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Abstract We first obtain Liouville type results for stable entire solutions of
the biharmonic equation —A%y = v? in RY for p > 1 and 3 < N < 12. Then
we consider the Navier boundary value problem for the corresponding equation and
improve the known results on the regularity of the extremal solution for 3 < N < 12.
As a consequence, in the case of p = 2, we show that the extremal solution u* is
regular when N = 7. This improves earlier results of Guo-Wei [20] (N < 4), Cowan-
Esposito-Ghoussoub [2] (N = 5), Cowan-Ghoussoub [4] (N = 6).

1. Introduction. Consider the biharmonic equation

A?u=—u"P, u>0 in RN (1.1)
where N > 3 and p > 1. Let
A(9) ::/ |A¢|2dx—p/ u" PtV 2dr, Vo € H*(RY). (1.2)
RN RN

A solution u is said to be stable if A(¢) > 0 for any test function ¢ € H2(RY). The
main aim of this paper is to classify the stable solutions.

We first consider the stability issue for radial entire solutions. It is known from
[7] that for N =3 and 1 < p < 3; N >4 and p > 1; and any a > 0, there is a
unique b := b(a) > 0 such that the problem

A2y = —uP in RV,
{ w(0) = a, W (0)=0, u(0)=b, u”(0)=0 (1.3)
has a unique positive radial solution u,(r) such that
() = [Qu(@)] YO sy — o,
where
04:1%, Qi(a) =a2—a)(a+ N —-2)(a+ N —4). (1.4)
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It is also known from [7] that for any b > b(a), the entire radial solution i, of (1.3)
with the initial values u(0) = a, «/(0) = 0, v”(0) = b and «/”(0) = 0 admits the
growth rate O(r?) at r = co. A comparison principle (Lemma 3.2 in [24]) ensures
that @, > u,. We can easily see that t, is stable if u, is stable. This implies that
the set of stable radial entire solutions of (1.1) with growth rate O(r?) at r = oo is
richer than the set of stable radial entire solutions of (1.1) with growth rate O(r®)
at r = co. This is a big difference between the equations with “positive exponents”
and “negative exponents”. (In fact, it is known from [19, 21, 29] that all the radial

entire solutions of the equation A?u = u? have the same decay rate O(riﬁ) at
r = 00.)

By arguments similar to those in the proof of Theorem 1 of [23], the radial entire
solutions {ug }as0 to (1.1) given in (1.3) is unstable if and only if

NN —4) (]\1[6_ 4 < pQa(a). (1.5)

The left hand side of (1.5) is the best constant of the Hardy-Rellich inequality (see
[27]): Let N > 3,

2 2 2
/RN |A¢*dz > w /RN |i’|4dx, Vo € H*(RY),
while the right hand side of (1.5) comes from the weak radial solution w(x) =
(Q(e)) 77 [z
In appendix A, we shall prove that (1.5) holds if and only if p satisfies

p6(3) <p < p§(3) if N =3,
p>1 if N =4, (1.6)
p > po(N) if5 <N <12

where p§(3),p3(3) and po(N) are defined as follows
Pi(3) = — /13 - 3V17 2 _ 5+4/13-3V17
N T IR A 3-V/13—3V17
 N+42-4+ N> —4/N?+ Hy
6-N+VA+N2—4/N2+ Hy

When p satisfies (1.6), the radial solutions {ug}q>0 to (1.1) given in (1.3) are
unstable. The study for radial solutions to (1.1) suggests the following conjecture:

(3) (1.7)

po(N) with Hy = (N(N —4)/4)%.  (1.8)

Conjecture: A smooth stable solution to (1.1) with growth rate O(|z|*) at oo does
NOT ezist if and only if p satisfies (1.6).

In this paper, we partially solve the above conjecture. To this end, we need to
define some exponents.

Let
N2(N — 4)? n (N —2)?

4 2
— 2_ /N2 *
N2 \/4+N VNN hen 5 < N <12,

p(N) = 6—N+y/4+N2—4 /N2 1 Hy, (1.10)

+00 when N > 13

Hy =

1, (1.9)
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and for N =4

1 ; N+2+ 4+ N2~ 4,/N77 Hy,
P-(N) =p.(N), pi(N)= : (1.11)
6- N —\/1+ N2 —4\/NZ+

241
P=5"%

With all the notations, we now state the following classification results.

(1.12)

Theorem 1.1. Let N > 3 and p > 1. Then equation (1.1) has no classical stable
solution u(x) satisfying

u(z) = O(|x]), as |z| — oo, (1.13)

if N> 5 and p > max{p,p.(N)} or N=3 andp € [g,oo)ﬂ(p(l)(?)),p%@)) or N =4

and p € [3,00)N(p;(4), p(4)), where a = 4/(p+1) and b, p.(N), p5(3), 15 (3), p+(4), p(4)
are given at the above.

Remark 1.2. Theorem 1.1 is the first result for the stable entire nonradial solutions
of (1.1). We know that po(N) = oo for N > 13. It is easy to see that p.(N) >

po(N).

Remark 1.3. Note that the condition (1.13) is natural since Equation (1.1) admits
entire radial solutions with growth rate O(r?). This marks dramatic difference from
the analogue fourth order equations with “positive exponents” ([19, 21, 29]).

