ay, the
edges and rays starting at x;. Call T} this network and S; the set of rays starting
at x; (so S; contains two, one or no ray and in the latter case S; deduces to {x,}).
We then consider Uj; to be the open connected component of R? —Tj, which contains
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FIGURE 4. The final configuration with all the model solutions inserted
near the vertices of the network defined by the 4 original lines.

x;j. Then

0, = {x : dist(x, 9;) < dist(x, R* — U;) — n;},
where the 7; > 0 are chosen in such a way that dist(O;, Or) > 0 for j # k. We also
consider an open cover of R? given by the sets:

{x : dist(x, S;) < dist(x,R* = U;) +n;}

and assume that we are given a partition of unity x1, ..., xy subordinate to it and
such that
4
doxi=1,
j=1
and
1 in Oj,
YNEY0 i L O
k]

We further assume that
Xjllce®re) < C.
Given a function f defined in R?, it will be convenient to adopt the notation
,R’ﬂj'*-ﬂ;- (X - i])

(3.3) Kif)=f|———771|:

€

so that the model solutions defined above are given by
Uj = Sj K;Uj,

where we recall that s; € {£1} and v; € M{"*". The approximate solution . is
defined by

14
(3.4) e =3 Xj Uy
j=1

Observe that . depends on € since the model solutions uq,...,uy do. Also, as €
tends to 0, the sequence w. satisfies the statement of Theorem 2.1, apart from being
a solution of (2.1). Finally, 4. is an approximate solution of (2.1) in the sense that

(3.5) €2 Atie + fie — @2 oo (r2) < Ce™ %,

for some constants ¢,C' > 0, as can be checked using the fact that elements of
MGPe™ converge to the heteroclinic solutions exponentially fast along their ends
(c.f. [3] and [9]). The constants ¢ and C' do not depend € but do depend on the
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v;,7 =1,...,V, used to construct ., since they are related to the exponential rate
at which the functions v; approach the heteroclinic solutions along their ends.

4. COMMENTS ON THE CONSTRUCTION OF THE APPROXIMATE SOLUTION
The following Lemma holds :

Lemma 4.1. Assume that L > 2, then the following formulae holds :

L(L-1) L(L+1)

V=" E=L(L-2 ad D=l4——

Proof. The formulae hold when L = 2, since in this case V =1, E =0 and D = 4.
Assume that the result is true for the lines Ay, ..., Ar. Addition of one line Ay
increases the number of lines by 1, the number of vertices by L since Ap1; has one
intersection point with each A; for j = 1,..., L and also increases the number of
edges by 2 L — 1 since we have created L new edges included in the lines Ay,... A
and also L — 1 new edges included in Ap4;. Finally, using similar arguments, one
checks that it increases the number of domains by L + 1. Using this, one proves
the formula by induction on L. O

Observe that
2L =4V —2FE.

This can be interpreted as follows : 2L is the expected dimension of the space of
solutions for the Allen-Cahn equation which have 2L ends. For each vertex there is
a 4 dimensional family of model solutions which can be used for the approximate
solution (namely solutions with 4 ends up to rotation and translations). Hence
the number of degrees of freedom in the construction is 4 V. Because the ends of
the different model solutions used at each vertex should match along the edges,
there are 2 constrains for each edge and hence a total of 2 E equations to solve.
So the formula just states that the expected dimension of the space of solutions is
equal to the number of degrees of freedom in the construction, minus the number
of equations we need to solve for the construction to be successful.

Our result parallels Traizet’s construction of Scherk towers [12] and in fact this is
where we borrowed the idea of the construction in the present paper. Let us recall
that a Scherk surface is an embedded minimal surface which is singly periodic and
has 4 ends asymptotic to 4 vertical half planes. Once the vertical period of the
surface is fixed, these surfaces come in a one parameter family parameterized by
the angle between two consecutive ends of the surface. Starting from an initial con-
figurations of vertical planes, Traizet was able to prove the existence of a family of
minimal surfaces which desingularize this collection of planes using Scherk surfaces.
In this way, he obtained embedded minimal surfaces in R® which are singly periodic
and asymptotic at infinity to a finite set of half planes, each of which is orthog-
onal to the horizontal plane. The correspondence between Traizet’s construction
and our construction is simply that the collection of lines in the plane replaces the
collection of vertical planes in Traizet’s construction and 4-ended solutions of (1.1)
replace the family of Scherk surfaces in the context of minimal surfaces.

