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STABILITY OF THE ONE-SPECIES
VLASOV-POISSON-BOLTZMANN SYSTEM*

RENJUN DUANT AND TONG YANGH

Abstract. In this paper, we are concerned with the one-species Vlasov—Poisson—Boltzmann
system with a nonconstant background density in full space. There exists a stationary solution when
the background density is a small perturbation of a positive constant state. We prove the nonlinear
stability of solutions to the Cauchy problem near the stationary state in some Sobolev space without
any time derivatives. This result is nontrivial even when the background density is a constant state.
In the proof, the macroscopic balance laws are essentially used to deal with the a priori estimates
on both the microscopic and macroscopic parts of the solution. Moreover, some interactive energy
functionals are introduced to overcome difficulty stemming from the absence of time derivatives in
the energy functional.
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1. Introduction. The Vlasov—Poisson-Boltzmann (VPB) system is a physical
model describing the time evolution of dilute charged particles (e.g., electrons) in the
absence of an external magnetic field [22]. In this paper, we consider the VPB system
for one species of particles in the whole space R3:

(L.1) Of +6€ Vaf + Vo Vef = Q(f. f),
(1.2) A = / fdg - p(a).
R?’

Here, the unknown f = f(¢,z,£) is a nonnegative function standing for the number
density of gas particles which have position z = (z1,22,23) € R? and velocity & =
(€1,&2,€3) € R? at time t > 0. The bilinear collision operator ) with hard-sphere
interaction [2] is defined by

Q)= [ (7= fa)l€ = &) - wldade.,

f:f(t7$7€)7 fI:f(taxagl)a g*:g(taxag*)a gizg(t,x,éfk),
5/25_[(5_5*)'“’]‘07 fi:§*+[(€_€*)'w]wv wGSz.

The self-consistent electric potential ® = ®(¢, z) is coupled with the distribution func-
tion f(t,z, ) through the Poisson equation. p(x) denotes the stationary background
density satisfying

o) = po as |x| — oo
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2354 RENJUN DUAN AND TONG YANG

for a positive constant state po, > 0. Throughout this paper, we take p,, = 1 for
simplicity.

First, in this paper, we prove the existence of the stationary solution to the VPB
system (1.1)—(1.2) under some conditions on the background density p(z). For this

purpose, let us define the weighted norm || - [|yym. by
(1.3) lgllw; = sup (1+ z)F > [0%g(x
la|<m

for suitable ¢ = g(z) and integers m > 0, k > 0. Actually, one has the following
theorem.

THEOREM 1.1. For integers m > 0 and k > 0, suppose that ||p— 1|y m.~ is small
enough. Then the following elliptic equation with the exponential nonlinearity

(1.4) App = e? — p(x)
admits a unique solution ¢ = ¢(x) satisfying
(1.5) [éllwmo < Cllp = Llwmee

for some constant C.
From Theorem 1.1, it is straightforward to check that the VPB system (1.1)—(1.2)
has a stationary solution (f., ®.) given by

f* = €¢M, q)* :¢7

where the global Maxwellian

= W eXp (—|f|2/2)

is normalized to have zero bulk velocity and unit density and temperature.
Based on this existence result, we will consider the stability of the stationary state
(f«, @.). For this, set the perturbations u = u(t,z,§) and ¥ = ¥(¢,x) by

(1.6) f=eM+VMu, ®=¢+ V.
Then u and V¥ satisfy the perturbed system
1
O+ & - Vou+ V(¥ +¢) - Veu — 55 V(U4 @)u — €& -V, Te? VM
(1.7) = e’Lu + T'(u, u),
(1.8) AT = [ VMudé, (t,z,€) € (0,00) x R? x R3,
]RS
with given initial data
(1.9) u(0,2,€) = up(,€), (z,6) € R® x R,

where Lu and I'(u, u) are denoted by

1
Lu = T Q(M, vVMu) +Q(\/Mu,M)} 7
I, ) = \/LI\_AQ(\/A_/IU, VMu).
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STABILITY OF THE ONE-SPECIES VPB SYSTEM 2355

It is well known that for the linearized collision operator L, one has

(Lu)(©) = ~(€)ule) + (Ku)(©),
v = [ 6 =€) wIM. dud.

(Ku)(ﬁ):/R3 o (—\/Mu*—F\/M;u’—F\/Mu;) (€ — &) - w|v/ M, dwdé,
= o K({,f*)u(é*)d@,

where v(£) is called the collision frequency and K is a self-adjoint compact operator on
L?(R?) with a real symmetric integral kernel K (,&.). The nullspace of the operator
L is the five-dimensional space spanned by the collision invariants

(110) N = KeI'L = Span{\/ﬁ; fz\/ﬁ,Z = 172537 |€|2\/M} .

From Boltzmann’s H-theorem, the linearized collision operator L is nonpositive and,
moreover, —L is locally coercive in the sense that there is a constant A > 0 such that

(1.11) —/R3 uLu d€ > /\/ Y{I-P}u)*d¢ Yue D(L),

where for fixed (¢, x), P denotes the projection operator from Lz(Rg) to M and D(L)
is the domain of L given by

D(L) = {u € L2(RY) ‘ V(€ € L2(RZ‘)}.
In addition, for the hard-sphere model,

v(€) ~ 1+

holds true and will be used throughout this paper. For the proof of all those mentioned
properties of L, v, and K, see [2]. For later use, we write Pu in the form of coordinates
as follows:

3

Pu = {a(t,x) + Zbi(t, )& + C(tv$)|§|2} VM,

i=1

where a, b = (b1, bz, b3), and ¢ (used in place of the notation a*, b* = (b}, by, by), and
c*, for simplicity) are the coefficients of the macroscopic component Pu
Define the energy functional

u@)?= > foedful®+ Y 02V |?

lol+[BI<N || <N

and the dissipation rate

w@z= > 050f{1—Plul?

laf+[BI<N

+ Y (192Va(ab,o)* + (105 (a +3c)[1?)

lal<N-1
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2356 RENJUN DUAN AND TONG YANG

where N > 4 is a fixed integer throughout this paper, and W is given by the formula

U(t,x) = 1/L(/R3\/Mu(t,y,§)d§> dz.

A Rs [T — Y|
Also, define the solution space

e?M + VMuv >0, (t,2,€) € [0,00) x R3 x R?

X(0,00) = { v = w(t, 2, &) | O] :[0,00) = [0,00) is continuous
sup [[v(@®)]] < o0

Now, the main result about the stability of the stationary solution is stated as follows.
THEOREM 1.2. Suppose that ||p— 1HW2N+1,0Q is small enough. There are constants

S0 >0, Ao > 0, and Cy such that if [[ug]]*> < do and fo(x,€) = e?M++vMug(z, &) > 0,
then the Cauchy problem (1.7), (1.8), and (1.9) of the VPB system admits a unique
global solution u = u(t,x,&) € X(0,00) satisfying f(t,z,&) = e?M++vMu(t,z, &) > 0,
and

(1.12) (O] + Ao/0 [[u(s)]]7ds < Col[uol)*

for anyt > 0.

Remark 1.1. Notice that the hypothesis of initial data in Theorem 1.2 is the same
as that given in [27]. However, the main point of the current paper is that in order
to close the a priori estimate, one does not need to include the time derivatives in
the a priori estimate, so that there is no need to estimate the time derivatives in the
energy estimate. In this sense, both the norms on the initial data and the solution are
the same, that is, [[u]]. Moreover, the method taken by this paper can be naturally
applied to the time-decay estimates of the linearized system, and the corresponding
results are to be reported in the future.

Recently, there have been some works on the study of the Cauchy problem
of the VPB system and even the Vlasov—Maxwell-Boltzmann (VMB) system near
Maxwellians in the full space R3. The global existence of classical solutions to the
one-species VPB system was first given in [25] under the condition that either the
mean free path is sufficiently small or the background density p is a sufficiently large
positive constant. The proof in [25] is based on the elaborated energy method de-
veloped in [21, 20] by taking perturbations near the local Maxwellian. Later, those
restrictions in [25] were removed in [27], where the convergence rate in time to the
global Maxwellian was also obtained through the energy method. The work [27] used
some simplified energy estimates found in [26]. On the other hand, the same issue
about the stability of the global Maxwellian was considered in [24] for the two-species
VMB system, where the similar method can also apply to the case of two-species VPB
system. The proof in [24] is based on another kind of energy method independently
introduced in a series of works [14, 13, 12] by perturbing the solution near the global
Maxwellian.

