INTERFACE FOLIATION OF A POSITIVELY CURVED MANIFOLD NEAR A
CLOSED GEODESIC

MANUEL DEL PINO, MICHAL KOWALCZYK, JUNCHENG WEI, AND JUN YANG

ABSTRACT. Let (M, g) be a two-dimensional compact Riemannian manifold. We consider the
singularly perturbed Allen-Cahn equation
2Agu + (1 —u®)u =0 in M,

where ¢ is a small parameter. Assume that I' C M is a simple closed geodesic that separates
M into two disjoint components. Assume that I' is non-degenerate in the sense that it does not
support non-trivial Jacobi fields, and that Gaussian curvature of M is positive along I'. Then
for any fixed integer N > 2, we show the existence of a solution ue with N-transition layers near
I' with mutual distance O(e|Ine|), provided that ¢ stays away from a discrete set of values at
which resonance occurs.

1. INTRODUCTION

In the gradient theory of phase transitions by Allen-Cahn [2], two phases of a material, +1and
—1 coexist in a region @ C R™ separated by an (n—1)-dimensional interface. The phase is idealized
as a smooth e-regularization of the discrete function, which is selected as a critical point of the
energy

Lw) = [ 5IVuP + (-0
c 02 de

where € > 0 is a small parameter. While any function with values +1 minimize exactly the second
term, the presence of the gradient term conveys a balance in which the interface is selected asymp-
totically as stationary for perimeter. In [I9] it is established that a sequence of local minimizers
e, with uniformly bounded energy, must converge in L}, -sense to a function of the form xg — X ge
so that OF locally minimizes perimeter. This is the starting point of the I'-convergence theory,
in which the constraint of I. to a suitable class of separating-phase functions, converges to the
perimeter function of the interface. In reality, analogous assertions hold true for general families
of critical points, and for stronger notions of interface convergence, see [Bl, 23] [25]. The principle
described above and its variations apply to modeling phase transition phenomena in many con-
texts: material science, superconductivity, population dynamics and biological pattern formation,
see for instance [24] and references therein.

It is natural to consider situations in which pattern formation takes place in a manifold rather
than in a subset of Euclidean space. We consider a compact two-dimensional Riemannian manifold
(M, g), and want to investigate critical points in H!(M) of the functional

1
Tow) = [ el -,
M 4e

in connection with geodesic arclength for interfaces. Critical points of J. correspond precisely to
classical solutions of the Allen-Cahn equation in M,

e2Au 4+ (1 —v?)u = 0 in M, (1.1)
where A, is the Laplace-Beltrami operator on M. In [9] oval surfaces embedded in R?® are consid-

ered and it is shown that interfaces of local minimizers with uniformly bounded energies converge
in suitable sense to geodesics. In [22], Pacard and Ritoré considered the n-dimensional case in ([1.1])
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and proved that given a minimal (n — 1)-submanifold I" which divides M into two components
M, and is non-degenerate, in the sense that the Jacobi operator associated to I' is non-singular,
there exists a solution u. to (1.1) with values close to +1 in ML, whose 0-level set lies e-close to
I". More precisely, letting w be the unique solution of the ODE Finally, let w(z) = tanh (%) be

the unique heteroclinic solution of
w' +w—w?=0 inR, w(0)=0, w(+oo)=+1. (1.2)

Then the solution u. in [22] resembles near I' the function w(t/e), where ¢ is a choice of signed
distance to I'. In particular

1 1
Towe) = 0] [ G+ 3= w2
R

In this paper, we shall describe a new phenomenon in the two-dimensional case, induced by the
presence of curvature: If in addition to non-degeneracy of the geodesic I, it is assumed that Gauss
curvature of M s positive along T', then solutions u. with any given number N > 2 of interfaces
foliating I' exist. This solution has multiplicity N in the sense that

1 1
Towe) = N [ G- w)
R

Our result is valid under a nonresonance condition in €. In fact, in our construction € must remain
suitably away from a sequence of values where a shift in Morse index occurs. We expect that the
solutions we find have a large, e-dependent Morse index.

To state precisely our main result, let us introduce some notation. In the rest of this paper
I' € M will be a fixed closed, embedded geodesic, divides M into two disjoint components. With
no loss of generality we assume that |T'| = 27, and consider a natural parameterization v(6) of T’
with positive orientation, where 6 denotes arclength parameter measured from a fixed point of T'.
Let K denote Gauss curvature on M. We assume that

k(@) :== K(v(8)) >0 for all § € [0,2m). (1.3)
Let {A;} denote the increasing sequence eigenvalues of the problem:
&+ k(O)p = —AK(9) ¢,
0(0) = ¢(27m), ¢'(0) = ¢'(2m).
The operator in the left hand side of can be interpreted as the linearization of the geodesic

curvature operator around the curve I We will assume that this operator is non-degenerate,
namely that

(1.4)

A #0 foralli=1,2,.... (1.5)
In other words, we assume that there is no non-trivial Jacobi field defined along I', so that I' is an

isolated closed geodesic in M. We fix in what follows numbers N > 2, ¢ > 0, and assume that ¢
satisfies that the gap condition

. Ny 1 1 .
j:1I}I}.1’I]lV71 7A1-+(ij)jlogg’>cwlogg, Vi=1,2,.... (1.6)

As we will see in §2; this condition can be written explicitly for small ¢, and amounts precisely to
¢ staying away from a explicit sequence of values.

Theorem 1.1. We assume that conditions and are satisfied. Then, for any fixed
integer N > 2 and any sufficiently small € > 0 satisfying the gap condition , problem
has a solution ue with N phase transition layers with mutual distance O(e|lne|). Near T, u. can
be approximated by

N
" %ZV"(t_gfj(e)) n %((_1)N+1 ),

9
k=1
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where t is a choice of signed distance to I' along a normal direction vo. The functions f; satisfy
I fillo < Clmel,  fita = f3 = O(|Inef), 1<j<N-1, (1.7)
and solve the Toda system,
E(f) +k(0)f;) — ag [e”Tilin) — e~ ] =0 in (0,27),
fi(0) = f;(2m),  fi(0) = fj(2n),
forj=1,... N, for a universal constant ag > 0, with the conventions fo = —oo, fyy1 = 0.

Our result deals with situations in which the geodesic is local but not globally length minimizing.
In fact, since condition holds, problem has at least one negative eigenvalue, and near
I', M cannot have parabolic points. In the case of a bounded domain 2 of R? under Neumann
boundary conditions, a multiple-layer solution near a non-minimizing straight segment orthogonal
to the boundary was built in [8]. In ODE cases for the Allen-Cahn equation, clustering interfaces
had been previously observed in [6, 20, 21]. No resonance phenomenon is present in those situations,
constituting a major qualitative difference with the current setting.

We do not expect that interface foliation occurs only if the limiting interface is a minimizer of
the length. On the other hand, negative Gauss curvature seems also prevent interface foliation.
This is suggested by a version of De Giorgi-Gibbons conjecture for problem with M the
hyperbolic space, established in [3].

