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Abstract

In this paper, we are concerned with the large time decay estimates of solutions to the Cauchy problem
of norlinear evolution equations with ellipticity and damping. Different end states of initial data are
considered. The optimal rate of decay to the linear diffusion waves is obtained. The optimal rate of decay
of solutions to the linearized system plays a crucial role in the analysis.
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1. Introduction and main results

In this paper, we are concerned with the opti@tay estimates of solutions to the following
nonlinear evolution equations with ellipticity and damping:

Yt = —(1— )y — Ox + axx, (1 1)
O = —(1 — )0 + vipx + abxx + 296, '
with initial data
(Y, 0)(X, 0) = (Yo(X), Oo(X)) = (Y&, 0+) asx — +oo. (1.2)

* Corresponding address: Defraent of Mathematics, Central Chitnormal University, Wuhan 430079, PR China.
E-mail addresscjzhu@mail.ccnu.edu.cfC. Zhu).

0362-546X/$ - see front matte?) 2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.na.2006.03.024


http://www.elsevier.com/locate/na
mailto:cjzhu@mail.ccnu.edu.cn
http://dx.doi.org/10.1016/j.na.2006.03.024

2 R. Duan et al. / Nonlinear Analysis(1nin) i

Herey = ¥ (x,t) andd = 6(x,t), x € R, t > 0, are unknown functiong; andv are positive
constants(y 4, 64) and(y—_, 6_) are different end states of the initial data, i.e.,

(V4. 04) # (Y-, 0-). 1.3)

System(1.1) was first proposed by Tang and Zhao if{.[It is a set of simplified equations,
which aise from physical and mechanical fields. As regards the complexity in sy@telp
readers can refer t@f6. The global existence, nonlinear stability and optimal rate of decay to
zero equilibrium were established ifj][ where the endtates satisfy(y+, 6+) = (0, 0), which
is a rigorous restriction for initial datég(x) andfo(X).

When the initial data have different end states, i.e., the €a8gholds, the global existence
and asymptotic behaviors of solutiom@re recently obtained by Duan and Zhu ij.[They
proved that under some small assurap§ on initial data, the solutions {d.1), (1.2) time-
asymptotically behave as the following linear diffusion waves:

p(x, 1) = Tt <<w+ —¥) / G(y.t+ Ddy + 1//_) ,
W (1.4)
o(x,t) = e -t ((9+ - 9_)/ G(y,t + 1dy + 9_> .

—00

whereG(x,t) = JF exp(— 4O[t) is the heat kernel funion. Diffusion wavegq1.4) can be
obtained by solving the following linear system:

I/ft —(1—‘1)W+a¢xx7
= —(1— )0 + abyx, (1.5)
(w(x, 0),0(x,0)) — (Y+,0+) asx — oo.

It is notedthat the linear systerfl.5)and the nonlinear syste(t.1), (1.2) have the ame end
staes, which assure that the energy method can be applied. In fact, let

ux,t) = ¥ (x,t) — ¥(x, 1),
{v(x,t) =0(x,t) —O(x, 1), (1.6)

and then the problerfi.1), (1.2)can be reformulated as

utZ—(l—a)u—UX +(XUXX—9_)(, _ _ (1 7)

vt = —(L— a)v + vux + avxx + 2Uvx + 2¢ vy + 20U + F(X, 1), '
with initial data

u(x, 0) = up(X) = Yo(X) — ¥(x,0) - 0, X — oo, (1.8)

v(X, 0) = vo(X) = Bo(X) —O(X,0) > 0, X — oo, '

where
F(X,t) = vix + 26x.
To stateout main reslt, we give the following
Notation. Throughout this paper, we ugg(-) to denote positive constants depending on the

dummy variable, sually time, whileC is used for generic constants? = LP(R) (1 <
p < oo) denotes the usual Lebesgue spaceRon= (—oo, co) with its norm || f|Lp =

(fR|f(x)|pdx)Tl), 1 < p < oo |fllLe = super!lfX)|, and whenp = 2, we write
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I Ny =1 - H'(R) denotes the usuéith order Sobolev space with its nor IhR) =

; 1
Il = (Tl 1o f12)2.
Now theglobal existence of solutions {d.1), (1.2) and the rate of decay to linear diffusion
waves(1.4)can be stated as follows.

Theorem 1.1 (See []). Let0 < ¢ < 1,0 < v < 4w(l — «). Suppose that both =
Yy —¥_|+ 10+ —6_| andSg = ||uo||§ + ||vo||§ are sufficiently small. Then the Cauchy problem
(1.7), (1.8)admits a unigue global solutiofu(x, t), v(x, t)) satisfying

ux, 1), v(x,t) € L0, T; H2(R)) N L2(0, T; H3(R)), (1.9)

and
t
lux, OII3 + [lv)[13 +/0 (lux, D13 + llv(x, 7)I5)dr < C© + o). (1.10)

Furthermore, the following decay estimate holds:

2 2
|
> I35u Ol + Y lav(x. vl < Ce 2", (1.11)
k=0 k=0
for any t > 0, where| is me postive constant satisfying
I v
0<§<1—o¢——. (1.12)

4a

The proof of Theorem 1.1can be found in I]. The aim of this paper is to sharpen decay
estimateg1.11)to get optimal decay rates. We can state our main result as follows.