Here, it should be pointed out that all the energy spaces used in the works men-
tioned above include the time derivatives. Thus, the system about the time evolution
of the distribution function needs to be used in order to define the time derivatives
of the initial data, which leads to the fact that the initial data must admit the higher
integrability in £ and higher regularity in z than solutions. The goal of this paper
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STABILITY OF THE ONE-SPECIES VPB SYSTEM 2357

is to remove this restriction by excluding the time derivative in the energy space.
Similar work was done in [5, 6] for the Boltzmann equation with or without a station-
ary potential force, where a refined energy method was introduced and the optimal
convergence rate in time for the case with forces was also given in some Sobolev space
of position and velocity variables; cf. [5] for more details. In a periodic domain, an
energy method with no time derivatives was also adapted in [17] to study the diffusive
expansion for solutions around Maxwellians to the two-species VMB system.

We further remark on the result in [24], where the time derivatives need to be
put into the energy functional to obtain the stability of global Maxwellians for the
two-species VMB system in R3. Here, recall that perturbation

u(ta {E,f) = [U’Jr(ta xa&)?“‘*(ta xa&)]

of the two-species VMB system near the global Maxwellian satisfies
Ou+€-Vou+q(E+E X B)-Veu—E - VMg = Lyypu + gE ~&u+ Tyyp(u,u),

where ¢ = diag(1,—1) and ¢; = [1,—1]. In this case, the nullspace of the linearized
operator Lyyp is given by

span{[V'M, 0], [0, VM]; [&VM, VM, i = 1,2, 3; [[€*VM, [¢]>VM]}

and the macroscopic projection Py is defined by Pyasu = [Py pu, Pyypul with

3

Pyypt = {CL:I: (t,x) + Z bi(t, x)&i + clt, $)|§|Q} VM.

=1

In [24], on one hand, the dissipation ||[E(t)||? of the electric field E by itself was
included in the energy dissipation rate in order to control the nonlinear term £E - {u
in the proof of the microscopic a priori estimates. On the other hand, for obtaining
the dissipation ||E(t)]|?, the macroscopic equations

(1.13) obi + 0;ay + E; = R*
are used to get
1Bl < 1065l + [|Bias ]| + | R,

where the estimates on the spatial derivatives d;a+ and the remaining terms R can
be made as in [12]. To close the estimates of time derivatives, the cancelation in (1.13)
between = is essentially used by taking the summation of two equations to yield

8tbi + 8i(a+ + CL_) = RJr + Ri,

which combined with other macroscopic equations gives estimates on the mixed time-
space derivatives of a4, b, and c¢. However, the above argument fails for the one-species
VMB because there is no cancelation for the single equation in this case.

As mentioned above, the proof of Theorem 1.2 is based on the refined energy
method introduced in [5]. The main idea is to introduce some interactive energy
functionals to overcome the difficulty caused by the fact that there is no time derivative
in the energy functionals. Let us point out some other ideas in the following proof.
First, as observed and essentially used in [27], the macroscopic conservative quantity
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2358 RENJUN DUAN AND TONG YANG

a+ 3c itself is dissipative in L2-norm, which comes from the macroscopic balance laws
(3.9)—(3.10) and the Poisson equation (3.13); cf. Lemma 5.6. This is analogous to some
studies of the Navier—Stokes—Poisson equations [19] and a model for semiconductors
[16]. Notice that in [16] the damping term is considered instead of the diffusion term
so that the exponential time-decay rates were obtained. Next, not all the macroscopic
equations given in (3.4)—(3.8) are used in the proof. In fact, (3.4)—(3.5) have been
ignored by considering the macroscopic balance laws. Thus the estimates on a in the
previous works [5] can be modified in a more simplified way. Finally, the macroscopic
balance laws are used to control the evolution of zero-order energy by using the high-
order dissipation; cf. Lemma 4.4. For example, it is a little delicate to estimate the

term
// €V, Ulul?drde
R3 xR3

because of the weak dissipation. However, even though V,W¥ is not dissipative in
L2-norm, one can use the balance law (3.10) of b to control the above nonlinear term.
Finally, we mention some other related works. The global existence of renor-
malized solutions with large data was given in [4] and [23], and the time asymptotic
behavior of renormalized solutions with extra regularity was proved in [3]. The decay
property of solutions to the linearized equation was studied in [9, 10], and the global
existence of classical solutions near vacuum was obtained in [15] and [7], respectively.
The rest of this paper is arranged as follows. The existence of the stationary
solution will be proved in section 2. In terms of the macro-micro decomposition
given in section 3, the a priori energy estimates on the microscopic and macroscopic
dissipations are derived in sections 4 and 5, respectively. The proof of the global
existence of solutions to the perturbed problem is obtained in the last section.

Notation. Throughout this paper, C' denotes a generic positive (generally large)
constant and A denotes a generic positive (generally small) constant, where both C
and A may take different values at different places. When necessary, we write Cyp, C,
etc., to distinguish these constants and use C(-) to show that constants depend on
some parameters in the argument. In addition, A ~ B means \{A < B < A2 A for two
generic constants Ay > 0 and Ay > 0. We use (-, -) to denote the inner product in the
Hilbert space L*(R3 x RE) or L*(R3) or L*(RE), and |- || to denote the corresponding
L2-norm. Sometimes we also write || - 22 o [ llz2, and || - HLg when it is needed to
be precise. We also define ,

(u, )y = W()u, v)

for suitable functions u = u(z, ) and v = v(x, §) to be the weighted inner product in
L2(R3 x Rg), and use || - ||, for the corresponding weighted L2-norm. For the multiple
indices a = (a1, a2, a3) and B = (B1, B2, B3), as usual we denote

0507 = 091022055901 9292
The length of « is || = oy + a2 + a3. For simplicity, we also use 9; to denote 9, for
eachi=1,2,3.

2. Existence of stationary solution. In this section, we prove Theorem 1.1
for the existence of stationary solutions to the elliptic equation (1.4) by using the
contraction mapping theorem. First, for convenience, recall the equation

(2.1) App=e? - p(x)

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



STABILITY OF THE ONE-SPECIES VPB SYSTEM 2359

and the norm || - [|yym. defined by (1.3) for integers m > 0, k > 0.
Proof of Theorem 1.1. Equation (2.1) can be rewritten as the integral form

¢="T(p):=Gx* (e’ —d—p),
where G = G(z) given by

G(z) = — 1 e~ lel

4|z

is the fundamental solution to the linear elliptic equation A,G — G = 0. Thus (2.1)
admits a solution if and only if the nonlinear mapping T has a fixed point. Define

Bk (C) = {¢ € W=(R); [[¢llwym < Cllp— Lo}

for some constant C' to be determined later. Next, we prove that if [[p — 1f|yym.e
is small enough, there exists a constant C' such that T : B, x(C) — B, x(C) is a
contraction mapping. In fact, for simplicity, let us denote

g(z) =e" —x — 1.

Then it holds that

(2.2) T(6)(x) = — / L el () - (5y) — 1)) dy.

s 4|z — y|

Taking derivatives 0% on both sides of (2.2) and summing them up over |a| < m, one
has

) X T < [ e S 1070000 +10" () =) s

la<m laj<m
By the definition (1.3) of the norm || - [|yym.>, one has
[l =l
2.4 % (ply) — 1) < ——— e
(2.4 3 10°6) =l < S

for any y € R3. On the other hand, noticing
1,0
= / / e"?drdd ¢,
o Jo

I el L
> () < — o

one has

(2.5)

|| <m

for any y € R3, where C(-) is a nondecreasing, nonnegative, and continuous function.
Now, we need the following.
CLAM. For any k > 0, it holds that

1 1 C
Iyl dy < A
/Rs pl e —yF Y = A+
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2360 RENJUN DUAN AND TONG YANG

Proof. Divide the integral into two parts:

n- [ o on= .
le—y|>|z|/2 lz—y|<|z|/2

For I, it holds that

1 1
I < 7/ L e-lvlgy
(L+121/2)% )iy >1/2 1Y
k
< 27;@/ L —tvlgy
(L4 [z))k Jes |yl

Am2k /°° ey
== re "dr
(L4 [z))* Jo

<A
ERCEREDLY

For I, notice that

{lz =yl <lal/2} € {l2|/2 < lyl},

and then it holds that

1 1

I :/ _e*|y|7dy
w—yl<lel/2 - A+ |z —y)*

RERVE|

R3 |y|

1
JE|

<Ce 7.

e Wldy

Therefore the claim follows from the above estimates on I; and Is. a
By putting (2.4)—(2.5) into (2.2)—(2.3), and using the claim, one has

CUlBllwp =) 8lEyme Cllp— 1o

o0°T <
2 el < = A+
Thus it follows that
(2.6) [Tollwme < Cllp— Lwm=+ C(||¢||W,§“*°°)||¢||%/V,j“°°-

Finally, for any ¢1 = ¢1(x) and ¢a = ¢2(x), it holds that

Thr — Too = G+ (9(d1) — 9(¢2))

with
o(n) — g(62) = /0 g0y + (1 — 0)62)d (61 — ).

