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Abstract

Although the decay in time estimates of the semi-group generated by the linearized Boltz-
mann operator without forcing have been well established, there is no corresponding result
for the case with general external force. This paper is mainly concerned with the optimal
decay estimates on the solution operator in some weighted Sobolev spaces for the linearized
Boltzmann equation with a time dependent external force. No time decay assumption is
made on the force. The proof is based on both the energy method through the macro-micro
decomposition and the LP-L? estimates from the spectral analysis. The decay estimates
thus obtained are applied to the study on the global existence of the Cauchy problem to
the nonlinear Boltzmann equation with time dependent external force and source. Precisely,
for space dimension n > 3, the global existence and decay rates of solutions to the Cauchy
problem are obtained under the condition that the force and source decay in time with some
rates. This time decay restriction can be removed for space dimension n > 5. Moreover, the
existence and asymptotic stability of the time periodic solution are given for space dimension
n > 5 when the force and source are time periodic with the same period.
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1 Introduction

The Boltzmann equation for the hard-sphere gas in n-dimensional space under the influence of
an external force and a source takes the form

Wf+E&-Vaf + F-Vef =Q(f, f) +5. (1.1)

Here, the unknown function f = f(t,z, &) with (¢, 2,£) € R xR™ x R" is a non-negative function
standing for the number density of gas particles which have position x = (z1,--- ,z,) € R"™ and
velocity € = (&1, -+ ,&,) € R™ at time ¢t € R. Here, the external force field F' = F(¢,x) and the
source term S = S(t,x,€) are assumed to be some given time dependent functions. @ is the
usual bilinear collision operator defined by

1

QUf.9) =5 /Rn Snfl(f’gi + 119" = f9e = L€ = &) - wldwdg,,

f = f(t7x7§)7 f/ = f(t,%,gl), f* = f(taxag*)v fi = f(taxagfk)v
€=6-[¢-8&) ww, &=6+[E-&) ww, wes",
and likewise for g. Although the physical space is three dimensional, in this paper, we consider
the general space dimension n > 3 to show how the space dimension plays in the decay estimates.

Throughtout this paper, we consider the perturbative solution near an absolute Maxwellian.
Without loss of generality, define the perturbation u = u(t, x, ) by

f=M+ M2y,

B %
M= gy P (‘2)

is normalized to have zero bulk velocity and unit density and temperature. Then the equation
for the perturbation w is:

where the absolute Maxwellian

atu+§~ku+F.v5u—%g-FU:Lqur(u)JFS*, (1.2)
where
Lu=M"1/2 (Q(M, M/2y) + Q(MY2y, M)) , (1.3)
T(u,u) = M~Y2Q (Ml/Qu, M1/2u> , (1.4)
S=M"125+MY% . F. (1.5)

There are extensive literatures on the existence theory for the Cauchy problem of the Boltz-
mann equation without external force. The well-known result is the global existence of the
renormalized solution with large data proved by DiPerna-Lions [6] where the uniqueness prob-
lem remains open. On the other hand, the existence is established in the framework of small
perturbation of an absolute Maxwellian [12, 13, 14, 17, 19, 21, 23, 24, 29], or an infinite vacuum
[2, 9, 15, 16] where uniqueness can be justified. In particular, so far there are two basic methods
to deal with solutions near an absolute Maxwellian. One is based on the spectral analysis of the
linearized Boltzmann equation and the bootstrap argument for the nonlinear equation initiated
by Grad and developed by Ukai, cf. [19, 23, 24, 25], where the optimal convergence rate to the
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Maxwellian can be also obtained. Another one is based on the direct energy method for the
nonlinear problem through the macro-micro decomposition which was initiated by Liu-Yu and
developed by Liu-Yang-Yu [17] and Guo [13] independently in two different ways. The former
decomposition is around a local Maxwellian while the latter is around an absolute Maxwellian.
Here we use the latter decomposition because we are concerned with the decay structure of the
linearlized equation around the absolute Maxwellian.

One of the features of the convergence to the equilibrium for the Boltzmann equation is the
coupling of the conservative operator for the free transportation and the degenerate dissipative
operator on the velocity variables through the celebrated H-theorem. This property can be
found in many kinetic equations and it is now called “hypocoercivity” [32]. For the problems in
a torus or in a bounded domain, this property is well investigated where an exponential or almost
exponential convergence rate in time to the equilibrium for both space and velocity variables
can be obtained, cf.[33] and references therein. However, for problems in the whole space, this
property is not yet well understood especially under the influence of some enternal force. And
this is one of the motivations of this paper to study the convergence to the equilibrium under
the influence of the external force in a general form.

To do this, the main part of the paper is concentrated on the decay in time properties of the
solution operator for the linearized Boltzmann equation corresponding to (1.2), that is,

1
éku—l—f-vxu—i—F-Vgu—§§-Fu:Lu.

The decay estimates are obtained in some Sobolev space weighted in velocity variables. Our
main result is stated in Theorem 2.2 in Section 2, where the obtained decay is optimal in the
sense that it is equal to the one for the linearized Boltzmann equation without external force.
The proof is a combination of the two methods mentioned above for perturbative solutions. In
fact, the energy estimate is first carried out for the linearized Boltzmann equation with an error
term determined by the space derivative of the macroscopic component in the perturbation. It
is then combined with the LP-L9 estimates from the spectral analysis to yield the optimal decay
in time estimates for the above linear solution operator.

The optimal decay estimates on the solution operator to the linearized equation will then
be applied to the study on the existence of solutions to the Cauchy problem for the original
nonlinear equation. In particular, we will use it to prove the existence and stability of the time
periodic solution for some given time periodic force and source. This problem is related to the
generation and propagation of sound waves so that it has its physical importance besides its
mathematical interest. In fact, for the time periodic solution, the existence and stability have
been studied for the Navier-Stokes equaions, cf. [1, 10, 30, 31] and references therein. Recently,
some results on this problem are obtained for the nonlinear Boltzmann equation [26, 27, 28] in
various function spaces when there is a time periodic external source but no external force, for
the space dimension n > 3. Thus, it is natural to study the problem under the influence of a
time periodic external force. We will show that there exists a time periodic solution if the force
is small and time periodic when the space dimension n > 5. The physical case when the space
dimension n = 3 is still not known and will be pursued by the authors in the future.

A lot of work has been done on the convergence rate estimation of the solutions for the
Boltzmann equation to the time asymptotic states. For example, the almost exponential decay
in time of the solution for the Cauchy problem was given by Desvillettes-Villani [5] for general
cutoff potential cases in either torus or smooth bounded domain under the assumption of the
existence of smooth global solutions, and also by Strain-Guo [22] for the cutoff soft potentials
in the torus for small pertubation of the absolute Maxwellian. Notice that the convergence
rate of the perturbative solution for the cutoff hard potentials is exponential in a torus, [23].



4 R.J. Duan, S. Ukai, T. Yang and H.J. Zhao

For problems in the whole space, the convergence rate should be algebraic and it depends on
the space dimension because the low frequency in the Fourier variable domintates the decay
estimate, see [24, 25]. For the Boltzmann equation with a time independent potential force, the
optimal convergence rate of the solution to a local Maxwellian was obtained in [8], where the
proof is motivated by the study of the corresponding problems for the Navier-Stokes equations,
cf. [18, 20, 7.

The rest of this paper is arranged as follows. In Section 2, we will first present a decomposi-
tion of the linearized Boltzmann equation. Then, some basic estimates on the communicators of
the linearized collision operator L and the differential operator will be derived. Based on these
estimates, the optimal decay in time estimates on the linear solution operator are proved in The-
orems 2.1 and 2.2. In Section 3, we will apply the estimates obtained in Section 2 to prove the
global existence and convergence rate of the solution to the Cauchy problem for the nonlinear
Boltzmann equation. In addition, the existence and asymptotic stability of the time periodic
solution are also given. These existence and stability results are summarized in Theorems 3.1,
3.2 and 3.3.

Notation. Throughout this paper, C' denotes a general constant. If the dependence needs to be
specified, then the notations C;, ¢ = 1,2,--- are used. In addition, ¢ > 0 also denotes a positive
constant which may vary from line to line and 6 > 0 stands for a small constant. (-,-) is the
inner product in the space L?(R? x RZ) with the norm denoted by || - ||. Sometimes, || - || also

denotes the norm of the space L*(R?) without any ambiguity. || - ||z» . with 1 < p < oo denotes
the norm in the Lebesgue space LP(R; x R¢). The norm in the space Z, = LE(LZ) is defined by

Jullz, = ( L/ n|u<x,s>de)3d5) cweger

For the multiple indices «, 3,7 with a = (a1, a9, -+ ,an), 8 = (B1,82, -+ ,0n), and v =
(71,72, , ), we adopt the usual notations 858; =0l ... 85287118722 e 8g:, and in par-
ticular 95, = 8563 when o = § + . The length of a is |a] = > | .

2 Decay estimates on the linearized equation

2.1 Preliminaries

(i) Linearized equation. In this section, we are concerned with the initial value problem for
the linearized Boltzmann equation corresponding to (1.1). More generally, for some initial time
s € R, it is in the form

Ou+&-Vou+ Er-Veu=Lu+§ - Fou, t>s, vecR" £eR", (2.1)
u(t, z,8)|i=s = uo(z,§), z€R", {€R™ (2.2)

Here ug(z, ) is given, denoting the same initial data for different initial time, and E; = E;(t, x),
i = 1,2, are given vector-valued functions for generalization. Formally the solution to the initial
value problem (2.1)-(2.2) is written as

Ul(t,s)ug, —oo0 < s<t< oo,

where U(t, s) is called the solution operator for the linear equation (2.1). We shall obtain some
basic decay in time estimates on U(t, s) in some Sobolev space weighted with velocity functions

H (2 x RE (14 ) Fdadg ), €22, k> 1,
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which enable us to solve the nonlinear problem by the Duhamel formula and the contraction
mapping theorem.

(ii) Known properties of the linearized collision operator. For the linearized collision
operator L given by (1.3), one has

(La)(§) = ~Eu(©) + (Ku)(©),
W= [ =€) M. dade,

(e = [

1
M+ (MO + (MR [ — ) - oM e,
R x Sn—1

= | K(&&)u(&)dss

Rn

Moreover, the following well-known properties hold; see [3, 4, 11].
(a) there exists vy > 0 such that

wo(1+ |€]) < v(€) <vg t(L+ I€]);

(b) K is a self-adjoint compact operator on L2(R?) with a real symmetric integral kernel
K (&, &) which enjoys the estimate

[ I +leD P < cu+leh P B0 (2.3
(c) the nullspace of the operator L is the space of collision invariants
N = KerL = span {Ml/Q; 52-1\/[1/2,2' =1,2,---,m |§\2M1/2} :
(d) L is an unbounded, self-adjoint and non-positive operator on L? (R?) with the domain
D(L) = {u € LA(RY) ) v(€)u € LZ(R?)}.
(iii) Macro-micro decomposition. Define P as a velocity projection operator from L2(]Rg)

to N. Then any function u(t,z, &) for any fixed (¢,x) can be uniquely decomposed as the sum
of the macroscopic component Pu and microscopic component {I — P }u:

u(t,z,€) = Pu+{I - P}u.
With this notion, the linearized collision operator L satisfies
—/ uLu dé > co/ v(&)({I - Plu)?d¢, Vue D(L),
for some constant c¢g > 0. Here for simplicity, throughout this section, one sets
up =Pu, uy={I—P}lu.

