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l. Introduction



Boltzmann Equation

It was derived by L. Boltzmann in 1872 to govern motion of
a nonequilibrium gas. Its unknown is a scalar function

0<F=F(tuzv), tcRzecR veR?

which stands for the probability (or number, or mass) density
function of gas particles having position = and velocity v at
time ¢, and the Boltzmann equation reads

aalz—kv-VxF:Q(F,F)

where @, the collision operator, describes the binary collision
of molecules and is given by



Q(F, H)(v)

:/ dv, / dw |(v—vy) - w| (F(W,)H (') — F(vs)H(v)),
R3 Js2? —_—
collision kernel
V=0 —[(v—v) ww, V=04 [(v— i) w]w,
Note:
V+ U = v + v;,
[0 + Joe* = [V? + [

. U
V' Jx

=

#3



The equilibrium state (Q(F, F)) = 0) is the Maxwellian distr.:

p _lv—ul?
l’L = N[p,u,@] (U) = (271'9)3/26 20

p : density, u : bulk velocity, §: temperature

which can be built in the BE due to Boltzmann’s

7

H-Theorem

H[F] = | FlogFdv

H-function  (negative of physical entropy)

In fact, if F' = F(t,v) is a solution to the BE in the spatially
homogeneous setting, then

dH[F)(t)

o = DI <o,



for all ¢ > 0, where D[F] is the entropy product given by

D[F] = Q(F,F)InFdv
RB
F'F’
= _/ |(v — vy) - w|(F'F, — FF,)log ——* dvdv.dw.
R3 xR3 xS2 FF,
It holds that
Q(F, F)=0
< D[F]=0

& I is the Maxwellian:  F' = i, ,, 4(v)

Thus mathematically it shows that the equilibrium state is
uniquely described by the Maxwellian, not by any other
distribution functions.



One classical property of Q:

For ¢(v) = 1,v1,v2,v3, [v|? (five collision invariants),

[ w0)QUE F)(w)dv =0,

This gives the local macroscopic conservation laws:
8t/ Fdv+V, - vEFdv =0,
R3 R3

8,5/ viFdv+ V- vo; Fdv=0,1=1,2,3,
R3 R3

8t/ [v|>F dv + V, / lv|>vF dv = 0.
R3 R3

(Unclosed! They are Euler equations if ' = 11, )



Relation to Fluid Dynamcs:

From 1
OF +v -V, F = EQ(RF)

where x > 0 is the Knudsen number proportional to the
mean free path,

e 0'"-order approximation by Hilbert expansion (1912)
gives

Euler equations

e 15'-order approximation by Chapman-Enskog expansion
(1916/17) gives
Navier-Stokes equations



Well-posedness of the Cauchy problem on the Boltzmann
equation:

OF +v-V,F =Q(FF),
Fli—g = F.

Goal: Find function spaces X and Y C X such that if
0 < Fy € X with ||Fy||x < oo then it admits a (unique)
“solution” 0 < F'(t) € Y with

sup ||F(t)|ly < oc.
0<t<oo

Note: It is expected that the global-in-time existence and
even large-time behavior of solutions be a consequence of
the interplay between the free transport operator and the
partially dissipative Boltzmann operator.



Il. Known results on Well-posedness



Known results (Non-exhausting):

e Non-perturbation framework:

> DiPerna-Lions (1989): The weak stability method gives the
global existence of renormalized solutions for general large
initial data with finite mass, energy and entropy. Uniqueness
is still unknown.

> Desvillettes-Villani (2005): the ¢{~°° convergence of a class of
large amplitude solutions toward the global Maxwellian with
an explicit almost exponential rate in large time, conditionally
under some assumptions on smoothness and polynomial
moment bounds of solutions:

1F(t) = pll L2y (1 oy < C(igg IE @ 2 gv+ee (1 oy )t

> Gualdani-Mischler-Mouhot (2010): a sharp exponential time
rate by developing an abstract semigroup theory for linear
operators which are non-symmetric in some Banach spaces:

1F(t) = pllx < Ce™™||Fo — pllx, X = LyLE (1 + |v]*),k > 2



Known results (Non-exhausting):

e Perturbation framework (small data results):

» Close-to-vacuum:

> lliner-Shinbrot (1984): the global existence under
smallness assumption on velocity weighted norms.