Notice that for any ¢ = ¢(x),

1
gd@)=e®—1= / e?*do ¢.

0
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STABILITY OF THE ONE-SPECIES VPB SYSTEM 2361

Then the same computations as for (2.6) yield

[Tp1 — Thol|yym=
2.7) < Cllorllw=, lId2llw=) (I ¢rllw= + lp2llw=)ld1 — P2llwm==,

where C(-,-) is a nonnegative, nonincreasing, and continuous function in the two
arguments. Combining (2.6) and (2.7), the standard argument implies that T has a
unique fixed point ¢ in By, ;(C) for a proper constant C' provided that [[p — 1|y
is small enough. This completes the proof of Theorem 1.1. d

Let us conclude this section with a remark. The existence of solutions to the
elliptic equation (2.1) has been proved in [11] when the background density p(z) > 0
satisfies

Ip(z) — 1] < x € R3,

¢
(1+ [z])12’

for a constant C' which is not necessarily small. Later, [8] generalized the above
condition to

C
p(z) =11 < 1 zeR?,

In(e + [z[)]7’

for constants C' and ¢ > 0. In Theorem 1.1, both the smallness and space decay at
infinity of p(z) — 1 are assumed in order to deal with the stability of the stationary
solution under small perturbations. It is an interesting problem to consider the same
issue for the stationary solution obtained in [11] or [8].

3. Macro-micro decomposition. For fixed (¢,z), any function u(t,z,&) can
be uniquely decomposed as

u(taxaé-) =u + U2,

uy = PU S N,

Pu = {a(t, x) + Z?Zl bi(t, x)& + c(t, $)|§|2} vM,
UQE{I—P}UGNL7

(3.1)

where u; is called the macroscopic part of u(t,z,&) with coefficients (a, b, c), and us
is the microscopic part of u(t,z, ). Plugging this decomposition into the perturbed
equation (1.7), one can obtain the macroscopic equation of u;:

1
Opur + & - Vaur + Va¢ - Veur — & Vadur — & V., Ve’vVM
(3.2) =r+/0+n,

r = —0yuz,

1
(= _f -Vgua — Vo - ngLQ + 55 - Vaeus + €¢Lu2,

1
n=TI(uu)— V¥ Veu+ 55 -V Pu.
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2362 RENJUN DUAN AND TONG YANG

One can also obtain the evolution equations for each coefficient (a, b, ¢) of uy. In
fact, by putting the expansion (3.1)s into (3.2) and collecting the coefficients with
respect to the basis {ey}}2, consisting of

(3.3)
VM, (gvVM)

1<i<3

; (|§i|2\/1\_/1)

1<i<3’ (&@\/1\_/[) 1<i<j<3’ (|€|2€im) 1<i<3’

then one has the following macroscopic equations on coefficients (a, b, ¢) of u;:

(3.4) Ora+b- V=5
(3.5) Ob; + Dia — (adid — 2¢0;0) — 9;We? = 4,
(3.6) Ohe + 0;b; — b = 72,
(3.7) 0:b; + Djbi — (b0 + b,0;0) =1, i # j,
(3-8) Bic — O = %‘(3)’

where all terms on the right-hand side are the coefficients of r + £ + n with respect to
the corresponding elements in the basis (3.3) with the further precise form:

70 = _9,70) 4 () 4 (0
(1) =_9, 7,1( (1) 51),
02 0l
%(J 37‘2)+€2)+n£J, i £,
’yi( = —8t7“i3) + €i3) + ng?’).
Here, the coefficients of r = —0yus in terms of the basis (3.3) were respectively written

as the negative time derivatives of coefficients of 7 = us.

On the other hand, a, b = (b1,be,b3), and ¢ also satisfy the local macroscopic
balance laws. In fact, multiplying the unperturbed equation (1.1) by the collision
invariants in (1.10) and integrating them over R}, we have

at/Rsfduvw-/Rssfdé:o,
at/ngfdfww-/nge@sfdﬁ—vmé/wfdgzo,
o [ slePraev. [ Sieperac—v.a [ erac—o.

By using the perturbed forms (1.6) on f and ® and further using the decomposition
(3.1), one can compute all moments appearing in the above system to obtain the
macroscopic balance laws on coefficients:

(3.9) Orla+3¢c)+Vy-b=0,

Ab+ Va(a+5¢) + V- (€ @ EVM, ug) = (a + 3¢)Va (6 + U)
(3.10) + eV, 0,
(3.11)  8:(3a+ 15¢) 4+ V. - (5b) + Vo - (J€2EVM, ug) = b- V(¢ + U),

where from (3.11) the evolution of ¢ can be written as

1
8tc + —Vz

(3.12) 3 b+ évr (|€]PEVM, ug) = éb V(o + ).
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STABILITY OF THE ONE-SPECIES VPB SYSTEM 2363
Finally, from (1.8), ¥ is coupled with a + 3¢ again through the Poisson equation
(3.13) AzV =a+ 3c.

Similarly to [12] and [5], based on the two macroscopic equations (3.6) and (3.7)
only, the macroscopic component b = (b1, be, b3) satisfies an elliptic-type equation:

b — 0;05h; = 5 0;(bid0) + 3 972

i£] i#£]
=" 0i(b;0:0 + 0:0;0) — Y 9
i#£] i#]
(3.14) — 20;(b;0;¢) — 207"

It should be pointed out that the right-hand side of (3.14) contains the time-space-
mixed derivatives of the local velocity-moment functions of the microscopic part usg,
given by

o |07 =30 — 20,7

i#£] i#]

4. Microscopic dissipation. In this section, we devote ourselves to obtaining
the microscopic dissipation rate

N
Soolosdfual2 = luzlZ+ >0 f0fualZ+D 0 D 11050 us|?

la|+]BI<N 1<|a|<N = =
lae|+BI<N
in three steps. To the end, let us denote
(4.1) 8 = |9l yprere = sup(L+[2))* D" |05 ¢(),

lo|<N+1
for simplicity of presentation. We first cite some lemmas to be used later.
LEMMA 4.1 (see [1, 18]). Let u = u(x) € H*(R?). Then
1 1
() llullze < CIVull2]|V2ulz < CIVull g ;
(if) [lulls < C|Vull;
(iii) [JullLe < Clluflg, 2 < g <6;
(iv) [l [l < Cl[Vul;
() 1Al = X201 0], and for Jo] =2,

lovul <C Y7 110 Aul.

lo'|<[a]| -2

LEMMA 4.2 (see [14]).

|<3 I(u,v),w)| <C Z {/ HVl/Qa'BluHLz||8'82UHL2H1/1/2w||L2dx
B1+B2<8

1/2 b1 B2 1/2 .
w0 a0l Pl e
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2364 RENJUN DUAN AND TONG YANG

(C(u,v), )2 + KD (v, u), w) 22 < Cllvwlzg llull Lo n2yllv]l-

LEMMA 4.3 (see [14]). Let || > 0. Then 3?1/(5) is uniformly bounded, and for
any small € > 0 there exists C ¢ such that, for any u,

02 [Kull> < e Y (107 ul® + Cp.e
[B1]=18]

Here, Lemmas 4.2 and 4.3 were both provided, respectively, in Lemmas 2.3 and
2.2 in [14] due to the modified proof from T2 to R3, and Lemma 4.2 was also used in
[12].

Next, as the first step, we consider the energy estimates on u of zero order, whose
proof essentially needs the macroscopic balance laws to control the evolution of zero-
order energy by using the high-order dissipation.

LEMMA 4.4 (zero order). There are constants A > 0, C' such that

1d 2 2 — 2
L (||u|| ATy cdx) Y G
< C (s + [[u®ID A + [u@ DO

holds for any t > 0.
Proof. Multiplying (1.7) by u and taking integration over R? x R3 gives

(4.2)

Jull® — (€ - VW VM, u) — (L, u)

N =
SR

1
= 5({ V(¥ + d)u,u) + (F'(u,u),u).
It follows from taking the integration with respect to £ and integration by parts that
(4.3)  —(6-V,Ue?VM,u) = —(V,We?, b) = —(V, U, b) — (V,, (e — 1)b),

where as usual one can further use the conservation law (3.9) of mass and the Poisson
equation (3.13) to compute

—(V,U,b) = (U,V, -b) = —(T, at(a+ 3¢)) = —(U, A0, T)
(4.4) = (V,V,0,V, V) = MHV 2.

Thus one arrives at

(lull® + Vo %) = (e“Lu, u)

N~

d
dt
(4.5) = ([(u, )U>+§<£-Vm(@+¢)uaw (Vo W, (e = 1)b).

