LIOUVILLE THEOREMS FOR FINITE MORSE INDEX SOLUTIONS OF
BIHARMONIC PROBLEM

JUNCHENG WEI AND DONG YE

ABSTRACT. We prove some Liouville type results for finite Morse index solutions to the bihar-
monic problem A2y =9, u > 0 in R™ where 1 < ¢ < co. For example, for n > 5, we show that

. . . . +4 —8\—1
there are no finite Morse index solutions with >3 < ¢ < ("T) L

1. INTRODUCTION

Consider the following biharmonic equation
(1.1) Ay =u? u>0 inR?
where n > 5 and ¢ > 1. Define
(1.2) Au() == /R |A¢|>dx — q/Rn ult¢Pdz, V¢ € H*(R").

The Morse index of a classical solution to (1.1), ind(u) is defined as the maximal dimension of
all subspaces of Egn := H?(R") such that Ay(¢) < 0 in Egn \ {0}. Similarly, we consider also

the solutions A%u = u? on a proper domain  # R", and define its Morse index with
(1.3) Aya(o) = / |A¢|dx — q/ uit¢*dz, V¢ € Eq:= H?>NHLQ).
Q Q

A solution w is said stable if A, (¢) > 0 for any test function ¢ € Eq. Clearly, u is stable if and

only if its Morse index is equal to zero.

In this paper, we prove the following classification results.

Theorem 1.1. Letn > 5.

. 4 _8\—1

(i) For 315 < g < (%35).
forn <8 and any 1 < q < 00, the equation (1.1) has no stable solution.

il) For n > 9, there exists €, > 0 suc at for any 1 < q < 2= + €,, the equation (1.

i) Forn >9, th st 0 such that 1 - th tion (1.1

has no stable solution.

any solution of (1.1) has infinite Morse index. In particular,

In the second order case, the finite Morse index solutions to the corresponding nonlinear

problem
(1.4) Au+|ullu=0 inR", ¢>1

have been completely classified by Farina [4]. One main result of [4] is that nontrivial finite
Morse index solutions to (1.4) exist if and only if ¢ > p;; and n > 11. Here pjy, is the so-called
Joeseph-Lundgren exponent, see [8].

In the fourth order case, the nonexistence of positive solutions to (1.1) are showed if ¢ < Z—fi,
Z—fi, see [12, 19]. More precisely, when ¢ = Z—fi and

n > 5, any classical solution to (1.1) is in the form

and all entire solutions are classified if ¢ =

n—4

u(x) = CnA 2 ——, with zg € R", A > 0.

(14 N2|x —x0]?) 2
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It was proved by Rozenblum (see [11, 15]) that when n > 5, the number of negative eigenvalues
with multiplicity for the operator (A% — V') is bounded by
Cn | |V(x)|da.
R"L

It is easy to check that w are finite Morse index solutions to (1.1) with the critical exponent.

So our results concern essentially the supercritical case, n > 5 and ¢ > Z—fj As far as we
know, there are no results on the classification of entire solutions to (1.1) with finite Morse index
and supercritical exponent q. Therefore Theorem 1.1 is a first step towards the understanding
of finite Morse index solutions of fourth order problems. We note that only recently the radially
symmetric solutions to (1.1) are completely classified in [5, 6, 9]. The radial solutions are shown
to be stable if and only if ¢ > p§ ;, and n > 13 where pf‘}L stands for the corresponding Joseph-
Lundgren exponent (see [5, 6]). Theorem 1.1 classifies finite Morse index solutions in dimensions
n < 8 and for some special cases with n > 9, there is still a big gap to fill in towards a complete

classification.

Our proof borrows crucially an idea from Cowan-Esposito-Ghoussoub [2], who proved the
regularity of extremal solutions for fourth order problems in bounded domains. They made a
key observation by using a nice result of Souplet [18]. Here we also rely crucially on some results
of Souplet [18]. The key argument is to use two different test functions: the first one is u itself,
and the other one is v = —Au. We believe that further exploration of this idea may help to give

the complete classification of stable solutions to (1.1).