The gap condition is unexpected. It reflects a resonance phenomena caused by the interac-
tion of multiple layers and curvature. Similar resonance has been observed in (simple) concentration
phenomena for various problems, see [7), [12], 15l [16]. The phenomenon of clustering of interfaces
here discovered has an interesting resemblance with the problem of foliations of a neighborhood of
a geodesic by CMC tubes considered in [13, [17].

2. THE ANSATZ

2.1. Preliminaries. We will clarify next the meaning of the gap condition ([7.18]). Given a positive
periodic function k, let us consider the eigenvalue problem

o+ k(@) = —Ak(0) ¢ in (0,27),
©(0) = ¢(27m), ¢'(0) = ¢'(27).

(2.1)
(2m)
By the following Liouville transformation

ly = %\/k(e)da, t—ﬂ/ey/k(a)de,te [0, ),
0 o Jo
VO KO ) =00V alt) = e

the eigenvalue A satisfies the following eigenvalue problem
52
—e" —q(t)e= ﬂ—g (1+A)e in (0,7), e(0) = e(nm), €'(0) =€ (m).
Now consider the following auxiliary eigenvalue problem
-y —qt)y=E&y in (0,m), y(0) = y(m), ¥'(0) =y ().

The result in [IT] shows that, as i — oo

1
V& = 2 + 0(73).
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Hence, the eigenvalues of the problem ([2.1)) have the following asymptotic formula, as i — oo,

w2 172

A = E[QHFO(?’)} 1
An?i® — 02 1

= T 0

The last formula plus trivial computation will imply that we can choose a sequence of small

which tends to 0 such that the gap condition (1.6]) holds.

2.2. Local coordinate. Let M be a two dimensional smooth manifold without boundary with
Riemannian metric g. Assume that I" is a simple closed geodesic with total length 27, contained

in M in such a way that I'" separates M into two disjoint components.

We consider natural

parameterization v(#) of I' with positive orientation, where 6 denotes unit arclength parameter
measured from a fixed point of I'. Let v(0) € T, (9)M denote the unit normal to I'. Given I', there
exists a small number Jy > 0, such that we can define Fermi coordinates ®¢ : [—dg, dg] x ST — M,

in a neighborhood of I':

‘ﬁo(ta 0) = €XP(g) (tV(e))a |t| < 503 e [Ov 27()7

where exp is the exponential map on M. Near I' the metric g; ¢ has form:

Giro = dt* + E(t,0)d0?,
for some smooth function E(t,0) satisfying
FE0,0)=1, VoeS.
Moreover the Gauss curvature assumes the simple expression
K(t,0) = \;%a;f.

The Christoffel symbols of g are given by

_ 1. ) ) )
Féj = =" | 0igrj + Ojdni — akgij] where 0, =

2
Since §;;(0,6) = 0;;, then one finds

N 17, . )
I};(0,60) = 3 [@gﬂ + 0;G1i — N Gij }

(2.2)

(2.3)

(2.4)

Given two vector fields X and Y, Y being possibly defined along an integral curve of X, one has

oy’ 0

vxyz(ﬁjt

%

DX/ xh ) o

We now turn to the computation of second derivative of F in (t,6) coordinates. Since T is a

geodesic, we have
V(0,1) (Oa 1) = 0)

where (0,1) = (0, %) represents the vector field 4 in the coordinates (¢, 0) above. As a consequence,

one finds

r8,00,6) =0, VeS8 andi=1,2,

which implies
oF 022
a0 0=

(0,0) =0, VvocSh

(2.5)

This equation also follows from the fact that, in Fermi coordinates, the geodesic curvature of the

curve {t = 0} is given by

1 aVE
VE 0t
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In particular, from (2.4) and (2.5) it follows that

1 82E 1 8 922

KO0 =55 00 =55

(0,0), VvoeS (2.6)

We also introduce stretched Fermi coordinates defined by

1 o Go. 1
P (x,2) = —®o(ex, e2), (x,z)e(fzo ;O)xgsl. (2.7)

Obviously, the new coefficients g;;’s of the Riemannian metric, after rescaling, can be written as
9ij(z,2) = §ij(ex,e2), 4,j=1,2.
Expanding all coefficients g;; up to order £2, and taking into account , and , we find
g =1—e222 K(0,e2) + O(3|z?), gi1=1, ¢go1 =g12=0.
The entries of the inverse matrix become
g2 =1+ K(0,e2) + 03 |z?), gt =1, ¢*=g"2=0.
If we denote by G, the determinant of metric matrix g, then
G=1-e22K(0,e2) + O(*|z?).
The Laplace-Beltrami operator can be written as
A, = %ai(g”‘ VG )
02 02 0? 5 K(0,ez) 0

o 2,2 _ 2\ o) ¥ 3 2.8
ax2+82+sxK(Osz)a2 ez e ax+532($,52) (2.8)
62 82

= =32 + 2 +&2By(x,e2) + €2 By(x,e2),

where

0? 0

— 2 —_— —_—
Bi(x,ez) = K(0,e2) (m 5.2 xax>,
2

0
+ bgg(l‘,é‘z)f,

0
+ bQQ(.ﬁE e’:‘Z) 92

0
BQ(xa‘ez) :b21($7‘€z) or

22
and functions bg,, n = 1,2, 3 satisfy:
lban (z,€2)| < C(1 + |z|3).
2.3. The approximate solution. If we set u(y) = t(ey), then problem (|1.1)) is thus equivalent
to
Agu+ F(u)=0 in M., (2.10)

where F(u) = u — u® and, in the sequel, we will use M. and I'. to denote the manifold M and
the geodesic I" after scaling.

To define the approximate solution we recall some basic properties of the heteroclinic solution

to in the following
w(z) — 1= —Age V2l 4 0(6_2\/5'9”'), x>1,
w(z) + 1= A e~ V2lel 4 O(efzﬁlm‘), x < -1, (2.11)
W (z) = V2 Age V2l 4 O(e 2RI g > 1,
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where Ag is a universal constant. For a fixed integer N > 2, we assume that the location of the
N phase transition layers are characterized by periodic functions z = f;(ez), 1 < j < N in the
coordinate (x, z) defined in (2.7). These functions can be defined as follows

fi+(0,2m) — R, (2.12)
I fillw20,27) < C|Inef?, (2.13)
fix1(¢) = £3(¢) > V2|Ine| —4v2 In|Inel. (2.14)

For convenience of the notation we will also set

fo(¢) = =00 and fn11(C) = .
Set
wi(x,z) = (—1)j+1w(x—fj(6z)),
and define the approximate solution of by
N

UO(Z',Z) = Z Wj(iL’,Z) +

Jj=1

((_1)N+1 _ 1) .