Similar ideas have then been used many times in differential geometry. Indeed
our construction in the present paper as well as Traizet’s construction fall into
the category of what are now referred to as end-to-end constructions. In these
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constructions, one starts with a finite number of solutions of the problem which have
the properties to have ends and one tries to produce new solutions by connecting
together the different summands along their ends. This for example has been
exploited by Ratzkin [11] and Jleli and Pacard [8] in the context of constant mean
curvature surfaces.

5. THE LINEARIZED OPERATOR ABOUT 4-ENDED SOLUTION

In this section, we recall some basic facts about the linearized operator about
a 4-ended solution of the Allen-Cahn equation. The results of this section can be
found in [3] and [9]. We assume that v € M§"" is given and we define the linearized
operator about v by
L,:=A+1-30%

The following result is proven in [9].

Theorem 5.1. Assume that L, ¢ = 0 and also that ¢ € e VIH1** [2(R2) for some
0 <0. Then ¢ =0.

This result states that the operator L, has no element in its kernel that decays
exponentially fast to 0 at infinity. It is clear that the kernel of L, contains functions
which are bounded and indeed, 9,v and 9,v are bounded functions which clearly
belong to the kernel of L,. This is a consequence of the invariance of our problem
under the action of the elements of the group of translations. Similarly, (y 0, —
x 0y) v also belongs to the kernel of L, and this reflects the invariance of our problem
under the action of the elements of the group of rotations in the plane. Observe
that this last function is not bounded but grows linearly at infinity.

Let us recall a few results from [3]. Let X.,X., X7, X~ be a smooth partition of
unity of R? subordinate to the four quadrants in the plane defined by the z-axis
and the y-axis. We assume that

{1 when z>1 and y>1,
X =

0 when r<—-1 or y<-—-1,

and, without loss of generality, we can assume that Y, is obtained from y_ by a
symmetry with respect to the y-axis, xr is obtained from ¥, by a symmetry with
respect to the x-axis and Y- is obtained from y,_ by a symmetry with respect to
the origin. Finally, we assume that

X [leemz) < C.
We define
U= XY,
with similar definitions for v,, v~ and or.

The deficiency space ©, associated to v € MGV is the 8-dimensional vector
space defined by

D, := Span{0,ve, (x0y — Yy Oy )ve : ® =1, 1, ", }.

To proceed, we assume that the equation of the end of v which is included in Q-
is given by
a-x+b=0,
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where a € R? is a unit vector which points in the upper half space and where b € R.
Given 7,9 < 0, we define a weight function

(5.1) Trs(x):= Y. Xe(x)e ™™ (cosh(a-xs +b))°,

where at

set

is orthogonal to a and is interior to the quadrant @-, and where we have

x = (z,9), x, = (—z,y), x1 = (—x, —y) and xr = (z, —y),
for x = (x,y). By construction, 7 is the rate of decay along the end of v and § is
the rate of decay in the direction orthogonal to the end of v. Note that the weight
function depends on the asymptotic behavior of the four-end solution v. We will
not make this dependence explicit in the notation unless necessary.

With this definition in mind, we define the weighted Lebesgue space

(5.2) L2 5(R?) =T, L*R?),
and the weighted Sobolev space
(5.3) W2Z(R?) := T, 5 W»*(R?).

It is important to notice that, even though we do not make this apparent in the
notation, these function spaces do depend on the function v € M$""™ since they
depend on the definition of the ends of v. For later use, it will be important to make
this dependance explicit in the notation and in this case we will write L? _<(R?)

v,7,0
and Wf,’ié(Rz) instead of Lz)g(RQ) and Wfﬁ’éz(Rz).
We now recall some facts about the moduli space theory developed in [3] and
[9]. For example, we have the :

Proposition 5.1. For all 7,6 < 0 close enough to 0, the operator
L,: WHER)eD, — L2,(R?)
o — L,¢,
is surjective and has a 4-dimensional kernel.