At the end, we show some classification results on the half space or compactness results for

finite Morse index solutions to A?u = A(u + 1)P on bounded domain (see section 3).
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2. PROOF OF THEOREM 1.1

We devide our proof into three steps.

-1

+

e Step 2. Non existence of finite Morse index solution with Z—i‘j <q< (

e Step 1. Non existence of stable solution with 1 < ¢ < (”7_8)

L—S) -1
n /4 °
e Step 3. Non existence of stable solution with ¢ slightly larger than =& with n > 9.

Although Step 1 is almost a special case of Step 2, it is more easier to begin with the stable

solution situation, where we introduce the basic ideas and estimates.

2.1. Step 1. According to Theorem 3.1 of [19], v := —Awu > 0 in R” since ¢ > 1. Rewrite then
(1.1) as a system

(2.1) Au+v=0, Av+u?!=0, ©u>0,v>0in R"
We recall several crucial estimates. First, following the idea in [13, 18], we have

Lemma 2.1. If there exists a stable positive solution to (1.1) or (2.1), there exists a bounded
stable positive solution u to (1.1) such that v = —Au is also bounded in R™.
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We can prove this lemma by contradiction and proceed exactly as for Theorem 4.3 in [13]
(see also Remark 1.1 in [18]). Indeed, if no bounded stable positive solution exists for (2.1), we
have the estimate u(z) < Cy, 4d(z,0Q)~ for any stable solution A%u = u4 in Q # R™, here C,, ,
depends only on n and ¢ > 1. The main reason is that the scaling argument used in [13] does
not affect the stability of solutions. Therefore no stable entire solution to (1.1) could exist in

R"™, which contradicts the hypothesis.

Let o = q%“l. By Lemma 2.4 of [18], for any solution of (2.1), there exists C' > 0 such that
(2.2) / udr < CR"™“, / ulde <CR" 9, VR>0.
Br Br

Here and in the following, Br stands for the ball of radius R centered at the origin. Another

important estimate is the following comparison between u and v (see Lemma 2.7 in [18]):

2
(2.3) As u is bounded, v? > ———u?! in R".
q+1

We need also the following identities:
Lemma 2.2. For any £, € C*(R"), we have
AEA(En®) — [A(En)]* = —4(VE - Vi)® — € (An)? + EAE|V[® — 4EADVE - V.
and

Lemma 2.3. For any £ € C*R") and n € C°(R™), there hold

(2.4) /n(A2£)§n2dx = /]R” [A(En)) da + /Rn [_ A(VE-V)? + 2§A§|Vn]2} i

+ [ eavian vy + @n?]ds,

1
(2.5) [ 1verIviPas = [ [e-a01vaP + 3ea0ViP)]
Proof. The proof of Lemma 2.2 is done by direct verification. The equality (2.5) follows from

SAE) = €AE + |V

On the other hand, a simple integration by parts yields

2 / EVE-VnAnde = — | €3div (AnVn) dz
R7 R7

(2.6)
=— /n 2 [(An)2 +Vn- V(An)] dx.
By Lemma 2.2,
| @ogpd= [ aa (o) is
= [ senae—a [ (ve-virde— [ [@an?+eagvaP]ds
n n R
—4 EVE - VnlAndz
Rn
The equality (2.4) is straightforward using (2.6). O

From (2.4) and (1.1), we have
/H[A(un)]de - /n u?™ ! (un)*dzx

= 4/ (VuVn)idz — 2/ uAu|Vn|dz — / u? [ZV(An) -V + (An)?|dx.
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In the following, we denote C, C’ as various generic positive constants which are independent

of u. Use stability condition A, (¢) > 0 with ¢ = un, we obtain the following estimate.

[ @) +urtt] do

(2.7) !