Theorem 1.2 (Main Resull. Suppose that the assumptionsTiheoreml.1 hold. Furthermore
suppose

(Uo(X), vo(X)) € LY(R,R?) N L2(R, R?). (1.13)
Lett € (0,1). Then

2 2 1 1 v
D lIkux Ollee + > 85v(x, Dlle < C(r)A+1) 2 e dremant (1.14)
k=0 k=0

foranyt> 2r and1l < p < oo.

Remark 1.3. We not only obtain theLP (1 < p < co) rates of decay to linear diffusion waves
but also sharpen decay estimaidsl1) Indeed, letp = 2 in (1.14)and th& we have

2 2
D IRu Oz + Y 185v(x, Dl 2 < C(r)e”tmema)t,
k=0 k=0
Since(1.12)holds, the decay rates (@.11)are improved. On the other hand, the decay rates in
(1.14)are optimal, which comes from the decay propert®&5)of the linearized systerf2.11)
in Section 2 Theproof of Theorem 1.4s based oTheorem 1.1The irtegral fams of solutions

to system(1.7)and(1.8)can be used to sharpen decay estiméitekl)
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This paper is arranged as follows. After this introduction and the statement of our main
results, which constituteSection 1 we give some prdiminary lemmas inSection 2 The proof
of Theorem 1.3s given inSection 3

2. Preliminary lemmas

In this section, we cite some fundamental results and give some basic estimates for our later
use.
First we cite the following four well-known results.

Lemma 2.1 (Young’s Inequality. If f € LP(R),ge L"(R),1< p,r < oo, and% +1>1,
thenh= f x g € L4R) with ; = £ + ! — 1. Furthermore it holds that

IhiiLar) < I fllLe®) I9llLr R)- (2.1)

Lemma 2.2 (Interpolation Inequality for I°(R)). Assumel < p < q < r < oo and

% = % + 12 Suppose also £ LP(R)NL"(R). Then fe LI(R), and

IfllLar) < 1oyl F LT (Ry- 2.2)

Lemma 2.3 (See B]). Let a, b be postive numbersp < 7 < 1,t > 2z. Then
t .
/ (1+t—9)"31+s)Pds < C(1+t)~mn@ab (2.3)
T
if max{a, b} > 1. In particular,

t
/ (14+t—s) 2 Pds<C@+1t)2 (2.4)

Lemma 2.4 (Generalized Gronwall Inequalily Suppose that the nonnegative continuous
functions d@t) and h(t) satisfy

t
gt) < Npe "D +t—1r)2 4+ NZ/ 1+t —s) e "9g(s)h(s)ds (2.5)
T
with N7, N2, a and r nonnegative constants and
o0
/ h(s)ds < N(7) < oo. (2.6)
T
Then itholds that

g(®

IA

o0
Ni(l+t—7) 3 "t=D exp{NZ/ h(s)ds}
T

IA

C(r)(1+t)~3e . (2.7)

On the other had, we give some basic estimates which will play an essential role in our
provingTheorem 1.2First for the heat kernel functio®(x, t), we hae the fdlowing property.
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Lemma2.5. Whenl < p< 00,0 <1, k < o0, wehave
Ik —3(1-p)-1-5
1; 9, G(X, t)[lLp < Ct” 2P 2, (2.8)
For thelinear diffusion waves (x, t) andd(x, t), we hae the fdlowing agymptotic behavior.

Lemma 2.6. The finctionsy (x, t) andé(x, t) defined by(1.4) satisfy
13 ®llLe < Cem@=t Jala)||L~ < Ce~ A (2.9)

forl =0,1,2,...,and

181K (1) Lo < Clyry — e~ L0t 1ty 202
i Oy Lp = + - ] ’ (2.10)

_ k
la{ak0 () ILp < Cloy — 6_|e” 'L+ )22

fork=1,2,...,1=0,1,2,...,and any p withl < p < co.