We also study the corresponding Navier boundary value problem:

A2u=\1-u)"P, inQ,
(Py) 0<u<l, in Q,
u=Au=0, on 0f),

where Q C RY (N > 3) is a bounded smooth domain. It is well-known (see [2, 4, 20])
that there exists a critical value A* > 0 depending on p and €2 such that

(a) If A € (0, A*), (Py) has a minimal and classical solution wy which is stable;

(b) If A = X*, u* = limy_ ~ uy is a weak solution to (Py«), u* is called the
extremal solution.

(¢) No solution of (P)) exists whenever A > \*.

An interesting question is the regularity of the extremal solution w*. If the
domain € is the unit ball, then one can use the methods of [8, 3] to obtain optimal
results for the radial extremal solution in the case of f(t) = (1 —t)72 (see for
instance [17, 26]). For general domains, it is known from [2, 20] that u* is bounded
away from 1 provided N < 5. Theorem 3 of [4] improves this to N < 6. The
expected result that v* is bounded away from 1 is N < 8, which holds on the ball,
see [26]. In this paper, we obtain the following theorem:

Theorem 1.4. The extremal solution u* is smooth, i.e., supgu* < 1, if 5 < N <12
and p > p.(N); N =3 and p € (py(3),p3(3)); N =4 and p € (p;(4),p2(4)).

It is easy to see that p,(7) < 2. Thus we obtain
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Corollary 1.5. The extremal solution u* to the following MEMS problem

A2y = (lj\u)27 mn Q,
0<u<l, in €,
u=Au =0, on 052,

is smooth up to N < 7.

This improves the result in Guo-Wei [20] (N < 4), Cowan-Esposito-Ghoussoub
[2] (N = 5), Cowan-Ghoussoub [4] (N = 6). Moreover, we obtain optimal results
for the regularity of u* for N = 3 and general p.

Let us comment on related results. In the second order case, the finite Morse
index solutions to the corresponding problem

Au+|ulT'u=0 inRY, ¢>1 (1.14)

have been completely classified by Farina [18]. One main result of [18] is that
nontrivial finite Morse index solutions to (1.14) exist if and only if ¢ > py; and
N > 11, or ¢ = % and n > 3. Here py is the so-called Joseph-Lundgren
exponent. This also yields the optimal regularity for extremal solutions of the

corresponding bounded domain problems.

For semilinear equations with negative exponents
1 . N
Au:u—p, u>0 inRY, p>1, (1.15)

the finite Morse index solutions has also been classified by Esposito [15] and Esposito-
Ghoussoub-Guo [16, 17]. See also Du-Guo [14] and Ma-Wei [25].

The finite Morse index solutions for semilinear problems in other contexts have
been studied by many authors recently, see, for example, [11, 5, 9, 13, 6].
For the fourth order with positive power case

A2y = |JufP~lu in RY (1.16)

there have been many ractivities recently. It is known that Farina’s approach (which
ammounts to Moser’s iteration) does not work for (1.16). There are several new
approaches dealing with (1.16). The first approach is to use the test function —Aw.
To this end, one has to use the following Souplet’s inequality ([28]): for u > 0
satisfying (1.16) it holds
2 pt1
2

P 7Y <0. (1.17)

This will give an exponent 1~ + €y for some ey > 0, see [2] and [29]. The second

Au +

approach, independently obtained by Cowan-Ghoussoub [4] and Dupaigne-Ghergu-
Goubet-Warnault [11], is to derive the following interesting intermediate second
order stability criterion: for stable positive solutions to (1.16) it holds

@/RN WP < /RN Vo, Vo e CLRN). (1.18)

This approaches improves the first upper bound % but it again fails to obtain the
optimal exponent po(N) (when N > 13). By combining these two approaches one
can show that stable solutions to (1.16) do not exist when N < 12 and p > H,
see [22]. Finally in a recent paper [10], Davila-Dupaigne-Wang-Wei employed a
monotonicity formula based approach and gave a complete classification of stable
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and finite Morse index (positive or sign-changing) solutions to (1.16. A remarkable
outcome of this third approach is that it gives the optimal exponent. Unfortunately
it seems that the monotonicity formula approach of [10] does not work well with
negative exponent. In this paper, we combine the first and second approaches for
negative exponent.

Acknowledgment. The research of the first author is supported by NSFC (11171092)
and Innovation Scientists and Technicians Troop Construction Projects of Henan
Province (114200510011). The research of the second author is supported by Ear-
marked Grants from RGC of Hong Kong and NSERC of Canada.

Note added after the completion of the paper. After the paper was com-
pleted, we were informed by Prof. L. Dupaigne that he and Prof. P. Esposito [12]
have obtained similar results when p = 2.

2. Preliminaries. In this section we collect some properties of the entire solutions
of (1.1) which will be useful in the following proofs. We will let v = Awu in this
paper for notation simplicity. As a very first step, we start with

Lemma 2.1. For any point xo € RN and all v > 0,

f do

_ p— — 0B, (zo)

u P(r) <uP(r), ulr)=—"F7—"—. 2.1
() W), () = THEE (21)
Proof. This is an immediate consequence of the Jensen’s inequality, as the function
f(u) =u~P is convex on the interval (0, c0). O

Lemma 2.2. Ifu > 0 is a C* solution to (1.1) in RY, then Au > 0.