[N

Our first goal is to compute the error of approximation in a dy/e neighborhood of T'., namely the
quantity:

Ey = Ag Uy + F(UO). (2.15)
(From ({2.8]), it is derived that

N N N
Agug = ijym —e? Z ((1 +&%2%k) f] + xk )wj@ + €2 Z(l + 52:v2k:)(fj/)2wj,m +0(e%),
J=1 j=1 j=1
(2.16)

where, from the assumption (1.3 on manifold near the geodesic I,
k(ez) = K(0,ez) > 0. (2.17)

We now turn to computing other nonlinear terms in Ey. For every fixed n, 1 < n < N, we consider
the following set

An _ { (x,Z) c (_%7 %) % (O7 2?77)’ f,L_1(€Z)2—|- fn(gz) S T S fn(é‘Z) +2fn+1(€z) } . (218)

For (z,2) € Ay, we write

’ 1 17
F(ug) = F(wn) + F (wy)(ug —wy) + §F (wn)(uo — wn)? + mﬁXO(e_B‘/ﬁ'fj_zl)
Jj#n
N
= YF(w) + [ F(wa)(uo —wa) = 3 F(w) ]

j=1 J#n

]_ "
+ = F " (wn)(ug — wp)? + max O(e ~3V2i—2ly,
2 j#n
Following similar computations in [8], we obtain, for (z,2) € A,, n=1,...,N

N
1 1"
F(ug) = ZF(Wj) t3 F (W) (uo — wn)? + 3(1 — w2 ) (ug — W)
j:i (2.19)
~ 5 2 F (o) (ong —w;)? + max O =117,
J#n

In the above formula we define 0,,; as follows: if n is even, o,,; = (—1)? for j < n and o,,; = (—1)7*!
for j > n; if nis odd, o,; = (—1)7*! for j < n and o,; = (1) for j > n.



FOLIATION OF GEODESICS BY TRANSITION LAYERS 7

It follows then for (z,z) € A,, n=1,...,N:

N N
Ey = —¢&2 Z fiwje+ 2 Z(l + 22%k) (fj’-)ij,m

j=1 Jj=1

N N

— eta?k(e2) Z fiWj e — e’k(ez2)x Z Wiz (2.20)
j=1 J=1 .

9 1_, o 1 2
+3(1 —wi)(ug — wy) + §F (Wn)(uo — W)~ — ) F(omg)(on; —wj)
n mng(e —3V2Ifi—ely 4 mJaXO(EB)(|33|4 + 1517+ 1) W) o).
JjF#n

Therefore, the following lemma on the accuracy of the first error is readily checked.

Lemma 2.1. There exists a go > 0 such that we have the following estimate

| Eo ) < C 32| ne|®. (2.21)

HLz((—%O,%O)x;sl

We observe that using (2.14)) one can derive that go = 8. We will not need such a precision in
the sequel and for simplification we will denote by ¢ > g a generic exponent whose value may
change from line to line.

3. THE GLUING PROCEDURE

In this section, we use a gluing technique (as in [§], see also [7]) to reduce the problem in M, to
the infinite strip &, where:

G=Rx s (3.1)
3

Let § < 60/100 be a fixed number, where Jy is a constant defined in . We consider a smooth
cut-off function 7s(t) where ¢ € R such that ns(t) = 1 for 0 < ¢ < § and n(¢t) = 0 for ¢ > 24.
Set n5(x) = ns(e|z|), where x is the normal coordinate to I'.. Let ug(x, z) denote the approximate
solution constructed near the curve I' in the coordinates (x, z), which was introduced in (2.7). We
define our first global approximation by

_ 5s(@)(uo +1) — 1, for x <0,
W) = { Z%i(x)(ug - (—1)N+1) + (—1)N+1, for x > 0.

Notice that W is defined in the whole manifold M.. For u =W + </3 where qg globally defined in
M., denote

T(u) = Agu + u(l —u?), in M..
Then u satisfies if and only if
L(¢) = —E + N(¢), in M.. (3.2)
where
L)) =Dgd + (1-3W2)g, N(¢)=¢" + 3W¢?, E=T(W).
We will look for 413 in the following form
¢ = 0550 + 1,

where, in the coordinates (z, z) in lb we assume that ¢ is defined in the strip &. Now, let L be
an extension of the operator £ defined on the whole strip &. More specifically we set:

L(6) =155 [Dg0 + (1= 3W2)g] + (1 — 155) (A — 26). (3.3)
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where A = 92 4 92. With this definition ¢ is a solution of (3.2) if the pair (¢, ) satisfies the
following coupled system:

L) = n5[Nso+v) - E—3(1—- W2y, (3.4)
Ayt =20+ 301 =) (1= WY = —(Agnis)é — 2AVnis) - (V40)
+ (1= 15N 550+ ) — (1—15)E, (3.5)

where ¢ is defined globally on & and ) is defined in M,.
The key observation is that, after solving (3.5)), the problem can be transformed to the following
nonlinear, nonlocal problem involving 1 = ()

L(9) = 15 [N (50 +v) — B = 3(1— W2)y] (3.6)
To solve (3.6)) we set up a fixed point argument by first solving (3.5)) for a given ¢. We will assume
that ¢ satisfies the following decay property

Vo) + [¢(y)| < e™/° if |z| > b/e, (3.7)

for certain constant 7 > 0. Let us observe that 1 — W? is exponentially small for |z| > §/e, where
z is the normal coordinate to I'.. Then the problem

Agth— 26 +3(1—n§)(1 — W) =h in M.,
has a unique bounded solution 1) whenever ||h||s < +00. Moreover,

1]loe < Cllh]co-

Since N is power-like with power greater than one, a direct application of contraction mapping
principle yields that (3.5 has a unique (small) solution 1 = ¥ (¢) with

1Y(@)]| o < Ce[ |l (af>b/e) + VBl L (a)>57) +€77/¢ ], (3.8)

where |z| > §/e denotes the complement in M. of §/e-neighborhood of T'.. Moreover, the nonlinear
operator 1 satisfies a Lipschitz condition of the form

[[(¢1) — h(p2)llLoe < Ce [ld1 — G2l (a)>s/6) T 1IVP1 — Vol Lo (ja)>5/¢) |- (3.9)
Detailed argument will be postponed until the proof of Proposition [5.1
(From the above discussion, the full problem has been reduced to solving for ¢ € H*(&)
satisfying condition .
Rather than solving problem (3.6), we deal with the following projected problem: given f =
(fi,..., fn) satisfying @—, finding functions ¢ € H?*(&), ¢ = (c1,...,cn) with ¢; €
L?(0,27/¢) such that

¢j(2)x;(x,2) Wja, (3.10)

-

Il
-

L(6) = 5 [N (0550 + ) — E =301 W] +

/ oz, 2)wj o (z)x;(x,2)de =0, 0<z<2m/e,j=1,...,N. (3.11)
R

The smooth, positive cut-off functions x; are of the form:

log * 28 0, |t| >0,

6 7

Xj(ac,z):ng(Lj(fz)), where a:\/i%, b:\/§2 1,7]2(15): {1’ 4 <a (3.12)
€

We notice that with this choice x;x; =0, for 7 # j, provided that ¢ is taken sufficiently small.