> Close-to-global-Maxwellians:

» Ukai (1974): existence and uniqueness of mild solutions
based on the fixed point principle through the spectral
analysis of linearized equation and the bootstrap
argument.

» Guo (2002, 2010), Liu-Yang-Yu (2004), Liu-Yang-Yu
(2004): the existence and uniqueness of classical or
strong solutions by the nonlinear energy method.

Recent progress in non-cutoff case:
> Alexandre-Morimoto-Ukai-Xu-Yang (AMUXY) ('10, '12)
» Gressman-Strain ('11)



Remark: Recall

» L2 N L™ approach for global well-posedness (even for
IBVP) with small data around global Maxwellians was
developed by Guo (2010), and

» the only large-amplitude solution (no uniquesness) was
given by DiPerna-Lions (1989).

Q.: Is it possible to develop an in-between framework where
the unique strong solution exists and is allowed to have large
amplitude and thus contain vacuum?

A.: D.-Huang-Wang-Yang (16, preprint): 3! F' with
sup [[(F' — M)Mfl/QHLgov(le\B) <00
>0 ’

provided that the above norm is finite initially and

E(Fy) + |(F — ) 2| 1 poe < 1.



I1l. The goal of the talk

Motivation:

> In the close-to-equilibrium framework, L?w is not enough

to close the nonlinear dynamics, and in general
X =1°H:, s>3/2

is needed, for instance Ukai’s result.

» Q.: Is s = 3/2 spatially critical for such function spaces
to obtain the global-in-time well-posedness?

Notice that the embedding H*(R3) c L>(R?) is no
longer true for s = 3/2. A replacement would be

3/2 00
By (R%) c L®(R?).



Recall
OF +v- -V, F=Q(F,F).

Set

F=p+p'?f,
p=p(v) = (2m) 2712,

Then the Boltzmann equation can be reformulated as

0f +v-Vof + Lf =T(f,f),

with initial data f(0,z,v) = fo(x,v) given by Fy = pu+ p'/2 fo.
Here
Lf = —pu2[Q(u, ) + Qu" f, 1)),

I(f,9) =p'?Q {Ml/zf,umg} :



Moreover,
=v-—K,

- | dv*/ des o — . [T Bo(B)u(vs) ~ (1 + o))",
R3 s2
K is a self-adjoint compact operator on L2.
ker L = {1,v1,v2,v3, |[v|*}\/ii, dim ker L = 5.
Define the macroscopic projection of f(¢,z,v) by
Pf={a(t,z)+v-bt,x)+ (|v] —3)clt,x)} 1
Then, the function f(¢,2,v) can be decomposed as
f=Pf+{I-P}.

L is coercive in the sense that there is )y > 0 such that

iz [ v@HI- PP
R.& Rd




Spaces and norms: Define

Er(f) ~ -~ = 22 sup || AGf (L) 12
()~ e 72 2 q;l ogthH of ()2,

and
Dr(f) = [Va(a,b, C)HZQTB}/Q + [{T - P}f”EQT'L'g,,,Bi/Q’
where B? denotes the Besov space BSJGR?;Q) and

T 01/02
1z ey, = [ 32 20 /O (AS|yAquggdv> gt

q>—1

r/o1

with the usual convention for o1, g2, p,r = cc.



Main result:

Theorem
There is eg > 0 and C > 0 such that if

1 foll g2 g2/2 < o,

then there is a unique global strong solution f(t,z,v) to
the Boltzmann equation with initial data fli=o = fo,
satisfying

Er(f) + Dr(f) < Cllfollzz gar2s

for any T > 0. Moreover, if fo > 0 then F(t) > 0 for all
positive time.




Previous solution spaces for well-posedness in perturbation
regime:

» The first global existence theorem for the mild solution
is given by Ukai ('74) in the space

) 5
120, 00; LF (RS HN(R2)) ), B> 2, N =2,

by using the spectrum method as well as the contraction
mapping principle, see also Nishida-lmai ('76/'77) and
Kawashima (’90). Here L%O(R%) denotes a space of all
functions f with (1 + [v])?f uniformly bounded.