Proof. The proof of this lemma is quite elementary. First we show that Au > 0.
Assume there were a point zg in RﬁN such that Au(zg) < 0. Then it follows from
Lemma 2.1 that u(r) and o(r) := Au(r) satisfy
Au =T,
{ AT+ P <0, (2:2)
Since T(0) = wv(xp) < 0, the inequality in (2.2) dictates that v(r) < ©(0) for all
r > 0. Replace the first equation in (2.2) by the differential inequality

Aw < 7(0)

and integrate it to get
a(r) < w(0) + 29,2 (23)
2N
If r is large enough, we see that w(r) < 0. This is clearly impossible since we have
assumed that wu is positive everywhere.
Next assume v = 0 at some 1. Then Av(xz;) > 0 since v attains its minimum
there. This contradicts Eq. (1.1). This completes the proof of this lemma. O
Note that the definition of @W(r) or ¥(r) in Lemmas 2.1 and 2.2 depends on zp. In

the following, we still use u(r) and (r) to denote the spherical average with z¢ = 0.
Lemma 2.3. We have
u'(r) >0, u"(0)>0, (2.4)
7(r) <0 (255)
for all r > 0.
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Proof. We multiply the inequality in (2.2) by »V~! and integrate the resulting
equation to get

V1T (r) +/ NP (t)dt <0,
0

where we have used the condition that ¥'(0) = 0. Eq. (2.5) follows immediately.
Similarly, from the facts that v > 0 and (r¥ =%/ (r))" = 7NV ~1%(r), we integrate this
last equation to conclude the first inequality in (2.4). Notice that we have used
' (0) = 0. Since Nu”(0) = (A%)(0), we easily see that w’(0) > 0. O

In this paper, we use C' to denote generic positive constants, which may change
term by term, but does not depend on the solution w.

Proposition 2.4. Assume that N > 3 and p > 1, u > 0 is a C* solution to
(1.1) satisfying u(x) = O(|z|¥) as |x| — oo with « = 4/(p +1). Then for R > 1
sufficiently large,

/ uPdx < CRNP2, (2.6)
Br

/ uldr < CRN*?, (2.7)
Br

Proof. It is easily seen from the first equation of (2.2) and the fact ¥’(r) < 0 that
w(r) < Cr2a(r) forr >0, (2.8)

where C' = C(N). On the other hand, since u(z) = O(|z|*) as |z| — oo, it follows
that for R > 1 sufficiently large,

u(R) < CR” (2.9)
and hence (2.8) implies
(R) < CR*™2. (2.10)
Therefore,
2R 2R
/ u Pdr < C’RNfQ/ rlfN/ u Pdr = fC’RNfz/ rlfN/ Avdx
Br R B, R B,
2R
= —CORN™2 / v (r)dr < CRN7*B(R) < CRY 7P (see (2.10)),
R
since N—4+a=N — 1)4% = N — pa. This shows (2.6).
(2.7) follows from the growth assumption on wu. O

Proposition 2.5. Let u > 0 be a C* solution to (1.1) with p > 1. Then the
following inequality holds:

2
v > ———u'? in RV, (2.11)
p—1
The inequality (2.11) is a generalization of the similar inequality given in [28] for
the Lane-Emden system.

Proof. Writing (1.1) as the system of equations

{ Au=v (2.12)

Av=—u"P,
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and defining w(z) = fu’ — v with £ = ,/% and 0 = 1%1’, we see that v > 0,0 <0

and

Aw Eo(u”ilAu + (o0 — 1)u"72|Vu|2> —Av

lou to4u7P
u” T (lu — )

= Y.

Y

It follows that
Aw >0 in the set {w > 0}.
Consequently, for any R > 0, we have

N-1
/ |Vw, |* = 7/ w+Aw+RN71/S wi(R)w,(R) < R2 f'(R), (2.13)
Br Br N—-1

where f(R) := [qn_1(wy)*(R). Let g(R) := [¢n_.u P(R). We note that f <
C’ng?l.
We now show that for R > 1 large enough,

R
/ g(r)rN "tdr = / u Pdr < CRN 72 (2.14)
0 Br
To show (2.14), by the argument
l/ u"Pdr < CRN?%(R)
Br

in the proof of (2.6) of Proposition 2.4, we only need to show that, for R > 1 large
enough, T(R) < C, where C is independent of R. Indeed, @ is a subsolution in the
sense that it satisfies A?u +u? < 0, w'(0) = 0 and u”'(0) = 0. Next, define the
radially symmetric quadratic function z(r) = u(0)+ w#. It is a supersolution as
it satisfies A?z+277 > 0, 2/(0) = 0 and 2”/(0) = 0. A comparison principle (Lemma
3.2 in [24]) ensures that z > u. The radially symmetric solution U of the initial
value problem A2U + U~P = 0 with U(0) = u(0), U’'(0) = 0, U"(0) = @”(0) > 0,
U"(0) = 0 exists on (0,00) and satisfies 7 < U < z by the same comparison
principle. Therefore, for any R > 1,

- - 5, u(0)
mmSCquagc@@R + 2)§G
Therefore, (2.14) holds.