In Proposition [5.1} we will prove that this problem has a unique solution ¢ whose norm is
controlled by the L?-norm of Ey. Moreover, ¢ will satisfies (3.7). After this has been done, our
task is to choose suitable parameters f;’s, possessing all properties in (2.12)-(2.14), such that
the function c is identically zero. It is equivalent to solving a nonlocal, nonlinear second order
differential equation for the unknown f under periodic boundary conditions.
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4. Linear Theory

This section will be devoted to the resolution of the basic linear problem. Given functions
h € L?(&), we consider the problem of finding ¢ € H?(&) such that for certain functions ¢; €
L?(0,27/¢), j=1,..., N, we have

h—&—ch 2)xj(x,2)Wjq, in&, (4.1)
¢(x,0) = ¢(x, 2#/6), ¢=(2,0) = ¢z (x,27/e), —o0 <z < o0, (4.2)
/ oz, 2) Wiz, 2)x;(z,2)de =0, j=1,...,N, 0<z< 2% (4.3)
R

Our main result in this section is the following.

Proposition 4.1. There exists a constant C > 0, independent of € and uniform for the parameters

f in (2.19)- such that for all small € problem (4.1)-[4.3) has a solution ¢ = T¢(h), which
defines a linear operator of its arguments and satisfies the estimate
[¢ll2s) < CllhllL2(s)-

O
For the proof of Proposition we need to show existence result for a simpler problem. Let us
define the linear operator

Lo(¢) = buw + ¢22 + (1 _3W2)¢»
and consider the problem: given h € L?(&), finding functions ¢ € w?(&) and ¢ € L?(0,27/¢) to

L0(¢) = h + c(z)x(x)w, in6, (4.4)
d(z,0) = ¢(x,2n/e), ¢.(x,0) = ¢.(x,2mw/e), —o0 <z <00, (4.5)
/(baczwm x(z)dz =0, O<z<2?7r, (4.6)

where x(z) = n2(z), and 1 is the function in (3.12).

Lemma 4.2. Problem (}.4)-(4.6) possesses a unique solution, denoted by (c, ) = To(h). More-
over, we have

llewz||L2(s) Cllhllr2(s),
9l 72 (&) ClIhlL2(s)-

Proof. We will first prove an apriori estimate for (4.4))-(4.6). To this end let ¢ be a solution of
(4.4)-(4.6). We observe that for the purpose of the a priori estimate we can assume that ¢ = 0 in
(4.4). Let us consider Fourier series decompositions for h and ¢ of the form

= ou(@)e™®, h(z,2) =) hi(a)e™.
h=0 k=0

Then we have the validity of the equations
— k2€2¢k + ﬁo(d)k) =hr, x€R, (4.7)

<
<

and conditions
[ orwaxta)az o (18)
for all k. We have denoted here
Lo(Pr) = brze + F'(W(2))dr.
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Let us consider the bilinear form in H!(R) associated to the operator Ly, namely

B 0) = [ 162 = o) 10f) da
Since ([4.8]) holds uniformly in & we conclude that

Clllorllie gy + l10kallz@) < B¢k, dx) (4.9)
for a constant C' > 0 independent of k. Using this fact and equation we find the estimate
(1 + B N orllT2 ) + 0relZ2@) < Clhwllizg-
In particular, we see from that ¢y satisfies an equation of the form
Okwa — 20k = hp, TER.

where HiLkHLz(R) < Cl|hi||£2(r)- Hence it follows that additionally we have the estimate

ok,2el T2y < CllhkllTe(e)- (4.10)
Adding up estimates (4.9)), (4.10)) in & we conclude that
ID*¢ll72(e) + 1Dl Z2e) + 14ll72(e) < CliblIZs): (4.11)

which ends the proof in the case ¢ = 0. To prove the general case we multiply equation (4.4]) by
wyx(2z) and use (4.6]). This yields:

c(z)/ﬂ{wi;ﬁ(x) dxz/REo(gb)wzxdx—/Rhwxxdx

:/(WxXxx+2WxxXx)¢dm_/thdev
R R
hence
lewzll2(s) < Ce¥||9llL2(s) + Cllhl L2 (o) (4.12)

where p € (0,1). Taking e sufficiently small and using we get the required a priori estimates
in the general case.
The existence part of the Lemma follows from standard Fredholm alternative argument. The
proof is completed.
O
Now for each fixed j we define:

L(6) = mgs[Dg¢ + (1= 3w3)8] + (1 —n5) (Ad — 20). (4.13)
and consider the following problem
L(¢) =h + ¢je2)wjex;(z,2), in6,

¢($,O) - ¢(x,27r/5), ¢Z($,O) - (bz(xaQﬂ/s)v —00 <z < 00,

2
/ oz, 2)w;(T)x;(z,2)dz =0, 0<z< ?ﬂ
R

(4.14)
We have
Lemma 4.3. Problem possesses a unique solution (c;,$). Moreover,

llej Wizllezey < CllhllL2(e)s
lollazey < Cllhllz2s)-
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Proof. We recall that w; = w(z — f;(ez)) defined in & and denote below
£(z,2) = E(z + fi(e2),2).
Direct computation gives that problem (4.14) is equivalent to
Q;xac + (ngz + BO(Q;) + 5231(‘5) + 5332(95) + (1 - 3W2)Q~5 + 3(1 - ﬁgé)(l - Wz)&

=h + ¢;(2)wox(z) in 6, (4.15)
(,ZNS(JZ,O) = (;Nﬁ(x,QTF/S), ng(xao) = g?)z(ilf,QW/é‘), —00 < T <0, (416)
/qgwxx(a:)dm =0, 0<z< 2?, (4.17)

R

where
Bod) = ([2) bor — 2 Fe2) B — 26F(2) b

and By, B, are second order differential operators of the form:

Bu,e2) = s (2 + £3(e2))” K (0, 62) (((62)200e — 2] (62)0: — 22'(e2)0)
— (@ + £5(e2) K(0,22)0]

Ba(,22) = s [bon (,22) (21} (2200 — 2217 ()0, — 22f'(2) 012

+ by (1, €2)0 + bos(z, €2) (e fl(e2)dz + az)} ,

(4.18)

and functions bay, k = 1,2, 3 satisfy:
ok (2, €2)| < C(1+ (2] +1f;(e2)])°),
(see (2.9) ). Let us set:
B(¢) = Bo(§) +£*Bu(9) + £* B2(9) + 3(1 — 7j55) (1 — w?).
With these notations — is equivalent to the fixed point linear problem
=Ty (i“b + B(qNS)),

where Tj is the linear operator defined by Lemma [£.2] The linear operator B ia small in the sense
that

1B()llr2(e) < C3l|dllw2(e)s

with ¢ is small. From this, unique solvability of the problem and the desired estimate immediately
follow. O

Proof of Proposition [4.1} We will first define some cut-off functions that will be important
in the sequel. To this end let 1% (s) be a smooth function with 1%(s) = 1 for |s| < a and = 0 for
|s| > b, where 0 < a < b < 1. Then, with R =log i, and x; =z — f;(ez) we set

_ (%] 27— s
m-(x,Z)—na(f) a=+v2 55 b—\/§2—9, (4.19)

(c.f. 3.12)). We search for a solution of ¢ = T'(h) to problem (4.1)-(4.3) in the form
N

d=v+ Y 0 (4.20)

j=1
(From the definition of the functions 7;, x; we have

NiXi = Xi» XV = XAn; = 0. (4.21)
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We will denote
N
X=1-> n
j=1

It is readily checked that ¢, given by (4.20)), solves problem (4.1)-(4.3) if the functions ¢;,j =