The equation (2.1) is also decomposed as follows. The microscopic equation for ug is obtained
by applying the microscopic projection I — P to (2.1):

Bz — Ly = — {1 — P}(§ - qu> - P}(E1 Veu—¢€- EgU),
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or,

BtuQ - LUQ = —f : VJ;U/Q - E1 . VgUQ + f . EQUQ
—£-Vauy — By - Veur + € - Eouy
+P(§ Vou+ By - Veu —5-E2u). (2.4)

In order to write the macroscopic equation, as in [13], one first expands u; = Pu as
n
= {a(t,x) +) bilt w)éi + et x)\f!z} M2,
i=1
Putting this expansion into the following equation
Owut + & - Vaur + E1 - Veuy — § - Eoug
—{atUQ—i-f‘vaQ—l-El 'Vg’le —f-EQUQ —Lug} = %, (2.5)

and then collecting the coefficients with respect to the basis

1/2 nrl/2 J2nl/2 enal/2 20 nyl/2
MY (M) (laP?) (s ) (e
one has
M2 : B0+ E1 -b=Ry, (2.6)
fiMl/z 2 Oib; + 0;a — (CLEZ — QCEM') = 3%21, (2 7)
161PMY2 2 Oyc + ;b — Eiby = Ry, (2.8)
EEMY2 0 9,b; + 0b; — (Eib; + Ejby) = R, (2.9)
EPEMY2 : 9c — Eie = R, (2.10)

where for simplicity, 0; = 0,;, 0; = 0y, and %07%@17%51’%;]‘2’%3 with 1 < # j < n are the
corresponding coefficients of R with respect to the above basis, and F is defined by

1
E: §E1 +E2

Finally we list a basic fact for any function u = u(t, z,§).

Proposition 2.1. Let m be a non-negative integer and k be any number. Then for any (0 and
v, one has ag”aﬁPu = Paﬁaﬁ?u with estimates

aﬂmPuH < ‘

% rote]

where C' > 1 is some constant independent of u.

2.2 Estimates on commutators

In this subsection we study the functional properties of commutators related to L:
[L,&] ) [La a&] ) [[La a&] ,gj] ) |:|:L76£'L:| aagj] 5 1< i,j <n.

Let £ denote this kind of commutator.
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Lemma 2.1. £ is a bounded linear operator from LQ(R?) to itself, i.e., there is some constant
C' such that

[Lull < Cllull, (2.11)

for any u=wu(§) € L2(Rg).

Proof. This lemma is proved by the following steps.
Step 1. The explicit expressions of v and K are available:

wazca/ € — & M(E)de,.
R’I’L
K(gag*) = K1(£7£*) + K2(£7£*)

2 2
m@émz—@x—@mm<JﬂfﬁM)j

G 1P - 6P Je- &P
rolee) = eer (5 e er s )

where for simplicity ), may be some different positive constants depending only on the space
dimension n. The proof for the case n = 3 is given in [11]. The general case n > 3 can be
obtained similarly.
Step 2. In this step, some preparations are made for the next step. First, from (2.13), one
can easily verify that v(§) is a smooth function of £ with bounded derivatives of any order.
Next, for the integral kernels K7 and Ko, set

K1(&,6) = K11(]€ — &) K2(&,64),
Ko(&, &) = Ka1(|€ — &«]) Ka2(€, &),

where
K11(|f - 5*‘) = _Cn|§ - f*|,
Cn |€ - £*|2
K &)= ——7— —_——=),
e~ &) = =g o (-5
2 2
+ &«
Ki2(§,&) =exp (V1), Vi = —’54‘“,
L (€] - [&]*)?
Ky &) =exp(Va), Vo=—>2— 22"
22(&, &x) (Va), Va 8 &2
Finally, for the simplicity of notions, we define velocity differential operators 9;, i = 1,2,--- ,n

by 0; = —{0& +_a€i*}'
Notice that 9;h = 0 for any radial function h = h(]¢ — &), and moreover,

oVi =V, Vii= & —;&*,
s v &) e e 2
0V = Vai, Vai = 2|§ _ §*|2 (|£’ ’5*’ )7

0jVi; = 0;0;Vi = Va5, Viij = —0ij,

0jVa; = 0;0;Va = Vaayj, Vayj = (& _|§§i*—)(§j|2_ Ej*),
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where 6;; is the Kronecker’s symbol. Then one has
;K11 = 0;K21 =0,
0; K12 = K12V1i, 0;Kag = Kooy,
0;(K12V1i) = K12ViiVij + K12Vaigg,

0;(K22Vai) = KooVo;Vaj + Koo Vaj.

Step 8. This step is concerned with the computation of commutators. Set Vi; = &« — &,
direct calculations yield

[La gz]u = RnK(fa 5*)%1“(5*)(15*,
[L, 8&1] U = a&uu + / (K1VM~ + KQVQi)U(f*)df*,

n

(L0l = [ (KiVii+ KaVa) Ajul e

[[L, 0], 0¢,] = —0F ¢ vu + /n[K1(VuV1j + Vigg) + Ko (VaiVaj + Vaij)u(&:) dés

J
Step 4. Write K.(&, &) as any one of the following integral kernels:
KVoi, K1V + KaoVay, (Ki1Vi + KaVai) Vo,
K1 (ViiVij 4 Viig) + Ko (Vo Vaj + Vayj).
Direct observations show that K7 can absorb any finite numbers of velocity functions Vy;, Vi;

and Vy;;, while Ko can absorb any finite number of velocity functions Vp;, Va; and Va;;. This
means that if one defines

~ 2 2

Ri(6.6) = Cule — &l exp (—'“E'“) ,

~ Gy 1 ([ = l&]?)? 16— &P
K2(§7§*) - ‘5 _ g*‘n_g eXp <_16 ‘é. _ §*|2 - 16 ) )

then B B B
Since K (&,&,) satisfies the estimate (2.3) for 8 = 0 similar to K, it follows that

/ Ko(€,6.)]dE < C, / Ko(€,6)|de, < C,
R" Rn

which implies that
< Cllull.

H JR ST
Thus (2.11) is proved. This completes the proof of the lemma. O

In general, for any positive integer IV, define the iterative commutator £ by

L=[-[LXy],Xs]--, Xn],
where for each k € {1,2,--- , N}, X}, denotes the velocity multiplier §;, or the velocity differential
operator 85ik. Write £ as the sum of two parts £; and Lyy:
L=Lr+Lyg,
Lp=[-[[-v(§),X1], X2o] -+, Xn],
Lrr=1[-[[K,X1],Xa] -+, Xn].

Then £ has the same property as in Lemma 2.1.
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Corollary 2.1. The following properties hold:
(i) L1 is a bounded linear operator on LQ(RQ).

(i) Ly is a compact operator on LQ(R?) with the integral kernel K.(§, &), which satisfies
that for any k > 0, there is some constant C' depending on k such that

I Lirull < Cllv*ull, (2.12)

for any u = u(§).
(ii) L is a bounded linear operator on LQ(R?).

Proof. Tt is obvious that (iii) directly follows from (i) and (ii). Thus it suffices to prove (i) and
(ii). For the first part L7, in fact it is a velocity multiplier generated by v(§), given by

N
(=i <H Xk> v(€) all Xy, are g, |
Lr= k=1 k

0 otherwise.

Thus (i) holds from the proof of Lemma 2.1. For the second part L;7, it can be written as

(Car©) = | K€ gpule e
Kc(€7§*> - K1(€7§*>V1 + K2(§7€*)V27

where V7 is the linear combination of products of velocity multipliers Vp;, Vi; and Vi, and
similarly V5 is the linear combination of products of velocity multipliers Vy;, V2; and Va;;. Hence,
similar to the compact operator K, £;7 is also a compact operator on L? (Rg) with the integral
kernel K, satisfying (2.3). Finally we claim that (2.3) implies (2.12). In fact, for any £ > 0 and

any u = u(§),

1/2

e | [ e e ) { [ e enses )

1/2
< C’I/_(2k+1)/2(f) {/ |KC(§,5*)|1/2k(§*)u2(§*)d§*} )

n

which gives

| oemi@as <o [ e [ K €dsds,

Rn
<c / V2, )R (&) de..
That is (2.12). This completes the proof of this lemma. O

Finally, Corollary 2.1 directly gives

Corollary 2.2. Let v, k be |y| > 1 and k > 0. Then there is some constant C' such that

L alu<C > 107 ul,

0<ly|<ly|-1
[P, 0 ul| < Cllv* ),

for any u = u(§).
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2.3 Energy estimates

From now on, we use the following notation of the index sets for differentiations. Let ¢ be any
positive integer.

)
)
)
)={l=14 0<[B[+ <L}, i=1,2,--- 4,
)
)
)

AL(B,~

As(B,7) = {7 =1, 0 < B+ 9| < £} = UL AL(B,7),

NGB ={hl=40<IBl+ <1}, j=1,2,-- 01,
As(By) ={ln =1, 0<|B] + [y <€ =1} = UZ]AL(B, 7).

(i) Assumptions and energy inequality. Throughout this subsection, the following as-
sumptions are made:

(A1) The integer € > 2;

(A2) For the functions E1 and Esa, there is § > 0 such that

3 H(l—l—|x\)8§Ei(t,:v)’Looz + >

Ao(B) BT A(B

9

|a+hadlEea)| <o
) He
where 1 = 1, 2.
Under the above assumptions, our final goal of this subsection is to show that if § > 0 is
small enough, then the energy inequality holds:

d
() +cD(t) < C|IVaua|f?, (2.13)
where ¢ > 0 is some positive constant, C' is some constant, H(t) is a nonlinear energy func-
tional and D(t) is the corresponding dissipation rate. For the moment, we would not like to
expose the precise forms of H(t) and D(t), see Theorem 2.1, but only point out some important
characteristics for them:

e H(t) contains the microscopic component ug and its derivatives with respect to ¢, z, and &
up to order of £ > 2, and also only the derivatives of the macroscopic component u; with
respect to ¢t and z;

e In H(t), for the time derivatives, the differential order of time is at most one, where there
is not any weight function, but for others, the velocity function v is added.

e D(t) contains those terms corresponding to H (¢) but the power of velocity weight function
is higher 1/2.

e There is some constant C' such that H(t) < CD(t) for any t > 0.

