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ABSTRACT. We are concerned with the global well-posedness of a two-phase
flow system arising in the modelling of fluid-particle interactions. This sys-
tem consists of the Vlasov-Fokker-Planck equation for the dispersed phase
(particles) coupled to the incompressible Euler equations for a dense phase
(fluid) through the friction forcing. Global existence of classical solutions to
the Cauchy problem in the whole space is established when initial data is a
small smooth perturbation of a constant equilibrium state, and moreover an
algebraic rate of convergence of solutions toward equilibrium is obtained under
additional conditions on initial data. The proof is based on the macro-micro
decomposition and Kawashima’s hyperbolic-parabolic dissipation argument.
This result is generalized to the periodic case, when particles are in the torus,
improving the rate of convergence to exponential.

1. Introduction. Fluid-particle interaction systems have been proposed to de-
scribe the behavior of sprays, aerosols or more generically two phase flows where
one phase (disperse) can be considered as a suspension of particles onto the other
one (dense) thought as a fluid. In many of these applications, the assumption that
particles are solid non-deformable spheres suspended on the fluid leads to simplified
but meaningful models [2]. This kind of systems have been used in sedimentation
of solid grain by external forces [1], for fuel-droplets in combustion theory [28] and
biosprays in medicine [3, 22] for instance.

The particles behavior is obtained via the evolution of the statistical distribution
of particles in phase space, where the only forces taken into account on particles are
the friction forces due to the fluid and an stochastic term of fluctuations around the
fluid velocity. This kinetic modelling of the particle phase, as in [6, 4, 7], leads to
the Vlasov-Fokker-Planck equation coupled with some fluid equation with a friction
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term due to the action/reaction principle. Here, we will model the fluid by the
incompressible Euler system. The resulting system reads as

Ve u=0, (2)
D+ u-Vou+ Vap = /Rs@—uwg, 3)

with
F(O,l’,f) = Fo(if,f), u(O,x) = UO(x)

Here, the unknowns are F' = F(t,x,£) > 0 for t > 0,2 € R3 ¢ € R3, denoting the
density distribution function of particles in the phase space, and u = u(t,x) € R?
and p = p(t,r) € R for t > 0,2 € R3, denoting respectively the velocity field and
pressure of the fluid. Initial data Fy = Fy(x,€) and ug = ug(x) for x € R3, £ € R?
are given with the compatible condition

Ve - up(z) =0. (4)

The above system describes the motion of the interactive particle and fluid subject
to a mutual friction forcing proportional to the relative velocity & — u; see [28, 6].
In what follows, we shall call (1), (2) and (3) by the Vlasov-Euler-Fokker-Planck
system (VEFP for simplicity).

Previous work related to the mathematical analysis of coupled kinetic-fluid sys-
tems in the sense above can be traced back to [17] where global existence and large
time behavior of solutions to the Vlasov-Stokes system was obtained. In [17], the
fluid is assumed to be viscous and incompressible and its velocity satisfies the Stokes
equations with the same friction forcing as in (3). When the motion of the fluid is
described by the incompressible Navier-Stokes equations, [14, 15] considered hydro-
dynamic limits of the Vlasov-Navier-Stokes system in different regimes, [9, 12, §]
dealt with similar singular perturbation problems, and [5] recently gave a proof
of global existence of weak solutions on the periodic domain. [21, 20] provided
a detailed study of the global existence and asymptotic analysis for the coupled
system of the Vlasov-Fokker-Planck equation with the compressible Navier-Stokes
equations in R3, and [13] also proved global existence of classical solutions near equi-
librium for the incompressible model. In the framework of the inviscid compressible
flow under friction forces, existence of smooth solutions for short time was proved
in [4] when there is no Brownian effect in the kinetic equation, and stability and
asymptotic analysis were discussed in [7] when the velocity diffusion is considered.

The goal of this paper is to prove the global existence of classical solutions to the
Cauchy problem of the VEFP system for initial data which is a small perturbation
around the following spatially homogeneous steady states FF = M, u =0, P =0,
where

1

M =M() = WGXP (—|§\2/2) )

which has been normalized to have zero bulk velocity and unit density and temper-
ature. Compared with some existing results, although the fluid is inviscid, solutions
close to equilibrium are shown to be asymptotically stable under smooth perturba-
tions. From the later proof, this essentially results from the coupling term friction
forcing through which the dissipation of the momentum component of the kinetic
distribution can be transferred to the damped fluid velocity field. For the above
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purpose, let us reformulate the Cauchy problem in the framework of perturbations.
Set

F=M+M/?f,

so that the reformulated Cauchy problem reads

Of +&Vaf +u-Vef — su-&f —u-EMY? =Lf, 5)
Vg -u=0, (6)
Opu+u-Vou+ Vep+u(l +a) = b, (7)
with initial data
F(0,2,8) = folw,6) = MT2(Fy — M), u(0,z) = uo(a), (8)
where L is the linearized Fokker-Planck operator defined by

1 f
b = Ve Prve ()|

and a = a’,b = b/ depending on f are the moments of f defined by
al (t,z) = / MY2f(t,x,€)de, b (t,z) = / EMY2f(t, x,€) dE. (9)
R3 R3

Theorem 1.1. Let (4) and Fy = M + M2 fy > 0 hold. Suppose that ||f0HL’E’(H§) +

lluo||gs is small enough. Then, the Cauchy problem (5)-(7) and (8) admits a unique
global classical solution (f(t,xz,£),u(t,z)) satisfying

f € €°([0,00); LE(H3)), u e 6°([0,00); H),
F=M+M7"?f>0,
§glg(||f(t>lng<Hg> + u®)llns) < Clfolluzams) + lluollws)-

Moreover, for any given € > 0 which is close to zero, if ||f0HL§(H§;mL;) + ||uo i3 AL
is sufficiently small, the solution (f,u) enjoys the time-decay:

_3
1F O llezquz) + lu®)llae < C(L+8)7 3= (I follLzmzary) + luollwenr) — (10)
for any t > 0, where C; depends only on ¢ and C. may blow up as € tends to zero.