For simplicity of later presentation, let us denote

Il = %<€ ' vz¢u;u>7 IQ = %<€ ' VE\IJU,LO, I3 = <vf\11’ (6¢ - 1)b>
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Next we estimate each term I; (i = 1,2,3) as follows. First, for I; and I, it follows
directly from Hardy’s inequality given in Lemma 4.1 that

B [ 1€ Yookl + uaf?)dode

a,b,c 2
< I+ Vsl [ (5o + I 0l [ ©luafdnas

(46) < COylValas, )| + Cbylus|?
and

< s -] [ B

T R3 |$|
Ve \IJ b
<c [sup|x| e ] o
L2 L2

(4.7) < C%HVi@HLgvaHLg.

For I, it is not straightforward to make estimates similarly as in (4.6). Actually, one
can write I as the summation of three terms as follows:

(18) (€ Vo, hia) + (€ Vol ur) + 5 (€ Vo, usf?),

N)I»—l

where by Lemma 4.1 the second and third terms on the right-hand side can be directly
estimated:

1 1
3 Valilua) < IV, | / €l P
(49) <OV [ vOalede
and
(€ VoW, uug) <€ VoWual|rz [luallrz
< CIV¥(a.b.0) 2 s s

< OlIVa¥ s ll(a, b, )l g luzllr
(4.10) < OV ¥ a2 Va(a; b, o)l Lz fuzllz2 -

For the first term on the right-hand side of (4.8), one can use the precise expression
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of u; = Pu in (3.1) and take integration with respect to & over R? to get

%<§ . V:E\Ij7 |U1|2> = % <f . Vw\:[l, {(a +b- 5 + c|§|2)\/ﬁ}2>
= (Vo ¥, (a+clé[*)b- £6M)
= Z//]RS " 3Z\IJM(abJ§J§1 +Cb]£]€z|§|2)dﬂj‘d€
ij xXR3

= 9; UM (ab|&;|* + cbjl&; %1€ dwde
; //]R3><R3 ! T o

_ 11? (35
= Rgvm\ll-b<a/RgTMdf+c/RS TMdﬁ)dw

= V¥ - b(a+ 5c)dx,
R3

that is,

1
(4.11) §<§-Vm\ll, lup|?) = / VU -bla+3c)de+2 | V,U-bedr,
R3 R3

where the first term is estimated by

Vo0 b(a +3¢) di < |V ¥ g [b] el + 3¢l 2
R3
(4.12) SOV V| g1l Vabll L2 lla+ 3¢l 2,

and by using the balance laws (3.10) for b to replace V, ¥, the second term is rewritten
as

2| V,U-bedr=2[ Obe ™ -bedr+2 [ Vi(a+5c)e - bedx
R3 R3 R3

+ 2/ V. (€ @ EVM, ug)e™® - be da
R3

(4.13) — 2/ (a+3c)Vy(¢+ P)e ? - bedr.
R3
Notice that
d|bl?
2 8,be™? - bedr = / 67¢6Ld$
R?’ R3 dt
d

4.14 -
(414) dt Jgs

e ?b)%cdr — (e7?|b|%, dyc),

where 0;c¢ can be further replaced by the balance law (3.12) for ¢ so that one can
estimate

1 1 1
—(e?|b|%, Osc) = <e—¢|b|2, Ve b= Ve (EPEVM, uz) + 5 V(o + \I/)>
< Clbleg bz (I1V2 - bllez + 11V - (IEPEVM, uz) |12 )
+ ClBlEs (IV2llz2 + V20 12)
< CIIVabllzz bl (I1Vabllez + IVauallzz )
(4.15) + CIIVblEz (IVadllrz + V2| L2) -
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The remaining three terms on the right-hand side of (4.13) are bounded by

2||Va(a+50)llzz2 bl e llellzs + 2V - (€ ® EVM, ug)l| L2 [[b]| s llell 3
+ 2lla+3cll 2 bl e llel s (IVadllLee + Ve ¥llLee)
< ClIVa(a, )2 lIVabdll Lzl ay + Cllualizz [IVabllLz el az

(4.16)  + Clla+3cll2l|Vabl 2 llellm (1V20l 2 + V2 m12).-

Putting all the estimates (4.9), (4.10), (4.11), (4.12), (4.13), (4.14), (4.15), and (4.16)
into (4.8) yields

I < O V2] gy Jus]]2 + CIV ] 11V (a, b, ) [ zl] + V]| [ Vbl + 3
T ClblLs IV b (1920]] + 1V sual)) + CUIV a6 + [V DIV ab]?
(417)  + Cllelm IV abll (192 (a )l + lfuall + (1V26 ]y + V2% ] 1) lla+ 3¢

Collecting all estimates (4.6), (4.7), and (4.17) on I, I3, and I3, it follows from (4.5)
that

= <||u||2 V-2 [ e¢|b|2cdx> — (eLu, u)
< (D(u, w),u) + Coy||Va(a, b, c)[|* + Cglluz]ly + CIIVEE | 2 [zl
+ ClIVa ¥ [V (a; b, ) [[luz] + ClIV a1 [[Vabl[la + 3¢]
+ Ol [IVbl (IVadl| + IVauzl)) + C(IVad ]| + [ V2T Vab]®
+ Cllella Vbl I Vala, )l + lluzll + (IVEglla: + IV 1)lla + 3c]]
+ Coy || V2T [[VaD]
(418) < (P(w,u),u) + C (85 + [[u(®)]] + 0o [[u(®)] + [[u(O])?) [[u®)]]7,

where for the first term on the right-hand side, as in [12], it holds that

(L (uyu),u) < ([ {[u®)]]-

Therefore, (4.2) follows from (4.18) and the coercivity (1.11) of —L. This completes
the proof of Lemma 4.4. 0

For the second step, we consider the energy estimates on the pure spatial deriva-
tives of w.

LEMMA 4.5 (pure spatial derivatives). There are constants A > 0, C such that

(loeulP + 1027, 0 %) + 4 3 // O P
3 % R3

1<[a|<N 1<[a|<N

|
< Ollu@Nu®Z +Cos D> 105Valab)|* +Cds Y 105 (a+3c)|

o] <N -1 la] <N -2

(419) +C3 > [109Veus|?

1<]a|<N-1

DO | =
Sl

holds for any t > 0, provided that 64 > 0 is small enough.
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Proof. Take any a with 1 < |o| < N. Applying 0% to the equation (1.7) yields
1
0L(0%u) + € - V4 (0%u) + V¢ - Ve(0%u) — 3¢ V.p(0%u) — € -V, (02T)e? VM

voa G [83 Vit Vedy ™ u— %é : a;"vma;"—a’u]
la’[>1,0/'<a
- Y eV, uas VM
la’|>1,a’' <
1
- e¢L8§‘u — 0 [quj -Veu + 55 : Vm@u] + 09T (u, u)
+ Y Lo etLosu.
la’|>1,0'<a

Multiplying the above equation by d%u and taking integration over R x R? further
yields

| =

(4.20)

N =
U

ll0Zul|* + (=¢- Vo (97 W)e?VM, 03 u) + (—e’Logu, dgu) = Y L

where for simplicity of later presentation we have denoted
L = (05T (u,w), 05wy,

I <%§ - V3005 u, 8§u> ,

1
I3 <—8§‘[V1\P -Veu+ 55 -V Wul, 8§u>

and
’ ’ 1 ’ ’
I, = Z cs <—8§‘ Vi Veldy % u+ 55 <09 Vp0d™ % u, 8§u> ,
la/|>1,a/' <a
L= Y CL{EV.T0Y e* VM, 0u),
la/|>1,0/' <a
o= Y C{0Ye’Los " u,05u).
lo'|>1,0/ <ex
We estimate each term in (4.20) as follows. First, similarly to the case of zero-order
estimates as in (4.3) and (4.4), it follows from integration by parts, conservation law
(3.9) of mass, and the Poisson equation (3.13) that
(=€ -V, (001)e?VM, 0%u) = (—V,0%We?, 00b)
= —(V,020,0%b) — (V00T (e? — 1),0%D)
_1d
24t
where by Lemma 4.1 and again the Poisson equation (3.13) the inner product term is
estimated by

(V05 W(e? —1),090)| < Ol Lo |05V ¥l £2]|05] 12
(4.22) <Coy Y [102(a+30)|]” + Coyl| 0017

1BI<|e|—1

(4.21) 105 ||* — (V205 ¥(e? — 1), 07),
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Here || > 1 was used. Next, let us consider estimates on the terms on the right-hand
side of (4.20). For I, as in [12], it follows from Lemma 4.2 that

(4.23) Ii < Cllu@®[fu(®)]]3-

v

For I, it holds that

1
< 5IVaollis [ leliopupdnas
R3 xR3

< ClIVadllre (07 uallf + 105 uzl?)
(4.24) < ClIVaolire (1105 (a, b, o)* + 1|07 uzll3).-