On the other hand, (2.14) implies that g(R;) — 0 for some sequence R; — oc.
Consequently, f(R;) — 0 and there exists a sequence R; — oo such that f'(R;) < 0.
Letting i — oo in (2.13) with R = R;, we conclude that w, is constant in RY. But
wy = C > 0 would imply w = C by continuity, hence u > C' which implies that
u~ (=1 > C2. This contradicts the fact that for R > 1 sufficiently large,

(p=1)
/ uw P Vdg < (/ u_pd;v> ! |BR|% < C’R%+% = CRN"%t%.
BR BR

Thus w4 = 0 and the conclusion follows. O
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3. Some decay estimates for stable solutions of (1.1): Proof of Theorem

1.1. In this section we obtain some useful decay estimates for stable solutions of

(1.1).

Lemma 3.1. Let u > 0 be a C* solution to (1.1) satisfying u(x) = O(|z|*) as
|z| — oo and v = Au. Then for R > 1 sufficiently large, there holds

/ (v2 +ulP)dz < CRN 43t (3.1)
Br

Proof. We use an identity given in the proof of Theorem 1.1 of [29] (see also [22]):
For any ¢ € C*(RY) and n € C§°(RY), we have

Jan (A2)énPde = [on [A(En)]Pdz + [0 [-4(VE - V)2 4 26AE| V[ ]da )
+ Jox €[2V(A0) - Vi + (A0)?] . (3.2)

Take £ = u, a solution of (1.1) into (3.2), there holds

/[A(un)}QdI—i—/ ut"Pnidx
RN RN

= / [4(Vu V)2 = 2uv|Vn|? — u? (QV(Ar]) -Vn+ (An)Qﬂdx.
RN
Since A(un) = 2Vu - Vi + ulAn + vn, we obtain that
/ {U2772 +u1—p772:| da
RN
< C/ {|Vu\2|V77|2 +u?|V(An) - V| + uz(An)z} dx + C/ wv|Vn|2dz.
RN RN

Here and in the following, C' denotes generic positive constants independent of w,
which could be changed from one line to another. Using

2/ |Vul|?|Vn|*de = / w?A(|Vn)|?)dx — 2/ uv|Vn|2da,
RN RN RN
we can conclude that
/ [U2772 _|_u1—p,'72:| da
RN
< c/ [1V(an) -l + (An)? + A7) )]dx+c/ we|Vrl2dz.
Take n = ™ with m > 2 and ¢ € C§°(RY), ¢ > 0, it follows that
/ wv|Vn|*de = mz/ w ™ Y| V|2 de
RN RN
< — (ve™)?dx + C’/ w2 |Vt d.
2C" g~ RN

Choose now ¢ a cut-off function in C§°(Bsg) satisfying 0 < g < 1, o = 1 in By.
Input 7 = ¢™ and m > 2 with ¢ = po(R~1x) for R > 1 into the above inequalities,



BIHARMONIC EQUATION WITH NEGATIVE EXPONENTS 9

we arrive at

C
/ (v +ulTP)?™Mdr < i u2p?m A dy
C
< —= u?dx
R Bar
< CRNY5 (see (2.7)).
Since p?™(x) = 1 for # € Bg, we obtain (3.1). O

For k € N, let Ry, :== 2*R with R > 0.

Lemma 3.2. Assume that u is a classical stable solution to (1.1). Then there exists
0 < C < oo independent of u such that for any s > 1

C
/ uPv e < —2/ vidr, VR >0, (3.3)
Bry, R BRk+1
provided that
32p o 32p(p—3) 64p
Li(p,s) = s* — s° 4+ s+ <0 3.4
1(p:9) p—1 (p—1)? (p—1)? 34
or for any 1 < s < \[p("_i L (3.3) holds provided that
p+1 p+INt 32p 5, 32p(p—3) 64p
b2 (1) ;
o(p,s):=s — s+ P p—ls - 17 S+(p—1)2<
(3.5)
Remark 3.3. We see that if v = (gﬁ)s, then
p—1\4 p—1\4
Ho(p, :(—)L \s), Hi(p, :(—)L ).
o(p, @) ) o(p,s), Hi(p,x) P 1(p; )

Since for x > 1,
Hy(p,z) <0 if and only if p > po(2 + 2x),
then for s > (p+1)/(p—1),

2(p—1)
Lo(p,s) <0 if and only if p > p0(2 + 5o s)

Similarly, since for x > T,
Hy(p,x) <0 if and only if p > p.(2 + 2z),

(p+1)—
D

Li(p,x) <0 if and only if p > p. (2 + 2((;_11)) )

For s € ((f p1)§p+1)7 pHlg )

then, for s >

Hi(p,z) <0 if and only if p € (p* (2 + 2(p+11)s> P2 (2 + 2(p+11)s>).

(V2-1)(p+1) p+1

Moreover, for s € ( ) and s1 < sg, we have

p—1 ?p—1
2(p—1) 2(p—1)
L<pb(z+ 2200) <24 2020,
Po P+ 1 2 Po Pt 1 1

2p— 1 2(p — 1
<p3(2+§f+1)sl) <p3(2+(;’+1)52),
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and for s € ((gf}), %f) and s1 < s2, we have

2(p—1) 2(p—1)
1< 1(2+ )< 1(2+ )
b p+1 51 P p+1 52

2(p 1) 2(p 1)

2 2

<p*(2+ s)<p*<2+ S).
p+1 ! p+1 2

Proof of Lemma 3.2. The proof of this lemma is motivated by the proof of Lemma
3.1 of [22]. Let u be a classical stable solution of (1.1). Writing the equation of u
as