The main novelty we develop in this paper is the use of a refined energy method
to take advantage of the damping of the velocity field in the Euler equation due to
the kinetic part. This is the reason why we do not need a viscosity term in the fluid
equation compared to [13], see remark 1 at the end of Section 3. Energy methods
have been used for collisional kinetic equations [16, 10] and for other nonlinearly
coupled Fokker-Planck equations and systems as in [19, 11]. The rest of this paper
is organized as follows. In the next section, we start by giving an elementary
observation for computing the dissipation of the linearized Fokker-Planck operator
on the basis of a macro-micro decomposition, and also we introduce some notations
used in the later proof. The global existence and rate of convergence of solutions
are respectively obtained in the end of Section 2 and Section 3. We adapt our proof
to the periodic in space case in Section 4 and eventually give a few technical lemmas
in Section 5.
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2. Global existence. In what follows, our analysis is based on the reformulated
Cauchy problem (5)-(8). To obtain the global existence, the most important point
is to obtain the uniform-in-time a priori estimates. Then, we will construct an
approximation scheme allowing use to show short-time existence of the smooth
solutions for which the a priori estimates become real estimates, and finally we will
show that due to the uniform-in-time estimates, we can extend the solutions to all
times. We now first introduce some notations and set some basic properties of the
operators involved.

2.1. Preliminaries. Let v(£) = 1+ |¢|? and denote | - |, by

o = [ [Veal@F + Ol de. 9= ale)

The operator L satisfies that there is a positive constant Ay > 0 such that
= [ sLgde = 2l {1~ Polgl?.
R

for any g = ¢(§), where Pog = a9M?'/?. Generally, u or b are not integrable in
time-space. To control them in a smart way, an idea from the recent paper [11]
can be employed. Let us define the velocity orthogonal projection P : Lg —
Span{Ml/za £1M1/27 §2M1/23 §3M1/2} by

P = Po —|— P1,
Pog := a M2,
Pig:=b7 M2,

Decompose Lg as

Lg=L{I-P}lg+LPg=L{I-P}g—Pyg. (11)
Notice that since L is self-adjoint,
(-L{I-Plg,9) = (—{I-Plg,Lg)=(—{1-P}lg,L{I-P}lg—Pig)
= (-L{I-P}g,{I-P}g) > A|{I- P}g[}. (12)
Therefore,
(~Lg, g) > Xol{I - P}l + [b7]*. (13)

We introduce some conventions for later use. C' denotes some positive (generally
large) constant and A denotes some positive (generally small) constant, where both
C and X\ may take different values in different places. In addition, A ~ B means
MA<B< /\%A for a generic constant A\; > 0. For an integrable function ¢ : R® —
R, its Fourier transform g = Fg is defined by

G(k) = Fg(k) = /

3
e Thg(x)dx, x-k=: ijkj,
RS =

for k € R®. For simplicity, we use || - || to denote L? norm over L2 or Li& if no
confusion arises. We use (-,-) to denote the inner product over the Hilbert space
L2 ie.

&

R I GUGEN
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Define
lgll? = / / ([Veg(a, 12 + v(©)lg(a, )] dede, g = gla,€).

For ¢ > 1, we also define

2/ 1/2
2, = L(LY) = LA(RELY(RD), ||g|zq=(43(43|g<x,5>|qu) df) .

For brevity, we introduce norms ||(-,-)|l3m, [|(*,-)|z, with the integer m > 0 and
q=>1by

I em = 1F L2y + ullfen s 1CF 0l = 1F 11z, + ulle

for f = f(x,€) and u = u(z), and we set L2 = H° as usual. Finally, for a multiple
index a = (a1, -+ ,ay), we denote 0% = 0y = 0g105203%. The length of « is
la| = @1 + - - - + . For simplicity, we also use 9; to denote 9,, for each i = 1,2, 3.

2.2. Uniform-in-time a priori estimates. In this subsection, let us assume that
(5)-(8) admits a solution (f,u) with enough regularity and fast decaying at infinity
over [0, 7] with T' > 0. We begin with a technical lemma useful in the subsequent
estimates.

Lemma 2.1. There exist positive constants C, such as for any f,g € HS(R?’) and
any multi-index v € N® verifying 1 < |y| < 3 we have

1f Lo @) < ClIVa s llthtan 192 F 4 gey: (14)
1 f9llaz®s) < COlfllazwe) | Vaglluz@s), (15)
107 (f9)llL2msy < ClVafllmz®s) | Vegllazes)- (16)

Proof. We start with (14). For all R > 0, decomposing the frequency space in
{|k < R} and {|k| > R} we have by Holder’s inequality

A ~ 1 A
[ 1wk < am [ RIEF s+ I e

Choosing R = Hk‘szi/f(Rs ||k‘f||L2(Rd) and applying then the inverse Fourier trans-

form concludes the proof of (14).