In order to obtain the optimal rate of decay tetimear diffusion wave, we must consider the
linearized system

{IZ“ = —(1— ) — by +avxx, (2.11)
6y =—1—-a)f + Vl/fx + abxx,

with initial data
(W (x,0), 8(x, 0)) = (Yo(X), fo(X)). (2.12)

As in [7], by using the method of Fourier transformation, we can get the solution of the linearized
system(2.11)and(2.12)

A 1 ~ . o ~ . R
T =5 [ K206 0 5 @+ iv/vio) = Ka(x, 1) % G0 — iv/5i0) |

A 1 AL A
B0x.t) = 5 [Ka(x, ) % Go = iv/oio) + Ka(x, 1) % Go+ivvio) | (2.13)

where the kerndunctions are

a0 = el (1w )t exp] 0 - X1, .
Ko(x,t) = \/A%exp[— (1—a— %)t}exp{% — 4%}

The following estimates for the kernel functiokg(x, t) andKz(x, t) play an impotant role in
the poof of Theorem 1.2cf. [7].

LemmaZ2.7. Fori =1, 2,1 < p < oo, wehave

1,1 v
15K (x, D)l|Lp < Ct™ 2" Zp e~ (=gt (2.15)
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3. Optimal L? (1 < p < o) decay rate

In this section, we give the proof dheorem 1.2which fdlows from aseries of lemmas.

To this end, we rewrite Eq41.7)in an integral form as
t
ux,t) = G(x,t)*xupX) —(1— a)/ G(X,t —s) xu(x, s)ds
0
t
v(X,t) = G(X,t)*xvo(X) — (1— a)/ G(X,t —s) x v(X, s)ds
0
t
- v/ Gx(X,t —s) % u(x, s)ds
4
+2/ G(X,t —s) * (Uvy) (X, S)ds
0
t ~ t
- 2/ Gx (X, t =) x (Yv) (X, S)ds — 2/ G(X,t—9)
0 0

t
* (Pxv) (X, s)ds + 2/ G(X,t —s) * (Oxu) (X, S)ds
0

t
+/ G(X,t —s) x F(x, s)ds,
0

t t
+ / Gy (X, t —S) x v(X, s)ds — / G(X, t — S) * Oy (X, s)ds,
0 0

(3.1)

where the convolutions are takefith respect to the space varialdeOn thebasis of the integral

form above, we have

Lemma 3.1. Under the assumptions dtheoremil.2, it holds that
Iuex, ), v, Dl 1R R2) < CO)

foranyr € (0, 1).
Proof. From(1.11) Lemmas 2.12.5and2.6, we deluce that
lux, DllLir) = 16X, DR UGNl LRy

T
+td-a /0 1G(X. T — 9l 1qr0 UK. 9150 S
T
+ /0 1Gx (X, T — 9l 1 VX, 9l 1, IS
T
+ /0 IG(X. 7 = 91 16x (X, 91,0

T
< UGl 1y + (1 — @) /0 JUCK. 9l a gy dS

T T
+ C/ (r — s)—% [v(X, 9|l 1r)ds + C/ e~ (l-w)syg.
0 0

Similarly, we have

loX, DRy = 1GX, DIl Ry lvoCO Nl L1(R)

(3.2)

(3.3)
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+(1-a /Or IG(XX, T =9l L1R) lv(X, 9l 1Rr)dS
V/Or IGx(X, T = 9)llL1R) IUX, S)IlL1(R)AS
+ Z/OT IG(XX, T = 91 IUX, Sl 2Ry lUx (X, 9) I 2Rr)dS
+ 2/0r IGx(X, T = )l L1 R ¥ (X, S)lILer) IV(X, S) [ 1Ry DS
+ Z/OT IG(X, T = 9)llL1r) 1¥x (X, 9l 2Ry [V(X, Dl L2(rydS
+ Z/OI IG(X, T = 9l 1R 1Bx(X, )l L2(ry IUX, DI 2(r)dS
+ /0 ' IG(X, T = 9l 1R IVPx (X, S) + 2 Bx) (X, 9l 1R)dS
= lvo)llLyry + 1 —a) /Of lv(X, 9l 1(r)ds
T L T
Cv/o (t —9) " Z||u(x, s)||L1(R)ds+C/O e 'Sds
+C /Ot(r —5) 2 T u(x, ) 1,0

+C / ' e (-@s—354s 4 C / "oy (3.4)

Lett € (0, 1). It follows from(z3.3)and(3.4)that i

[(ux, ©), v(X, NI 1R R2 = 1UX), Vo)l 1r g2 +C

+C /or [1+ (r — s)—%] 1U(X, 9), (X SNl 1 g2y,

Then(3.2)is verified with Gronwall's inequality. O
Lemma 3.2. Lett € (0, 1). Under the assumptions dtheoremil.2, it holds that

13 (U, 1), v, ) [l 1 g2, < C(r)e dede ! (3.5)
foranyt>rtandk=0,1, 2.