—Au=1z
{ —Az=—u""P (3.6)
with z = —v and using arguments similar to those in the proof of Lemma 3 in [1],
we obtain that
N B L (3.7)
RN RN

for all p € C°(RY). Let ¢ € C2(RY) and ¢ = u%¢> with ¢ < —1. Take ¢ into
the stability inequality (3.7), we obtain

\/p/ u—%“uq+1¢2g/ uq+1|v¢|2+/ |Vu%“|2¢2+(q+1)/ WV Vo,
RN RN RN RN

(3.8)
Integrating by parts, we have
a 1)2
/RN V' PgPdr = LZ ) /RN w! ™[ Vul?¢*dx
2
= L +1) / ¢2V(uq) - Vudzx
4q RN
_ (q + 1)2 / q 2 q + 1 q+1 2
= 17 - ulvp*dx 10 Jon V(i) - V(¢?)dx
1)? 1
= _((14—7)/ qub?dx—i—i/ uq+1A(¢2)dac
4q  Jrw 4q  Jrw
and
1 1
(q+ 1)/ ul¢pVu - Vodr = 7/ V(ut™t) Vv (¢?)dr = _7/ ut T A(¢?)de.
RN 2 RN 2 RN

Combining (3.8) and these two identities, we conclude that

al/ u_(pgl)uqH(dexS/ uqv¢2daj+0/ uI (| A(PH)| + | VeP)dx  (3.9)
RN RN RN

where a; = _(ii\{)i > 0 (note ¢ < —1). Choose now ¢(z) = h(Rj'z) where
h € C§°(Bsg) such that h =1 in By, there holds then
1 C
/ w2 dy < — | wlvgtda + —2/ utttdz. (3.10)
RN ail JrN R BRk+1

Now, apply the stability inequality (3.7) with ¢ = v ¢, r > 0, there holds

\/ﬁ/ u*%vrﬂd)2 < / v’“+1|V¢\2+/ ‘V’U%P(JSZ—I—(T—I—I)/ v Vv - V.
RN RN RN RN
(3.11)
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By very similar computation as above (recalling that —Av = u~P), we have

p+1 1 C
/ u T "Helde < — u"Pu" prdr + — -5 v, (3.12)
RN @2 JRN R Bry
where as = (i:\ﬁz.
Using (3.10) and (3.12), there holds
I + aQHIQ = / u_Tuq'Hd)?dx + a”l/ u_pTHvT'Hgb?dx
RN RN
1 C
< — ulvg?dr + ag/ u"Pu" ¢ de + —2/ (u?™ " d,
a RN RN R BRkJrl
Fix now
2q=—(p—1)r—(p+1), orequivalently ¢+ 1= —%. (3.13)
By Young’s inequality, we have
1 1 p P
— wvg? = — T e vd?dx
al JrN RN
-1 u_pTﬂu#l(qH)U(dex
RN
r p+1 1 p+1
< u” it de + 7/ w2 v grde
- r+1 /]RN ¢ a?‘l(r—&-l) RN ¢
r 1
= + I
r+1" ay Tt r+1) ?
and similarly
2 aytr
5 “PyTpcdx < I ——1I.
aQ/RNu v" P xi 1+ 1
Using these, we obtain that
1 ay Tl C
a5 < | + 2 +—/ witt 4ot dg 3.14
2 2= attr+1)  r+1 *TR? BRHl( ) (314
hence
r+1 _ 1 C r+1
(041612) 1.2 S aq / (’LLq+1 + ’l}r+1)dl'. (315)
r+ 1 R2 BRk+1

If we denote s = r + 1, then for s < \/ip(;in and ajas > 1 — é’i;g; [25% — (;%})2],

by the choice of ¢, we see from (3.15) that

C
/ e < I < — (T + v da. (3.16)
Br, R BRk-H

From (2.11) and (3.13), we get u¢™! < Cv®. Therefore, we obtain that
(i) if ajag > 1 and s > 1,

C C
/ u—pvs—l <C u—pTlvs < 72/ (uq+1 +UT+1) < 72/ ,Us7
Br, Bry, R* Jp R* Jp

Rp4q
(3.17)

R4
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() if araz > 1= GEGE (28" — (B5)°) provided 1 < s < Bty
. c ¢
/ u Pyt <O u Tt < 7/ (™ + o) < 7/ v
Br,, Bg, R Bry R Bryy
(3.18)

For case (i),
ajag > 1 is equivalent to L1 (p, s) <0,

where

32p o  32p(p—3) 64p
s° 4+ S+ . 3.19
p—1 (p—1) (p—1)? (3.19)

Li(p,s) = s*

For case (ii),

1)? 1\2
ajas > 1— (](9p—+1);s4 [252 - (%) } is equivalent to Lo(p, s) < 0,
where
pP+1N2 5 (pH+INt 32p 5, 32p(p—3) 64p

Lo(p, s) := 54—2(7) s +( ) - s°+ s+ . (3.20

olp,9) p—1 p=1) o=t T e o B0
These complete the proof of this lemma. O
Corollary 3.4. Assume that u is a classical stable solution to (1.1). For any
e > 0 sufficiently small, suppose 5 < N < 12 and any Ep+1g =S50 < B =

N]\i2 (§+P (—Jre) Then there is some integern > 1 and 0 < C' < oo independent

of u and € such that

(/BR vﬁ)% < CRN%J(])(/BRM USO)%, (3.21)

for all R > 1, provided that p satisfies

N -2
H1<p7T+€) < 0.