Now for (15), using Leibnitz formula, it is enough to bound the following terms
0°=Bf9Pg, where a and 3 are multi-indices verifying |a| < 2 and 8 < a, (meaning
Bi < a; for all i € {1,2,3}). We use (14) and Sobolev’s embeddings, in the two
following cases

e |3 <1and
107 P £8P gl sy < 10°77 fllages) 107 gllee z2) < Ol fllsiz () | Vagllue sy,

e 3=aand [[f0%Y|L2ms) < [IfllLee®e)0%9llL2@s) < COllfllmz@s) Va9 2 ms)-
For the last inequality, let us work in Fourier variable again. We denote by |y| =
Y1472 +73 and for all k = (kq, ko, k3) € R3, k7 := kJ"kJ?k3°. We have by Young’s
inequality (|y| # 0):

kY| < . |\k ||7| + |k |Iv| + |k |HI
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Hence, we have for all k and 7 in R3

3
) < €3 k= ml "+ a1
=1

for some constant C'. Hence :

1
C

A~ 3 A A
Feair] < 3L [ 176 = matn s - an+ [ 17 = macnan

= {®i(f,9)(k) + 2ilg, ) ()},
i=1

where the last obvious notation is justified by a change of variable. We now observe
that up to a constant || f||z1(rsy and || f| o rs) are equal. In our case they are both
finite by (14), hence by Holder’s inequality

(g, )P (k) < || fllLs /Rg | (k= m)1g(n)*ml*" dn,
which implies integrating on k and by symmetry that,

193 (g, )Lz es) + 1909, Hllezes) < 11l @ 16791 @s) + 181101 @) 157 Fllz@s),

to conclude
A 3 ~ ~
1k F ¢ glleesy < DY [l ey Ik Fllees) + 1 s o I g e es) |
i=1

After applying inverse Fourier transform and using (14), (16) is proved. O

The first step is to produce energy estimates for obtaining the dissipation of the
kinetic equation on the basis of the coercivity property (13) of —L.

Lemma 2.2. For smooth solutions of the system (5)-(7), we have

1d
5 37 I+ [1el®) + Ao [{T = PYAIE + [Ju — o]
< Ollulluz [{T = PYFIZ + Cllufly lu = bl* + Cllullw [ Va(a,0)[* (17)
forany 0 <t <T and any T > 0 with C' and Ay not depending on T .

Proof. By using (6) and (11), the direct energy integration of (5) and (7) and then
their summation give

1d

5 TP+ 1)+ [ (L= PY7 ) do o+ u =P

= [ gu-trnde= [ aufda. (18)

Using the macro-micro decomposition f = Pf + {I — P} f, one can compute

€f.f) = (&PF?) +2(PfAI-P}f) + (& {I-P}f),
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and further (¢, |Pf|?) = 2ab. We deduce

/RS%U-<§f,f>dx—/Rga|u|2dx
:—/ au-(u—b)dac+/ w- (P {1 P}f) da

45 [ w6 =Py

Then, using Young’s, Sobolev’s and Cauchy-Schwarz’s inequalities,

/ L e p da - / aluf? dz
R3 2 R3
< Yallue ulles o — bllge + Cllallus (a5 lue | {1 - P} £

+C|luflu< [{T =P}/
< C(IVullwr + llullg) I{T = PHZ + Cllulls [lu — blIE
+Cllull |V (a, ).

By plugging the last inequality into (18), then (17) follows due to (12). O

Lemma 2.3. For smooth solutions of the system (5)-(7), we have

1d N
s 2 UOPFIP+l0%ul®) + 20 D7 (HI=PJO°fI5 + (0% (u— b))
1<]al<3 1<]a|<3
<COVaulp( D I{T=PI“fI2 + |Vala, byu—b)|Fe) . (19)
1< <3

forany 0 <t <T and any T > 0 with C' and Ay not depending on T .

Proof. Take o with 1 < |a| < 3. The energy integration of a-order for (5) and (7)
and their summation give
1d (
2 dt

- [ (o u-Velfo o+ g [ (@ uen), 00 da
R3 R3

02+ ol + [ (LT =P} ) do o+ [0 (=)

4
— [ 0%wu-Vyu)- - 0%udx — 0%(ua) - 0%udx = Z 1;, (20)

R3 R3 i=1

where [A, B] means the commutator AB — BA for two operators, and I; (1 <i < 4)
denote the corresponding terms on the r.h.s. of the above equation. We easily get
the bounds

IL=- / (0%[u- Ve f], 0" f) dx = / (0% [uf], Vo £y d < |0 (uf)]| - [ Ve /],
R3 R

3

b= [ @ en.orpde =g [ @)oo < Gl )l -0 ),
Ii=— [ 0%ua)-0%dz < ||0%(ua)l - [|0%ull.

R3
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Since 1 < |a| < 3 we may use inequality (16) of Lemma 2.1 successively to obtain :
I < CIVaullu2 Ve fllzmz) VO £,
Iy < C|Vaullu2 [IVa fllrzmz) 1E0 £,
14 < C||Vaulu2 |Veal g2 0%l
Due to (6), I5 is computed by
h==YC5 [ (00 V.0M) 0 uds < C|Vaulfulo®ul, (20
B<a R3

where the final inequality follows that for § < «,

|07 uls 1V oo 9%l (181 =0)

/ (07w Vo) - 0%ude < 4 [0° Pullus Va0 ullis 0% uls (18] =1)
5

10772 e [ V207wl [0%ulles (18] > 2)

and Sobolev inequalities were further used. Putting estimates on I; (1 <14 < 4) into
(20) and taking summation over 1 < |a| < 3, then (19) follows. O

Corollary 1. For smooth solutions of the system (5)-(7), it holds that

o D W FIP + 0% ull®) + Ao Y (IHT =P} fI + (0% (u = b)]?)