1,---, N, and 1 satisfy the following linear system of equations, for j =1,--- | N,
,Cj((Z_Sj) ="n; (h — ’l/f + 3W2¢) + Xj Cj (62’) Wiz + 377j (W2 — WJQ)QZ_SJ n 6,
Q_Sj(x,()) = g?)j(a:,%r/s), q_5j7z(z,0) = Q_Sj7z($,27T/€), —0 < r < o0, (4.22)

y 27
/(%‘erg'?/f) Wiaxjdz =0, 0<z<—,
R

and
N — —
wzz +7/}zz + )27755(1 - 3W2)’l/} - 2(1 - 77(635)1/} = Xh - Z (QVUJ : VQSJ + ¢jAWj )a (4 23)
i=1 '
P(x,0) =(x,21/e), . (x,0) =, (x,21/e), —o0 <z < 00,

(see (3.3)). In order to solve this system we will set up a fixed point argument. Observe that the
orthogonality condition in (4.22) is satisfied for ¢; + x;% rather than ¢;, hence it is convenient

to introduce new variable éj = ¢; + x;%. Then combining 1) and |D we get the following

system for ¢;

L(¢;) =nj(h— ¥ +3WY) + x;¢j(e2) Wi + 3n; (W2 —w?)g;
+ XL (W) + YAgx; + 2V - Voxy, in G,
$;(2,0) = ¢j(w,27/e), h;=(2,0) = j.(x,27/e), —o0 <z < o0, (4.24)

- 27
/ gZSjo,ij dr=0, 0<z<—,
R 3
To solve 1l we assume that functions ®;,j = 1,---, N, and T are given. First we replace

qgj, Y by @, U on the right hand sides of || and solve Ij for each qgj, j=1,...,N, using
Lemma We get the following estimates, for all j =1,--- , N

N
9illw2(ey < C[Hh||L2(e)+H‘I’Hw2(6)}+0(1)Z\@j||w2(6)7 (4.25)
j=1

as ¢ — 0. Given ¥ we can now find functions d_)j = Jy(@) which solve 1) by a fixed point
argument. Next, we can now solve (4.23)) for ¢ which in addition satisfies

N
C = = 1
[l 2(s) < CllbllL2(s) + EZ 12, (D)l 2@y, R =log - (4.26)
=1

Combining this with (4.25)), taking e small, and applying a fixed point argument again we get
finally a solution to (4.23]). This ends the proof. O

5. Solving the Nonlinear Problem

For future references we recall that from the estimates in Lemma E; = E is of order
O(£%/?|Ing|?). This fact will be important in for a contraction mapping argument in the proof of
the following;:
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Proposition 5.1. There exist numbers D > 0, vy > 0, q, such that for all sufficiently small € and
all £ satisfying (2.19)- problem - has a unique solution ¢ = ¢(f) which satisfies
3
6]l m2(e) < De?|Inel?,
Il ai>o7e) + IVl Lo ajmare) < € 77%%
Besides ¢ is a Lipschitz function of f, and for given £, : (0,27) — RN, n = 1,2 such that:

| loge|
[f1 — fal| i2(0,27) < 513 (5.1)

it holds
[6(f1) — ¢(f2) [l 2(e) < Celloge|*|[fy — 2| 12(0,27)- (5.2)
Proof. Let Tt be the operator defined in Proposition Given f in -, the equation
- is equivalent to the fixed point problem for ¢:
¢ = Te(h) (5-3)
with
h= 5 [N(niso+ ) — B = 300- W), (5.4)
and
Agp =29 +3(1 = n5)(1 = W)y = —(Agn55)d — 2(Vgnss) - (Vg9)
+ (1 =n5)N(n550 +0) — (1 —15)E (5.5)
= A(¢,¢) — (1 - 15)E,

where ¢ is defined globally on & and ¥ is defined in M, (see (3.5))).
We will define now the region where contraction mapping principle applies. Let gy be the
constant in (2.21)). We consider the following closed, bounded subset of H?(S):

< De?|lne %,
5 { s c (o) | 19l < Detiinel » }
9l Loc (2|5 8/¢) + IVl Loo (2] >6/e) < €770%/¢

and claim that there are constants D, v > 0 such that the map 7% defined in (5.3) is a contraction
from B into itself, uniform with respect to f. Given ¢ € B we denote ¢ = T¢(¢)). Notice that (5.5)
can be solved using a fixed point argument. Indeed, assuming ¢ € B we get:

1A, )l ar) = I1A(B, )l (arnlal>o/ep) < Cee ™% + Cll9[|7 < (ar,)

o ~ s (5.6)
(1 =n5)Ellpeay = 1EllLoe(mnje)>s/y) < Ce™ 2 /<.
Using these estimates existence of a unique solution of ([5.5)) such that
9]l oo (a1, < Cee ~0%/%, (5.7)

with vy < % can be proven by a standard argument. By z/J(qg) we denote the solution of 1)
with ¢ replaced by ¢, and similarly by h we will denote h(¢) (see (5.4)). ¢From this and Lemma
21 we get
¢l m2(e) = I Te (M) 12

<NE|lz2(e) + Cliol(e) + Cllvl sy + 11 = W) L2(s) (5.8)

< 1B p2() + Ce®|loge|?® + Cel/2e ~10%/5,
Using Lemma [2.1] and Proposition we find

|ll2(e) < De?|logel®, (5.9)
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with certain constant D > 0. In addition we have that

D vz
HEHLOO(|Q:\>6/5) < Ce™ 2 5/5’

v
(1= W) Lo (a)>5/e) < ClibllLoe e ™2 °/%,

hence, using (5.9) and comparison principle we get:

o /e Bk
6]l oo (21>5/¢) + VOl Loo (fa>5/e) < Ce 2100/ 4 Ce =2 /%, (5.10)

Combining and with a straightforward contraction mapping argument for the operator
Ty we conclude the proof. O

We will now analyze the dependence of the solution ¢ found above as a fixed point of the
mapping T¢ on the parameter f. We will denote ¢ = ¢(f) whenever convenient. We will consider
periodic functions f,, : (0,27) — R, n = 1,2 such that (5.1)) holds. A tedious but straightforward
analysis of all terms involved in the differential operator and in the error yield that the operator
T¢(¢) is continuous with respect to f. Indeed, indicating now the dependence on f of the linear
operator £ as well, let us make the following decomposition:

Lo (¢(£1)) = Ley(8(F2)) = Le, (¢(F1) — 6(£2)) + [F'(W(E)) — F'(W(£2)) | $(£2)-

Above, and in what follows f,, = f,,(¢z). We will denote

Wi (£1)x; (f1)
Wi, :L‘(fl)Xj (fl) dx

N
b= of) ~ 6(8) + Y / / O(E2)wj o (1) (£l

R

With these notation we have that ¢ satisfies:

Le, = A(f1, 2, ¢( iv: ewia(f1),
=1 (5.11)
/R(gwj,m(fl)Xj(fl)dx =
where
¢j = ¢;(f1)x; (f1) — ¢; (f2)x; (f2),
and