Suppose N = 3 and %Z—"'} > 25: T = %0 < 8 = 3(?_?) (% + e) (note that

so > 1 for1 < p < 3). Then there is some integer n > 1 and 0 < C < o0
independent of u and € such that

1 a1
(/ vﬁ)ﬁ gCR?’(%*%)(/ USO)S‘), (3.22)
BR BR3n
for all R > 1, provided that p satisfies
1
Hy (p, 5) <0.

Suppose N =4 and % =50 < f:= Qgiﬁg (1+¢€). Then there is some integer
n>1and 0 < C < oo independent of u and € such that

(/ v )ﬁ <CR4(ﬁ So)</ vso)%, (3.23)
Br Brg,,
for all R > 1, provided that p satisfies

both H, (p, 1) < 0 and H, (p, 1+ e) < 0.
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Proof. To prove this corollary, we can use the iteration argument as in [1]. First
we need to claim that for 5 < N < 12, if p satisfies

B(EY 524 <o

then

Li(p,s) <0 for s € (so, gi; [% —I-GD.
To see this, a direct calculation implies that p.(N) is an increasing function of N
for N € [5,12]. Therefore, for any fixed z. > T, H1(p,z.) < 0 implies Hy(p,x) <0
for x € (%, z.). Note that p.(2 + 2z.) > p.(2 + 2z) for z € (T,z,). Our claim can
be obtained easily from

Hi(p.) = (5. 2 0s) = (A7) Tl

and 7 = PN < 2= Ep Ds < <7N2_2+6>.

- (p+D) p+1)
For 2/2 < 3 < 4, we need to claim that L (p, égﬂ) < 0 implies that Lo(p, s) <

0 for s € [so, ( —l—e) pﬂ} To see this, we need to use the fact that for v2—1 < ¢ <

x < 1, Ho(p,x0) < 0 implies Hy(p,z) < 0. Note that (pj(2 + 2x¢),p3(2 + 220)) C
(p$(2 + 22),p3(2 + 2x)). Our claim can be obtained easily from

Ho(p.w) := Ho(p, &1;5) — (2) L)

and V2 -1 < 1= EZ-‘-B =19 < T = Ep 1§s< +e < 1. We use Hy(p, ),
Lo(p; 5), po(2+22), p(2-+2x) instead of Hi(p, x), L1(p, s), pi(2+2x) and p2 (2+2z)
here, because of s < \}i“ for s € [so, ( + e) p+1}

The proof of N = 4 is similar to that of N = 3. But we should use H;(p,z),

Li(p,s), pL(2 + 2x) and p?(2 + 2z) here, because of sy > kg“. Note that for
Ni, Ny € [4,N) and Ny < No,

1< pi(N1) < pi(Na) < pZ(N1) < pZ(Na).
Then if p satisfies both Hy(p,1) < 0 and Hi(p,1 +¢€) < 0, we see that p €
(pL(4),p?(4 + 2¢)). Therefore, p satisfies

Li(p,s) <0 for s € (Egig,(l—i—e)gjg)

These complete the proof of this corollary. O

Proof of Theorem 1.1: We first consider the case of 5 < N < 12 and p >
max{p, p.(N)} with p := 2L, We see that Egt}gi < 2. Then for sy as given in

Corollary 3.4 and R > 1,
s
/ vodx C(/ vzda:) : RNL;SO)
Br Br
N(2-sq)
2

IA

CR%O(N—4+2a)+

IN

_ CRN_(Q_O‘)SU7

(see Lemma 3.1). It follows from Corollary 3.4 that when p satisfies

N -2
H1(7
2

+e)<o,
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(/B vﬁ>% gCRN%—%)(/B vso)%, (3.24)

R3n
for all R > 1. It is easily seen that

then

N -2
H, (p, + e) <0 < p>p.(N+2). (3.25)
Therefore, for p > p.(N + 2¢),
/ vPde < CRN=(2-98 YR > 1. (3.26)
Br
Note that ( )
2(p—1
N—(2- <0<= N< ——=0.
(2-a)s il
Since ( )
2(p—1 2N /N -2
o N—Z( 2 +6) >N,

after sending R — oo we get that [|v[| s@~) = 0, which is impossible since v is
positive. The arbitrariness of € implies that for p > max {g'_"—g,p* (N)}, u does not
exist.

Now we consider the case of N = 3. It is known from Corollary 3.4 that when p

satisfies Hy(p, %) < 0, then

(/BR vﬁ)% < CR?’(%_%)(/B USO)ﬁ, (3.27)

R3n

for all R > 1. We easily see that

Hy(p.3) <0 = pephE)LRG).

2
On the other hand, we see that
1
M <2 ifp> %
2(p—1)

Then for p € [2,00) N (p§(3),p3(3)), we have

1

1 1
(/ vﬁ) 7 < CRB(%*%)(/ uSO)SU < ORMGTa) %m0 (3.08)
Br B

R3n

This implies that

/ vde < CR¥*=(~98  vyR> 1. (3.29)
Br
Since ( )
2(p—1
3—2—-a)f=3 - ———0=3—-(34+6¢) <0,
(2-a)i=3- 77 H =58 (3469

after sending R — oo we get that ||v||Lg(RN) = 0, which is impossible since v is
positive. This implies that for p € [2,00) N (p§(3),p3(3)), u does not exist.