2 dt
o <3 jal <3

< Cllullus | > (IHT=PY*FIZ + 0% (w = )II*) + |V (a, b) Iz (22)

lor|<3
forany 0 <t <T and any T > 0 with C' and Ay not depending on T.

The goal of the second step in the energy estimates is to obtain the energy dis-
sipation rate ||V(a, b)||12{2 For this purpose, we shall firstly derive the following
coupled hyperbolic-parabolic system satisfied by a and b which are coefficient func-
tions of P f:

Oa+ Vs b=0, (23)

Obi + 0ia+ Y 0T ({I-P}f) = =b; + ui(1 + a), (24)
J
9ibj + 0;bi — (uibj + u;bi) = =0, Us;({I=P}f) + Ty;(L+r),  (25)

for 1 < 4,75 < 3, where I';; is the moment functional defined by I';;(g9) = ((&&; —
1)M1/2,g>7 for any g = g(§), and ¢, r denote

( = —¢-V,{I-P}g+L{I-Plyg,
r = —u»Vg{IfP}ng%U'f{I*P}g-

In fact, it is straightforward to get (23) and (24) by multiplying (5) by M'/? and
&M'/2 (1 < i < 3) and then taking velocity integration over R3. To obtain (25),
let us rewrite (5) as

1
atPf+§-Vsz+u-V§Pf—§u-§Pf—u-§M1/2+P1f=—8t{I—P}f+£+r7



GLOBAL CLASSICAL SOLUTIONS TO VFPE SYSTEM 9

and then apply I';; to it so that (25) follows, where (23) was also used. Define a
temporal functional & (f(t)) by

= Y Z/ 0% (95b; + 0;b)0°T; ({1 — P}f) da

|a|<2 iy

/ 8%ad°V, (26)

|| <2

The following lemma is in the same spirit of Kawashima’s hyperbolic-parabolic dis-
sipation estimates [18]. At the level of linearization, it corresponds to the estimate
(50) which we shall prove later.

Lemma 2.4. For smooth solutions of the system (5)-(7), it holds that
d
S @)+ AIVa(a )[fe < COHT =P} Iz as) + llu = bllfe)
+Clullfe V2 (@ 5) e + VAT = PHf 22 00 | (27)
for any 0 <t <T and any T > 0 with C' and \ not depending on T.

Proof. Take a with |a| < 2. Notice

D 10%(9ib; + 055:)|1 = 2| VL0°b|* + 2|V, - 0. (28)
iJ

On the other hand, it follows from (25) that
Z 10%(9ib; + 0;0:)I?

72 0% (0ib; + 0;51)0°[(wib; + ujbi) — iy ({1 = PYf) + T (£ + 7)) da

= d Z 80‘(81b] + 8jbi)8oTij({I — P}f) dx (29)

Codt & s

+Z 0%(0:0:b; + 9;00:)0°Ti; ({1 - P} f) da

+Z/ 9% (8;b; + 9;b;)0%[(uibj + uibs) + Tij (0 + 7)) da
— JR3

Using (24) to replace the time derivative of b, one has

N [ 0%(0i0ib; + 0;0,5:)0°Ti; ({1 — P} f) da

.. 3
iJ R

=-2> | 0°0b;0°0;Ts;({I - P}f)da
— JR3

=2 Z O [iat > 0mLim({T = P}f) = (u;i — bi) — u;0]0°0;T;({I - P}f) dac
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Hence, using Young’s inequality and inequality (15) of Lemma 2.1 one gets :

Z 8a(8i8tbj + 8j8tbi)aarij({1 - P}f) d.]?

— Jr3
ij
< el Vaalfe + CellVa{T = PHllEzz) + Clllu = bllf + lulfeIVaale),

where 0 < e < 1 is arbitrary to be chosen later. The final term on the r.h.s. of (29)
is estimated by

1
> 0%(0iby + 0;:)0%[(wibs + ujbs) + T (€ + 1) da < 3 > 0%(0ib; + ;b))
— JRr3 —
ij
+ O (0% (uiby + ub)[|* + 10°Ts (0% + 10°Ti; (1) 1)
i
Using again (15) it further holds that
D 0% (uibj +uibi) I < Cllu @ bl[Fe < Cllullfe | Vablfe,
i

and since the moment functional appearing in I';; can absorb any velocity derivative
and any velocity weight we have also

ST O] < CIHT = P20,
ij

> _N0°Ts;(0)1? < CllullfelIVa{l = PYIE gr2)-
ij

Putting all the above estimates into (29) and then taking summation over |a| < 2,
due to (28), one has

d
o > /R 9% (8;b; + 9;b:)0°T ({1 — P} f) da + 2||Vub||?2 + 2|| Ve - b))%

jal<2 i
< €| Vaallfe + Cel |V {T = P} [E2 sz + Cllu = bllfe + [{T = P} [E2 (s
+Clullfe (1Va(a, b) 52 + [IVa{T = P}f[E2 2))- (30)