< C/ {|Vu]2|V77]2 + u|Au||Vn|? + u?|V (An) - V| + u?(An)?| dz.
Rn

Moreover, as
A(un) = —vn +2Vu - Vi + uln,

by (2.7) and Young’s inequality (recalling that v = —Awu > 0 in R"),

[ vt de < [ wlonf + (uPIal + o219 (Ag) - 9+ (8n)?]d

n Rn

Applying (2.5) with £ = u, we obtain
/ [(v2772 + uq+1772] dz
28) n 2 2 2 2
<C A wo|Vn|“dx + C/R u [|V(A77) SVl + A (IVn*)| + (An) }dm.

Take n = ¢™ with m > 2, it follows that
/ wo| V| de = m2/ ww V|V | 2da
n Rn

< — | (wp™?2dz+C [ w2 |Vptda.
Now let us choose ¢ a cut-off function verifying 0 < ¢ < 1, ¢ = 1 for |z| < R and ¢ = 0 for
|z| > 2R. Substituting the above inequality into (2.8), we arrive at

(2.9) / (vp™)?da +/ uI ™ *"dy < CR_4/ w2y
We claim:
(2.10) / w'dr < R, VR >0.

Br

When ¢ > 2, the above estimate follows from Holder’s inequality using (2.2) while for ¢ = 2, it

is just the second estimate in (2.2). If ¢ € (1,2), fix m > —2-, by Hélder’s inequality and (2.9),

q—1’
we obtain
) 4 q—1 2—q
/ u2g02(m72)dx < </ ulp mqldx) (/ uq+1g02mda:>
g—1 2—q
<C </ uqd:r> <R4/ u2g02(m2)dx> ,
B2R n
hence
/ u?p? M2y < C'R4(¢12_IQ)/ uldx.
" Bar
Using (2.2),

4(2—¢q 4(2—q)

)
/ wldr < / uchQ(m_Q)dx < CR a1 / wlde < C'R"9R™ a1 = C'R" %,
Bpr R Bar

so the claim (2.10) is proved. Combining (2.9) and (2.10),

(2.11) / (1)2 + uqH) ©*Mdr < CRVAT29,
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Next we make use of the stability condition again, but this time with the test function ¢ = vn.

By equations (2.1), we have
(2.12) A%y = —A(u?) = qui™ v — q(q — 1)ud™?|Vul?.
Multiplying (2.12) by vn?, similarly as for (2.7), by (2.4) and (2.5),
0< [ [@wn)? - wn?]ds
< —q(qg— 1)/ ul™ 2|Vu|2m72d:c—|—0/ v|Av||Vn|?dx

+c/ [1(an) -V + A (190P)] + |AnP] d

IN

—q(g - 1)/ w2 Vul?on? da

+C vuq|V77| dm—}—C’/ |V(A77) V| + ’A (|V77| )‘ + |An ]
Hence

/ u?™?|VulPvndx

(2.13) 8
<C uq!Vn\deJrC/ 1V(an) - Vil + A (IVnP)] + | An[?]de.

Furthermore, for any C! function H, integration by parts yields

(2.14) H(u)(—Au)n2da::/ H’(u)\Vu|2772dx+/ H(u)Vu -V (n*)dz.
R" R" R"

Following an idea of Cowan-Espositon-Ghoussoub [2], set H(u) = u%, then

/ UB(IT_I’UUQd.%' S/ u3q2_3|Vu\2772d:r—|—C/ W 2)‘ dx.
n n Rn
Recall that v > Cu's , we conclude, using (2.13) and (2.14),
2g, 2 —1
/ u In*de < C ur vnPdz
n Rn
<C uzaqT_B\Vu]znzdx + C’/ us 2)‘ dx

R" R"
(2.15) <C [ wYVul|?vntde + C/ vu? |A(n2)‘ dx

R7 R”

SC'/ vuq |Vn\2+|A(n2)’>da:
+c/ [1(an) - 9+ A (190)] + |AnP] da.