» Using a similar approach, Shizuta ('83) obtains the
global existence of the classical solution
f(t,z,v) € CH19((0,00) x T3 x R?) on torus, with the
uniform bound in the space

5 3
L"O(O,oo;Lgo(Ri;Cs(Ti))), B>2, 8>,

» The spectrum method was later improved in Ukai-Yang
('06) for the existence of the mild solution in the space

3
L7 (0, 00; L*(R} x RE) N LF (R L(RY)), B> 3,
without any regularity conditions, where some L>-L?

estimates in terms of the Duhamel’s principle are
developed.



» On the other hand, by means of the robust energy
method ('02), for instance, Guo, Liu-Yu and
Liu-Yang-Yu, the well-posedness of classical solutions is
also established in the space

C(o, o0; HY

t,x,v(Rg X Rg))a N Z 41

where the Sobolev space H}, (R x R3) denotes a set of
all functions whose derivatives with respect to all
variables ¢, x and v up to N order are integrable in
L2(R3 x R3).

> If only the strong solution with the uniqueness property
is considered then the time differentiation can be
disregarded in the above Sobolev space. Indeed D. ('08)
obtained such strong solution in the space

v

c(o, 003 LQ(R3-HN(R§))), N >2.



» AMUXY (’13) presents a result for local existence in a
“larger” function space. In cutoff case the solution
space may take

| 3
L (O,TO;Lz(R%;H*S(R?E))), s>,

where T > 0 is a finite time.

» The key motivation to consider s = % is to apply the
Chemin-Lerner space which has been extensively used to

deal with the incompressible Navier-Stokes equations:

ue L¥BS, ie. Z 2% sup [|[Aqu(t)|[z2 < oo.
o1 <t<T



Further recent progress:

» Yoshinori Morimoto, Shota Sakamoto, Global solutions in
the critical Besov space for the non cutoff Boltzmann
equation, arXiv:1512.00585.

» Zhengrong Liu, Hao Tang, On the Cauchy problem for the
Boltzmann equation in Chemin-Lerner type spaces, DCDS
2015.



IV. The proof of the main result



Key points in the a priori estimates:

¢ (K1) How does Besov meet Boltzmann?
(O +v-Ve+ L)f =T(f, f)

1d
= 5 a2 A 2 + X2 IAAT = PYIZz 1

2 dt
< 2%1|(A,D(f, £), Ag{I - P}f).
3q 3q + 1/2
= ¥ 18 Olasg +VRa2¥ ([ 18,0~ PISIEs 30 )
3q t 1/2
< 2% Ayfollarz +2% ( / I(AqF(f,f)Aq{I—P}f)ldT) ,

3q

= 22 su Ay f()| 212
S 2% sup 180 0luaes

q=>—1
54 T 1/2 3q
+ VA Z 2% (/ qu{I—P}ing,ngdt) < > 27 Aoz
> 0 ' g=-1

+ 222 (/ (AL(f, f ),Aq{IP}f)dt>1/2.

¢>—1




e (K2) Most key estimate: Trilinear estimate

Lemma
Assume s > 0, 0 < T < +o00, it holds that

T 1/2 12
> o | st amial <,

q>—1

1/2 1/2 1/2 1/2
x [HgHZéT T L e o [ s

1/2 1/2 1/2 1/2
S 1 N 1 P ] e ) s



Recall
D(f,9) =~ 2()Q [/, %]
=T gain(f,9) — Tioss(f+ 9)
_ /R v, /S dwlo = v Bo(@)u(v) f(v))g(v')

v v w v — v|Y 12(y Vs )-
)/R3d*/g2d| A Bo(0)uV2(02) £ (v2)



e Proof of Trilinear Estimate-1:

Io=|>_ 2" { /0 ' [(AGT(f,9), Agh) dt] -

q>—1

» Elementary observation-1: ((A + B)Y/? < AY/? + B1/2)

[ 1@r.a )|dt}

U| Tyuin(f, ) Aqh)|dt} +[/0 (AqTioss(f, 9), Agh)| dt|

with

AiLgun(f.0) = [ dve [ oo = o[ B0 )8l 01)g(0)
Aglioss(f,9) = /n@ dv. l2 dw [v — v |Y Bo(0) ' ? (0) A [f (04) g (v)].