On the other hand, take again o with |a| < 2 and calculate

10°Veal® = > | 0°0;a0%0adx
i VR

— Z /]R3 0%0;a0*|—0b; + (u; — b;) — Z 3j1—‘ij({1 —P}f) + wa| dz
‘ i
d

= —— 0%0;a0%b; dx + 0%0;0,a0%b; dx
dt; R3 ; R3 t

9°0;a0%[(u; — b;) — 0T, {I-P al dx.
#37 [0rdairitus =) SO (L)) + s
So finally, we get
o 2 _ i a o . o g
10°Val® = dt;/ﬂ@a ad*V, bdx+;/R36 0:0,a0b; da

+Z/RS 9% 0,00 [(us *bi)*zajrij({I*P}f)Jruia] da. (31)
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Here, 0;a can be replaced by the mass conservation law (23) so as to obtain
Z/ 0%0;0,a0%b; dx = —/ 0%0;,ad*V, - bdx = |0V, - b||*.
. JR3 R3

The last term is estimated by

S | 9000 [(ui —b) =Y OT,({I-P})) + uia] dz

i RS J
1
S 5 T a u — 2 T - LE(Hi) u H2 A Hz/,)
< 5IIVe0%al* + C(llu — bllf= + Vo {I — P} f[f + [[ullf | Vzal )

where we used (15) another time. Then, after taking summation over |o| < 2, it
follows from (31) that

d 1
T > | 070"V, bdr+ 5||vza||§Iz
jaf<2 /B (32)
<Va - bl + C(flu = bl + [IVo{I - P}fllig(Hg) + [[ullf= [ Vaallf)-

Now adding (30) to (32), we get :
d 1
HE ) + 21V + [V bl + [ — IVl
< C({T— P} 2y, + 1w — bll2)
+ Clulide [IVa(a,b) e + V24T = PH 2]
Hence, (27) follows after taking e = 1 for instance. O

Combining estimates obtained in the above two steps, one can finish the proof
of uniform-in-time a priori estimates as follows. Define a total temporal energy
functional £(f,u) and corresponding dissipation rate D(f, u) by

ICF(®), u(®)) s + m1€a(f (1)), (33)
Y (0T =PYIZ + 1107 (w = 0)I*) + IVala, by w)fe,  (34)
lal<3

E(f (), ult))
D(f(#), u(t))

where k1 > 0 is a small constant to be chosen later. For the sake of clarity, let
us introduce further notation:

K(fw) = 3 {IHT =PI I + 0% (u = )12} + |Vl b) |

laf<3
so that we can rewrite (22) as

d
S+ [K(Fw) — IV )]

< CllullasK(f,u) < CllullfsK(f,u) + m2K(f,u),  (35)
for a small constant ko to be fixed later. Obviously we have || - ||L§(L§) <], and

-l < I+ s hence (27) implies

%So(f(t)) +AIVa(a,0) 5 < O [K(f,u) = IVa(a,b)[Fe] + CllullfK(f,u). (36)
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Finally, by adding 2x(35) to k1 x(36) we obtain

%S(f(t),u(t)) + min(2Ag — Ck1, KINK(f,u) < 2kK(f,u) + C’||u||%13K(f7 u),

so picking first £1 and then kg small enough we have E(f(t), u(t)) ~ ||(f(t), u(t))||3
and

LE( (1), u(t)) + AK(f, ) < CllulfoK(f, ). (37)

Now notice
IVoullfe <2/ Va(u = b)|F: + 2 VablFe < 2K(f,w),

and D(f,u) = K(f,u) + |[Vyull32, so that by adding k3||V,ul|Z2 to both sides in
(37) with k3 small enough we have

%S(f(t),U(t)) +rgD(f(t), u(t) < Cllu(t)llFD(f (1), u(t)), (38)

for any 0 <t < T and any 7" > 0 with C' and k3 not depending on 7', which is the
desired uniform-in-time estimate for the global existence.

2.3. Approximating Scheme & Global Existence. We are now going to prove
first the existence of local regular solutions for which all the previous computations
will be rigorous. These estimates will allow us to prove that the solution is in fact
global at the end of this subsection. Let us introduce X = W"> ([0, T]; H*(R?)) N
L ([0, T]; H*(R?)) and

feL>®([0,T;Li(HS)) NE}, NEE al b € X
Sr=1{ (f,u.p) e XNE[0,T] x BY)
Ve u=0,f>0, peg°(0,T];H(R?))

Let us consider the iterative Cauchy problem, initialized by (u®, F®) = (ug, M +
M2 fy):

O™ 4 £ Vo F' = Ve - (§F™ 4 V™) — 4" [u" + 7] - Ve,

Froi= M+ MY?[p" 5 (M~YV2(F™ — M))],

Ve -u"t =0,

Opu" T 4w - Vou T 4 Vo ptt = / (€ —u" TP de,
R3

un-i—l(o) = uy, Fn+1(0) =M+ Ml/Q(pn*fO)'Yn,
where ™ is some tensorial cut-off function ~"(z,£) = 6 (%) 0 (%) = o™u™, 6
being a smooth function with support in the unit ball and 7" (z) and p"(x,&) are

standard mollifiers. In particular, (v"),, (6™),, (u™), are bounded in the Schwartz
class .(R3). Considering u? := u™ x 7™ and fI := f" % p", it reads in terms of
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perturbations as:

n n n n n 1 n n n n n n
Of" € Vaf Tl VST = ol 6T Ml M2 = LT (39)
Ve -u"t =0, (40)
A " Vo 4+ Vo™ T (L 4 ™) =07, (41)
u"TH0) = w0, fMTH0) = (pn x fo)r" (42)