(ii) Energy estimates on the microscopic part. Now we turn to the proof of the energy
inequality in the form of (2.13). First consider the estimates on some energy functional H;(t)
which is a linear combination of the following terms:

us ], Z’ : 3 Hatafu‘f, S afjaqu]Q, 3 HatafaquHg.
A1 (B) A2(B) AL(B) A (By)

85u’




Boltzmann Equation with Force and Source 11

For brevity, define the time dependent linear operator B(¢) and D(t) by
B(t)=¢ Va+ B -Ve—L
D(t)=¢ Vot By -Ve— & By
Using the above notations, (2.1) and (2.4) can be rewritten as
Ou+ B(t)u = ¢ - Eau, (2.14)

and
Orug + B(t)UQ =& - Foug + [P, D(t)]u, (2.15)

where [P, D(t)] is the commutator given by
[P,D(t)] = PD(t) — D(¢)P.

In what follows, a series of lemmas are given. The first one is concerned with the L2 7 ¢ —estimate
on the microscopic component uy. For this purpose, from the properties of the hnearlzed Boltz-
mann operator L, the smallness assumption we imposed on the external forces Fq, Es, and by

2u1||, we have by applying the standard energy method

o (2.15) that

Lemma 2.2. If§ > 0 is small enough, then one has
d 2
luall? + ¢ 1! 2uz | < €YV

The next lemma is on the L2 ¢—estimate on du for B € A (B).

Lemma 2.3. If § > 0 is small enough, then one has

% 3 ’ ul + e 3 Hy1/2a§u2H2 xu1H2 e ‘ §u2H2. (2.16)
A1 (B) A1(B) A1(B) A3(B,7)
Proof. Directly applying 97 with 3 € A, (B) to (2.14) gives
0(0Pu) + B(t) (9%u) = 02(¢ - Eyu) + [B(), 0u. (2.17)
Further multiplying (2.25) by 9% and then integrating over Ry x RY, one has
~ 2L 92ul? + co H 1/28‘%2”2 < il (2.18)
2 dt ¥ pat

where we have used the identity
{1 -P}3%u = 0%{1 — Plu = dPus,

and I;, ¢ = 1,2, denote the corresponding terms after taking the inner product with 85 u for
ones on the right hand side of (2.17) .
Next we estimate I; and I5. To this end, from the smallness assumption we imposed on Ey
and Fo, the Hardy inequality and the Cauchy-Schwarz inequality, we can deduce that
.12
n<csy Hyl/2a§j uQ]
AL (B

)

xul‘
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and

o~ 2
IQ_ x@quH .

o e

A1(B") As(B'y)

Thus taking summation over 3 € A;(3) for (2.18) and then collecting all estimates, (2.16) follows
if § > 0 is small enough. This completes the proof of the lemma. O

For the Li’ﬁ—estimate on 9 07u(y € A2(f)), we have the following result

Lemma 2.4. If§ > 0 is small enough, then one has

= Z 19:07ul? + ¢ > H 172 atmuzu

A2(8) A2(8)
<os | S 1ot + Y 000w
AL(B) A2(8)
ros | S H,,l/aagquer S ’ £u2H2+ 3 Hatagag@]f . (2.19)
A1(B) A3(B7) Aa(By)

Proof. First it is easy to see that for 5 € Ay(5),
9,(8,0%u) + B()(8,0%u) = ¢ - 9,0% (Eau) + [B(t), 8;0°u,
which gives
2
2
8112 H 1/25 98 H <N 1. 2.9
5 dt”ata ul|* +co O0puz|| < ; i (2.20)

For I;, one has

I < 5Hy1/2ataﬁuH2 +05Hy1/2ataﬂ Eou) HQ

<cs Y |vraol uQH +05 Y Hataﬁ/ul((

A2(B") A2(B)
+Cd Z Hyl/Qaflug’ o ulH .
1(8) Ay
For I, noticing that
B(t),000lu=— Y Cydl " E-Ve0,0] u
0<|p<18]-1
Z Cg/@tagfﬁ/El . Vg@f/u,
0<|p1<18]
one also has ) ) )
I < 5”@@51@“ +05 Y Hataf’ul af’ulH
2 1
vos Y ||otopu| v o5 Y |adtepu|

As3(B,7) As(By)

Thus taking summation over 3 € Az(3) for (2.20) and then collecting all estimates, (2.19) follows
if § > 0 is small enough. This completes the proof of the lemma. O
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As to the Li’g—estimate on 6£8gu2 for (B,7v) € A4(83,7), we can conclude that
Lemma 2.5. If § > 0 is small enough, then one has
d 2 2
pn Z ‘ 8;?8;%2“ +c Z Hl/lﬂafﬁquH
AL(B7) AL(8,7)
<cY ‘
Av1(B)

+Ci i1 Z )353gu2H2+5C¢,i+1 Z ‘
AN (B) A5TH(B)

2
o

i
ol ro ¥

Y

2
920 uz ]

where i = 1,2,--- £, and C;;_1, C; ;41 are some constants with additional conventions:

Cr0=Cpes1 =0.
Proof. First apply 82 with |[y|=1=1,2,---,¢ to (2.15) to get
9¢(0fuz) + B(t)0uz = Es - 0] (Euz) + 0[P, D(t)]u + [B(t), 0] Juz
== f . E28gU2 + (S Egagil’lw — €y angillm
+ag[Pa D(t)]u - [L7 82]“23

where e, denotes a constant vector, and for simplicity we used the notations

6,y . E28g_1u2 = Z ’yaglf . Egag_WIU,Q = Z Cvlag_wlf . EQ@ZUQ,
Iv'[=1 0< Y[y -1
and
ey Vol Tug =D 407 -Vl Tur = Y Cpdl & VL] ua.
[v'[=1 0< ]y [<]y] -1

Further apply 85 with (8,7) € A%(B,7) to (2.23) to obtain
0020 uz) + B(t) (9207 us)
= Z Cp&- 85”'&85'6@2 + Z Caey - 8f*ﬁ/E28f'ag_luQ

0<|8/|<I8] 0<|8/|<I8]
- Y. Cpdl BVl 0uy — ey - VL0707 ug
0<|6/[<|Bl-1

+0,07 [P, D(t)]u — [L, 910 us.
Multiplying (2.24) by o 8gu2 and integrating it over R X Ry, one has

1d

6
2 2
50 |0502us |+ co [T - PYOZO | < DT
i=1

We estimate each term I; as follows. For Iy, Is and I3, one has
2 , ’ 2
<o |viRofous| +co S ||vH207 0 u)
AL(B' )
2 , ’ 2
I <6 |ofous| +o6Ciin > |00 w| +ocan S |
ASTHB ) Ao(A")
2 / / 2
I3 <¢ afaquH +5Ci77;+1 | Z ‘ &f ag Uz‘
AP B )

)

L2
ol

Y

13

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)
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where ;1 is the Kroneker symbol and we have set (2.22). In fact, if i = ¢, A5(3,7) means 3 =0
and |y| = ¢, i.e. one has taken only the velocity derivative 82 with |y| = ¢, which implies I3 = 0
for this special case. For Iy, I5 and Ig, similarly it holds that

I4§%0 f £U2H2+Cm’fl Z H 295 37 H +Copn U2H27
A8 ) Ao(8")
I < — UQ’ U1) u2‘ )
1
and
= (Lo} aﬂuQ,aﬁmuQ> uQH +CH L,d; aﬂuQH
EO‘ UQH qu + Cii—1 Z ‘ xﬁgw‘Q,

AHB )
where Corollary 2.2 was used. Finally it is noticed that
2 2 2
Hy1/2{1 - P}@faquH > Hulﬂafagugu - Hul/QPﬁfﬁgqu

2 2
2 ool ¢ 5 Joru

0

Putting all the above estimates into (2.25) and then taking summation over (3,v) € A4(3,7)
leads to (2.21), provided that § > 0 is small enough. This completes the proof of the lemma. [J

Finally for the Livf—estimate on 875858qu ((B,7) € Ai(ﬂ,y), j=12--- ¢—1), we have
Lemma 2.6. If § > 0 is small enough, then one has

d

G HatafagquZﬂ > H,,l/zatagaquHQ

A (Byy) A (B)7)
o ol e X [oatef

2 2
o 5 oot i T Jootigu
A (B A7)

2 2
quH +05 Y ’ & quH (2.26)
As(By7)

Ao(B)

where j =1,2,--- £ —1, and C;;—1, C; ;41 are some constants with additional conventions:
Cio=Co_10=0.

Proof. Notice that (2.24) also holds for (3,7) € Ai(ﬁ,y) with j =1,2,--- £ — 1. Then further

applying 0 to it, multiplying the resulting identity by ataf 8qu, and integrating the final result

over R™ x R™, we have

5 dt ‘ataﬁamgH +COH 2y P}ataﬁmu?H gé[i. (2.27)
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First for I, Is and I3, one has

L= Y ¢y <§ 00 B20,08 us + € - 0,007 B20 0] us, atafjagw>

0<|8<I4] ) ) )

gdHul/QatafaquH +o5 Y Hul/z&;@f/@g’w“ +cs Y Humaf’ag’w‘
NGB ") AJ(B' ")

9

L= Y. C’ﬁ/ev.<8f_ﬁ,E28t8§,8g_1u2+8t8£_B/E28£,8g_1uQ,Otﬁgﬁqu>

o<igi<la )
<6 |0df0us| +0Cs0 D 008 o w
) ATHB ) ) )
+5Co1 Y || us| +6C0 DD 0F 0w+ acen Y ||od e
A2(3) A (B ) Ko(B)
and
L=- Y ¢y <a§—ﬂ’El V0,0 Ouz + 0,007 By - V0l s, atafaqu>
0<9/<jel-1 ) )
gaHatafagWH +3Cim Y Hatagag'ugH o5y ‘35’82/“2” .

AN B ) APHB )
Furthermore, it holds that
Ii= e, <vxata§ja;*1u2, atafagu2>
e 2 .2 .12
< D ovorus| + i D0 |00l we| w0 Y (00wl
AT ) A2(67)

Iy=— <atagag[P, D(t)]u, atafag@
2

9

IN

oot v 3 [oorul e 3 [aond
A2(B) A2(B)

Is = — <[L, ag]atafw,atafag@

IN

2 , 2 ;A 2
%0 ]atagaquH +c Yy Hataf u2H +Ca S Hatafj o u2H .
A2(B") ATNB A
Finally,
Iy =— <8tE1 V0l us, atafagu2>

<6 HatagaquHz o5y Hataf’ag/@HQ .
AT )

15

Inserting all the above estimates into (2.27) and then taking summation over (8,7) € AL(3,7)

leads to (2.26), provided that 6 > 0 is small enough. This completes the proof of the lemma.

O]

Putting all the above estimates together, we can obtain the following elementary energy
estimates, which follows directly from a proper linear combination of all the energy inequalities

obtained in Lemma 2.2-Lemma 2.6.
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Corollary 2.3. Under the assumptions (A1)-(A2), if § > 0 is small enough, then there is an
energy functional Hi(t) and a corresponding dissipation rate D1 (t) such that

d
SH() +Dit) < C | Y 02m]P+ 3 0wl | (2:28)
A1(B) A2(B)

where Hy(t) and D1(t) is defined by

Hi(t) ~ lJual® + > 107ull® + Y 10:07ul®
A1(B) A2 (B)
+ Y 0000wl + D (1010700 us|?,
A3(B,7) As4(By)
Di(t) ~ [ Pus| + Y (W 200us|* + Y (120,07 us|?
A1(B) A2(B)
+ Y WPOlus|P + Y w2005 07 ual .
A3(By) Aa(By)

(iit) Estimates on the macroscopic part. It should be pointed out that D;(t) is lack of
the macroscopic dissipation rate. Then it is not true that there is a constant C' such that
H,(t) < CD(t) for any t > 0. However, except for the first order derivatives of the macroscopic
component, the higher order derivatives can be bounded by part of the microscopic dissipation
rate Di(t). Thus a proper further linear combination makes the dissipation rate include the
derivatives of the macroscopic component of at least first order.