We now assume that 7, < 0 are fixed close enough to 0 so that the above result
holds. Clearly 0,v, 0yv and (z 0, — y J;) v belong to the kernel of £, and each of
these has a decomposition in Wf? (R?) @ ®,. Obviously

Opv— Y Owve € W2HR?),

and we also have
(5.4) 0yv — cot 0 Z OzVe — Z Ozve | € WT27’(;2(R2),

where 6 denotes the angle between z-axis and the end of v in @Q-. The interested
reader will find a similar decomposition for (x 9, — y 0;) v.

Remark 5.1. Thanks to (5.4), one can check that Proposition 5.1 still holds if,
in the definition of ®,, one replaces Oyve by Oyve or by any (non zero) linear
combination of Oyve and Oyve.
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To proceed with the analysis of the kernel of L,, recall that it follows from
the results in [3], [9] and [10], that M§Y®™ is a smooth one dimensional manifold
diffeomorphic to R. Moreover, if s — v, is a regular parametrization of M§’¢",
then

¢s = 83’05,
belongs to the kernel of £,  and the question is to understand the decomposition
of ¢4 in the space Wf; (R?) & D,,. Here 7,6 < 0 can be chosen close enough to 0,
independently of s in a given compact of R.

Observe that ¢ is symmetric with respect to both the x—axis and the y—axis
since elements of M$"“™ also are. Hence, to understand the decomposition of ¢,
it is enough to restrict our attention to Q- where we can write

(bs - (As (y am - xay)vs + Ms arvs) S FT,5 Lz(QL)a

for some A, us € R. By assumption ¢, # 0 and, thanks to Theorem 5.1 we
conclude that (As, ps) # (0,0).

If As # 0, then ¢ is not bounded (and in fact grows linearly). From a geometric
point of view, this also implies that, close to vs, the moduli space M can be

parameterized by the angle function and in fact
)\s = 83957

where s — 6, is defined by the identity
T

A('US) = Z — 95.

We have already mentioned that the mapping A defined in (3.1) is onto and
this implies that, as the parameter s varies, the value of s — 6, varies from 0 to
5 Intuitively, this means that, although it may happen that As = 0, there should
exist a large set of parameters s for which A; # 0. It is quite natural to conjecture
that As; # 0 for all s € R, but unfortunately this result is beyond our reach and we
show instead :

Lemma 5.1. There exists a finite set S C R (possibly empty) such that, for all
seR—-S8, s #0.

Proof. Tt follows from the construction in [4] that A\s # 0 whenever |s| is large. Now
the key observation is that M§Y¢™ is a real analytic manifold (this follows from the
results in [3] and the analytic version of the implicit function theorem in the proof
of Theorem 2.2 in [3]). This implies that Ay = 0 for at most finitely many values
of s € R and this completes the proof of the lemma. O

Definition 5.1. We will say that v € M5*" isregular if v = v for some s € R—S.

This result has an important consequence which we now describe. Assume that
the end of v which is included in the upper quadrant Q- is defined by the equation

a-x+b=0,

where a is a unit vector which points towards the interior of the upper half space.
Then, along this end, the elements in ®,, are asymptotic to a linear combination of

the functions )
x+
t(x) := sech? ax) ,
(x) ( NG
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and

a-x+b
r(x) := sech? ( x-at.
V2

In particular, given ¢ € Ker £,, one can find k¢, xy € R, for ¢ =1, 45,7, " such that

(5.5) b= Y Xe(x) (K7 t(xe) +KEr(xs)) € e VI L2(R2),

.:L)J7~I7r

for some ¢ > 0.
The fact that v € MG"*" is regular translates into the following :

Proposition 5.2. Assume that v € M§"°" is reqular in the sense of Definition 5.1.
Then, one can find an element in Ker L, whose coefficients kg, Ky, kg, Ky are pre-
scribed.

Proof. Adding to ¢ a linear combination of d,v and dyv allows one to prescribe the
coeflicients k¢ and x¢. Thanks to Lemma 5.1, adding to ¢ a linear combination of
(x 0y —y0z)v and Osvs for s € R chosen so that v = v, allows one to prescribe
the coeflicients x} and k. O

A similar result holds for the coefficients ry, s, kg, 5, and in fact, one can pre-
scribe the coefficients in the decomposition (5.5) of the elements of Ker £, in any
of the half planes {(x,y) € R? : £z > 0} or {(z,y) € R? : +y > 0}. However, it
is not possible to prescribe the asymptotic behavior of an element of Ker £, in the
upper right and the lower left quadrants. For example, it is not possible to find an
element of Ker £, with the coefficients sy, k5, k¢, f, prescribed.