Lemma 2.5. There exists §o > 0 and Ty > 0 such as for ||(fo,uo)||uz < do, the
previous sequence (™, u™) is well-defined and bounded in Loo([O,TO];HB). (u™) is

furthermore bounded in W' ([O, To); H2(R3)),

Proof. Some parts of the proof have been placed in the Appendix for the sake of
clarity. Let us verify by induction that there exist, for all n, global classical solutions
to the system (39)-(42), all belonging to St (but the kinetic part is not necessarily
positive at this stage). Take (f™,u™,p™) € S (except the positivity condition).
The existence of f**+! ¢ L?(Hi) is a direct consequence of Lemma 5.5 in Appendix
and then af""' """ € X is straightforward. As for u"*! and p"*+!, Lemma 5.3
of the Appendix applies directly. Since all the equations are verified strongly and
given the regularity of the solution, we are now able to compute several estimates in
a rigorous way. As done in (20) but including this time the case o = 0, the energy
integration of a-order (39), (40) and (41), and their summation give

1
5%(Hao‘fn+1”2 + Haf"un+1||2) +/ <—L80<fn+l7aozfn+l> dzx + ||8aun+1||2
R3

I n

=~ [ @ oz Vet - £2Ven]] 00 de
8

Iz,n

_ aa(un-i-lan) . 8aun+1 dx
R3
I3 n Iyn

— [ %™ - Vypu™h) - 0% da + % / (O (Y u - £f1), 0% f* 1Y da

R3 R3

+ 2°b™ - 0%u" dw + / AL M 2€ - 9% (o™ u (x)) dE da.

R3 R3 xR3

Using (13) we hence have

|

1
5 0T 4 0% Z) + Ao [{T = PRI F 4D + [0 u™ 12 + [|0°0™ |2

IS

t

4
S ZIZ " + 6abn _aaun—i-l dx 4 |aabn+1||aa[anuf]‘ dﬂ?,
prll R3 R3

and since for any function g(x, ), [|Pg|l,, ||69]] and ||a?| are all smaller than C||g||
for some constant C, 6™ is bounded in .7 (R?) and ||0%u?|| < ||0%u™| for all 8 € N3,
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we deduce
1d
5 (10 712 07w %) 4+ Mo 97112 + 9w+ 2
4
< L+ CYOM 2 + [ B + 110° £ + 0% £ 42).
=1

Now for I ., 11, put (if necessary use integration by parts) operators V¢ and &-
on f*t1 (except for the term [V eu™) and apply Young to obtain

[l + 2] + [ Tan

< CJ0r (a2 f2)2 + O™ (0™ - F2Ve) | + 22 o 2
+ o (W a™)||* + [|o%u
Since (Y")n, (6™), and (u™),, are all bounded in .#(R?), and ||0%g,|| < ||0%¢]| for
any convolution operation and any 3, we have, using Lemma 2.1,

Tl + [ Fon + Hanl < Cllu|fs £ 12 ms)) + %Haafn“ny
+ {1+ 1 By I+ s

Finally I5,, is equal to zero whenever o = 0, so that we can use directly what we
have done in (21) (notice that the term [u™ - V,0%u"+1] - 9%u™*! in the expansion
is still zero) and get

[I3.n] < Cllu" s "+ [ yo
We have finally, summing over «

d s  £N o, T
I e+ min(ho,2) Y2 {Il07 2 4 0% 2 |

o] <3
< O+ ™ ) ) 1 0™ ) s + oL+ (£ w3 17w -

Denote
An(t) = 170 s,
Ba(t) = 3 {10742 + floeur 2.

|| <3

We have obviously A, (t) < B,(t) and furthermore from the previous inequality

An+1(t) + AA Bn+1(8)d8 S An+1(0) + Cl A (]. + An(s))An+1(S)d8

+ G /O (1t A () A (5)ds, (43)

where A, 11(0) = ||(fo,u0)||3;5 is independent of n. Define successively
K :=Cy/)\ do := K/3,

1 K — 26, 0
20,20, K(1+ K) ‘

Let us prove the following property by induction on n: if ||(fo, uo)||u3 < o, then:

To := min {

{P(p) : M,:= sup A,(t) < K}
t€[0,To]
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holds for all p € N. P(0) is obviously satisfied, let us suppose P(n) is true. We
have then by (43), for ¢ € [0, Tp):

t
An+1(t) + )\/ Bn+1(8)d8 <y + ClTQMn+1 + ClToMnMn+1 + CQToMn(l + Mn)
0

< oo + C1ToMyy1 + CLTOK My, q1 + CoTo K (1 4 K)
since C1 K = ), for ¢ € [0, Tp], we have also

t
Aper(£) + A / Buss(5) — Ansr(8)]ds < S0 + CToMsy + C(M,, + M2)T,
0

and noting that By11(s) — An11(s) > 0, we conclude
M1 < 6o + C1ToMpy1 + C2K (1 + K)o,
and since 2C Ty < 1, we have:
M1 < 260+ 202 K(1 + K)Tp < K,
because of the definition of Tj.
Finally the bound of (u") in W' ([07 Ty); H? (R3)) is a direct consequence of the

previous bound, using the fluid equation, after applying the Leray projection (see
the appendix section for the precise definition) to get rid of the pressure function.
O