The proof of N = 4 is similar to that of N = 3. We need to send € to zero.

To conclude, the equation (1.1) has no classical stable solution with u(x) =
O(Jz|™) provided that

p > max{p,p.(N)} for5 <N <12,
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and

and

O

4. Navier boundary value problem: Proof of Theorem 1.4. In this section,
we consider the regularity of the extremal solution u* of the problem:

A2u=\1-u)"P, inQ,
(Py) O<u<l, in Q,
u=Au=0, on 0f),

where Q C RV (N > 3) is a bounded smooth domain. We give the proof of Theorem
1.4.

Proof of Theorem 1.4: Let uy be the minimal solution of (Py), it is well known
that uy is stable. To simplify the presentation, we erase the index A on u). We

easily see from the maximum principle that Au < 0. If we define v = —Awu, then
v>0in Q.
It is known from [4, 2] that there holds
\/)\p/ (1- u)_pTﬂgfdx < / \V|?dz, Vo e Hy(Q). (4.1)
Q Q

g+1

Using ¢ = (1 —u) 2z — 1 with ¢ < —1 as test function, we see from (4.1) that
Va, / (1—u)—pT+1+q+1 [1_2(1—u)_q2j—l—(l—u)_(‘”l)}dac < /(1—u)qux (4.2)
Q Q

4q/P
where a1 = —ﬁ

(4.1), we obtain

. Similarly, using ¢ = v with r > 0 as the test function in

Vas / (1- u)f%vﬂrldx < )\/ (1 —w)"Pv"dx, (4.3)

Q Q

where ay = %. Take always 2¢ = —(p— 1)r — (p+ 1), ie., g+ 1= —%.
Applying Holder’s inequality, there hold

/Q(l—u)qux < (/Q(l—u)_PTHv"“dgc)m(/Q(l—u)_%'*"ﬂrldgc)m (4.4)

and
1

/Q(ku)*%rdz < (/Q(pu)*%“vmdx)m(/Q(pu)*%ﬂﬂdz) T (4.5)
Multiplying (4.2) with (4.3), using (4.4) and (4.5), we obtain

_pt1

a1a2/(1—u)—%ﬂ+q+1 {1_2(1_u)—%_i_(l_u)—(qﬂ)}dxS/(l_u) gt g,
¢ Q
(4.6)

Therefore,

(1-70) [a—w B rriar < [ o 80 o )8 e @)

a10a2 Q
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Applying Holder’s inequality, we see that

(p+1)—(g+1)

/(1 - u)prJrlylzi [2 - (1- u)f%}das < (/ (1-— u)*%ﬂﬁldx)mc,
Q Q

(note that ¢ < —1). Therefore,

() (fomr e ena) ™ T ey
Q _

aiaz

Therefore, if 1 < s < %% and Lo(p, s) < 0, we see that

aias > 1—

- (D)

(p—1)%s* p—1

This and (4.8) imply that for any 1 < s, < %% and Lo(p, s«) < 0, then

/(1 - u)f%ﬂﬂdac <C. (4.9)
Q

Now, we choose s3 := 2((1;";11)). Then 1 < 53 < %% for N=3and 1 <p< 3. We

also know that Lo(p, s3) < 0 is equivalent to Hy (p, %) < 0 and

1 . .
H, (p, 5) < 0 if and only if p € (p§(3),p2(3)).

This implies that if p € (p{(3),p3(3)) for N = 3, we have (4.9).

Similarly, when N = 4, we also choose s4 = Egi; and see that Li(p,s4) < 0
is equivalent to ajas > 1. This implies that if Li(p,s4) < 0, (4.9) holds. But
Li(p,s4) < 0 if and only if Hi(p,1) < 0. But Hi(p,1) < 0 if and only if p €
(0}(4),p2(4)). Therefore, if p € (p1(4), p2(4)) C (pb(4), 3(4)), (4.9) holds. Note
that p3(4) = 1 and p3(4) = oo.

For 5 < N < 12, we choose sy = %%’%}) and use the similar arguments to

obtain that for p > p.(N), (4.9) holds.
We see from (4.9) and u* = limy_,, uy, that

(1—u,) "t e L™ ~lavth(q), (4.10)
with gy + 1 = —2=Dew — _ (N=D@HD) - g
p+1 N(p+1)
T )=—"LT"
5 (gn +1) 1
This implies that
(1—wu)Pe L 5 (Q).
This and Theorem 6.2 of [2] imply supg u. < 1. This completes the proof. O

In appendix, we discuus the validicity of the inequality (1.5).
Define the following function

gla, N)=pQs(a) =4 —a)2—a)(la+ N —-2)(a+ N —4), ac(0,2).
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We discuss different dimensions. For N =3 and 1 < p < 3, we see that a € (1,2)
and ¢(1,3) = ¢(2,3) =0, g(a,3) > 0 for @ € (1,2). A simple calculation shows that
gl (a,3) < 0 for a € (1,2). Therefore, there are exactly 1 < a; < ag < 2 such that

9 9
g(a1,3) = g(a2,3) = 16’ g(a,3) > 16 for a € (a1, a2).

Since ¢(4/3,3) > 9/16, we see that a; < 4/3 < ay. These imply that there exist
1 < pb(3) <2 < p2(3) < 3 such that (p, 3) := g(a, 3) satisfies

9
16

JPH(3).3) =GR, 3 = 1, 3(0.3) > < for p € (R(3),5(3)).