For I3, one can write it as

Is = <%g : vwxpagu,agu>

’ ’ 1 ’ ’
+ > <—a§; Vol - Ved* “ut o€ VWO, agu>

o/ >1,0/ <
(425) =Isi4+ > Colsa.
o/ >1,0/ <

Here, I3 ; is estimated by

Iy < OV ¥ rellogull
< CIVaVa ¥l (1105 (a, b, )| + 07 uall})
(4.26) < Cllu@®[u®)]I3-

v

For each o/ with |o¢/| > 1 and o’ < a, I3, is estimated by two cases.
Case 1. {|o/| > 1,/ < a}nN{|e/| <|a|] —2}. In this case, it holds that

ERNS C/ 102" Vo W | 5= | Veds ™ ul 21105 ull 2 d€
R3

+C / N0 VoWl 10 ull 2 0w 2 g

<Ce > |oevLy| > IVeotull p [l05ull
2<[al<N 2<]al<N -1
+C > oev. Y| > logully p 05ull,
2<]al<N 2<]a|<N -1
(4.27) < Oflu(®)[[u()]]3-
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Case 2. {|o/| > 1,a' < a}n{|a/| > |a| —2}. In this case, it holds that

RS C/ IVe0s ™ ull e |0 VW 2 05| 12 dé
R3

+C [ 160wl 02V 1502l 3

<c{ )» ||asvm|} /{ > |vgasu||Lg}|asu|Lgd5

1<[a]<N 1<[a]<3
rel Y jeev.y| / €S 0culls b 0%l 2de
1<|al<N RS 1<|al<3

<C{ > II3§“V$\PI}{II3§“UI Y IVedzul +gul, Y ||3$UII}

I<]al<N 1<) <3 1<]a|<3
(4.28) < Cllu®)]][[u(®)]]3-
Therefore, by putting (4.26), (4.27), and (4.28) into (4.25), one has
(4.29) I < Cllu(®)]][[u(t)]]3-
For Iy, it holds that

C ’ 70/ Ot/ Otfal
L <s|0full}+ 5 D0 (102 Vad - Vedy ™ ul® + (105 Vaddy~ ull})
1<]a’|<]al
< Copl07ul} + COsll0% (a,b,) [P+ Coy D (105 Veull + 105 u]?)

1<]al<N-1

<Coy > 0l +Cos > 102(a,b, o)
1<]al<N 1<]al<N
(4.30) +Cos Y [|09Veus|®.
1<]a]<N-1
For I, it holds that

c / /
I < Sollosul + = 3 o v, ver e

1<|e’[<]al
< OOyl 0%uz|? + Cog||02(a byo) P+ Cos > 02V, 0|

1<]al<N-1

(431) < O6l10%us® + Co4ll0% (a, b, )|+ Coy S (02 (a+ 30)]2.

o] <N—2
Finally, for Ig, as in [12], it holds that
Is= Y C{0Y e®Loy ™ us, 05 us)
1<(a’[ <ol
c :
< 0ll0% s} + = > TP et (—v + K)Oy M us?
1<|a’[ <ol
(4.32) < Spllgunlly +Coy D 10Tz}
1<|a|<N-1
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Thus, by collecting all estimates (4.21), (4.22), (4.23), (4.24), (4.29), (4.30), (4.31),
and (4.32) and using the coercivity (1.11) of —L, it follows from (4.20) that

1d
510l 4102V, 1 [ [ w(©)lozus o
t ]R3><]R3
< OO + o0 3 108l +C 32 102 +30)P
1<]a|<N la|<N-—2
+08, Y 0wl 05, Y 0V,
1<[a|<N 1<]a<N -1

which leads to the desired estimate (4.19) after taking summation over 1 < |a| < N,
provided that d4 > 0 is small enough. This completes the proof of Lemma 4.5. d
As the final step, we consider the energy estimates on v with mixed space and
velocity derivatives in the following
LEMMA 4.6 (space-velocity-mixed derivatives). Let 1 < k < N. There are
constants A > 0, C such that

1 d
LD DR T Z // (6)/0202 us [2dade

|Bl=k
|a|+|BI<N |a\+|ﬁ\<N
< (0 + [[u®)) + (@) [u@]Z +C > 105Va(a,b,c)|?
la| <N—k
(4.33) +C Y [l0un]? + Oxppcneny Y. 10508us|2
|| <N —k+1 1<|8|<k—1
|a|+|BI<N

holds for any t > 0, provided that 64 > 0 is small enough. Here xa denotes the
characteristic function of a set A.

Proof. Applying the microscopic projection {I — P} to (1.7), one has the micro-
scopic evolution equation

Oyus + {I — P} Vou+ {I— P} (vm(¢+@) Veu — %g V(o + \I/)u)

(4.34) = e’Lug + I'(u, u).

Notice that the macroscopic quantities dyu; and & -V, ¥e®+/M disappear after taking
the microscopic projection. One can further rewrite (4.34) as

Oy + & - Vapug + V(o + ) - Veus + e®v(€)us
1
= e’ Kuy + I(u,u) + 55 V(o + U)ug

L Vapu +¢. vmm)

— {I—P} <Vm¢-VEU1 — B

1
~{I- P}V, ¥ - Veus — 5&- Vo 0u)
1

1
(4.35) +P (VI\IJ Veus — 3 VI\I/W) ,
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where the right-hand side is the summation of seven terms, and for simplicity we
denote them by S; (1 <i < 7), respectively. Let 1 < k < N, and fix «, 8 with |5| = k
and |o| + |8] < N. By taking derivatives 8;185'8 for (4.35), multiplying it by aga§U2,
and then taking integration over R3 x R3, one has

2dt||a°fa%||2 // ()[02 00 us|Pdude
7
= (02008;,0000ua) — Y ColIL + 12,0007 ug)
i=1 la/|>1,a/<a
(4.36) — Y CLIh + 13,050 us),
[81>1,8'<8

where I},, I2, are given by
Ii/ = V05 (6 + ) Vedy 0us, I = 0?0 (€)™ o),

and I} 5+ 15 are given by

Iy = 556/5 : Vwai‘@ffﬁ/uz, I3 = e%?/u(g)agag*ff@

Now let us estimate each inner product term in (4.36), and in what follows we take
0 < € <1 to be determined later and suppose 0 < d4 < 1 for simplicity. First, it
holds that

(09:0£ Sy, 0207 u)
=) OO P9 KO~ up, 050] us)

o' <a
C -

< €|020 uz | + - 107 K92 us |2

o' <

’ 7 C 2 .

<elogfuz)+Ce > > |07 08V ua|? + 57 D l0gm ug?

o/ <a|p|=|B| o/ <a
<e02fuz] +Ce Y [0807ua]P+C Y [105ual?,

18|=k o] <N—k
|a|+]B|<N

where Lemma 4.3 was used. As in [12], again by Lemma 4.3, one has
(0507 Sa, 030 uz) = (97T (u,u), 0305 uz) < Of[u(®)]][[u(t)])*.
For S, it holds that
(090 S5, 0207 u)

— (§oR0fle- V(o + Wyual 0 )

<Clde+ D loeveul ] > 0507 ual?

la/|<N ao’'<a,B'<pB

<Coy Y l0%uallZ+Co > 10507 uall2 + Cllu®)][[u(®)]]2-
|a|<N—k 1<|B|<k
|a|+|BI<N
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Sy and S5 are estimated by

(09207 S, 0207 uz)
1
= <aga§{1 - P} <vz¢ Veur = 5& Vadur +€- vmm) ,aga§u2>

< e0g0fun]? +Ceo3 > 08Vala b o) +Ce Y 05Vala,b,o)|?

|| <N—k—1 lo|<N—k

< e020fuz|* +Ce Y 05Vala,b,o)?

lo| <N~k
and

(090 S5, 0207 u)
= <a§;a§{1 -P} <vwx11 Veuy — %g : quml) ,aga§u2>

< ell0gofuz|? +Ce Y 09VLE[2 > [02Va(a, b, o)
la|<N-1 IAI<N-1

< €l|0g 0 ua|* + Celfu®)* [[u(®))]3-
Similarly, Sg and S7 are estimated by

(0907 Sg, 0207 uz)
= <aga§P <vw¢ Veus — %g Vapuy + € - vm> ,aga§u2>

< e|0g0gus|* + Ce6f Y NOTuzlP+Ce Y 1105 Vaus|®

la|<N—k la|<N—k

<elogdfus|®+Ce D (05 us?
|| <N—k+1

and

(0920 S7, 0207 u)
1
= <aga§P <vz\1/ Veup — 5 vmxpug) ,a§a§u2>
< el020fuz]? +Ce Y 02V D 109V pusl|?
o] <N -1 o<1
< |50 uz||* + Cel[u(@®)]]* [[w(t)]];.