The following estimate is based on the macroscopic equations (2.6)-(2.10) satisfied by a, b, c.

Lemma 2.7. Under the assumptions (A1) and (A2), if 6 > 0 is small enough, then it holds
that

> |
A1(B)

< cdi > (0009, 000) + CIVaunl?+ 0 Y

1<|B|<e—1 A2(B)

ol + 3= oot
2

2
)

foé}%‘

(2.29)

where for any (3, \|8£§R||2 is defined by
107R? = 1107 R0 1> + |07 R + (|07 Ra1||* + (|07 Raa]|* + 197 Rs 1%,
with H&g%lHQ =D 1<i<n ||8§9‘E11||2, and similarly for other terms.

Proof. First consider estimates on the pure space derivatives of a, b, c. We start with b;, which
will satisfy a standard elliptic equation. In fact, for any fixed j € {1,2,--- ,n} and |3| > 0, by
(2.8) and (2.9), direct calculations yield

Aafb] = —ajjﬁfbj — Z 6]85<E2b1> + Z azaf(Ezbj + E_Ijbz> + QQjBE(Ejbj)
i#£j i#£j
= 0,000, + > 0:00RY, + 0,00%),.
1#] i#j
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Thus after multiplying by a8 b; and taking some integrations by part, it holds that
V202511 + 18,0705

1 1 _
< 5IV.0201 + 5 (192(B @ )| + 951 | + 105 Rz2]?)

IN

1 y
SIVa02b; 2+ Co% N7 VL0 b2+ C (071 P + [ 07R2s)
0<|8|<|8]

which implies

IV.08b2 < C8* S0 9000l + C (07 Rar|? + 1108Ras )
0<|8'|<18l-1

Furthermore, since 4 > 0 can be small enough, by iteration, one has that for any |3| > 0,
V000> <C Y (Hag’mlyﬁ + Hag’%my?) : (2.30)
o<|BI<|B
which, after taking summation over 0 < |3| < /¢ — 1, gives
S 0802 <> (0712 + 07 R22]2) (2.31)
A1(B) A2(B)

For the pure space derivatives of ¢, it follows from (2.10) that for |3| > 0,

105V el < |02 (Ec)|? + (|02Rs 12
<08 > 0 Vac|? + 0%,
0<181<18]

which, with § > 0 small enough, implies

107Vael> <C Y7 107 R (2.32)
0<|81<|8|

Then, similar to obtain (2.31), taking summation for (2.32) over 0 < |3 < ¢ — 1 gives
Yo lagelP <o ) (0% (2.33)
A1(B) A2(8)
For the pure space derivatives of a, one has from (2.7) that for any |3| > 0,
d
|Vadal? = = <6§a,v$ : a§b> - <a§ata,vz : a§b>
+3 <8i8£a, 8% (aE; — 2¢Eyi) + a§&e§>
i=1
d 1 1 1
< 2088 .98 21198 2, = B2 | — 3 112
< = (00a,V, - 00b) + 1107010l + S VL058] + 5 V0l

/ / 1
2 G112 6’ 12 21198 2
+062 3 (Va0 all? + V.20 ) + S 07 . (2.34)
o<[8'1<I8
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Notice that (2.6) together with (2.30) gives that for any |3| > 0,

1070al® < |07 (Er - b)|1* + (|97 Ro

<co? 3 (1102 Rl + 1107 Raal?) + 1070 % (2.35)
o<’ |<Bl

Putting (2.30), (2.32) and (2.35) into (2.34) and taking summation over 1 < |3| < £—1, one has

d
8,112 P a8 2 2 B2
E |V0hal|* < C E dt@”a’v’” 0,b) + C6%||Val* + C E |0y R[~. (2.36)
1<|8|<e—1 1<|8|<e-1 A2(B)

Next we estimate H@tagulﬂ with 8 € Ao(B). It directly follows from (2.35) that

Y laddal* <c Y l1o7R|* (2.37)
A2(8) A(8)

In addition, (2.8) gives that for any |3| > 0,
[0F0icl> < ¢ {IV2056] + [92(E - )| + |07 Ren ||

<c 3 (10 Rl + 105 Rall?)
0<|8'1<I8
which implies that

Y ladlelP <o Y 07w (2.38)
A2(B) A2(B)

Similarly (2.7) together with (2.33) and (2.36) gives

>l <c Y (I0fal? + l0del?) + ¢ Y logni?

A2(B) 1<|8|<e A2(3)
d
P . 9B 2 3 2
<C Y SH00a V. 000 + CIVaal + C Y 0IR2
1<IBl<e-1 A2(B)

Finally, collecting all estimates (2.31), (2.33), (2.36), (2.37), (2.38) and (2.39) yields (2.29).
This completes the proof of the lemma. O

(iv) Combination of estimates on the macro-micro components. As in [13], from the
representation (2.5) of i, we can prove the following lemma.

Lemma 2.8. It holds that

> IoIRI? <

A2 (P)

aﬁatuQH . (2.39)

x U2

Thus the further linear combination of (2.28), (2.29) and (2.39) gives the following result.

Corollary 2.4. Under the assumptions (A1)-(A2), if § > 0 is small enough, then there is an
energy functional Ho(t) and a corresponding dissipation rate Dy(t) such that for any t > 0,
d

(1) + eDa(t) < OV, (2.40)
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and
Hs(t) < CDst),

where

Ha(t) ~ Juzl® + Y 107ull® + > [10:07ull?

A1 (B) A2(B)

+ D 080ua|* + D 10:05 07 usl?,

As(B,7) As(By)
Da(t) ~ [V Pus|® + Y [ 200us|® + Y (v} 20:07 us
A1(B) A2(B)

+ Y WP us|P + D v 00507 us?,
As(B7) Aa(Byy)

+ > NFwl?+ > 007wl
A (B) A2(B)

(v) Further energy estimates on the microscopic part with velocity weight functions.
For later use, we shall make further energy estimates on the microscopic component weighted by
velocity functions v(£). We remark that it is necessary to introduce this velocity weight function
to eliminate the time derivatives so that one can make use of the decay in time estimates for
the linearized equation to deal with the nonlinear problems in terms of the contraction mapping
theorem.

For generality, we shall make the weighted energy estimates on w = w(t, z, &), which is the
solution to the following nonhomogeneous linear equation:

Ow+vw+§-Vow+ By -Vew = ¢+ € - Eaw, (2.41)
where ¢ = ¢(t,z,&) is a given function.

Lemma 2.9. Under the assumptions (A1)-(A2), if 6 > 0 is small enough, then for any k, the
solution w to the equation (2.41) enjoys the following estimates:

Slkwl? + el 2wl < Ol g, (2.42)

d
7 > WrodwlP +e Y I olw)?

A1 (B) A1 (B)
<C YRR+ Co Y Wk 20l0)wl?, (2.43)
A1 (B) As(B7)
|B]>1
and
d k aB o7 2 k+1/2 98 97 2
7 > CaalFolowP +c > WFTRal0w||
As(By7) As(B,7)
<C > WEVRIeP+C Y WPl (2.44)

As(B,7) Ao(B)
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where Cg~ with (8,7) € A3(B,7) are some positive constants, and positive constants ¢ and C
may depend on k. Furthermore, it holds that

d
2N Gl e Y WP < e S ol (2.49)
0<af <t 0<af <t 0<|a| <t

where Cy, are also some positive constants.

Proof. For simplicity of presentations, denote the time dependent linear operator A(t) by
Alt)=v+E£-Vo+ Ei(t,x) - Ve.

Then (2.41) is rewritten as
Orw + A(t)w = ¢+ £ - Eaw.

Since for each multi-index 8 and -y, one has
01 (v 0] 0w) + A () (v* 007 w)
= ukafag¢ +vke. afag(Ew) +ey- Vkafﬁg_l(ng) —ey- Vkvxﬁf(?g_lw

- Y Tkl w— Y Cpdl B vV 0w
0<|y|<v[-1 0<|81<|8]-1

k
+FE - Vé‘V 856??1),

and (2.42)-(2.44) can be proved by mimicking the arguments used in the proof of Lemma 2.5.
Finally (2.45) follows from the linear combination of (2.42)-(2.44). This completes the proof
of the lemma. ]

By applying the above result to the solutions of the equations (2.21) and (2.22), one has

Corollary 2.5. Under the assumptions (A1)-(A2), if 6 > 0 is small enough, then for any k, it
holds that

dil w2 k+1/2 H2
— |V U C ||V u
dt H 2H + H 2

< CIVau|? 1 C <Hy(k_1/2)+—1uQH2 n Hy<k—1/2)+—1vmu2H2> , (2.46)

d
o2 ARl e Y A 20k

A1 (B) A1(B)
<C Y our|P+C N AT w2+ 8 Y 1A 2000%us|?,  (2.47)
A1(B) A1(B) Az(Byy)

and

d k aB a7 2 k+1/2 98 97 2
- > ConlFolofus|? + ¢ > (IR0 us|
A3 (Byy) As(B,7)
<O olwmlP+C Y 2P+ Y AT 00 w2, (2.48)
A1(B) Ao(B) A3(B,7)
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+ +

where (-)7 means that (m)™ =m if m > 0 and 0 otherwise. Furthermore, for any k, there is an
energy functional Hs i (t) and a corresponding dissipation rate D3 (t) such that for anyt > 0,

d 1)+
g k() +eDyy(t) < © ST leu|P+C D kAT 9,2
A1 (B) Ao(B)
+C 3 AT 002, (2.49)
AS(ﬂ:’Y)
and
Hj i (t) < CDs3 (1), (2.50)
where
Hy i (t) ~ W unl” + > I dull® + D v 0000 us|?, (2.51)
A1 (B) As(6.)
Dy i(t) ~ [ Pug | + > 1 F T 200u)? + Y (1 20)00us |, (2.52)
A1(B) As3(B,7)

Proof. Notice that (2.14) and (2.15) can be rewritten as
ou+ At)u = Ku+ & - Equ, (2.53)

and
Orug + A(t)UQ = Kug + [P, D(t)]u + & - Eaus. (2.54)

Thus one can apply the estimate (2.43) to the equation (2.53) with ¢ = Kwu to obtain (2.47),
where (2.12) was used. Similarly by applying the estimates (2.42) and (2.44) to the equation
(2.54) with

¢ = Kua + [P,D(t)|Ju = Kuz + PD(t)u — D(t)uy,
one can obtain (2.46) and (2.48). Here we have used the following identities:
0207 Kup = K9 up — [K, 07105 us,

and
PD(t)u = PD(t)u; + PD(t)y'~(k-1/27 {V(k—1/2)+—1u2} .