N
L[y Wﬂ'@“l;’“(fl) [ S0 (8) i@ (B)lde] (o

N

= 3 @)X (E) Wi (f2) = wia(£)] + h(E) h<f2>},

Jj=1

with h(f,) defined in . Using these decompositions one can estimate |[¢(f1) — &(f2)| a2(s)
employing the theory developed in the previous section. Observe that by Proposition we only
need to estimate || A]|12(s). For instance we have:

I[F'(W(f1)) — F'(W(£2)) |o(f2)l 2(e) < Ce™ 2|1 — fol r2(e) | 6(E2) | 12(s)- (5.13)
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To estimate the L? norm of the second term in (5.13)) we fix a j and denote:

ne _ Wia(f)x;(f1)
/Wj,x(fl)Xj(fl)dx
R
8= / B(82) W50 ()5 (£1) — w5 () (£2)]
Then,
|ILs, (hg)l|z2e) < C sup  |glllLe, (0)|m2(e) + € sup  g:|IVh] g2e)
z€(0,27/€) 2€(0,27 /€)
+ C|nLs, ()l 12 (o) (5.14)
We have:

gl = / 6(E)1 [ (£1)x5 (B1) — ;. ()5 (B2) [l
|z|<Clloge]|

Ce™ 2| log e 2| ¢(£2) || rr2 () | 1 — 2l 112 (0,20 -

Using the fact that Wy, + F'(w)w, = 0 and that supp x(f1) C {|z — fi;[ > §| log |e|} we can
estimate:

IN

I1L¢, (0) ]| 7r2(e) < C.
Furthermore,

lg=z|* < Clloge] e l|¢ZZ(f2)|2|Wj,m(f1)Xj(fl) — Wy (f2)x; (f2) Pde
z|< oge

+ Clloge] e l|¢z(f2)|2|[Wj,w(f1)Xj(f1)—Wj,x(f2)Xj(f2)]z|2de
z|<C|loge

+ Clloge| |6(E2) P 1w, (F1) 5 (F1) — Wi (2) x5 (£2)] 2 [Pdae

|z]|<Clloge|
< Clloge|(I 4+ II + IIT).

We have:

I+1I

IN

ClE — £l3 0.2 / (6os(E)[? + [6:(8) [2)de,
[z|<C|loge|

117 S C(‘fl,zz - f2,zz|2 + |f1,z - f2,z‘2) sup / |¢(f2)|2d$
z€(0,2m/e) J|z|<C|loge|

+Clfansl + Py~ Bl s [ ()
z€(0,2m/¢) J|z|<C|loge|

< O(f1ze = fozal + (1. — f2 ) 0(E) 72
+ Clf2al? + 2211 = £211 72 0 2m) () 12 o) -

Similar estimate, but depending only on the first derivatives in z of f,,, ¢(f2), holds for g,. Using
these estimates we conclude from (5.14)) that

|Ls, (hg)||2(e) < Ce™ /2| loge|9||(£2) | rr2(e) I1fL — Foll 72 (0,27)- (5.15)

We will now estimate:
1A (£1) — h(£2) |l r2(e) < IIn§(E(f1) — E(f2))]|12(s)
+ 5 IN (550 (£1) + % (1)) — N(n556(F2) + ¥ (£2)) [ 2(s) (5.16)
+3[n5[(1 = W2(E))w(fr) — (1= W2(£2))e(£2)]l|2(e)-
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Using the equation satisfied by ¥ (f,), n = 1,2 we find:
5 (E(f) — E(£2)]12(e) < C*/?[loge|”|[f1 — £l a2 (e),
[(f1) — ()l r2(e) < Celld(f1) — ()l mr2(s) + Ce¥/?|loge|||fy — fo| mr2(s)-
Then we get that:
1h(£1) = h(f2) | L2(s) < Cellb(fr) — d(f2)llu2(s) + C**[loge||f1 — fol| 2 (s)- (5.17)
Term involving ¢;(f3) in can be estimated in a similar way. In summary we obtain:
6]l m2(s) < Celloge|||fi — fal mr2(0,20) + Celld(f1) — d(E2) | 2 (s)

. - (5.18)
< Celloge|?|f1 — f2] m2(0,2x) + Cell@lla2(s) + Cellg — o(f1) + ¢(f2) || 2(e)-
Since
6 — ¢(f1) + d(f2) | 2(s) < Cellogel Iy — f2ll r2(0,2m),
estimate (5.2]) follows from (5.18)). This ends the proof. O

6. THE TODA SYSTEM

Clearly Proposition and the gluing procedure yield a solution to our original problem (|1.1))
if we can find f such that

c(f) = 0. (6.1)
As we will see this leads to a Toda type system of N nonlinear ODE’s. We carry out this argument

and solve the nonlinear system in the next two sections. It is easy to see that the identities (6.1
is equivalent to the following equations

/Rng [N(n§5¢ ty)—E—3(1— WW} Wz — /R,cw)wj,mxj dz=0,j=1,..,N. (6.2)

(See (3.12)) for the definition of x;). We will consider for each j =1,..., N, the following integrals
[ 5 B 2w 2)de = [ (Bgua +uod = ). 2)do
i i
_ /}R [Agw; +w; (1 — W)W o (1, 2)dz

30 [ 18w+ w1 = wd) s .2 da
n#j

N
_/R[ZF(W)—F(uo) w;x; (2, 2) da

=L+ IL;+I1II;
nj

Using (2.16]) we get
I; = —¢? / (fyl'l(l + 2kx?) + xk‘)W?,sz dz + 52/ [(F7)7 (1 + e2ka®) | W) aWjax; da
R R (6.3)
+53/ Bs(z, 2)[wjlwj.ax; dz,
R

where Ba(z, 2) is a second order differential operator, see (2.9) for its definition. Changing variables
x =« — f; in the leading order terms in the first two integrals we get:

Ij = =y (f] + 2k f;) + 2 My, (£, £, £7), (6.4)
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where
Yo = /RWEX(X) dx, x(t) = n°(t),with a,b as in [B12),
and
My, = /R Ba(, 2)[w;lwj.x; dz — e ff'k /R w?w? X da + e(f;)%k /]R T WjaaWjaX; A,

is a Lipschitz function of f, f’.
Since in supp (x;) we have for n # j

|Wn,a:| S Ce_g‘fj_fn‘ S CE,
therefore we get that:
I1; = &' Moy (£, £, £), (6.5)

where M ; is a Lipschitz function of its arguments, and in particular it depends linearly on f”.
Finally we will consider I11;. From the computations in section (see (2.19)) in, we get the
estimates for some terms in I11; as follows

1
III; = 3/R(1—W]2.)(u0 — Wj)Wj 2 Xj dx+i/RFN(Wj)(UO_Wj)QWj’jo dx

1
-5 Z/RFH(UM)(UM = wn)*w;x; dz (6.6)
-y

+ IEQ;(/R O(e 73ﬁ|ff7‘”‘)wjxj dz

It is not hard to calculate that:
3/]1%(1 —w?) (up — W)Wy x; de = yi(e~V2Uimfim) _ e =V2Uin=£i)) 4 Py(f),
where
= 3/(1 —w)w e V27y da,
and P; is a Lipschitz function of its aurgulilents7 such that:
Pi(f) = IBQ;(O(G 72\/§\fj*fn\)

Notice that the remaining terms in the expression for I11; are of the same type as P;. Denoting
the higher order terms by the same symbols as above we then get:

/ng E(Lz) Wj,ij(CC,Z)dZ' _ 76270(%/] + Qkfj) Jr,)/1(67\5(1%*&‘—1) _ efﬁ(fjﬂffj)) 67
R .