For the remaining terms about I!,, I2, and Ié,, Ig, , one can estimate them as follows.

a’
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First, for I},, it holds that

- > CoIN, 020 us)

lo/|>1,0/ <o

== Y CaVLO (6 + W) Vedr Ouz, 0707 ua)

lo/|>1,0/ <o

<Cs Y [IVeds ¥ 0 usll|| 0507 usl|

lo/|>1,0/<a

+C Z [1%3 |Vm8§‘ \IJ| . I\Vgﬁi‘—a 8?u2||L§H838?u2HL§dI"

la/|>1,0'<a
where the first term on the right-hand side is bounded by

Co4| 0507 uall® + Coy D 1020 uall?,

|B|=k+1
lal+IBISN

and the second term on the right-hand side is bounded by

Ce D> IVe0sW) o D sup [[Vedfusllrz ¢ 110507 uzl| 12

la|=N—-1 |8l=17€F°

+O9 Y Va0 Vs Yo IVeds uallz o 10508us 12
1<]e/|<N =2 lo/[>1,0'<a

<Cq D VLo Y IVaVedofual sz ¢ 10507 usll 2
laj=N-1 la|<1,18]=1

+O0 D Ve0RVlLe Y 10508uzllpe ¢ 1050gusll e
2<|a|<N la|+|BI<N

< Cllu@®]][[u®)]]3.

For I2,, it holds that

— > CL{IZ, 020 u)

lo/|>1,0/<a

=— ) Cu0Y e w(€)0e ua), 020 us)
la’|>1,0'<a

<Co > vl Iw(©)or ™ ua|l105 0 uall
la/|>1,a/'<a

<Coy > o]+ Cop Y (0207 us]2.
|a|<N—k—1 1<I8|<k

lo]+[BI<N
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Similarly, for I}, and I3, one has

> L Ih, 080  ug)
1B'121,8'<p
= Y O e V0000 un, 0200 us)
187121,8'<8
< ellogogunl® +Ce Y 105Vaual® +Ce DT 1050, ua®

la|<N—k 1<[B|<k—1
lo]+[BI<N

and

> CLIE, 0207 ug)

[8[>1,8'<8

= Y O v(€)0s0 " ug, 020 us)

|8'|>1,8'<PB

<el0gdfualP +Ce Y [0%unlP+Ce D 110207 ua|*.

la| <N —k 1<|B|<k—1
lal+|BI<N

Therefore, the desired inequality (4.33) follows by putting all the above estimates into
(4.36), taking summation over {|3| = k, |a| 4+ |8| < N}, and then choosing a properly
small 0 < € < 1. This completes the proof of Lemma 4.6. 0

5. Macroscopic dissipation. In this section, we shall devote ourselves to ob-
taining the macroscopic dissipation. Similarly to the case of the Boltzmann equation
in [21, 12], the high-order derivatives of (a,b,c) are dissipative, and moreover, as
observed in [27], the conservative quantity a + 3c is also dissipative. In fact, the dissi-
pation of a 4 3¢ can also be seen from studies of the Navier—-Stokes—Poisson equations
such as in [19] and a model for semiconductors in [16].

Let us fist introduce a definition about the interactive energy functional.

DEFINITION 5.1. &int(+) is said to be an interactive energy functional of u(t,x, &)
corresponding to some Sobolev space X with norm ||-||x if the following two conditions
hold:

(i) Eme(u(t)) is the linear combination of some inner products over L2 or Li
between the macroscopic component Pu and the microscopic component {I — P}u or
between the coefficients (a, b, c) of the macroscopic component Pu.

(ii) There exists a positive constant C' such that

[Eime (u(®))] < Cllu(®)1%

holds true for any t > 0.

In what follows, we shall prove that there actually exists an interactive energy
functional such that its dissipation rate contains L?-norms of a + 3¢ and also all the
high-order derivatives of (a, b, ¢). In fact, one has the following theorem.

THEOREM 5.2. Suppose that d4 given in (4.1) is small enough. There is an
interactive energy functional En(-) corresponding to Lg(HgﬁV) such that

L e (U(t)) + NDonac (u(t)) < C > I02usl® + Cllu()]* [u()]]3,

(51) =
lal<N
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where Dimac(u(t)) is the macroscopic dissipation rate given by

Dumac(u(®) = Y (105 Vala,b,0)l* + 105 (a +3¢)[?),

lal<N-1

and Eing(u(t)) is the linear combination of the following terms over |a| < N — 1 and
1<5<3:

(5.2) T2 (u(t)) = (—0%V, - b,0%(a + 3¢))
(5.3) T8 (u(t)) = <Z 9,007 — 3" 0,007 — 20,0077, agbj> ,
i#£j i#j

(54) IS () = (007, 0:0%¢).

Theorem 5.2 follows from the individual estimates on a, b, and ¢, which are based
on the analysis of the macroscopic equations (3.6), (3.7), and (3.8) as well as (3.14), the
macroscopic balance laws (3.9), (3.10), and (3.12), and the Poisson equation (3.13).
It should be pointed out that, in contrast to the previous work in [12, 24, 5], we shall
not use (3.4) and (3.5) in the whole proof, which actually have been replaced by (3.9)
and (3.10).

First, let us give a lemma without proofs, which shows that among those terms
on the right-hand side of the macroscopic equations (3.4)-(3.8), the coefficients of
the separated part 7, the linear part ¢, and the nonlinear part n can be bounded by
the microscopic dissipation rate. Roughly speaking, the idea of proofs is just based
on the fact that the velocity-coordinate projector is bounded uniformly in ¢ and x,
and the velocity polynomials and velocity derivatives can be absorbed by the global
Maxwellian M which exponentially decays in &.

LEMMA 5.3. Suppose that §4 given in (4.1) is finite. Then for any |a| < N and
1<14,7 <N, it holds that

Moreover, for any |a] < N —1 and 1 <i,j < N, it holds that

o (0,609,624 .60 <0 30 N9l
1BI<|al+1

oz (70,710,772 710 | < Clogual)

and

T 0% 0Ty 0 1Y

|

Next, the estimates about the dissipation of a, b, and c¢ are given in the following
three lemmas.

LEMMA 5.4. Suppose that 64 given in (4.1) is small enough. Then there are
constants A > 0, C' such that for any 0 < € < 1, one has

3
LY ST A Y [0Vl

la|<N—1i=1 la|<N-1

02 (.0 0 0 )| < Clu@®lfu®)]-

(5.5) <Ce Y |\8§‘Vrb|\2+§ Y o2l + [w®)P[u®];

la|<N-1 lal<N
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for any t > 0, where
T4 (u(t) = (0577, 005 c).
Proof. Let |a| < N — 1. It follows from (3.8) that
|0:02¢]? = — (@097, 3:05¢) + (02108 + n), 009 ¢) + (92 cDsg], 0,05 )
= Loer®, pone) + (o 00500
+ (02167 +n), 0i05¢) + (92 [c0i), i)
(5.6) :—%Qd+h+b+h
For I, it holds that
1= (0,027, 00016) < | 0gnel” + -0 7,
where one can further use the balance law (3.12) for c,
Ay = —%vrb - %vr (€]PEVM, ug) + %b V(o + D),
to replace the time derivative d;c to obtain
105 0rcl|* < CllOTV. - > + 105V - (IE76VM, ug) |* + 050 - V(¢ + )] |12

< O)09V - bl + Cll09V puzl|” + Cdg Z |09V .||
la|<N-1

+C0 > [l09vab|? > llogv.y|?
la|<N-1 la|<N-1

<C Y (108 VablP + 102 Vausl|?) + Ollu(®) [[u(®)]].

la|<N-1

For I3, it holds that
1
I3 = (03[c0;9], 005 c) < 6)|0:05¢)® + @H%(Ca@)”z

< 0pll0:00¢)? + Coy D> 109V ac]?

la|<N-1

<Coy Y 09Vacl”.

la|<N-1

Putting all estimates into (5.6) and taking summation over |« < N — 1, one has

d 3
7 2 Zlé,z-(u(ﬂw% > 08Vac|?

la|<N-1i=1 la|<N-1
<Ce > (|05Vab|? + 05V ous|?) + Coy > 10 Vac|?
la|<N-1 la|<N-1

3
L OdOPu + 5 3 S 1020, 40, ).

la|<N-1i=1
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Further using Lemma 5.3 and the smallness of d4, (5.5) follows. This completes the
proof of Lemma 5.4. a

LEMMA 5.5. Suppose that 64 given in (4.1) is small enough. Then there are
constants A > 0, C' such that for any 0 < e <1, one has