Finally (2.49) follows from the linear combination of (2.46)-(2.48). It is obvious that (2.50)
holds from the equivalent forms (2.51) and (2.52) of H3(t) and D3 j(t). This completes the
proof of the corollary. O

So far, based on the energy estimates on the linearized equation (2.1) only, we can obtain a
standard energy inequality only with the first order derivatives of the macroscopic component
up as an error term. In fact, by a proper linear combination of (2.40) and (2.49) with k = 1
yields

Theorem 2.1. Under the assumptions (A1)-(A2), if § > 0 is small enough, then there is an
energy functional H(t) and a corresponding dissipation rate D(t) such that for any t > 0,
d

SH(t) + eD(t) < OV, (2.55)
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and
H(t) < CD(t), (2.56)

where

H(t) ~ ruz]* + Y lwdfull® + ) 1007wl

A1(B) Aa2(B)

+ > wajoduslP+ > (10:0708uall?,

A3(B,7) A4(B,y)

D(t) ~ [[7Pug)® + Y [v3200ua)* + D v 20,08 usl|?
A1(B) A2(B)

+ > WP usP+ D V201007 us|?
A3(B,y) A4(B)y)

+ 00w+ ) (10100ua %

A1 (B) A2(B)

It is noticed that in H(t), the power of the velocity weight function for the time derivatives is
one less than that for others. Thus one can eliminate those terms involving the time derivatives
by the equation. In fact, at first by us = v — uy, it holds that

> N0dlofusl® < > 100200ul> + D 110:0707ual?,
Ad(ByY) A4(ByY) A4(ByY)

where it further follows that

> 10000w|? < Y 0i0dwl® < Y [[0i00ull.
Aq(Byy) A2(B) A2(B)

Then by the equation (2.1), one has
O = —§ - Vyu— Ey - Veu — vug + Kug + £ - Fau,
which implies that

> l807ul® < Cllvua|® + Y vdul?,

A2(B) Av1(B)
> 10:070ul® < Cllvua|* + > wddul®+ Y [vd7 o us|*.
Aa(Byy) A1(B) As(Byy)

Thus we have proved the following proposition.

Proposition 2.2. Under the assumptions of Theorem 2.1, H(t) has the equivalent form:

H(t) ~ |lvuz])? + ) wddul® + Y |[vdg0us|
e As(B.7)

~ Y Rl Y vogeus|?.

1<|B|<e 0<|or| <t
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2.4 Optimal decay rates

(i) Estimates based on the spectral analysis. Set
B=-¢ V,+L

Then from [27], one has

Proposition 2.3. The linear operator B generates a semigroup eBt which enjoys the decay in
time estimates

IVieBgll < C(1+ )77 (lgllz, + IVEall) (2.57)
for any integer m > 0 and any function g = g(x,§), where q € [1,2] and the decay rate is
measured by

n{l 1 m
(-2 )+ 2 2.

Note that in terms of the linear operator B, (2.1) can be rewritten as
Owu=Bu— Ey-Veu+ € - Eou.

Then the solution to the initial value problem (2.1) and (2.2), with s = 0 for brevity, can be
written in the mild form

t
u(t) = eBlug + / BB - Veu+ € - Byu} (s)ds. (2.59)
0

Based on the above mild form and Proposition 2.3, one has the following lemma.
Lemma 2.10. Assume that there is a constant 6 > 0 such that

H(1+ |a:|)Ei(t,1:)’ <4,

Ei(t, )|
Ly, * Hm it,2) Lo (L2/e=0) =

where i = 1,2 and 1 < q < 2. Then it holds that
IVau(®)]| < Cho(1 + ) ~7a
t
+C9 / (141 = 8) 770 ([Vour (s)]| + [PV aua(s)]| + [|VeVaus(s)[)ds,  (2.60)
0

where Ay is given by
Ao = [Juollz, + I Vzuol|- (2.61)

Proof. For simplicity, set
G=-F -V§u+§-E2u.

Then applying (2.57) to (2.59) yields

t
IVault)] < Ol 4070 43 [ (11— 570 (JGs)z, + V.66 )ds:
0

Furthermore, one has

Vgu
|z|

< 08 (IVeVau(s)l 2 gz) + IVau() 2z )

< Co([|Vatr (5)]| + 102 (5)]| + Ve Vaua(s)]] ).

u

]

1G(8)llz, <

2|1l 20/¢2-a) + Cv |||z E2| 20/¢2-0)
x 2 x

L L2 Lg
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Similarly it holds that

Veu
196060 < el Eall | 5|+ 1B 19 Vel
LIE
u
O lalVa Bl ol + OV 1 el e Vol
L% L2
3
< Co (|| Vaur ()| + 9V auz(s) | + [ VeVauz(s)] ).
Thus (2.60) is proved. This completes the proof of the lemma. ]

(ii) Optimal decay rates. Combining Theorem 2.1 and Lemma 2.10 gives the optimal decay
rates.

Lemma 2.11. Assume

2n

>3, 1< o 2.62
n23, 1<¢<——— (2.62)
Under the assumptions of Theorem 2.1 and Lemma 2.10, if § > 0 is small enough, then it holds

that
VHE) < C(+ )77 {VH©) + Juollz, } (2.63)

and
lu@®ll < C(1+ 87700 {/HQ©) + [uollz, 12 |- (264)

Proof. Define

M(t) = sup {(1+s)*?+*H(s)}. (2.65)

0<s<t

Notice that M (t) is non-decreasing and
IVour(s)l| + [0V auz(s)| + [IVeVaua(s)|| < Cy/H(s) < C(1+5)7701/M(t)  (2.66)
for any 0 < s <t¢. Then (2.60) with (2.66) implies that for any ¢t > 0,
IVaur ()] < [[Vau(®)]]
< Cho(1+1t) 721 +C6 /Ot(l it — )91 (1 4 5)"720ds\/M(t)
< O(1+t) (Ao + 5\/M7(t)) , (2.67)

since 041 > 1 from (2.58) and (2.62).
On the other hand, by the Gronwall inequality, (2.55) together with (2.56) gives

t
H(t) < e “H(0) + C/ e_c(t_S)HVggul(s)Hst,
0
for some constant ¢ > 0. Then, further using (2.67) yields

t
H(t) < e H(0) +C / e~ =) (1 4 5)72001ds (N2 + 62 M (1))
0

< C(1+t) 200 <H(0) + 024 52M(t)).
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Hence for any ¢t > 0,

sup {(1+5)?1H(s)} < C (H(0)+\§+5°M(t)),

ie.,
M(t) < C (H(0) + N\ + 6 M(t)) .
Then if § > 0 is small enough, one has
M(t) < C (H(0) + A3) . (2.68)

Recalling the definitions (2.61) and (2.65) of A\g and M (t), (2.68) gives (2.63).
Finally it follows from (2.57) and (2.63) that

lu@®) < C(A+¢)"7%[luol| z,nz2 + C/Ot(l +1—5)"7G(s)l z,nr2ds
< C(L+1t) 77 |ugl| z,nr2 + CO /Ot(1 +t—s)"%1\/H(s)ds
< C(+t)77|uoll z,nr2
+C§ /Otu b §)a0(1 4 5) %01 ds (M+ ||u0|\zq)
< C(U+ )70 (VHO) + lluoll 7,02 -

Thus (2.64) is proved. This completes the proof of the lemma. O

(iit) Decay estimates on the solution operator U(t,s). For any number k, define a norm
[[Jo.x and a seminorm [[-]];  over the Sobolev space H*(R” x RY) by

(o= > [IV"0gcull, (2.69)
0<af<t

(e = D 107Pull+ > (V7001 —Plul, (2.70)
1<|8|<¢ 0<Jal<e

where u = u(z, ). Notice that
[[ullox ~ [[ully g + [lell- (2.71)
Theorem 2.2. Suppose that

‘ ‘ on
(i) the integers n > 3, £ > 2 and the number 1 < q < ;=5;
(i) there a constant 6 > 0 such that

> armpeieea)| + Y |+ whadlEe)| <o
0<|B|<e e o<|g|<e—1 te
and
1211, )| <

Ltoo (Liq/@*q})
where 1 =1, 2.
Then for any k > 1, there exist constants ég > 0 and Cy > 0 such that for any § < dg, the

linear solution operator U(t,s), —oco < s < t < 00, corresponding to the linear equation (2.1)
satisfies the decay in time estimates

U, s)uollmp < Co(1 +t = )77 ([[uollm.r + [luollz,), m =0,1, (2.72)

for any uy = up(x, ), where the constant Cy depends only on n, £, q, k and dy.
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Proof. Tt suffices to consider the case when s = 0. We now prove (2.87) by induction for k > 1.
When k£ =1, (2.72) follows from Proposition 2.2, Lemma 2.11 and (2.71).

Now suppose that (2.72) holds for some k > 1. We claim that it also holds for k + ¢ with
any 0 < e < 3/2. First consider the case of m = 0. Notice that u = U(¢, 0)ug satisfies

Ou+vu+¢-Vyu+ Er-Veu = Ku+ £ - Fau.

Then recalling the equation (2.41) and then applying the estimate (2.45) with ¢ = Ku, one has

d
S Gl e Y R0 Y W 00 Kl (2.73)
0<al<e 0<]al<e 0<|a|<t

where by Lemma 2.9 and the inductive assumption, it holds that

SO 208 Kul? < Cllulli < L+ 17270 ([fugllog + Juollz,)? . (2.74)
0<]al<l

Thus by the Gronwall inequality, (2.73) and (2.74) implies (2.72) with m = 0 for k + .
Next consider the case of m = 1. Notice that the following equivalent property also holds

[MhWVXNW%hWWMH_PMW%E:HW%QH_PMM
A1(B)

A3 61’7

Thus from Corollary 2.5, similarly (2.72) with m = 1 holds for k + e. The details of the proof
are omitted for brevity. Hence (2.72) with m = 0 or 1 holds for any & > 1. This completes the
proof of the theorem. O

Remark 2.1. In the above theorem, the external force needs not to have time decay. Rather,
it may be time independent, time periodic, or even bounded in time, though it should be small.
In the case when the force is a small perturbation of some stationary potential force, i.e. in the
form

F(t,r) = =Vap(z) + E(t, x),

where ¢(x) — 0 as |x| — oo, we can have the same optimal decay estimates as (2.72) for the
linearized equation derived by setting

f:M—i—Ml/Qu,

where

M = j(z)M,  jp(z) = e ),
In this case, the linear equation is
1
Ou+&-Vou+ F-Veu — 5{ - Fu = p(z)Lu. (2.75)

If the same assumptions of Theorem 2.2 hold for F(t,x) and ¢(x) itself is also small in some
Sobolev space, then the energy estimate similar to (2.13) still holds. For the estimates on the
macroscopic component uy, we consider the equation (2.75) which can be rewritten as

1
(9tu—Bu:—F-Vgu—kiﬁ'Fu—F(ﬁ—l)Lu,

where the right hand side can be regarded as a source term. Thus the decay estimate (2.72) is
valid for the solution operator corresponding to (2.75) and can be used for the nonlinear problem
considered in Section 3.
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3 Applications to the nonlinear equation

3.1 Basic estimates
First from the definition (2.69) of the norm [[-]|o %, Corollary 2.2 and 8£0§Ku = K@f@?u -
K, 8?]851@ we have
Lemma 3.1. Let k be any number. For any u = u(x,§), it holds that
[Kullox < Cllullo,(r—1)+

where C' is some constant.