=+ €3Mj (f7 f/f”) + Pj (f)

Continuing with other terms involved in (6.2)), using the quadratic nature of the nonlinear term
N(¢) and Proposition we get for

Qi = /R[N(nim +1) = 3(1 = W)lw; . x; da
that

sup |Q1(z, )| < 6’53|1og5|q. (6.8)
z€(0,2m/¢)

Moreover (1; is a Lipschitz function, namely we have:

1Q1(z, f1) — Qu;(2,£2) | 20,27 /) < Ce®|loge|1||f; — falw2(0,27)- (6.9)



18 M. DEL PINO, M. KOWALCZYK, J. WEI, AND J. YANG
The last term in (6.2]) can be written, using orthogonality condition (3.11)), as

Q2 = /R/3<¢>Wj,z><j de = /R[Ag¢ + (1= 3W2)g]w; 0.

Using local expression of Ay given in (2.8), and the orthogonality condition we get:

Quy = [ [bea+ (1= 3W)al e + 2 [ (K(a0.. = a0y o

+ 3 / Bsy(x, 2)(9)wj 2 x de (6.10)
R
=1+I1+1II
Integrating by parts in the first integral we get:
=1 + I5.
We have
I = 3/(w]2- — WQ)Wj7w¢dex,
R
hence we can estimate:
11122020 /) < Clléllwe(e supe =1,
nj
Since
V2 _ V2
SUPP Xj,zs SUPP Xj,zz € {7(1 —27%)loge| < |z — f;] < 7\10g6|}7
therefore,
_ 56
2]l £2(0,.27/¢) < Ce' 7% ||9llwe(s)-
A similar estimate holds for I1 and 111 above:
11 220,27 76) + 1111 200,20 /) < CE2[[@llwe(s)-
Summarizing we get
_5—6
1Q2)ll 20,27 /6) < C' 72 | llwz(e)- (6.11)
Also, using Lipschitz character of the function ¢, and in particular estimate (5.2)) we get
_5—6
Q2 (f1) — Q2j(f2)||L2(0,27r/s) <Ce*? |loge|?(|f1 — f2||w2(0,27r)~ (6.12)
In the sequel we will denote:
Qj = Q1 + Q2y.
We summarize the discussion above in the following proposition:
Proposition 6.1. Condition is equivalent to the following system of equations,
0= —g2 " Lok F) + e~ V2(fi—fi-1) _ o —V2(fit1—F5)

+ M (£, £'8") + Pj(f) + Q;(f), j=1,...,N.

Moreover, functions M; , P; and Q; are Lipschitz functions of their arguments that satisfy esti-
mates

[ M; (£, £, £") | L2(0,2m) < C,
125 (£) | 2(0,27) < C mixefzﬁlfrfnl
n#j

L£2(0,27) (6.14)

56
”Qj(f)”LQ(O,ZTr) < C€3/2 2 ||¢Hw2(6)a
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and
||Mj(f13 f{v f{/) - Mj(fZ,féa fél)”LQ(O,Q-rr) < 0571/2||f1 - f2||w2(0727r)a
I1P;(£1) = Pj(£2) ]| 22(0,2m) < CE™2(|f1 — ol w2(0,27) (6.15)
—6
||Qj(f1) - Qj(f2)||L2(0,27r) < Ced?2 £ — f2||W2(0,27r)-

7. Location and interaction of clustered Layers

We will define the following Toda type operator 7 (f) = (Tl(f), oo Ty (f)) by
T;(5) = 2B(f] +k(0) f;) — e V2i—fic) 4 o =V2in=f) - ge(0,2n), j=1,...,N

where = 79/v1 is a positive constant and k(f) > 0 is defined in (2.17). As a consequence of
Proposition [6.1} we have to deal with the following system:

Tj(f) = > M; (£, £, £7) + P;(£) + Q;(f),

)

, , (7.1)
fj(o):fj(2ﬂ-)’ fj(O)ij(27r),
where fo = —00, fyi1 = 0.
Before solving the above system, we consider the following Toda system for j =1,..., N
T;(f) = 2h,(0),
5(5) = 2, 0) .

fi(0) = f;(2m),  £;(0) = fj(2m),

where fo = —oo, fny1 = oo, and h; € L*(0,27), j = 1,...,N. We will consider the following
geometric eigenvalue problem

"+ k(0)p = —AK(0) o,
©(0) = p(2m), ¢'(0) = ¢'(27).

Let us recall (see ) that the operator 53—;2 + k is non-degenerate, and under the assumption
k(0) > 0, its spectrum necessarily contains at least one negative eigenvalue. By {A;}, {¢:} we will
denote, respectively, the set of eigenvalues and eigenfunctions of the eigenvalue problem .

Without loss of generality, we assume that N = 2m for m > 1 and give a proof of the main
result of this section.

(7.3)

Proposition 7.1. Consider system and assume that its right hand sides satisfy
lPjll20,20) < Ce®, j=1,...,N, (7.4)

with some C' > 0 and ¢ > 0. We assume that k(0) > 0 and that holds. Then for all small €
satisfying the gap condition @, problem admits a solution of the following form:

. 1 . 5 )
£0) = (7 =m=3)p-0) + £10) +50) + ), j=1,..., N, (7.5)
where pe(0) satisfies
e Ve = 22 3K(0)p., (7.6)
and in particular
€ 1 1

p.(6) = \/ilogé _ log k(6) + O 5=

N Rl

Functions f]o and ¥; do not depend on h; and satisfy
f70) = 01), ©;(0) = 0(1).

Finally, for functions fj we have

Ifillwao,2m) < Cllogel’?|hllL2(02m), h = (h1,... . hx).
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Proof. Let us define the function p.(0) by

e Ve = 223 k(0)pe, (7.7)
and set function §(0) > 0 by

5(0) = e\/Ber-®/V2,

It is straightforward to show

1 loglog &
672(0) = K(6)p.(0) = V2h(0)log - [1+0(%)] (7.8)
og z
Then multiplying equation ((7.2) by ¢ =2 37! 62 and setting
. 1 P .
f]:(.]*m7§>p6+f]a ]:17"'7]\77
we get an equivalent system
52 (fj// + k(ﬂ)ﬂ) _ 6*\@(1‘}*)@—1) + e*\/?(f.wrfj)
1 1
_ 52 2 . ; 7.9
=4 hj-f—(s (m—j+§>P/€/+(m—]+§), ( )
fi(2m) = f;(0),  fi(2m) = f;(0),
where fo = —00, fN+1 = oo. We look for a solution of 1’ in the form fj = fJQ + f;, where
aw=ax =0 a =) o1 N,
and a;,j =1,--- , N — 1, satisfy the following system of equations:
M-A=C (7.10)
where we have defined
m— 1
1 0 0 0 0 m—3
— 1 0 0 0 ay
0 -1 1 0 o0 as ;
M(n-nx(n-1) = : A= : , C = _51
0 0 0 10 an_2 ’
o o0 0 --- -1 aN-1 Ty
0 0 0 .- 0 -1 —m + ?
—m + b