As before, let n = ¢™ with large m. Similarly to the derivation of inequality (2.9), we get
from (2.15) and (2.11),

(2.16) / (ul™)?dx < CR™* v2dr < CR"872%,
n Bar\BRr
fl<g< ("T_S)J_rl, n —8—2a > 0. So when wu is stable, letting R — oo, we deduce u = 0 in
R™ by (2.16). This proves the nonexistence of stable solution to (1.1) for 1 < ¢ < (%8 8)+1.
5



2.2. Step 2. Here we show the nonexistence of finite Morse index solutions with Z—j <qg<
("778);1. Our proof is based on the nonexistence of fast decay solutions with supercritical
exponent.

n+4

Proposition 2.4. Let n > 5, ¢ > "= and o = qf—l. Then the system (2.1) has no classical

solution verifying
(2.17) u(z) =o(Jz]~*), v(z)=o0 (|z\_2_0‘) as |x| — oc.

Proof. Suppose that such a solution u exists. Let w be the Emden-Fowler transformation of wu,
i.e. w(t,o) =r%u(ro) for any t =Inr € R and o € S"1, direct calculation yields

2T OAu = wyy + (n — 2 — 20)w; — a(n — 2 — a)w + Agn1w
where Agn—1 denotes the Laplace-Beltrami operator on the standard unit sphere S*~!. Applying
again this formula,
(2.18) w? = r4Toyl = ALY = wyy + Kw + Kowy + Kiwy + Kow
. + A§n,1w + QASn—l’wtt + K5Agn—1’wt + K6Agn—1’w

where K; are constants depending on « and n, for example

Ks=Ks=(2n-8—-4a), Kg=—|(a+2)(n—4—a)+a(n—2—a)|.
In particular, we have (see [6] for K;, 0 < i < 4)
4
K, <0, K3=Ks>0, Vn25,q>n+4.
n_

Set

wq 1 }<0 2 1(2 2 tht
E = — —w' — —w; — K + — — d
(w) /Snl <q 1 5 w 5 wy W W 5 WeptWy | do

K 1
+/ <6 |Vgn-1w]? 4 |Vgnorw|* — = |ASn_1w\2> do.
S§n—1 2 2

Multiplying the equation (2.18) with wy, we get (as K1 > 0, K3 = K5 < 0)

d
aE(w)(t) = / (Klwt2 — K5 |Vgnow|* — K3w3t> do <0.
S§n—1

By the decay conditions (2.17),
~Au=v, —Av=ul=o(z|*%) as|z|— .
The standard ellptic estimates imply then
(2.19) |$|li)r$oo lz* | VFu(x) =0, for 1<k <4 sothat tlggo Jw(t,-)||csgn-1y = 0.

Therefore lim;_,o, E(w) = 0. We have also lim;_,_~, E(w) = 0 because u is regular at the origin.

Finally we conclude

/ / 1 (K1w§ — K5 [Vgnaw]? — ngt?t) dodt = 0.
R JSn—

So wy = 0, hence w = 0 as lim;—,_o, w = 0, but this contradicts the positivity of u. O

Back to Theorem 1.1. Suppose that u is a solution of (1.1) with finite Morse index less than
¢ € N*. Considering the family of solutions verifying ind(u) < ¢, with similar argument as for
Lemma 2.1, we may assume again u is bounded (see Corollary 3.2). As w is stable outside a
large ball Bg, (see for example [4]), all the calculations in Step 1 still hold true by using cut-off
functions ¢ with support in R™ \ Bpg,, and we replace just the estimate (2.10) by

/ w?der < CR"™*, VR >0 and Bg(y) C R"\ Bg,.
Br(y)
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There hold then the following estimates similar to (2.11) and (2.16).

(2.20) / v2dr < CRV472% / u*lde < CR"72*  for all Br(y) C R"\ Bg,.
Br(y) Br(y)

Applying now the Sobolev embedding of H?,

_ 2n
1030 (5 < C (1801325 + B 0l32(5) » - Where po = ——.
Combining with (2.20), for any R > 0 and Bgr(y) C R"\ Bg,,
(221) 015 3y < CR™52
As q is supercritical, we have n — 4 — 2« < 0. With the covering argument, it is not difficult
to see that
(2.22) / v2daz+/ vitidz < oo,

Now we are ready to prove the decay of u and v. Instead to use the Harnack argument in
[16] (see [4]), let us recall a special case of Theorem 4.4 in [10]: For any p € [2, 00), there exists

€(p) > 0 such that if Aw + pw =0 in By with ||pHL%(B1 < €(p), we have

)
(2.23) HU’HLP(B%) < Cllwllgzepyy < C'llwll e (5y)

where the constants C, C’ depend only on p and n.