Lemma 3.2. For any u = u(z,§) and v = v(x,§), it holds that

I0(w, )1z < C(llvallloll + Jullllvo] )

where C' is some constant.

The proof of the above lemma can be found in [28]. Finally we give a lemma on the estimates
on the nonlinear term I" in the norm [[-]]o -

Lemma 3.3. Let k > 0 and ko < 1. Suppose that £ > [n/2] + 2. Then for any u = u(x,&) and
v =uv(z,§), it holds that

[T Cu )ok—ko < Cl[ullokr1—ko [[V]]ok + [[ul]ol[v]ok+1-k0)s (3.1)

where C' is some constant.
Proof. Write

I(u,v) = % {T1(u,v) + T1(v,u) — Ta(u,v) — Ta(v,u)},
with

M) = [ (€= &) oMY u(€)olede do

Do) = [ € 6) ol MYPu(@u(6.)dsuder

It is obvious that (3.1) holds if it does for each I';, j =1, 2.
First consider I';. As in [14], after taking change of variable z = £ — £, I'1 can be rewritten
as

Tawo)©) = [ wlMYE = (el e, (32
where
f=E—z, 2=£6—2,

with 2 = (2 - w)w, 21 = 2z — z|. Applying 07, = &gag with 0 < |a| < f and oo = 3+ v to (3.2)
yields

Bl = 5 RO [ e MY 02000 e
B1+P2= Rrsm
_ 8
B Z Cﬁl 031 032171
B1+p2=p

Y1+y21+722="

/R - |z - w\6g1M1/2(§ — z)(8518221u)(ﬁ’)(8528g22v)(z')dzdw.
nX n—
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Notice that for any 1,
‘aglMl/Q(f - z)‘ < OMY4(¢ - 2).

Then

05 T (w,v) (€ <O Y /R |z - WMV (€ = 2)|a5Lu(€)] 1053 0(2")|dzdw.  (3.3)

n n—1
a1tar<a x5

Without loss of generality, suppose |a1| < |@|/2 in (3.3). Then by integrating (3.3) over R? with
respect to the space variable and using the Sobolev inequality, one has

105D (w, )Nz <C Y Tay(6), (3.4)

| |<|e]/2

where

Ta@= [l wlMYAE = ) IVa05kul )iy | 0230 g,
n>< n—
Noting that for any k£ > 0,
VR(EWF(E) = VM (€ — 207 (€ — 21) > CVR(9), (3.5)

where the constant C' > 0, then for each a1, one has

VTa,(§) <C |2 - WIMYA(E = 2) [V u(€) | [ 9550 (2) | 2 dode
Rn x Sn—1 ’ * ’ “

1/2
<C {/ |2|2M/2 (¢ — z)dzdw}
R xSn—1
9 1/2
x 149, 02u(€) | IV 0550 () 13| dzds
R7x Sn—1 i * ik ‘

) 1/2
con@{ [ Vel ool axas}
RnxSn—1

Taking further integration over R¢ with respect to the velocity variable gives

|47, 7, < © IRV (€[ VO () |z dedzdw
R7x.S™— l

S C |:1/2—2k0 (5/) + U2_2k0 (Zl)
R xSn—1

<V 00 () 3 d d' o,

where we have used the inequality (3.5) since 2 — 2kg > 0 and taken change of variables (¢, z) —
(&', 2"), whose Jacobian is unity. Hence

o

" < O (B[R + Tl 1) - (3.6)

Thus combining (3.4) and (3.6) implies that (3.1) holds for I';.
Finally it is more straightforward to carry out the estimates on I's(u,v) in a similar way.
The details are omitted. This completes the proof of the lemma. O
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3.2 Global existence for the Cauchy problem

In this subsection, we consider the global existence and decay rates of the solution to the Cauchy
problem for the nonlinear Boltzmann equation:

8tu—|—§-qu—|—F-V§u—%f-Fu:Lu+F(u)+§, (3.7)
U(t,$,€)|t:0 ZUO(xa€)7 (38)

where u = u(t, x,§), (t,2,£) € RT x R" x R", and S is given by (1.5).
The main result is stated as follows.

Theorem 3.1. Suppose that
(B1) the integers n > 3, £ > [n/2] 4+ 2;
(B2) the functions F' = F(t,xz), S = S(t,x,&) and ug = ug(x,§) satisfy

Fe(s (Rj; HH(RQ)) , i=0,1, Sec? (R?;HZ(R; x R?)) :

up € HY (R} x RY).

(B3) there are constants 6 > 0, k > 1 and k > 1 such that F' and ug are bounded in the
sense that

3 H(l—l—]x\)&fF(t,x)HLtoc

0<|B|<¢
g <
v 2 |Jarbacire )|, +|wFes), ., <8 (3.9
0<|8|<e-1 ,
[[uolloks1/2 + lluollz, <6, (3.10)

and moreover, F' and S decay in time in the sense that

IE@ N gnry <61 +1)7", (3.11)

M8 k-1/2 + [MT250)| <601+~ (3.12)

Z
Then there are constants 61 > 0 and C1 > 0 such that for any 0 < 61, the Cauchy problem
(8.7)-(3.8) corresponding to (1.1) has a unique global classical solution

we Cl (Rj; H/(R? x Rg)) L i=0,1, (3.13)

which satisfies .
sup(1 + )2 [[u(t)]J5 & +/O [[($)]]§ k417245 < CF, (3.14)

>0

where Cy can be also taken as Cy = C16 for another constant C} independent of ¢, and kg is
given by

1 1 1
5<ko<K—35 if O10>K—3,
{ ? ? ? (3.15)
Ko =010 if 0'170<I£—%.
Furthermore, it holds that
3 Hkalﬁtaﬁgu(t)H < CH(1+ 1), (3.16)

0<a|<e-1

for some constant C'.
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In order to prove the above theorem, we introduce a function set S(Cy) by

S(C1) = {u = ult,z,€) | we O (R B (RE X RY)) , Ilullliws < €1}

where C > 0 is some constant to be determined later, and the norm || - |||z s, is defined by

M, = L+ 67 () + /0 TR ol

Clearly, S(C1) is a complete metric space with the metric induced by the norm ||| - [||5 .. Under
some conditions, the solution to (3.7)-(3.8) will be obtained by applying the contraction mapping
theorem to find a fixed point in S(C;) for some nonlinear mapping ¥, where ¥ is defined by

W(u) = U(t,0)uo + /0 U(t, $){T (u(s), u(s)) + S(s)}ds. (3.17)

Thus one has to estimate the time integral in (3.17) in terms of the norm |||- ||| x,. For this,
in what follows, given a function ¢ = ¢(t,x, &), we will first consider the estimate on the general
time integral

(T¢)(t73€7§)=/0 Ul(t,s)é(s,x,€)ds.

This time integral can be written as two parts again by the Duhamel’s formula. In fact, define
the solution operator Uj(t,s) for any 0 < s < t in the sense that for any vg = vo(z,§), v =
v(t,x, &) = Ui(t, s)vg denotes the solution to the following initial value problem:

1
atv+uv+§~VxU+F-V5v—§§~Fv:0,
U(f,$,£)|t:5 = UO(:Evé-)'

Note that L = —v + K. Then again by the Duhamel’s formula, the solution operator U (t,s)
can be rewritten as
Ul(t,s) =Ui(t,s) + Us(t,s), 0<s<t,

where

t
Us(t, s) = / Ut 7) KUy (. 5)dr.
Thus we further define
t
(T;6)(t,2.€) = / Us(t, $)6(s,2,€)ds, j=1,2.

Then
T¢ =Ti¢+ Tao.

The following estimates follow.

Lemma 3.4. Suppose (3.9). If § > 0 is small enough, then one has

(1+ )" [T16()]]5 +/0 (1 + 8)*" [T1(5)]] 125

<c /0 (L4 )2 [[$(5)]12 5y s, (3.18)
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for any m >0 and any k, and
t
(L+ 6> Tr(1)]1Z, + /0 (1+5)*™ | T19(5)[1%, ds

<c /0 (42" (BN orjo + 0()]Z, ) ds,  (3.19)

for any m >0 and any k > 1/2.

Proof. For simplicity, write w = T1¢, which by the definitions of T and Ui (t, s), satisfies the
following Cauchy problem with zero initial data:

1
&gw—i—yw—i—f'vxw—l—F-ng—§§'Fw:¢, (3.20)
w(t, z,&)|=o0 = 0. (3.21)

By (2.45), one has the energy inequality

%J(),k[w(t)] + cJogr1/2[w(t)] < C[[Gf)(t)ﬂg,k—l/m (3:22)

for any k, where to the end, the nonlinear functional Jy ;[-] is defined by

Joge[w(®)] ~ [[w(t)]]o,x- (3.23)

After integration, (3.22) implies
t t
Joxlw(®)] + /O Jopsralw(s)ds < C /0 [6()2_1 a0l (3.24)
On the other hand, multiplying (3.22) by (1 + ¢)?™ with m > 0 and further integrating it gives
t
(1 0P oaluw®)] 4 ¢ [ (14 9P oo lu(s))ds
0
t t
<2m [ (4 Uouw(e)lds + € [ (L 5P [0 ads
0 0
c t t
<5 [0 I plwelds +C [ o ploslas

t
e / (14 )2 [[9(3)]2 1 o5 (3.25)
0
Then (3.25) together with (3.23) and (3.24) yields (3.18).