- 2 Z DAY [08Vab|

|a\<N 1j=1 |a|<N-1
<Ce > |09Vacl® +Ce Y 109 (a+3c)|
|| <N-1 la|<N
C fe} 2 2 2
(5.7) += > llogusl® + [[u())*[[u(®)]);
la|<N

for any t > 0, where

<Za 7D =" 00072 — 20,007 aab>

i#] i#£]

Proof. Let |a] < N — 1. In terms of the elliptic-type equation (3.14) for each
j €41,2,3}, the elementary energy estimate gives

V2056 11% + 10,0505

- <at 30,007 = 3 g.007Y — 20,0077 ,agbj>

i#] i#]

+ (3 0;0003 = 3" 0,02002 — 20,020 92 >

i£] i£]
le% le% 2) e} (2 Oz
S 9000 =3 0,090 — 20,000, 02 >

i#£] i#]

30,00 (0:0i6) — > 0,02 (b;0ib + b3 ) — 0,05 (b;0;), agbj>
i#j i#j

—

+

—

+

—

|
'M";

(5.8) I

=1

We shall estimate each term [; (1 <4 < 4) in (5.8). For I;, in what follows, let us
denote

R, =Y 0,007 = 30,0077 — 20,097
1#] i#]
for simplicity of later presentation; then it holds that
d d
(5.9) I = it <5Rj,6§bj> + <mj,838tbj> = n <9‘{j,8§bj> +1I 1+ 12,

where we used the balance law (3.10)

Oib; = —0;(a+5c) = Vo - (€6,VM, ug) + (a + 30)0;(¢ + V) + €20, ¥
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to replace Ob;, and I 1 and I; o are given by
L= (Ry,02[-05(a+5¢) — V- (€6;VM, us) + (a + 3¢)0;(¢ + ©)]),
Lo = (Ry,05(e?0;W)).

Here, I1,; is bounded by
(5.10) L1 < —||5R I° + €02 [=05(a+5¢) = Vo - (€6,V M, us) + (a+3¢)0; (¢ + D)%,

where further one has

2
|021-03(a + 5¢) = V. - (66, M, uz) + (a +30)9;(6 + W)
< €902 (a, )|* + Cll07 Vauz|* + C107((a + 3¢)9;¢ll|* + C||0F [(a + 3¢)0; ]|
< €907 (a, 0)|1* + Cl05 Voua|?

+C Y (1070;8l1 7~ + 1070, 7~) D 1197 (a+3e)]®
|BI<lad |B1<]al
< C119;0 (a, )|” + Cl 02 Vauz|*

(5.11) +c(5;+ > ||agx1:||2) > l19g(a+ 30)1*.

2<|al<N la] <N -1

For I 2, it follows from integration by parts that

Lo ==Y (007, 0;00[e?0;9)) + > (0275, 0,051 0;0])

xT l] ?
i#j i#£j
+ 2(007 9,02 e ¢a«11]>
(5.12) <ed 0020w + Znaa D)2,

ij
Notice that
0;021e?0,V] = 920;0; ¥ + 0;0[(e? — 1)0; V]
= 020,0,0 + Y C§ 03 P (e? —1)000; 0,
p<a’

where |o/| = |a| + 1 with o = «; + 1, and hence one has

10:05 [0, W]||* < 2010500, +C Y (195 (e’ — 1)ogo; v
|BI<]al+1

, o, |2
< 2105 0:0;9|1* + C|[|x]05 (e? = 1) |7 || =5

+C Y 0P — D~ 070w

1<|BI< ] +1
(5.13) < 2)090:0;9|* + CoF > osVIY|.

lal<N-1
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Therefore it follows from (5.12) and (5.13) that
Lo <Cel+83) > [0rviw|?+ Z EAGRR I
la|<N-1

(5.14) <Ce(l+82) > [02(a+30)|* + Znaa GRR]k

) 1]
la|<N-1

Thus from (5.9) as well as (5.10), (5.11), and (5.14), I; is bounded as

d
I < ——T% (u(t)) + Ce (|02 Vu(a, o) || + |02V uz|?)

dt

+Ce | 14+05+ > (o] D [08(a+30)

2<|al<N la|<N-1
c w2 = o
(5.15) + ?Z (vaﬁw (7“52),7“5?)}’ + } o5 (7 7 H)
ij

For I; and I3, it holds that
5.16 L+1 o2b,1? + '3 |lon (e, 62,0 22|
(5.16) 2+ Is < SV + Z} AP

Finally for I4, it holds that

Iy < 6] VL05 0512
2

+— 0,05 (0:0;0) — Y 005 (b;0i + b:9;¢) — 0,05 (b;0;0)
4) . .
i#£] i#]

(5.17) §05¢Z > IVL0b1%.

J=11B|<]al

By putting estimates (5.15), (5.16), and (5.17) into (5.8) and then taking summation
over |a| < N — 1, one has

3
S ST g S IvLasl

la|<N-1j=1 la|<N-1
<G Y IVLOSbIP+Ce Y (109Va(a,0)l” + (105 Vausl?)
la|<N-1 la|<N-1

+ Ce <1+5;+ > ||a§\1:||2) > 102 (a+ 30)?

2<|a|<N la|<N—1

+o 3 Sfvareaf

la|<N—-1 1j

DI

la|<N—-1 1ij

71]’1’1]’1’1’]'

9o 72 (@ g2 )"(2))“2’
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which gives the desired estimate (5.7) by using Lemma 5.3 and the smallness of J,.
This completes the proof of Lemma 5.5. d

LEMMA 5.6. Suppose that 64 > 0 given in (4.1) is small enough. Then there are
constants A > 0, C such that

Yo Tau®)+x Y llog(a+ 30

la]<N—1 lo| <N
(518) <C Y [195Va(be ||2+C{ > ||<9;‘Vzuzll2+[[u(t)]]z[[u(t)]]i}
la|<N-1 la|[<N-1

holds for any t > 0, where
I3 (u(t)) = (=09 Ve - b,05 (a + 3¢)) .
Proof. Recall the balance law (3.10) for b,

b+ V(a4 3¢) + 2Vac+ Vo - (€ @ EVM, ug)
= (a+3¢)Vud + (a+3c) VU + V, U + (e? — 1)V, 0,

and take the divergence V- to get
(5.19)

01(Vg - b) + Agla+3¢) + 20,¢ + Vg - Va - (€ @ EVM, u)
=V, [(a+ 3c)vz¢] + Vo [(a+3¢)Vo ¥+ (a+3c) + V- [(e? — 1)V, V],

where we used the Poisson equation (3.13). Fix « with || < N — 1, and by the
standard energy estimate, it follows from (5.19) that

d
— <—8§‘Vr -b,0%(a+3c)) + [|0%(a 4 3¢)|]* + || V0% (a + 3¢

dt
=[]0 b||2+2<A 0% c, 05 (a + 3¢))
< o (€ ®EVM, 92us), 02 (a + 3c))
— (Vs 80‘[(a +3¢)V,¢],0%(a + 3¢))
— (V- 0%(a + 3¢)V2¥],8%(a + 3¢))
(5.20) —(V, -a§[<e¢ — 1)V, 9], 97 (a + 3¢)),

where we used the conservation law (3.9) of mass to obtain
(0L09V 1 - b, 0% (a + 3¢))
d
=% (09V g 0,09 (a+ 3¢)) — (05V 45 - b,050:(a + 3¢))

d
= 5 02V 0,07 (a+30)) + |07V, bJl*.

Thus by applying integration by parts and the Cauchy—Schwarz inequality to (5.20),
one has

d 1
ZZa(®) + 195 (@ +30)” + 5 V205 (a + 3¢)*

<107V - 0] + Cl Va0 cl® + C|[ Va0 us|* + Cllo7 [(a + 3¢) V2]
(521)  +Cllog[(a +3¢)VaW]|* + Cl07[(e? — 1)V ||
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Furthermore, one can estimate the L2-norms for those product terms in (5.21) as
follows. First, it holds that

102[(a+30)Vag]|? < C D 107Vadlie Y 02(a+3e)]?