6. GLUING PARAMETRICES TOGETHER

In this section, we would like analyze the mapping property of the linearized
operator of the Allen-Cahn equation around the approximate solution. To begin
with, let us define the function spaces we will work with. The definition will make
use of the partition of unity already used in the construction of the approximate
solution 4. In a nutshell, the idea is to patch together the weighted Lebesgue and
Sobolev spaces we have defined in the last section.

Given a function f in R? we have defined (see (3.3)) the operators:

Rajtor (x — %)

Kif(x)i=f | ———— ], i=1...V.

It is convenient to introduce the inverses of the operators K

Hif(x):=f (ij —l—eRaﬁa/jx) .

Now, we will define the weighted spaces we will work with. Let us recall the
definition of the approximate solution @. in (3.4). In the set suppy; we have
Ue & sjKvj, where v; is a 4-ended solution. We associate with this v; a weighted
space Lf)jﬂ’(;j (R?) with some 7;,8; < 0 (see (5.2)). We fix 7,6 < 0 such that

7| < min{|7;|} and || < min{|6;|}. By definition, ¢ € L2 ;(R?) if each H} (x; ¢) €
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ng’T’é(RQ) for j =1,...,V and with this definition we set

v
||¢||i3’5(R2) = Z 1H (x; ¢>||L37m5(R2)-
Jj=1 '

Similarly, we will say that ¢ € W23 (R?) if each H;(x;¢) € W7, 5(R?) for j =
1,...,V and we set

14
llviz2(re) = D IH (x (b)HWszT’S(RQ)'

j=1

We also need cutoff functions which are subordinate to the rays Ri,..., Rop
associated to the network defined by Ay,...,Ar. To do so, we choose p > 0 large
enough such that the open disc D, of radius p contains all the vertices x;,...,xy

and we choose 7) > 0 small enough. For each ray R;, we define a cutoff function x;
which is identically equal to 1 in

0; = {xeR?: x| >p

and dist(x, R;) < dist(x, Rg), for k=1,...,2L, k#j},
and identically equal to 0 in
{xe R? : dist(x, OJ) >0}
We also assume that
[Xjlleere) < C,
forall j=1,...,2L.

Without loss of generality, we can assume that none of the A; is parallel to the
z-axis. We define the 4L-dimensional deficiency space

D, = @ Span{x; Oyple, X; (£ 0y — Y Oy) Ue}-
j=1,...,2L
The fact that none of the lines A; is parallel to the z-axis guaranties that 0. does
not decay exponentially fast to 0 at infinity and
f/72_76(R2) ﬁ @5 - @
We define

Lo: W2R)eD. — L2, (R?)
¢ = Leo,
where
L.:= 62A+1—3ﬂf.
In the rest of the paper, we will use ¢ and C' to denote general constants which do
not depend on € and will change from step to step.

Taking advantage of the fact that, near each vertex x;, the function . is equal
to u;, we will use the result of Proposition 5.2 to prove the :

Proposition 6.1. Assume that the solutions v; used to construct G are all regular.
For all 7,6 < 0 close enough to 0, there exists g > 0 such that, for all e € (0,¢p),
the linear operator L. has a right inverse

Ge: L2 5(R%) - W2 (R?) @ D,
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whose norm is bounded by a constant (independent of €) times '~V e’TTZ, where ¢

is the maximum of the lengths of the edges of the network defined by Ay, ..., Ap.
Proof. We would like to solve
(6.1) Lew=f,
where f € fﬁ)é (Rz). Let us denote
Fy = Hj(x; [)-
Thanks to the result of Proposition 5.1, we can solve
(6.2) Ly, W; = Fj,

where Wj € WfJQT s(R?) & D,,. Observe that there is no uniqueness in the def-
inition of Wj since, as explained in the previous section, the operator £,; has a
4-dimensional kernel and we can freely add a linear combination of the elements of
the kernel to W;. Decomposing

D,, =9, ®Ker L,,,
we can write in general:

W; =Vj+D; +D;,
where VJ € WfﬁT’é(RZ) and bj € ’io)q,j, Dj € Ker £,,. Moreover, we have, again by
Proposition 5.1:

(6.3) ||Vj + Dj”wfﬁné(na@gvj <C HFjHLi_j,ma(Rg)

We will now explain how to choose the correct solutions of (6.2) to construct a
solution of Lcw = f. The strategy follows the line of the construction of the
approximate solution and hence we keep the notations used in the construction
of 4.. We proceed inductively starting from the vertex whose y-coordinate is the

largest. In fact, we choose a solution of (6.2) for j = 1 with D; = 0 so that
W1 = Vi + Dq and we define

w1 ‘= Kfﬁfl
Note that by (6.3) we have:
(6.4) Willwze | ®eyeo,, = ClIFl2 _ ®2)-
Let us assume that we have already constructed wq,...,wiy_1 and let us explain

how to construct wy, = K ;Wk. Three cases have to be distinguished exactly as in
the construction of .

Case 1. The first case corresponds to the situation where the two affine
lines meeting at x; do not contain any of the vertices x1,...,X;_1, in which
case we choose a solution to (6.2) for j = k with Dy, = 0 so that W}, =
f/k + f)k and set:

Wy ‘= K}:Wk

Just like in the first step we have

(6.5) ||Wk|\wjﬁﬂ5(R2)ea©% < CllEllzz w2
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Case 2. The second case corresponds to the situation where one of the
lines meeting at xj contains some of the vertices xiy,...,xr_1 while the
other line does not contain any of these vertices. Let us denote by x; the
vertex in the collection x1,...,x;_1 which belongs to one of the affine lines
meeting at x; and which is the closest to xj;. Recall that we have arranged
things in such a way that one of the ends of u; coincides with one of the
ends of uy, and asymptotically these ends are parallel to the edge [x;, xx].
To fix the ideas let us assume that these ends correspond to the ends of v;
and vg which are in Q- and let us pay some attention about the behavior
of both Wj and Wj, in Q~.

We choose an element Dy, in the kernel of £,, so that, K3 (D] +D;) and
K Z(Dk + Dk) have the same behavior along the end parallel to the edge
[x;,%,]. We will see that this is possible thanks to the result of Proposi-
tion 5.2. To make things more precise, let us assume that the ends parallel
to the edge [x;, xx] along which we try to connect the different solutions are
included in the z-axis and respectively coincide with the half line (—b, +00)
and (—00,b). Then, in a neighborhood of the origin, the function K7 (Dj)
can be expanded as

y o . xT+b _e
sech? (\@6> (Ht7j + Frj 6) + O(e™ <),

for some ¢, Ar,; € R, while the function K;(Dk) can be expanded as

sech? (\/y?) (i%t,k + Rr ko a
€

for some Ky k, Ky € R and for some constant ¢ > 0. Thanks to the result
of Proposition 5.2, it is possible to find an a function Dj € Ker £,, whose
coefficients are given by

>+O(e?),

Lo e +2bﬁr,j
Ky = Ft,j — Ktk e

and
K;,k = "%r,j - ’%r,kv
so that K} (Dy) has the following expansion

. . 2bky . . )
SeCh2 (\/yie> (Ht’j — Rtk + % + (Iir’j — Iﬁr,k)

close to the origin. We then define

)+ o),

Wy = K;(Wk + Dk),
For future use, observe that
”WkHWiiT’é(R?)@’ka < CllEllzz w2

and we also have

- C /., .
1Dillwze ey, < ¢ (vl + Il + 1 Fillzz, me) -
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Case 3. The third case we need to consider corresponds to the situa-
tion where both affine lines meeting at x;, contain some of the vertices
X1,...,Xp—1. Let us denote by x; and x; the vertices in the collection
X1,...,Xg_1 which belong to the two affine lines meeting at x; and which
are the closest to x;. Recall that we have arranged things in such a way
that one of the ends of u; coincides with one of the ends of u; and one
of the ends of u;s coincides with another end of uj. Observe, and this is
a key point, that the prescribed ends of u; are always contained in a half
plane (this follows from the fact that the y-coordinate of x; and x; are
larger than the y-coordinate of xj). This allows us to use the results of
Proposition 5.2 in what follows.