Next consider the estimate (3.19) in the norm || - || z,. It can be based on the explicit form
for the solution w from (3.20)-(3.21):

¢
w(t, @, ) = / e VOUIE  Vew — £/2- Fw+ ¢} (s,2 — (t = 5)€,€)ds,
0
which implies

t
|w(t, Ol mey < C/o evolt=s) (IVeVew(s, )l 2rn)

+v[|Vow(s, &)l 2mny + 1905, )l L1 wn) ds.
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Further taking the norm || - || L2(Ry) gives

w®lz < [ e G s)ds, (3.26)
where for simplicity, we used the notion
G(s) = [VeVaw(s)|| + [lvVaw(s)|| + [|¢(s)] 2 - (3.27)
From (3.26), we claim that for any m > 0,
(1+ t)2m||w(t)|\2Z1 + /Ot(l + 8)2m||w(s)\|221ds < C’/Ot(l + 5)2™mG(s)?ds. (3.28)
In fact, on one hand, by the Holder inequality, it is easy to see from (3.26) that

t t
lw()|2, < C /0 e 20(=5) (1 1 g)=2m /0 (14 )2™mG(s)2ds

<O(1+t)~2m /t(l + 8)*™G(s)?ds. (3.29)
0

On the other hand, again by (3.26), one has

flos s [ [[lenerome] w0

By the Schwarz inequality, it holds that

[ 2

< / e_l’O(s_T)(l + T)_deT/ e_”O(S_T)(l + 7)2MG(1)%dr
0 0

< C(1+s)72m / D1 4 1) G (r)2dr,
0

which together with (3.30) gives
t t s
/(1+5)2m||w(5)||2zlds < c/ / e (1 4 1) 2 G (1) 2drds
0 0o Jo
t t
= C’/ dr(1 +T)2mG(T)2/ e =g
0 T

< C/Ot(l + 7)2MG(1)%dr. (3.31)
Thus (3.28) follows from (3.29) and (3.31). Furthermore, notice from (3.27) and k£ > 1/2 that
G(5)? < C (IVeVaw(s)|* + lrVaw(s) | + [lo(s)]%,)
< O (@ o + 19, )
which by (3.18), implies

/0 (14 5)?mG(s)%ds < C’/ (1+s)*" ([[w(t)“?),kﬂ/z + ||¢(3)H2Z1) ds

0
<C [ (0O + 65 ) ds. (332)

With the notion w = T ¢, combining (3.28) and (3.32) leads to (3.19). This completes the proof
of the lemma. ]
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Lemma 3.5. Suppose (3.9). If § > 0 is small enough, then one has
t
(14 0P [P0 (O + [ (P20 122

scéa+$%QWﬂ&Hp+W@@3w, (3.33)

for any 1/2 < m < o019 and any k > 1.

Proof. First fix some m and k with 1/2 <m < o019 and k > 1. Set z = T¢ for simplicity. By
the definitions of T; and Uj(t, s), i = 1,2, note that

2(t) = Too(t) = /0 Us(t, 5)6(s)ds = /O UL, s)KT16(s)ds

Then by Theorem 2.2 and Lemma 3.4, it holds that

t 2
/0 (L4t =) 7 ([KT1(s)]]or + [[KT10(s)]| z,) ds

2

=06, < C

t

<C (1 +1 =) ([T1g(s)]Jor—1 + [T16(5)l| 2, )ds

<C’/ §) 72710 (1 4 5) 2" ds

Au+$ ([T 1y + IT18(6) ) ds

<cr 07 [P ([66NR koo + 191, ) ds (3.31)

0

On the other hand, z = z(¢, z, ) is the solution to the following initial value problem with zero
initial data:

1
o%z—i—l/z—i—f-vzz—&—F-ng—§§-F2:Kz+KT1¢,
Z(t,l‘,f)|t:0 =0.

This means that

Use (3.18) with m = 0 to deduce
t
/o [[2(s)]15 Ji1/208 < C/ [K= +KT1¢H0k 1/248
< C/ Ok 3/2d3+0/ [T¢( )]]Ok 3/2d3

where further, it holds from (3.34) that

JACCI Iy )

0,k—3/2 ; 0,k
<c/’ +sQm@sm)4<1+TWn0wvmakUywwwwa)m

0<s<t

scéu+ﬂmowmmkﬂfWMﬂ@Jm,
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and again from (3.18) with m = 0 that

/0 [[T1¢(5)H(2),k—3/2d5 5/ [[T1 (s )”o K41/2 ds < C/ Ok 1/2d5

Then,
t t
AW@%MW%SCAG+$MQWMEkm+W@@J®- (3.35)
Thus (3.33) follows from (3.34) and (3.35). This completes the proof of the lemma. O

Corollary 3.1. Suppose (3.9). If § > 0 is small enough, then one has
t
(4 02T+ [ (PO o

<C [+ ([0 41yo + 10, ) s

for any 1/2 <m < o019 and any k > 1.

Now we are in a position to prove the global existence of the solution to the Cauchy problem
for the nonlinear Boltzmann equation.
Proof of Theorem 3.1. First we prove that there is a proper constant C'; > 0 such that ¥
is a contraction mapping from S(C4) to itself, and thus it has a fixed point in S(Cy) which is a
unique solution to the Cauchy problem (3.7)-(3.8). For this purpose, we start with a claim that
there is a constant C' such that for any u,v € S(C),

11 (@)[[[10 < C8+ Cl[ul][§ o (3.36)
11 (w) = ¥ ()][[km0 < Cllfe + 0|0 [l = V[0 (3.37)

In fact, recall the definition (3.17) of ¥, and then it is straight to compute
2 2 2 > 2
U (2, 0)uoll[ix, < Stgg(l +6)"[[U (%, 0)uo]lo x +/0 [[U (s, 0)uo]lg f41/25

< C'sup(1 4 )20 7270 [ug]]g . + C / (14 ) 72720ds[[uo]If 411/
t>0 0

< Clluo]lg j1/2 < €97, (3.38)

where we used (3.10), and the inequalities k9 < 019 and 2019 > 1 since n > 3. Furthermore,
noticing from (3.15) and n > 3 that 1/2 < kg < 070, one can apply Corollary 3.1 with m = kg
to obtain

<0 [ o (0 a1+ M) ), ) d
<C/‘1+ﬂ2mﬂ(ﬂﬁﬂuﬂwﬁﬁyh

2

/0 UL, 5)T(u(s), u(s))ds

k

< C/ 16 s /ads Sup(l + 5)2% [[u(s)]]3 &

< COl[ull[Z 0 (3.39)
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where Lemma 3.3 was used. Since (3.11) and (3.12) together with (1.5) imply
[1S(Mok-1/2+ 15820 < CO(L+5)7",

similarly applying Corollary 3.1 with m = k¢ yields

t " 2 9] - ~
[ v aSeds|| <o [T (56 +1S6IE,) ds

S 052/ (1+3)21€072ﬁd8
0
< 062, (3.40)

where by (3.15), ko < kK — 1/2 was used. Thus by (3.17), combining (3.38), (3.39) and (3.40)
proves (3.36). For (3.37), notice that since I is bilinear,

F(’LL,U,) - F(Uv U) = F(U +v,u— U)'
Then it holds that .
P(u) —¥(v) = / U(t,s)I'(u+v,u—v)(s)ds,
0

which similar to the proof of (3.39), implies (3.37).
Now suppose u,v € S(C1). Then based on (3.36) and (3.37), it is easy to see that

w(u), (v) € Cf (Rf H'(RY))
with estimates

11 (w)lllky < C5+CCE,

11 (u) = ®()|l|r.ro < 2CChll[u = vll[kxo-

If § < é; with §; > 0 small enough, then there is a constant C; > 0 depending only on §; and
C such that

CS+CC? <y, 20C, < 1.
Thus ¥(u), ¥(v) € S(C1) and
[ (w) = C(0)[[kro < plll = vll|kwe, w=2CC <1.

Therefore W is a contraction mapping over S(C1). Thus there is a unique fixed point u in S(Cy)
as a mild solution to the Cauchy problem (3.7)-(3.8). Then (3.13) with ¢ = 0 and (3.14) are
proved. In addition, it is obvious that C; can be also taken as C; = C70 for another constant
C independent of §.

Finally the time-differentiability (3.13) with ¢ = 1 of the solution u and the estimate (3.16)
directly follow from the equation. This completes the proof of the theorem.

3.3 Existence of time periodic solution

In this Subsection, we are concerned with the existence of the time periodic solution to the
nonlinear Boltzmann equation

1
atu+§-vxu+F-V§u—§§-Fu:Lu+F(u)-|—S, (3.41)
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where u = u(t, z,§), (t,z,£) € R x R" x R", and S is given by (1.5).

Roughly speaking, our goal is to show that if the time dependent external force F' and source
S are time periodic with period T', then the equation (3.41) should have a time periodic solution
with the same period under some additional assumptions. When the space dimension n > 5,
this can be achieved by making use of the decay in time property of the linearized equation
which is established in Section 2.

Precisely, the main result is stated as follows.

Theorem 3.2. Suppose that
(C1) the integers n > 5, £ > [n/2] +2;
(C2) the functions F' = F(t,z) and S = S(t,x,§) are time periodic with period T, satisfying
Fec; (Rt;Hé—i(Rg)) L i=01 SeC? (Rt;Hf(Rg x Rg)) :
(C3) there are constants § > 0 and k > 1 such that F and S are bounded in the sense that

3 H(1+|az|)(‘)fF(t,:c)HLoo

0<|8I<t e
B
v 2 Jarebaolrea|, _ +lrea)|, <6 (3.42)
0<|B8|<e-1 :

sup {||F<t>||H£nL; + M2 Wllo 12 + [MT25 )| } <. (3.43)
teR 1

Then there are constants do > 0 and Co > 0 such that for any 6 < da, the equation (3.41)
corresponding to (1.1) has a unique time periodic solution

u* € O (Rt;fﬂ*i(ﬂeg x Rg)) L i=0,1,

with the same period T, which satisfies

T
sup [[u (O + | ([0 (@) g1 < CF. (349
0<t<T 0

where precisely, Co can be chosen as Co = Cho with C} independent of 6. Furthermore, it holds
that

sup [[u*(t)]Joe+1/2 + sup Z Hykfl(?taﬁgu*(t)u < (9, (3.45)
0<t<T 0<t<T

for some constant C'.

In order to prove Theorem 3.2, we shall use the arguments developed in [26] to deal with the
existence of the periodic solution. Define

t ~
®(w) = [ Ut (u(s).u(s) + 5(s)}ds.

—o0
Suppose that ® has a unique fixed point u(t). Then if S (t) is time periodic with period T,
so is u(t) as in [26]. Furthermore, @(t) is a desired time periodic solution provided that it is
differentiable with respect to time ¢. Thus it suffices to find the fixed point of ® in a proper
complete metric space. We choose it as S(C3) defined by

u is time periodic with period T', }
?

S(C2) = {u =ult, 2,0 o co (Rt;Hf(RQ X R?)) ke < Co
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where Cy > 0 is some constant to be determined later, and

T
llulllf,. = sup [[u(t)]](%,k+/ [[u($)]15 k1.
0<t<T 0

As before, we first consider some general estimates on a linear operator T, given by

Tt = [ Ut s)ots)ds

—0o0

for any ¢ = ¢(t, 7, ).

Lemma 3.6. Suppose that ¢ is time periodic with period T and

T
do = /0 (S5 + [6()]2,) dit < 0.