e Proof of Trilinear Estimate-2:

1/2

Ip=| > 2% {/OT|(AqP(f7g),Aqh)\dt]

q>—1

» Elementary observation-2:

T o 1/2
g S |([ o[ dedvdvdol - Pt 180
0 RY x§2

g>—1

T 1/2
X |:(/ dt | dedvdv.dw|v — ve| 12 (v.) \Aqh\Q) :|
0 RY

1/2

1/2

T 1/271/2
+ Z 2%° {(/ dt /9 . drdvdv.dw v — v.| /2 (v.) \Aq[f*g]|2> }
0 RY xS

q=>—1

T 1/271/2
X |:</ dt/ drdvdv.dw v — v | 12 (v.) \Aqh\2> :|
0 RO



Further by using the discrete version of Cauchy-Schwarz
inequality to two summations Zq>_1 above, one obtains that

, 121 M2
I < Z 29° (/ dt/ drdvdvu, v — v,|7 Aq[f*g]2>
g>-1 o R
, 12 M2
X Z 298 (/ dt/ dzdvdv, [v — v, |7 % (v,) ]Aqh]2>
g>—1 o IR

=12 x 112,

where [0/ — 0| = [v — v,], p!/?(v)) < 1 and Js2 dw = 47 have
been used.



It is straightforward to see
1T < iz 72

due to

/‘mwv—mwwﬂwn~<ruww~uw>
R3

It remains to estimate

1/2
I— 248 (/ dt/ drdvduv, v—v*!”A &l )
> 1 R

qz



e Proof of Trilinear Estimate-3:

Idea for estimating I:

» Bony’s decomposition:

with
ﬂv:ZSj_luA]-'u, R(u,v) = Z Ajulju.
J

7" —31<1

» Use the basic properties: for 1 < p < oo,
1Aq ez <Cll-llzz, 1Sg- Iz < Cll -z

» Obtain paraproduct property by defining a new ¢! sequence.
For instance, we define

. T 1/2
) =2 ([ e [ 1ol I8tz do)  lallzyzz o
( |

One can see that |c1(j)||a = 1.



Indeed,

T
I< Z 2% </ dt/ dzdvdvs|v — vy|”
0 RO

1/2

)

D AG[Sj-1fAg]

g=—1
T 2\ 1/2
+ ) 2% (/ dt/ drdvdv. v —v.|" Y Ag[Sj-194, f.] )
g>—1 0 R? J
2\ 1/2
T
+ z 2%° / dt/ dzdvdv,|v — vi|” Z Ag[A; fuAj g]
a>—1 0 RO li—3'1<1
=0+ I+ Is.

For instance, to estimate I;, notice that

S OALSi1fDjgl = Y AG[Sio1fidg)
J

l7—ql<4



By |v — v.|?” < |v|7 + |vs|” and Minkowski’s inequality,

T 1/2
n<y Ny oo (/ dt/gdxdvdv*wyAq[Sj_lf*Ang?)
0 R

q=—1|j—q|<4

. 1/2
([ o s st

q=—1|j—q|<4

=Tia+ Lo



Here [; ; is bounded as

T 1/2
ras XS ([ [ iean [ o7 a0, )

q=—1]j—q|<4

T 1/2
s 2 2
<> > 2 (sup /RS Hf*HLgcdv*/o dt/RS o] HAngL%dv)

) 0<t<T
q=—1]j—q|<4 ==

T 1/2
< X ([ af wr sl a) Wl

q=—1]j—q|<4

§Z Z 2(q7])scl(j)“g”E?TE%YU(B;)”f”L%OL%LgO’

q=>—1]j—q|<4

where ¢1(j) is defined as

T 1/2
278 (/ dt/ lo]” HAngig dv)
0 R3 v )

HQHEQTE?W(B;)

ci(j) =



Using the convolution inequality for series

Z Z Q(Q_j)scl(j) — Z [(1|j|g42j5) *Cl(])] (Q)

g>—1j—q|<4 g=-1

< 11142l ler ()l < oo,
we further get that
LRDS HQHE%E%‘V(B;)Hf”L%OL%LgO-

Other terms can be estimated in a similar way.