Obviously, system (7.10) can be uniquely solved for unknown variables a;. In fact, we have that

i 11 ! 11 ,
am:Z(m—z+7)=fm2>0, aj:agm,j:Z(m—z+§):§J(2m—j)>07 (7.11)

. 2 2 ‘
i=1 i=1

for all j = 1,...,m — 1. Hence, fjo’s are all constants and can be uniquely determined if we set
[+ f9 .1 =0. By the symmetry and trivial computation, we get

N
Y=o (7.12)
j=1
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Then fj satisfy:
52(]7;-’ + k(ﬁ)f]) - ajf1[ef‘/§(fffj*1) - 1} +aj {efﬂ(fj“*fj) — 1}
1
= 6%h; + 8% (m — j + 5 ) oY = 8%k(0) f3 (7.13)
fi@m) = f;(0),  fj(2m) = f(0),
where fy = —o0, fy = 00.
Notice that the right hand of (7.13)) is of order O(6%) now. This is not enough to solve our

nonlinear problem since there is a term of the same order in front of he linear part of the operator.
Thus we need to find one more term in the expansion of f;. To this end let f; = f; + 6%0; where

v, n=1,..., N, solve the following system of equations:
B-V2%¥ = h, (7.14)
where
a1 —ay o 0 --- 0 0 0 0
—a; (a1 +az) —az 0 -~ 0 0 0 0
B = : , (7.15)
0 0 0 0 -+ 0 —asmos (a2m—2o+aom-1) —aom—1
0 0 o 0 --- 0 0 —A2m—1 a2m—1
and

Em - é;p’g’ — k(0) f7
m—35)pZ —k(0) f3

2

<
Il
=
Il

U2 —(m - %202 — k(0) fR_y
—(m - §)P/el —k(0) f§
Notice that matrix B is not invertible since its eigenvalues are
spect (B) = {ay,...,a2m-1,0},
however, due to formula (7.12]), system ([7.14]) can be solved uniquely provided that we set 0y, +

Um+1 = 0 since the eigenvector corresponding to the eigenvalue 0 is of the form (1,...,1).
Now, f; solves the following system of equations, for j =1,...,2m
&2 (JE]" + k(e)fj) — V2451 fi—1 + V2 (a1 + ) fi = V245 fin
=02 hj — 6*(9;)" + N; (£, %), (7.16)

fi(2m) = f30),  fi2m) = f(0),
where N; are given by
N;(£,%) = an_y [,ﬁ(fnffnfﬁanfﬁn,l) V2 (= ) + V2 (6 — @n_l)]
—an [6 _\/i(f"‘*'l_f"""@n#—l—ﬁn) -1+ \/§ (fn-‘rl - fn) + \/§ (671-&-1 - @n) } ’
In order to use a fixed point argument to solve (7.16)) we need the following

Lemma 7.2. Assume that the function k(6) defined in s positive and the non-degeneracy
condition holds. Consider the following problem

§*(v" + k(O)v) +B- V2v =g, v/(2r) = v'(0), v(2r) = v(0). (7.17)
Then for each ¢ sufficiently small which satisfy the following gap condition,

. Ny 1 [io1 .
jZI?}BV_l’fAl-Jr(me])]logg’>c logg, Vi=1,2,..., (7.18)
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where ¢ > 0 is a small fived constant, has a unique solution v and

1Vlw2(0,27) < C] 10g5‘3/2”g”L2(0,27r)' (7.19)
Proof. We will denote:
57%(6)
2V k) = o%(0
g ~ KO =0
Notice that by (7.8)) we have

log log £
%) (7.20)

o°(0) = o( T

Let {As}, {5} be, respectively, the sets eigenvalues and eigenfunctions of the following problem:

"+ k(O)p = —A(k(@) + as)go,

(7.21)
0(0) = p(2m), ¢'(0) = ¢(2m).
Let us decompose:
Up = Z ani‘p?; gn = Z g'm'(pz?' (722)
k=1 i=1
We will use this decomposition to solve
1 1 1
V262 log - (V" + k()v) + 2log - B-v = V2log -e (7.23)

Using (7.22)) we get that coefficients a,;, n = 1,..., N, can be obtained provided that the following
systems of linear equations can be solved for each i > 1

1 1
(—Af[ + 2log — B) ca; = log—g; (7.24)
€ €
Notice that because of ((7.20) we have
log log *
As - A = 0(F2R2), iz, (7.25)
log <

where the O term in (7.25) is uniform for index i. Under the non-degeneracy condition (1.5) we
get that matrix

1
—AST +2log — B,
€
is invertible for all small e satisfying the gap condition (7.18)) since its eigenvalues are now:

1 1 1
—AS +2a1log —, ..., —A + 2a9m—1log =, —AS ;. a; = =j(2m —j)
€ € 2

which are bounded away from zero by 4/log % As a consequence, the solution to (7.23]) exists and
satisfies

1
Ivilz2(0,27) < C logg lgllz2 0,27 (7.26)
From (|7.26) by a standard argument one can show

1 1 1
— V"l z2(0,27) + F 1V lz2(0.27) + V]| z2(0,2) < Cy/log z lgllz2(0,2m) (7.27)
log =

log %

This ends the proof of the Lemma. O
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We claim that using Lemma problem ([7.16]) can be solved by a contraction mapping principle
in the set

1 / 1
V' llz20.2m) + IVIE202m) < 37575
(log 1)

€

X —
log =

€

where o0 > «. In X we have

N v)l[z20,27) < C{H‘A’E\\%w(o,%) + [[vlle20,2m) (VI £2(0,27) + 1V ][ 22(0,27))

I
= Tloge|l/2+20

Now, the result follows by a straightforward argument using Lemma[7.2] The proof of Proposition
is complete. O

In the final part of this section, we solve the system , which will give a complete proof of
Theorem [[11
Proof of Theorem To finish the proof of Theorem we need to solve problem . To this
end we apply theory developed above combined with a fixed point argument. Thus, keeping the
same notations as in the proof of Proposition we look for f solving in the form:

7500 = (5~ m— 5 )pe(6) + F26) + 5,(0) + F5(6), (7.28)

where function p. is given in 1} constants f are given through their relations with the numbers

a; defined in (7.11) and functions ¥; solve (7.14). Function fj(Q) in turn are determined using
Lemma [7.2] where we set the right hand side h; to be

h;(F) = eM; (£, £, £") + P;(F) + Q,(F).

Above we denote

~ . 1 _ ~
Pi(f) = P;((j —m = 3)pe + £ + 0+ 1),

with similar rule for Qj and Mj. We observe that using (6.14)-(6.15) and the Lipschitz character
of the nonlinear terms involved we can solve (7.1) by a straightforward adaptation of the proof of
Lemma [7.2] and Proposition We omit the details. This ends the proof of Theorem O
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