Under the assumptions of Theorem 3.2, if § > 0 is small enough, then T.¢ is well-defined, time
periodic with the same period T, and the following estimate holds

T
sup [Ted(t)]2ps1 5 + / [TWb (]2 s 1t < Co. (3.46)

0<t<T

Proof. For simplicity, set w = T.¢. By Theorem 2.2, it holds that

k<0/ — §)TL0G(s) ds—CZI (3.47)
7=0
where
G(s) = [[6(s)]]ok + [|¢(s)]| 2, (3.48)
t—iT
1) = / (14— 5)""19G(s)ds. (3.49)
t—(G+1)T

Since ¢ is time periodic with period T" and so is G(s), one has from (3.49) that

) t—j§T ) t—jT ,
I (t) §/ (I+t—s) “’ds/t G*(s)ds

t—=(+1)T (G+1)T

T
| asGrnr-, mdr/ (r
0
< OO+ 1) 0GB .

which implies

ZIj( Z (1 +4T)" NGl 20,1y < ClIG 20,1y (3.50)
=0 =0

where 010 = n/4 > 1 was used because n > 5. Then it follows from (3.47), (3.48) and (3.50)
that

[fw®N6x < ClGIZ20,1) < C/ 5k + l6(s)11Z,) dt < Cebo. (3.51)
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Next, the periodicity of w directly follows from
t+T
w(t +T) :/ Ut + T, 5)b(s)ds
—00

_ /t Ut +T,s+T)(s + T)ds

—0o0

= [ vt

—00

where we have used that for any —oco < s <t < o0,
B(s+T) = 6(s), U(t+T,s+T)=U(t,s).
Finally consider the estimate (3.46). Notice that w satisfies the initial value problem
1
8t—|—1/w—{—§-vzw+F-V€w—Eg-Fw:Kw—l—gi),
U](t, Zz, 5)‘t=0 =0.

Recalling the equation (2.41) and the corresponding estimate (2.45), one has
2 g 2 ’ 2
[[w(t)ﬂo,kﬂp + C/o [[w(t)“o,kﬂdt < C/o [Kw(t) + ¢(t)]]0,kdt

T
SCA[WMMKMH4Mm

where further by Lemma 3.1 and (3.51), it holds that
g 2 g 2 2
| et < [ (s de < 0T sup [ < Con
0 0 0<t<T
Thus (3.46) holds. This completes the proof of the lemma. O

Proof of Theorem 3.2. Similar to the proof of Theorem 3.1, we first prove that there is a
constant C' such that for any u,v € S(Cy) with some constant Cy to be determined laler,

1@ (W)l < C8+ Cllfull[f. (3.52)
1@ (w) = @(0)[||rx < Cllfu+ vll[kxl[lw = vfl]1x (3.53)

Notice that (3.43) implies N N
[S@ONok + 5@z <6,

for any t € R. Thus based on Lemma 3.6, (3.52) and (3.53) are proved similarly as before and
the details are omitted for brevity.

Hence the contraction mapping theorem can be applied over the complete metric space S(Cs)
for a proper constant Cy > 0, provided that § < d with do > 0 small enough. Then there is a
unique fixed point u* in S(Cy) for the nonlinear mapping ®. Notice that it is obvious that Cy
can be also chosen as C4d for some constant C independent of 4.

Finally by u* = ®(u*), it follows from (3.46) and (3.52) that

sup [[u*(t)]]o k4172 < CO + C(C%9)% < €5,
0<t<T

since § < dy with dy small enough. Further by the equation, the estimate (3.44) holds. Thus
this complete the proof of the theorem.
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3.4 Asymptotic stability of time periodic solution
In order to study the stability of the time periodic solution u*, we shall consider the Cauchy
problem
1 ~
8tu+§-Vmu+F-V§u—§§~Fu:Lu+I‘(u)+S, (3.54)
u(t>$7£)|t=to = UO(xa§)7 (355)

for some ty € R, where u = u(t, z,§), (t,z,&) € (tg,00) x R™ x R™. Tt it noticed that the initial
time £y can be chosen arbitrarily. By putting

v=u—u",

the initial value problem (3.54) and (3.55) can be rewritten as

Ow+&-Vyu+ F-Vev — %5 - Fv=Lv+T(v,v) 4+ 2T'(u*,v), (3.56)
v(t,z,&)|i=t, = vo(z,§), (3.57)
where
vo(z, &) = uo(,§) — u*(to, @, §).
Then we have the following result.
Theorem 3.3. Let all assumptions in Theorem 3.2 hold and u* be the corresponding time

periodic solution obtained. Moreover, suppose that ug € H'(R? x R?) and there are constants
6 >0 and k > 2 such that

[[vol]o.x + llvollz, < 6.

Then there are constants d3 > 0 and Cs > 0 such that for any § < 63, the Cauchy problem
(3.56)-(3.57) has a unique global solution

vec ([tg, o0); HEH(R™ x Rg)) L i=0,1, (3.58)
with bounds
f;ltp(l +t— o) [[v(®)]I3 4 + /t (1+ ) [[o($)]]f 411 /2ds < C3, (3.59)
Zto 0

where k1 18 some constant with
010/2 < K1 <o19—1/2, (3.60)
and C3 can be also chosen as Cy = C50 with C4 independent of §. Furthermore it holds that
[[o))Jor < COH(L+t—tg)~ M0, (3.61)
for some constant C'.

To prove the above theorem, as before we first consider the decay in time estimates on the
linear solution operator U (t,tg), —00 < tp < t < oo corresponding to the nonlinear equation

(3.56). Here U(t,to) is defined in the sense that for any wg = wo(x,§), then w = U(t, to)wo
denotes the solution to the following initial value problem

8tw+§'vxw+F-V5wf%ﬁ-Fw:LerQF(u*,w), (3.62)
w(t, z,§)|i=t, = wo(z, ). (3.63)
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Lemma 3.7. Let all assumptions in Theorem 3.2 hold and u* be the corresponding time periodic
solution obtained. Moreover, let k > 2. Z’hen there exist constants 64 > 0 and Cy such that for
any 6 < 44, the linear solution operator U(t, tg), —oo < tg < t < oo satisfies the following decay
estimates

[[U(t, to)wollok < Ca(L+t —10) 7" ([[wollok + lwollz) » (3.64)

for any wo = wo(x,§), where the constant Cy depends only on n, £, k and d4.

Proof. Without loss of generality, it suffices to prove this lemma for ¢ty = 0. By (2.45) and
(3.45), for the equation (3.62) one has

L gyl + cJopr1/2lw(t)] < Cl[Kw(t) + 2T (u* (t), w(t))]]ok-1/2

dt
< C[[w(t)ﬂﬁ,kfg/z + C[[U*(t)“g,kJrl/Q[[w(t>“g,k+1/2
< C[[w(tmak—l + C6* Jo gy 2[w(t)],

where the nonlinear functional Jy -] is given by (3.23). Thus if 6 > 0 is small enough, then

d

@JO,k[w(t)] + ey gt 2lw(t)] < C[[w(t)H(Q),k—l‘ (3.65)

On the other hand, by the Duhamel’s principle, w can be written as the mild form

t
w(t) = U(t,0)wy —|—/ U(t,s){2T'(u*(s),w(s))}ds,
0
which from Theorem 2.2, (3.45) and k£ > 2, implies

[w®)]o.r—1 < C ([[wollo.e—1 + lwollz,) (1 + )77+

+C’5/0 (L+t—s) 70 (w(s)]]xds. (3.66)

Since 01,9 > 1 from n > 5, then similar to the proof of Lemma 2.11, combining (3.65) and (3.66)
yields (3.64) with ¢tg = 0. This completes the proof of the lemma. O

Furthermore, define the linear mapping T by

To(t) = /0 Tt 5)o(s)ds, (3.67)

for any ¢ = ¢(t,z,&). Then similar to Corollary 3.1, we have the following estimates.

Lemma 3.8. Under the assumptions of Lemma 3.7, if further § > 0 is small enough, then one
has

(14 0 (FoORk + [ (4 5P [T 110
< [ (e + 0 )ds. @09

forany 0 <m < o19—1/2.
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Proof. For simplicity, set z(t) = T¢(t). Fix some 0 < m < 01,9 —1/2. Then similar to the proof
of (3.65) in Lemma 3.7, one has

%Jo,k[z(t)] + cJogr1/2(2(1)] < C[[Z(t)“g,k—1/2 + ClloMG 412 (3.69)

Further applying Lemma 3.7 to (3.67) gives

[[z()]]ok—1/2 < C/O (L+t=5)770 ([[o(s)lok-1/2 + l6(5)]|z,) ds. (3.70)

Since 01,0>1 and 0 < m < 019 — 1/2, then similar to the proof of (3.28), it follows from (3.70)
that

A+ 0P Oy + [ O+ OR 5
<C [P ([0 sry + I6E, ) ds. @)

Finally similar to the proof of (3.25), combining (3.69) and (3.71) gives (3.68). This completes
the proof of the lemma. O

Now we are in a position to prove the asymptotical stability of the time periodic solution.
Proof of Theorem 3.3. The proof is almost the same as that for Theorem 3.1. In fact,
Without loss of generality, it suffices to prove Theorem 3.3 for t9 = 0. The corresponding
integral equation to solve is v(t) = Y (v)(¢) for any ¢ > 0, where the nonlinear mapping Y is
given by

Y (v)(t) = U(t,0)vg + /0 U(t, s)T(v(s),v(s))ds.

By the contraction mapping theorem, the solution v will be obtained as a fixed point of Y on
the complete metric space

S(Cs) = {v = v(t,z, v € CF (R HURE x RY)), wlllnses < Cs )

where k1 is given by (3.60) and the norm ||| - |||5x, is defined by

ol = Stgg(l + )" [®)]5 4 + /000(1 +8)7 [[0($)]]§ k1205

In fact, based on Lemma 3.7 and Lemma 3.8 with m = k1, as before it is easy to show that
there is a constant C' such that for any u,v € S(C3) with some constant Cs to be determined
later,

1 (@)l[[k0y < CO + Ol s,

() = X(0)lkrr < Clllw+ 0l 1w = 0l

where k1 < 010 — 1/2 was used. Thus if § < 03 with d3 > 0 small enough and C3 is chosen
properly, the unique fixed point v in S(C3) as a solution is found. Hence (3.58) with ¢ = 0 and
(3.59) are proved. In addition, it is easy to see that the constant C3 can be chosen as C%6 for
another constant C%, and (3.58) with ¢ = 1 follows from the equation.
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Finally we consider the improved decay rate (3.61). From the mild form v = Y (v) of the
solution v, it follows that

[w(@)lok—1/2 < Co(1 +1)"7° + C/O (1+1t—s)" 7 [[v(s)]]okt1/2[lv(5)]]ok—1/2ds

t 1/2
<Co(1+1t)" "0 +C {/ (14t—s) 7201+ 8)4’“d8}
0

1/2

X {/0 (14 3)2“1[[0(5)]]3,k+1/2d5} sup(1 + 5)™ [[v(s)]]o.

s>0
< C8(1 4 1),

since 4k1 > 2019 > 1. Furthermore, in terms of the equation (3.56) satisfied by v, then similar
to the proof of (3.69), one has

%Jo,k:[v(t)] + C[[U(t)]]?),k—f—l/Q = O[[U(t)]]g,k—l/Q + Cl[C(v(t), U(ﬂ)“%,k—l/?
< CFP(1+1) 7200 + C[[U(tmium[[U(t)]]i—uz
< CF(1+1) 7200 4 C52[[”(t)]]i+1/2=

which implies

d
@JO’k[”(t)] + o pr1/2v(t)] < CO*(1 4 1) 72700,

since < d3 with 03 > 0 small enough. Thus by the Gronwall’s inequality, it holds that
[[U(t)“(%,k < CJO,k[U(t)] < 052(1 + t>—201,0'

Hence (3.61) is proved. This completes the proof of the theorem.
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