Remark: The other two occasions where Besov meets
Boltzmann

» Arsénio-Masmoudi (JMPA ’13): Velocity averaging
lemmas.

» Sohinger-Strain (AM, '14): Time-decay rate for
fo € B3 . L7 with some s < 0.

» Bedrossian-Masmoudi-Mouhot (arXiv, '13): a simpler
proof of nonlinear Landau damping for Gevrey data
through the Bony decomposition.



e (K3) Applying the Trilinear Estimate to
L(f, f) =T(Pf,Pf)+T(Pf{I-P}f)+T({I-P}f,Pf)
+IT({I-P}fAI-P})),

together with

1/2 1/2 1/2
1P I e S 1@ N oo ~ Va0, 1

1/2
S ||v$(a7 b7 C)HE/Q BL/? S; DT(f)7
TPx

BY*c Ly, BY*cLy,

one has

1 o0 72 372y + VAol — P}f||zﬁ%,u(33/2)
S W follza g2y + VET(F)Pr(f)




¢ (K4) Macroscopic Dissipation: The macroscopic
component Pf = {a(t,z) +v-b(t,z) + (|v]* = 3) c(t,z)} /&
satisfies the fluid-type system

oa+Vyi-b=0,
8tb+Vx(a+20)+Vz@({I_P}f> :07

1 1
dre+ Vs b+ =V, - A{I-P}f) =0,

at[@“ﬂ({I — P}f) + 205im] + O;bm + Omb; = @im(rr + ]h),
( OAi({T —P}f) + 9ic = Ai(r + ),

where

Oum(f) = ((oivm — D7), MalF) = 5 (1ol = Bpeun'”?, )



The energy estimate in Besov space gives

000,072 g2 S ol pors + Ex()
HIHT=PH g s pore + E()Dr (D),

e The global a priori estimate follows from the linear
combination:

+A {Hvx(a, b, C)HE%(BJ/Q) +[{I - P}f”E%Zg,V(Bﬁ/?)}
S Wfollzy ey + {VEr(D + €N } Dr(f),

with
HfHE%OZ%(Bi/Z) - K‘SET(f) ~ ST(f)7

since k3 > 0 can be small enough.



Local existence: The construction of the local solution is
based on

(0, +v-V,} Frtl 4 Frti(y) /
R3xS?
_ / (v — v [ Bo(8) F™ () F™ (0 dvsdas,
R3xS2
FH0,2,0) = Fy(w,v),

|v — 0|7 Bo(0) F" (vy) dvsdw

starting with FO(t,2,v) = Fy(z,v).

Noticing that F"t! =y + /271, equivalently we need to
solve f"*! such that

{815 +v- V;B + U} fn+1 - Kfn - Fgain(fna fn) - Floss(fna fn—i-l)’
F7H0,2,0) = fo(x,v).



Lemma
The solution sequence {f"}5° is well defined. For a sufficiently
small constant My > 0, there exists T* = T*(My) > 0 such that
if

1 foll g2 gar2 < Mo,

then for any n, it holds that
Yr(f") := Er(f") + Dr(f") < 2My, VT €[0,T%),

where Dr(f) is defined by Dr(f) = 1fllz272 gare
T v, v=x



Theorem
For a sufficiently small My > 0, there exists T* = T*(My) > 0
such that if

||fOHE%B2/2 S M07

then there is a unique strong solution f(t,z,v) to the
Boltzmann equation in (0,T*) x R3 x R3, such that

Yr(f) < 2My,

for any T € [0,T*). Moreover Yp(f) is continuous in T over
[O7T*)? and if FO(:E’ U) =p+ M1/2f0 >0, then

F(t,z,v) = p+ p2f(t,z,0) >0

holds true.



Key points of the local existence:

» Energy estimate for uniform bound of sequence of
approximate solutions.

» Energy estimate for uniqueness of solutions in the space.

» A new inequality is observed to prove the continuity of
the super-time norm Yy (f):

> Show ¢ — E(f(t)) =25 4 2% [Aqf(t)l|z2  is continuous
on [0,T*), in terms of

(1)) — £/ (1)
to 1/2
STV RID DELE | R E e I

g>—1 !

» Show 7' — ?T(f) is continuous. O



Thank you!
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