Let zp € R™ with |z9| > 2Ry and R = @, consider the function w(y) = v(xo + Ry). Then w

satisfies Aw + pw = 0 where
a

ply) = B> (w0 + Ry).

_ —1 _
Using (2.3), 0 < p(y) < C’R2uq71(xo + Ry) < C’RQUZ?(JUO + Ry). As M < g < (28) !

+ )
g—1 n
= — € (2, py].
By (2.22) and Hélder’s inequality,
/ v'dr < 0.
Therefore
/ Ipl2de < C | R™W (w0 + Ry)dy =C v'dr — 0, as |z — oo.
B B Br(zo)

From (2.23) and (2.21), we derive that for any p > 2,

n—8—-2a_n ,n _o_ n
(2.24) HUHLP(BR(xo)) =0 (R 2 P*+P) =0 (R 2 OH_P) as |x0| — O0.
Using classical elliptic estimates (see Theorem 8.17 of [7]), there exists C' > 0 such that
(2.25) sup v<C {R_i\\UHB(BR(m)) + RHAUHL”(BR(IO))} :
B% (zo

It is clear that ¢ = 3% > 2 and |Av|® = u™ < Cv?. Thanks to (2.24), when |zq| — oo,
1 14+(—2—at+2) 4 D
meM@mmgcmwh%mnmﬂR( qﬁ>zﬂR2)-

Substituting the above estimate into (2.25), applying (2.24) with p = 2, we conclude then

77)

v(z) =o(|z as |z| — oo.

We get also u(x) = o (Jz|~%) at infinity by (2.3), hence the decay estimate (2.17) holds, we reach

then a contradiction seeing Proposition 2.4.



2.3. Step 3. Here we will prove that no stable solution exists for exponent ¢ slightly higher

than = if n > 9. The main idea is a blow up argument.

Suppose that the claim (ii) of Theorem 1.1 does not hold, there exist then a sequence d; > 0,

d; — 0 and a sequence of stable solutions u; to (1.1) with ¢; = "5 4 ¢;. Lemma 2.1 permits to

assume that u; and v; = —Awu; are bounded in R". Choose A; > 0 such that
1 /\?j‘iﬁz
[vjlloo 7
4
~ 1 ~ ~q; ~ ~ . ~ .
Let u;(x) = )\;’ u;(\jx), so A%, = u;]-], vj := —Auy; satisfies ||7j|loc = 1. Up to a translation,

we assume also 0;(0) € (3,1]. Using (2.3) to u;, we have also ||« < C.

By standard elliptic theory, there is a subsequence still denoted by w; which tends to a

(R") for any k € N, so A?u, = u; % in R”. As u; are
stable, it is easy to see that u, is stable (taking the limit in (1.2) with @; and ¢;). Finally, since

—Au, > 0 in R” and —Awu,(0) = limv;(0) > 0, u, is nontrivial, hence positive in R™. This is

bounded nonnegative function u, in CIIZC

impossible by the previous step, the claim (ii) is then proved. (]
3. SOMME APPLICATIONS

As we have mentioned yet, the nonexistence result of entire stable solution yields immediately
(with blow-up and scaling argument as in [13, 18])
Corollary 3.1. Assume that € is a proper subdomain of R™ and u is a classical, positive and

stable solution of A*u = ud in Q where 1 < g < oo if n <8; orl < q< g+ e, if n>9 with
€n tn Theorem 1.1. Then

u(z) < Oy qd(z,00)™%, |Au(x)| < Cyqd(z,00)7 72, a= ——
where the constant C' depends only on q and n.