Lemma 2.6. There exists a subsequence (u®™),, and u € €°([0,Ty}; H2(R3)) such

o(n) _
as ||lu U||Lx([o,T0];H§OC(R3)) A

Proof. Consider, an exhaustive family of increasing balls centered in 0, of ra-
dius m € N*: (B,,)m. Given m, the injection H*(B,,) — H?*(B,,) is compact.
We know from Lemma 2.5 that (u™),, is bounded in W' ([O,TO];H2(Bm)) and

L ([0, To]; H*(B,,)), hence the family (u™),, is equicontinuous in % ([O, Tol; H2(Bm))
and pointwisely (in time) relatively compact. We may hence apply Ascoli’s theorem
to obtain the convergence of a subsequence in € ([O, Tol; HQ(Bm)) We also extract
to have almost everywhere convergence. Since the previous extractions are count-
able, we may extract diagonally a subsequence following the exhaustive sequence
of balls. In such a way, for a fixed ball B, the sequence (still) denoted (u"),, con-
verges to some u™ in ¢ ([O, Tol; HQ(Bm)). All the functions are continuous hence

all the u™ are equal in their domain of definition and we may define pointwisely
a limit function u on B,,, as the common value of all the (uk)kZm on this ball, for
all m € N*. By construction u € CKO([O,T];HQ(B,,,)) for all m and the sequence
of corresponding norms is bounded: u € %O([O, Tol; HQ(RS)). Since the sequence is
exhaustive, we have strong convergence in L ([0, To]; Hi, . (R?)). O

Lemma 2.7. There exists 51 > 0 such as if ||(fo,uo)|ls < 61 then the Cauchy
problem (5)-(7) with initial data verifying (8) has a unique global and classical
solution defined on Ry, belonging to (f,u,p) € Sy for allt > 0.

Proof. With [|(fo,uo)|lxz < do, by Lemma 2.5 we now that (f™,u™), is (up to a
subsequence) weakly-+ convergent in L*([0,7p]; H?) and so is (u™), in the space

Wl’m([O,TO];HQ(R?’)). Let us note (f,u) the limit. Together with the strong
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convergence given by Lemma 2.6 we can pass to the limit and prove that (f,u) is
a weak solution of (5)-(7) and (8). Using Lemma 5.2 of the appendix we obtain
that u is in fact a strong regular solution. Using then the uniqueness of solutions
for the Vlasov-Fokker-Planck [23], we finally have that f is also regular and strong
solution of the equation. Until now we have just obtained local solution on some
interval [0, Tp] but since it is regular we may use all the a priori estimates that we
performed earlier. In particular, we have (38), i.e.

*%5UU%M0%+@DU@%Mﬂ)SCW@N%DU@%Mﬂ%

with C' and k3 independent of Ty. Now, define

¢ = min{dy, \/x3/(2C)},

and let initial data (fo,uo) be small enough such that
€
< i=——r.
E(fo,u0) <61 2011 0)
Denote
3A(f,u,p) € S verifying (5) — (7) and (8) on [0, ¢]
(

and sup E(f(s),u(s)) <e
0<s<t

T, =supsteR]

Note first that the uniqueness on any interval is a direct consequence of the previous
estimates since the solutions are regular, therefore in what follow (f(¢), u(t)) is well-
defined. Since ||(fo,u0)|lxs < €/2 < &g, it follows from the previous study that T,
is well-defined (since £(-) and || - |3 are equivalent). Furthermore by definition of
g, E(f(t),u(t)) is a decreasing function of time on [0, 7%[: the right hand side term
of (38) can be absorbed due to

Cllu®)||Zs < CI(F(1),u(t)|?s < Ce? < %

hence, for t € [0, T3], E(f(t),u(t)) < e/2. Let us check that if T, < oo, then by
local existence our solution is in fact defined at least on some interval [0, 7} + 7).
Indeed, the time of existence Ty is granted as soon as the initial data is in the ball
B(0,d0) of H3, which is the case for (f(t),u(t)) for t < T,. Then, one could take
the couple (f(t),u(t)) (¢ sufficiently close to T}) as admissible initial condition and
obtain local existence from ¢ to some ¢t + Ty > T,. Pasting this extension with the
previous solution defined on [0, 7], we get some (at least) weak solution on the
whole interval [0,7% 4+ n]. We may then use the positive fundamental solution of
the Fokker-Planck equation with a field given in [23] to have all the regularity that
we need. We are in position to use the previous result since the only assumption
required in [23] is to have a field in L™ ([0, T]; W"°(R?)), and this is still the case
here, even after the “pasting operation”. In that way we can prove first that the
kinetic part f is regular in time and positive, then we treat the fluid equation as
before to finally extend the global strong solution on [0, 7Ty + 7] by uniqueness.

By continuity E(f(Ty),u(Ty)) < &/2 so that E(f(t),u(t)) remains strictly less
than € on some interval [Ty, T, + n']. This contradicts the definition of T, which
is therefore infinite. This shows the global-in-time existence in our main Theorem
1.1. O
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Corollary 2. Take 61 as in Lemma 2.7 and (fo,uo) verifying ||(fo,wo)|lnz < 01.
Then the unique solution to the system (5)-(8) verifies

LE(7(1),u(t) + XD(F(0) u(t)) < 0.

for some fized constant A\ > 0. In particular the energy E(f(t),u(t)) is a non-
increasing function.

3. Rate of convergence. In order to study the time-decay of solutions obtained
in last section, we firstly consider the linearized Cauchy problem

Of +&-Vof —u-EMY2 =Lf + Sy,
Vi -u=0,
Ou+Vep+ (u—1>0) =0,

fli=o = fo, ult=0 = uo.