To fix the ideas let us assume that the ends of uy correspond to the ends
of v, which are in upper half space while the ends of u; and u;/ correspond
to the ends of v; and vj which are in . Repeating the argument pre-
sented above in Case 2 simultaneously for the two ends which are parallel
respectively to the segments [x, x;] and [xx, xj/], we can determine the coef-
ficients Ky ., ky , and K¢ ., Ky, by formula which are similar to the ones used
in Case 2 and then use the result of Proposition 5.2 to find Dj, € Ker Ly,
whose asymptotic behavior in the upper half plane is prescribed by these
coefficients. It is at this point in the proof that we use the fact that the
model 4-ended solutions used to construct the approximate solution u. are
regular.

As in Case 2, we then define

wy, := Ki (Wi, + Dy).

We note that the estimate analogous to (6.6) holds and, this time, we find

- Cu. . . .
1Drllwze  (moyeoo,, = :(\F&r,j|+ Rt g+ [ g+ e

Pz me)-

Step 3. To complete the construction of the approximate solution, we use
appropriate cutoff functions to glue together wy, ..., wy at the different vertices.
We have already introduced the partition of unity xi,...,xv. Let us now define
the cutoff functions x1,...,Xv by the fact that x; is identically equal to 1 in the
union of those domains among €, ..., Q2p which have the property that x; belongs
to the closure of at least one of them. We also ask that X; is identically equal to
0 in the complement of the set of points at distance less than 7 from the union of
those domains among )1,...,Qp which have the property that x; belongs to the
closure of at least one of them. We finally ask that

1Xjlle=rz) < C.
With these definitions at hand, the approximate solution w is defined by
v

14
w = ZX]KJ*(D] +Dj) +Z}%]K;V}
j=1 j=1
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Following the construction step by step and using the definition of the weighted
spaces, it is easy to check that

_ Tt
3

(67) Hw”f,?né(RQ)GB@e < CeVe ‘f”if_)é(Rz)a

where ¢ is the maximum of the lengths of the edges of the network defined by
Aq,...,Ar. Indeed, this follows by induction from the results of Proposition 5.1
and from estimates (6.4), (6.5) and (6.6) and their analogs in Case 3. Note that
since 7 and 0 are negative, the coefficient in (6.7) before the norm of f is actually
very large. We now claim that there holds

(6.8) HLﬂeW—iniyé(R?) <Ce ¢ Hf”ii)é(m)-

Accepting this last claim, since ¢ > 0, the result follows from a standard perturba-
tion argument, provided e > 0 is taken close enough to 0.

It remains to prove estimate (6.8). Keep in mind that 7,6 are close enough to
0. First of all, given k = 1,...,V, since 4, is equal to one of the model 4-ended
solutions around each vertex, it is not hard to see that

Hi:(x Lew) = Hixpe Lo, (Hiw) + Oe ™% )w.

Let us define D; := ﬁj + Dj, for j =1,...,V. By definition of w we have

Loy () = L (Vi B Xo0)+ Loy (D Hix)+D (L (Vi HEXG) + Loy (D Hix) ) -
J#k
By construction xx xx = Xk, hence we get

(Hixe) (B (Vi B 06) + Loy (D Hixe) ) = B+ Hioxe L, (Di Hi (i = 1)):

In Supp xx(1 — xx) N (R2 \Bp), we can estimate

Xk Loy (D HE (e = D22 movs,y < Cem[1Dkllo,,

Ce— <

N

Fllz  ma)-

Inside the ball of radius p, in the set Supp xx(xx—1)NSupp x;, when j # k, we make
use of the fact that the functions D; and Dj, have been designed appropriately so
that their leading terms match along the edge [xx,x;] as has been described above.
Observe that in a neighborhood of this edge, we have x; = 1 — x; in the set we
consider and, using this, we conclude that

”(H]:Xk(Xk - 1)) kaDk + (HZXka) LU!«DJ'||£_’2_,6(R2) < Ce—¢

f‘lz‘z,{s(R2)'

Furthermore, to estimate the term H,’:Xkka(f/j Hpx;) with j # k, one uses the
fact that the function F} is compactly supported and VJ actually stays in a better
space WUQJQT0 PN (R?), with some fixed constants dp < 0 and 79 < 0. Other terms
appearing in the expression for H} xi L, Hjw can be estimated in a similar way
and the claim follows from summing up all these estimates over k. This completes
the proof of the proposition.