More generally, we have the similar result for solutions with bounded Morse index.

Corollary 3.2. Assume that € is a proper subdomain of R™ and u is a classical, positive and
stable solution of A?u = ud in Q where 1 < ¢ < ("778);1 and the Morse index of u < £ € N.
Then

u(x) < Cpged(x, 007 |Au(z)| < Cpged(z,00) 72, o= 1
Here the constant C' depends on q, n and .

Consider now
A2y =yl inRT_f_:R+XR”_1, n>2
(3.1) u>0,—Au>0 inR"
u=—-Au=0 on {0} x R*~1.
The following result is due to Dancer (Theorem 2 in [3], see also Theorem 10 in [17]).

Lemma 3.3. Suppose that u is a classical solution of (3.1) such that v and —Au are bounded
in R, then Oy u >0 and —0; Au > 0 in R} .

Therefore, under the condition of this lemma, w(y) = limg, o u(z1,y) exists for all y € R"~*
and A%w = w? in R"!. Tt is not difficult to see that if w is unstable, then ind(u) is infinite; in
other words, if u is of finite Morse index, then w must be stable. This enable us the following
classification result.

Theorem 3.4. Let u be a classical solution of (3.1) with n > 2.

(i) The Morse index of u is 0o, 1 < ¢ < (”778);1, q# Z—J_ri.
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(ii) Assume moreover u and —Au are bounded. Then ind(u) = oo, when ¢ > 1 and n < 9;
orl<g< Z—:é + en—1 and n > 10. Here €, > 0 are given by Theorem 1.1.

Proof. We prove readily (ii) by the discussion under Lemma 3.3 and Theorem 1.1. For proving
(i), we use a doubling argument which is a consequence of Lemma 5.1 in [13] (with ¥ = D = R"}
and ' = 0).

Lemma 3.5. Let Q : R} — (0,00) be continuous and fix a real k > 0. If y € R’} verifies
Q(y) > 2k, then there exists x € R’ such that

e Q(z) > 2k, Q(z) = Q(y) _

e Q(2) <2Q(z), for all z € R} N Byg-1(4)(z).
Define

(3.2) a:qil’ ﬁ:a+2:w

Suppose that there is a positive solution u to (3.1) verifying SUpRr @y = o0 and ind(u) < 0.

and - Q(z) = Qu(x) = u(@)|3 + |Au(a)[7 +1.

Applying Lemma 3.5, for any k € N*, we get a,, € R} such that

Qlax) > 2k, Q(2) <2Q(ax), YV z € R N Byg-1(4,)(ar)-
Denote M}, = Q(ax) and consider
(3.3) wy = M "u (ak + Z\Z) , VyeQp=DBpN{y1 > -} where v, = a1 M.
k
We have A%wy, = wi in Q, wip(y) = Awg(y) = 0 on {z1 = —y} N Oy, supg, Qu, < 4 and
Qu, (0) — 2. Up to a subsequence, we can suppose that limy_. v, = v € R4y U {oo} exists.
Case 1: v = co. Remark that ay; = dist(ay, OR"}), hence M}, dist(ay, OR") — oco. By standard
elliptic theory, taking the limit of wy, (up to a subsequence), we obtain a solution
(3.4) A?w=w? in R", Q,(0)=2.
As ind(wg) = ind(u), we have ind(w) < ind(u) < 0o, and @,,(0) = 2 implies that w is nontrivial.
So we get a solution to (1.1) with finite Morse index, this is impossible seeing the assumption
on q and Theorem 1.1.
Case 2: y € [0,00). Let wy, = wy(y + vre1), we get a family of bounded solutions for A%p = 4
in (~2k = Q, + yre1 which tends to the half space R’}. Fix R = v + 1, using classical estimates
due to Agmon-Douglis-Nirenberg in [1] successively for —Awy, and wy, on Bog 4 := R’ N Bapg,
we get
wWkllwar(Br ) < Crp,rl Wkl Lo(Byg. ) < C-
Choosing p > n, ||{17kH03(§R7+) < C by Sobolev embedding. As Qg, (0) = 1 and Qg, (yxe1) —12,
and v, < R (for k large enough), there holds 1 < Cvy, for large k, so v > 0. As Qg, < 4 in €y,
passing the limit to a subsequence, we get a solution w on the half space with Navier’s boundary
condition. Moreover, we have Q. < 4, Q,(ye1) = 2 and ind(w) < ind(w). This contradicts (ii)

by the assumption on ¢, so we are done. O

Finally, Consider the bounded domain situation with polynomial growth:

A%y = Au+1)? in a bounded smooth domain Q C R, n >1
u=Au=0 on 0f2.

It is well known that there exists a critical value A* > 0 depending on ¢ > 1 and 2 such that

(Py)

o If A € (0,\*), (P)) has a minimal and classical solution which is stable;

e If A\ = \*, a unique weak solution, called the extremal solution u* exists for (Py+);
9



e No weak solution of (P)) exists whenever A > \*.

Our objectif is to prove some compactness result for finite Morse index solutions.

Theorem 3.6. Assume that 1 < q < (”—_8);1, q # 22 Let uy, be a sequence of classical

n n—4-°
solutions of (Py,) such that Ay — > 0 and the Morse index of uy is uniformly bounded, then
|ug]|oo < C < 0.

Proof. The proof is similar to that for Theorem 3.4. Suppose the contrary: There exists A\ > 0,
uy, solutions of (P, ) such that Ay — g > 0, ind(ug) < ¢ < 0o and |[ug||cc — 00. Define o, 8 and
Q. (x) asin (3.2). By assumption, there exists a; € € such that My, = max Qu, = Qu, (ag) — oo.

Denote
—a Yy
wk:Mk Uk (ak+]wk> , Vye Q= Mp(Q—ag).
Clearly,
(3.5) Awy(y) = Mg [wk + Mkja]q in Qp; wr = —Aw, =0 on 0.

We have wy, > 0, —Aw;. > 0 in Q. and max Qu, = Qu, (0) — 2. Let o}, = dist(xy, 0€2), we have
k

two differents situations: Up to a subsequence, either oMy — oo or oMy — v € R,

In the first case, we obtain a nonnegative function w to A?w = pw? in R™ satisfying ind(w) <
¢ < oo and @Q(0) = 2, hence an entire positive solution with finite Morse index to (1.1), which
contradicts Theorem 1.1 seeing the hypothesis on ¢q. Assume now oM, — v € Ry. Using
orthogonal transformation, we obtain w; defined on domains ﬁk tending to R”}. Furthermore,
as in [14], we can transform locally the domain Qy, to By R,+ and consider (3.5) as a second order
elliptic system with Dirichlet boundary conditions on OR"} N Bag 4 (see proof of Theorem 1 in
[14]). By classical estimates in [1], we obtain again v > 0. Taking the limit, there is a solution
to (3.1) with ind(w) < £ and max Q,, = 2. We reach a contradiction with Theorem 3.4 (ii). O

Remark 3.7. We wonder if the results of Theorem 3.4 (i) holds true for g = Z—J_rj. In general,
the condition p > 0 in Theorem 3.6 seems to be necessary. For ¢ < Z—‘_Fi, a moutain pass solution

u® to (Py) exists always for any A € (0,\*) and limy ¢ ||u}||cc = oo, but we wonder if the
compactness result holds true when A\ — 0, for general supercritical exponent q.

In the same spirit of Theorem 3.6, we can prove

Theorem 3.8. There exists €, > 0 such that the extremal solution w*, the unique solution of
(P\+) is bounded provided that

n<8 g>1 or n>9, 1<q<L8+En.
n_

Here we need just to consider stable solutions wuy to (Py) since u* = limy_,x~uy, so the
conclusion comes from (ii) of Theorem 1.1 or (ii) of Theorem 3.4. The case 1 < ¢ < (”778);1

was proved in [2] by different approach.
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