Proof. As in [7], taking the Fourier transform ofl1.7) and then taking the inverse Fourier
transfom, we have

ux,t) = o \/_ [K]_(X t) x (vo + I\/_U()) Ko(X, 1) * (vg — I\/—UO)]
2|\/—/ [Ka(x,t —s) — Ki(X, t — S)] * Ox(X, S)ds,
v(X,t) = % [Kl(x, t) % (vo — in/VUg) + Ka(X, t) * (vo + IﬁUo)] (3.6)

1 t
+ 5/ [Ki(X,t =) + Ka(x, t —9)]
0 _ _
* (2Uvx + 2yrvx + 20U + F)(X, S)ds.
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By the Sobolev inequality f ||~ < | f ||%|| fX||%, we haefrom (1.11)that

|
||(U(X, t)7 U(X7 t)7 uX(X7 t)7 UX(X7 t))”LOC(R’R“) S Ce—§t~ (37)

In terms of the decay ra{@.15)on kernel function¥K1(x, t), K2(x, t), the exponential decay
rate(1.11) (3.7)of solutionsu(x, t), v(x, t) and the exponential decay r¢#&9), (2.10)for linear
diffusion wavesy (x, t), 8(x, t), we haefrom (3.6)that

195 (UCx, ), v (X, D) L1 g R2)
< ClIax (K1(x, t — 1), Ka(X, t = )l L1 2y UK, T), v D) 2 m r2)

o
T
x (16x(X, 9) L1y + IF (X, 9l 1R)) dS
t . B
+C / [ax (K1(X, t —5), K2(X, t = 9))[l 1 Rr?) ||3>{_1 (UUX + I/fo) lL1R)dS
T
t oo
+ C/ [(Ki(X,t =), Ka(x, t — S))IILl(R,Rz)Ilf?)J( (6xu) I 1Ry ds
T
t
< Cera—gp)t-0) 4 C/ o~ (l—a— ) (t-9) g~ (1-a)syq
T

t i
) |
+ C / e_(l—a—w)(t—s) [e—js + e—(l—a)S] 2 ”a)r('nv(x’ S)” Ll(R)dS
T —

m=0
t ) i
+ C/ g~ (-7 (t=8)g=(1-)s Z [7'U(X, S)[| 1S (3.8)
T m=0
forj=0,1,2. Let
2
Z(t) =Y 100U, ), v )l L1 g r2) (3.9)
m=0

and then summin¢3.8)overj = 0, 1, 2 yields

t
Z(t) < C(n)et e a)t-0 4 ¢ / e (=) (=925 7(5)ds, (3.10)

T

where(1.12) has been used. With help éEmma 2.4 (3.5) follows easily from(3.10) This
completes the proof dfemma 3.2 O

Lemma 3.3. Under the assumptions dtheoreml.2, it holds that

1

13U, ). v D)l r g2y < CO)(L+ ) Ze et (3.11)
foranyt> 2rand k=0, 1, 2.
Proof. Using the integra{3.6)andLemma 3.2we have

184 UOX, D). v D)oo .2

< ClIad(Ka(x, t = 7), Ka(X, t = D)l oo g2 IUX, T, 00X D)l L1 g2y
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t .
T
X (||9_X(X, SlLiry + IFX, 9lL1r) + 19 (X, 9wy lvx (X, S) Ll(R)) ds
t .
T

X (||U(X, S)ILer)llvx (X, S)| LYR) T ||9_X(X, S|l LL(R) [lu(x, s)|| L°°(R)) ds

<Cl+t—1) e tag)t-0

t
+ C/ (141t —5) 26 ez =9g-(1-wsgg
T

t
4 C/ (14t—s) 2 Qa9 [ef(lfa)s + ef(lfaf%)s]
T
194 (UX, S), V(X, )| Lo g g2 IS (3.12)

for j =0, 1, 2. By virtue ofLemma 2.3it holds that

t
/ 1+t -5 2e-@o—z)-9-(-msgg
T

1

t
= e‘(l‘“‘%)t/ (1+t—s) 26 %Sds
T
< Ce a1 4 1)
< C(O) (L4t — 1) 2e"A-a—gt=D) (3.13)

fort > 2t. Let

2
Zt) =Y 190U, 1), v, D) Lo R2)- (3.14)
m=0

Summing(3.12)overj = 0, 1, 2, we have fron{3.12)and(3.13)that
Z(t) <CA+t- t)_%e—(l—a—ﬁ)(t—r)

t ~
+ c/ (141t —s) 2 (1-a—3)t-9g-(1-0=357 g)ds, (3.15)
T

By Lemma 2.4(3.15)implies that(3.11)holds. The proof oLemma 3.3s complete. O
The proof of Theorem 1.2. By usingLemmas 2.23.2and3.3, we have
195 U, 1), VOGO pr R,
-1 1
< 8K x. 1), v D) e 9K UK B, v, D)1 e,
3455 o (1—a— 2t
<C(m)(A+t) 2" we A (3.16)

fork =0,1,2and 1< p < oo. Togethewith Lemmas 3.2nd3.3, (3.16)implies(1.14)holds.
This provesTheorem 1.2
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