O
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7. THE NONLINEAR ARGUMENT

We have now all the tools needed to construct a solution of (2.1) by perturbing
the approximate solution %.. As usual, the idea is to look for a solution of the form
u = U + w, where w is small. This amounts to solving the following nonlinear
problem

iew + Ee +Qe(w) =0,
where

L= A+1-3a2, E. = Al + i — @2,

and

Qc(w) :== w® + 34 w?.
Previously (see (3.5)) we mentioned that the error E, tends to 0 as € tends to 0 and
we have also analyzed the invertibility of the linear operator which appears in this
nonlinear problem. As is clear from the analysis of the previous section, the right
inverse of the operator L. obtained in Proposition 6.1, takes values in Wff(Rz)EB@e
and the functions in this space do not necessarily decay exponentially fast at infinity.
Obviously, this fact causes some trouble in the solvability of a nonlinear problem
and to overcome this issue we need to modify the nonlinear problem we consider.

By definition, w € WTZ”;(R2) @D, is the sum of a function of W € V~V7252 (R?) and

a function
R
w = E wy,
=1

where w; is in turn are linear combinations of € x;0,@. and X; (£0y — y0y) .. We
can then define k¢ ; and £y j to be the coeflicients of the decomposition of H7w;
as in (5.5) (observe that in this decomposition, at most one of the couple (k¢f, x?)
is not identically equal to 0). We define a diffeomorphism associated to w by the
formula

R
Dy(x)=x+ Z)Zj(x) (%, + Ry, (x — xp,) — €Ky jag; ),
j=1

where x; is the vertex associated to the ray R; and
ag; "X+ bkj =0

the equation of the line containing the ray R; and, as usual, Ry is the rotation by
angle 0 in the plane. Geometrically this diffeomorphism corresponds to a rotation
and a translation of each ray. ) 5

Given the above decomposition of w € WTQ(S2 (R?)®D., we then look for a solution
of (2.1) of the form

u = (i +w) o1,

and we solve, instead of (2.1),
(7.1) (€ A(@e + @) 0 D)) 0 Dy + (e + @) + (Tie + W) = 0.
A comment about the form of this problem is due. Indeed, at first glance, it would
look more natural to define u = (. +w)o®P,; instead of u = (G +D) oq):bl. However,

it turns out that, with the latter choice the expression of (A((f + 1) o @) o @y
is simpler and this follows from the observation that, for functions of one variable,
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(uof~Y)of = u'/f" does not involve any composition with f =1 while (uof) of =t =
u f' o f~1 does involve some composition of f’ and f~'.
We have the following:

Lemma 7.1. Assume that 7,6 < 0 are fized close enough to 0. Then, there exist
constants C > 0 and ¢, > 0 such that
|€* At + e

_ a3l —(catr) £
“e”wff(m) <Ce )

where ¢, does not depend on €,7 and §.

Proof. The proof of this lemma uses the simple fact that along each end, any 4-
ended solution converges exponentially fast to a heteroclinic solution. The estimate
depends on the exponential rate at which the functions v; € M3"®", which are
used to construct u., approach the heteroclinic solutions along their ends. This is
reflected in the constant ¢, > 0 which only depends on this exponential rate. The
estimate also depends on the cutoff functions n; and this is reflected in the fact
that the constant £ > 0 only depends on the minimum of the distances between the
vertex x; and 00;, for j =1,...,V.

O

We now prove our main existence theorems.

Proof of Theorem 2.1 and Theorem 2.2. To begin with, let us assume that the col-
lection of affine lines A1, ..., A is chosen in such a way that the 4-ended solutions
v; used in the construction of the approximate solution are all regular.

We also choose 7,§ < 0 close enough to 0. In fact, we choose

_C*L<T<O7
e+ 0

where ¢, and / are the constants which appear in Lemma 7.1 and ¢ is the one
defined in Proposition 6.1.
We will prove that, for all e small enough it is possible to find a (small) function
w e V~Vf52 (R?) ® D, which is a solution of (7.1).
We define
Ne(w) == (€ A((Ge + @) 0 D)) 0 Dy + (lie + B) + (Ge + @),

and we rewrite the equation to solve as
1
(7.2) N(0) + DNy, (w) +/0 (DNfsw — DNfO) (w)ds = 0.