181<]al 181<]al
(5.22) <063 Y 02 (a+30)|
18I<]o

and

105 (@ + 3¢)V, W]||*
< Cl(a+30)aVaU|P+C > 02 (a+3c)aV, U2
1BI<]al
< Clla+ 3cl|7 105V ¥ |2
+C Y IV T7e > 108 P a+30)]
18] <] 1B1<]al
< C|[Va(a+3c)|[ 71105 V. ¥ |2
+C Y lodvLt Y 9 (a+ 307

1<|BIEN I<|BISN -1
which by N > 4 implies

l02[(@+3)VoUIP <O Y0 o7V el® Y [97(a+ 30

I<IBIEN 1I<[BISN -1

(5.23) < Cllu®N[[u®)]-
Similarly as before, it holds that

(5.24) 051(e?~)VLU)P < C8F > NOIVLP <055 Y (|97 (a+30))”

I<|B|SN -1 [B|<N-2

Thus, by putting (5.22), (5.23), and (5.24) into (5.21) and then taking summation
over |a] < N — 1, one has

% > Ty + > II83(a+3c)II2+% > V.08 (a+30))?
la] <N -1 lo] <N—1 lo]<N—1

<C > 109V (b, 0)lI? + 102V zual*) + Cllu(®)]]*[[u(t)]]2
lo|<N-1

+C03 > log(a+ 30|,

la|<N-1

which yields the desired estimate (5.18) by using the smallness of d,. This completes
the proof of Lemma 5.6. O

Proof of Theorem 5.2. Let us multiply (5.5) and (5.7) by a constant M > 0 and
then take summation of both of them as well as (5.18). One can first choose M > 0
sufficiently large such that the first term on the right-hand side of (5.18) is absorbed
by the dissipation of b and c. By fixing M > 0, one can further choose 0 < ¢ <1
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sufficiently small such that the first term on the right-hand side of (5.5) and the first

two terms on the right-hand side of (5.7) are absorbed by the full dissipation of b, ¢,
and a + 3c. Therefore, one has

MY Z )+ IS u) + > T(u(t)

la|<N-1i=1 la|<N-—1
+XA Y (109Va(a+ 3e,b,0)|* + 102 (a + 3)[|?)
la| <N -1
<C Y [05usl® + Cllu®)]? [[u®)]];.
|a|<N

The further linear combination of the above inequality and (5.5), by taking 0 < e <1
small enough, leads to the desired estimate (5.1). The rest is to verify that & (-) is
indeed an interactive energy functional corresponding to LZ(H}Y). Actually, by the
definitions (5.2), (5.3), and (5.4), one has

En(u®) <C Y Z IZ2 (u()]? + 128, (u(t)|? + S 5 (u(t)) )
la|<N-1j=1
<C Z (109V 4 - b]|> + (|02 (a + 3¢) |
lo]<N-—1
+ 109V zusl? + |02b]* + (|05 uz|® + |05V ocl?)
<C Z (192 (a, b, ¢)||* + |05 u2),

la|<N

which implies that

Eme(u(t)) < C Y (IIPOZu(®)]® + [{I - PYogu(t)|®)

la| <N

<C Y [ogut)]? = C||U()||2L§(H;V)~

la|<N

This completes the proof of Theorem 5.2.

6. Stability of stationary solution. In this section, we prove that the sta-
tionary solution (f.,®.) = (e?M, ¢) obtained in Theorem 1.1 for the VPB system
(1.1)—(1.2) is stable under the small initial perturbation in the sense of Theorem 1.2.
Theorem 1.2 about the global existence of solutions to the Cauchy problem (1.7)-
(1.9) will be proved by the following local existence together with uniform a priori
estimates as well as the standard continuum argument.

PROPOSITION 6.1 (local existence). There exist constants 61 > 0 and T* > 0
such that if [[uo]]? < 81 and ||p — 1||WI£V+1,00 < &1, then there is a unique solution
u(t,z,€) in [0,T*] x R3 x R3 to the Cauchy problem (1.7)~(1.9) of the VPB system
such that

@+ S / 1020 u(s)|2ds < 6,

lo]+[BI<N

N~
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for any t € [0,T*]. Moreover, [[u(t)]]* : [0,T*] — R is continuous. If fo(x,&) =
e®M + VMug(z,€) > 0, then f(t,z,&) = e?M + vVMu(t, z,£) > 0.

The proof of Proposition 6.1 can be given the same way as in [12] without con-
sidering estimates on the time derivatives, and thus is omitted for simplicity. Next,
we devote ourselves to obtaining the uniform a priori estimates on the basis of the
estimates on the microscopic and macroscopic dissipations given in sections 4 and
5. For this purpose, let us suppose that the Cauchy problem (1.7)-(1.9) admits a
solution u(t, x, &) in [0,7] x R3 x R? for some T > 0, such that

sup [[u(t)]]* <6
0<t<T

for § > 0 small enough. Recall that d4 given in (4.1) is also small enough by (1.5)
and the smallness of || — 1|y +1.e.
The aim is to obtain the full dissipation

[[u(t)]]?, = DmiC(u(t)) + DmaC(u(t))a
with
Dic(u(t) = > [[050{1—P}ul2,
lal+]BI<N
Duac(u(®)) = > (10Va(a,b,0) + 02 (a + 30)]?) .

la|<N-1

Step 1. The microscopic dissipation rate Dpic(u(t)) can be obtained by taking
the proper linear combinations of (4.2), (4.19), and (4.33). In fact, the sum of (4.2)
and (4.19) gives

1d
5 7S @®) +A D 07us|?
lo|<N

< Oy + V) (1 + Vo) [u(®)]]2
+C0 Y 109Va(ab, )P+ Cos > 02 (a+ 30)?

la|<N-1 la|<N -2

(6.1) +Co Y 07 Veus|?,

1<]al<N-1

where

Ex(u(t)) = Z (||8§u||2+||8§‘Vw\I/||2)—2/ e ?|b|*cd.
R3

|| <N

Notice that

/ e ?b|%cdx
R3

and since § > 0 is small enough, it holds that

2

< CllelzzlbllE; < ClIVaelmPullz: < CVEjullZ:

Ex(u(t) ~ Y (logul® + 02V ¥?) .

la|<N
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The linear combination of (4.33) with k ranging from 1 to N gives

1d
S—Geu®)+ N D (1000 w2

2dt "¢
[8]>1
la|+|B|ISN
< (86 + V6 + 0)[[u®)]]}
(6.2) +C > 09Va(a b +C Y [10%us|,
la|[<N-1 la|<N

where

N
N=> Cni »  10500uz
k=1

|Bl=k
laf+IBI<N

for some proper positive constants Cy . Therefore, the linear combination of (6.1)
and (6.2) gives

52 Ext, (u(1) + XD (1)
< C(By +VO)(1+ Vo)[[u®]]}
(6.3) +C > 09Va(a b0 +Cos Y [02(a+30)]%,
la|<N-1 la|<N-2
where

Eny (ult)) = Mi&y(u(t)) + Ex e (ult))

with the constant M; > 0 large enough. It can be seen that

Eny (u()) ~ [[u(®)]]*.

Step 2. The linear combination of (6.1) and (5.1) gives

5 55 VL (u(0) + 280 )] + A 3 053] + ADyac (1)
lo| <N
(64)  <CE+VOI+VO®E+Cos > 98 Veus|?
1<|a|<N-1

for the constant My > 0 large enough. By Theorem 5.2 and also condition (ii) in
Definition 5.1, one has

M (u(t)) + 2Eimt (u(t)) ~ Ex(u(t)).
Step 3. Finally, the linear combination of (6.3) and (6.4) gives

1d

2ty M1 (4(8)) + Al (1)) + Donac (w(t))] < OB + V) (1 + V) [ulD)]

where

Eny My, M5 (u(t)) = Mz [Ma&y(u(t)) + 2Eine(u(t))] + Enr, (ul(t)),
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with the constant M3 > 0 large enough. Notice that
Enty w1 (u(t)) ~ Mo (u(t)) + [[u()]]* ~ [[u(®)]]?,
Dumic(u(t)) + Dmac(u(t)) ~ [[u(t)]].
Since 0 and ¢4 are small enough, one has

%%ng’Mz,Ms (u(t)) + Al[u(®)]])2 < 0.

By further taking the time integration, it follows that there is d2 > 0,A; > 0, and
C1 > 0 such that as long as

sup [[u(t)]]® <y and || — 1 yne10e < 32
0<t<T 2

hold with 7" > 0, one has

t
(6.5) ([u(®)]) + A1/0 [[u(s)]]5ds < C1l[uo]]?
forany 0 <t <T.
Proof of Theorem 1.2. Define
M = min{51,52} >0

and choose initial data ug and the background density p such that fo = e?M +
vMug > 0 and

2 M _
< ——— -1 o < M.
[[UO]] — 2(01 + 1)7 ||p ||W2N+1’ =
Define
Too = sup {t >0/ sup [[u(s)]]” < M} .
t 0<s<t
Since
M
[uo* < 5 < M <y and [|p—1f|ypre <M <6y,

it follows from Proposition 6.1 that T, > 0 holds true. If T, is finite, the definition
of T, implies

(6.6) sup [[u(®)]]® = M < 6.
0<t<T

By further using
17— Uy < M < 6o,

it follows from (6.5) that

C M

2 2 1

] <C <——FM< — <M,

s [(0)° < Cilfwl)* < gt M <

which is in contradiction to (6.6). Then T, = oo holds. Furthermore, u € X (0, 00)
and (1.12) follow by Proposition 6.1 and (6.5). Hence, Theorem 1.2 is proved. O
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