It is known from [7] that

o3 Az 5= 13 — 317 pg(g)_4—a1._5+\/13—3\/17
0 a T 34/13-3v17 ar T 3-\/13-3v17

For N = 4, g(0,4) = ¢(2,4) = 0 and g(a,4) > 0 for @ € (0,2). Therefore,
g(p,4) := g(a,4) > 0 for p > 1. This implies pyp(4) = 1 and when p > py(4),
3(p.4) > S5

For N > 5, we see that g(0, N) = 8(N — 2)(N —4), g(2, N) =0 and

go(,N)=—=2a+ N -6)[2—a)(a+N—4)+ (4 —a)(a+ N —2)].
Therefore, g/, (a, N) <0 for a € (0,2) and N > 6.

We also know that ¢(0,5) = ¢(1,5) = 24 > 25/16; ¢g//(«,5) < 0 for a € (0,2).
Moreover, a simple calculation implies that
N2(N — 4)?

16
Therefore, we have the following cases:
2 2
(i) gla, N) > ]\[2(11\]76_4)2 for N =4 and o € (0, 2),
(i) g(o, N) < =47 for N > 13 and « € (0, 2),

16
(iii) there exists a unique o € (0,2) for 5 < N < 12 such that

g(0,N) > for 5 < N <12.

N2(N—-4)2

> 16 for a € (0,0&0),
2 2
gla, N)§ = 1\[(];’76_4) for a = ag,
2 2
< 1\[(]1\’76_4) for a € (g, 2).

Therefore, for 5 < N < 12, there is a unique

N+2—\/4+N2—4\/m6
6—N++\4+N2—4y/N2+ Hy
where Hy = (N(N — 4)/4)2, such that

<Hy forpe (1,po(N)),

9(p,N) :=pQa(a) { = Hn  for p=po(N),
> Hy  for p > po(N).

(1, 00)

po(N) == (4 —ap) /g =

Moreover, a simple calculation implies that po(N) € (1,2) for 5 < N < 8 and
po(N) € (2,00) for 9 < N < 12.
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If we define N = 2 + 2z, a direct calculation shows that (1.5) is equivalent to
Hoy(p, ) <0, where

_32p(p—1) 5 32 -1)(p—3) | 64p(p—1)°

Ho(p,z) := (2% — 1)? x
olp) = ) (p+1)? (p+1)3 (p+1)*
It is clear that Hy(p,x) = Hy — g(p, N). Therefore, for any fixed = > 1,
Ho(p,z) <0 if and only if p > po(N) := po(2 + 2z). (0.1)

If N =3 (ie. = 1), then
1
Hy(p, 5) <0 if and only if p € (p§(3),p2(3)). (0.2)

We also know that for z € (v/2 — 1, 1), there are 1 < p}(2 + 2x) < p3(2 + 2z) such
that
Hy(p,x) <0 if and only if p € (p{(2 + 22), p3(2 + 22)). (0.3)

Moreover, for 1,25 € (V2 —1,1) and z; < 2o,
1< po(24222) < po(2+221) < P22+ 221) < p2(2 + 222). (0.4)

We now define

4 32p(p—1) 32p(p—1)(p—3)  6dp(p—1)°
Hy(p,z) = 2* TESIE 22 TESE x+ PESO
Then

(N —2)*

Hl(p7$>:H0(pax)+2x2_1: |:HN+ 2

We see that Hf, = Hy+ Y52 1 < Hy for N = 3and Hy+352° 1> Hy
for N > 2 4+ /2. Therefore, for N > N, where EG (4,5) is the unique root of the
equation 8(N —2)(N —4) = Hy and z > T := 3(N —2) € (1,3/2), there is a unique
Ps(N) = pe(2 + 22) > po(2 + 2x) with

N+2- 4+ N2 4,/NTT
p*(N)i

6— N+ \/4+ N2 —4/NT T Hy,

such that
Hy(p,x) <0 if and only if p > p.(2 + 22). (0.5)

For x € (V2 — 1,7), i.e., N € (2/2,N), there are pL(N) := pL(2 + 2x) and
p2(N) := p2(2 + 2z) with

1 N+2- 1[4+ N2 -4y /NET Iy,
p.(N) =

6— N +\/4+ N2 —4/N? T Hy,

N2+ 4+ N2 - 4/NTTHy,

6— N —\/4+ N2 —4\/NZ1 Iy,

and
1< pp(2+22) < ph(2+2z) < p2(2+ 27) < p3(2+ 27)
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such that

Hi(p,z) <0 if and only if pl(2 +22) < p < p?(2 + 2x). (0.6)

We also have that for 2v/2 < N; < Ny < 4,

1 < pg(N2) < pp(N1) < p3(N1) < pg(Na). (0.7)
For 4 < Ny < Ny < N,
1< pi(N1) < pi(N2) < pi(N1) < p2(Na). (0.8)
Moreover, (0.7) implies that for z € (v/2 — 1,1) and z; < 2,
(Po(2 + 221), p5(2 + 221)) C (pp(2 + 222), P3(2 + 222)); (0.9)
(0.8) implies that for z € (1,Z) and 27 < z2,
PL(2+4 221) < py(2+ 222) < p2(2+ 221) < p2(2 + 2a2). (0.10)
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