The first term on the left N¢(0) is the one which has been estimated in Lemma 7.1.
The second term on the left DN, |EU is the linearized operator at w = 0 which, thanks
to the result of Proposition 6.1 can be inverted. Indeed, it is clear that, restricted
to W27 (R?), we have

DNf = Le.
However, DN, \60 is not exactly equal to L. since these two operators do not coincide

when restricted to ®.. We now make this precise.
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Elementary differential calculus shows that the partial differential of N¢ with
respect to w, computed at w = 0 is given by

DN, _ (6) = Le (Di®),_, (6) - Viie) — Di®y,_,(8) - V (€ Adi + fic — 7).
Proposition 6.1 then implies that
o+ — Lt + Le (Dg®,_, (9) - Vi)

defined as an operator on WTQ ’52 (RY) & D, into Efﬁ(Rz) has a right inverse whose
norm is bounded by a constant times ¢!~V e 7. Next, Lemma 7.1 and a pertur-

bation argument shows that DN, |€O which defined as an operator on WTQ ’52 (R o 9.

into f/ié(Rz) also has a right inverse whose norm is bounded by a constant times
eV 67772.

The existence of w, which is a solution of (7.2), follows at once from a standard
application of a fixed point theorem for contraction mapping. We leave the details
to the reader.

Let us now explain why, still in the case where the functions v; € Mg" used to
construct the approximate solution u. are all regular, it is possible to find solutions
of (2.1) which have one end included in Aj, for each j = 1,..., L. In other words
it is possible to prescribe half of the ends of the solution by requiring that each of
the initial lines Aq,..., Ay contains an end of the solution. The idea is to modify
slightly the construction of the approximate solution and the construction of the
right inverse of the operator £. to ensure first that L of the ends (out of the total of
2L ends) of the approximate solutions @, are included in Ay, ..., Ap and second that
these ends are not modified in the perturbation argument. This last point requires
that we are able to find a right inverse for L. using a 2L-dimensional subspace of
. which only contains the functions that are not supported in a neighborhood of
the ends we try to fix.

The idea is to take advantage of the fact that, in Case 1 and Case 2 which appear
in the construction of the approximate solution and in the construction of the right
inverse for L., we have some freedom. For instance, if we go back to the construction
of the approximate solution @., we can first rotate the lines Aq,..., Ay such that
none of them is parallel to the x axis. Then, we assign 4-ended solutions to each of
the vertices step by step. At each step we associate a model solution to a vertex
which is chosen following some particular procedure. Then we eliminate that vertex
from the list. The general principle is that for all the vertices on any fixed line, the
one with larger y coordinate should be eliminated earlier than the one with smaller
y coordinate. Note that, in this way, the approximate solution could be defined
such that it has L ends matching the lines A4, ..., Ay, say matching the upper half
of each line. As far as the modification of the proof of Proposition 6.1 is concerned,
it can be done using a similar idea to choose the right inverse in such a way that
its image maps into the direct sum of V~Vf52 (R?) with a 2L-dimensional subspace of

D, which only contains the functions that are not supported in a neighborhood of
the ends we try to fix.

Let us observe that ®,; is defined for & € ®, while, in the fixed point argument,
we only use this map restricted to a 2L-dimensional subspace of . which corre-
sponds to the image of G.. This is reflected in the fact that the diffeomorphism @
does not move the L ends which we have decided to fix.
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To complete the proof, let us now explain what needs to be changed if, in the con-
struction of the approximate solution, the functions v; € M3"°" are not all regular.

In this case, we consider a sequence of affine lines (A§"))n20, e (A(Ln))nzo which
converge to Aj,...,Ar as n tends to infinity. Moreover, we ask that Ag"), . ,A(L")

are chosen in such a way that, to construct the approximate solution aﬁ"), one only

uses 4-ended solutions which are regular. This is possible thanks to the fact that

there are at most a finite number of 4-ended solutions which are not regular. One
then applies Theorem 2.1 to perturb aE”) into a solution uE") of (2.1), for all € small

enough (say € < €™). Then, (uizg))nzo satisfies all the required properties. a
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