Here, the non-homogeneous source Sy takes the form
1

for G = (G;), G; = Gi(t,z,&) € R, (1 <i<3)and h = h(t,z,§) € R, where it is
supposed that

PG, =0(1<i<3), Ph=0
for all t > 0 and = € R3. We first note that this coupled linearized problem is
well-posed in £2.

Proposition 1. There is a well-defined linear semigroup E; : £2 — L2, t > 0,
such that for any given (fo,uo) € L2 with V. -ug = 0, then E(fo, uo) is the unique
distributional solution to (44) with Sy = 0. Moreover, for any given (fo,uo) € L>
with V. - ug = 0, the unique distributional solution to (44) satisfies

t

() u(t)) = Eu(fo, u0) + / E,_.(S;(s),0) ds. (45)

Proof. The well-posedness part follows the same guidelines as in the local existence
theorem in the previous section but simpler due to its linearity. We do not repeat
here the whole argument, but one needs to define smooth approximations by regu-
larizing the initial data and splitting the coupling term as in the system (39)-(42).
The passing to the limit is trivial in this case, moreover the solutions are strong
for initial smooth compactly supported data. Due to standard regularization pro-
cedures, it is enough to show the propagation of the £2-norm for smooth compactly
supported initial data. Taking (f€(t),u(t)) = E:(f§,u§), a direct computation
shows

1d
ff(llfe\\2+||uﬁll2)+/ (~L{I - P}, f)dx + [lu* = b[* =0,
2 dt s

implying

1B (f6, uo)ll 22 < (/55 up)ll 2
for all ¢ > 0 and all € > 0. Passing to the limit in the regularization parameter e
leads trivially to the stated propagation. Finally, the variation-of-constants formula
(45) for problem (44) is again direct by approximation procedures. O

We can now show the following uniform estimates on solutions of (44).
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Theorem 3.1. Let 1 < ¢ < 2 and (fo,uo) € L? with V, -ug = 0. For any o, o/
with o < a and m = |a — |,

10°Be(fo, wo)llez < C(L+ 1)~ (10% (fo, o)z, + 10 (fo,uo)llc2),  (46)

and

o~ /O E,_.(S(s),0)ds

2 t
< C’/ (1+t—s5)200m ||6°‘/(G(s), V_I/Qh(s))||2zqu
2 0

t
+C / (141t — 5)7270m|9%(G(s), v /2h(s))| 2 ds,
0

(47)

hold for t > 0, where C' is a positive constant depending only on m,q and

_3(L_Ly m
Cam=5\q 2) T2

Proof. By Fourier transforming (44) in z, one has
N L ~ 01 A -
Of +i6 kf -t €MV? =Lf+Ve G- 26-G+h,
ik =0, (48)
Ot +ikp+1—b=0.

By taking the inner product of the first equation in (48) with the conjugate of J?
and integrating in £, its real part gives

300713+ Re [ (“L{T-P)FUI-P}f)de+ B - Re (@)
R3

~

= Re [ (Ve-G -3¢ GUI-PHde+Re | (RHT-P})ds.
where we used the observation
Vg-G—%ﬁ-GLRangP
due to PyG = 0. Then, the coercivity of —L, integration by parts in £ and Cauchy-
Schwarz inequality further imply
%@\lfﬂig + MoH{I—PYJI + b = Re(@lb) < C(|G)” + v /1))

Similarly, from the last two equations in (48) we infer $0;|a|® + [u]* — Re(g\ﬂ) =0,
that together in the previous estimate shows

ST +13P) + 2o l{T = PYFIZ + @~ B2 < COIGIP + v ZRI%).  (49)
Next, we consider the estimates on a,b. Since PSy = 0, then similar to get
(23)-(25), corresponding to the system (44), one has
oa+Vy-b=0,
Obi + ia+ Y 9Ty ({I—PYf) = u; — by,
J
9ibj + 9;b; = =0, L'i;({1 = P}f) + T'i; (L + Sy),
where ¢ still denotes

(= —¢-V,{I-P}f+L{I-P}f.
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Taking the Fourier transform in z gives
dya+ik-b=0,
é)t@ +ik;a + Z ik:jl“ij({I — P}f) = —/b\i,

kb, + ik;b; :J—atrij({l —P}f)+ Ty (+5p).
By using the same proof as in Lemma 2.4, we conclude that there exist A > 0 and
C > 0 such that
ORe{ Y (tkib,+ik;bi[Tij ({I — P}F)) — (@lik - )} + Ak[>([al® + [o]?)
12
< C((L+ [EP)HT = PYAI: + [@ = b%) + CIGIP + [lo=*/2R])%).
By setting

-~ -~

~ 1 ~ ~ —~.
&u(f) = e Z(ikz‘bj +ik;bi| Ty ({T =P} f)) — W(ahk' )
ij

it follows that

ULl
8t Re&(f)—!— 1 T |k|2

|@.,@)* < CI{I-P}IIz; +[a—b*)+C(IGI*+ v~ "/*A]%).
(50)

Now, given t > 0 and k € R3, define the functional Ex(f,u) by

Ex(F.@) = (IfI72 + [al%) + raRe ()

for a small constant x4 > 0 to be chosen later. Firstly, let k4 > 0 be small enough
such that Ex(f, ) ~ || f||3. + [u]? since
¢

E(Hl < CUSIZ: +[al)
holds for all + > 0 and k € R3. By making x4 > 0 further small enough, the linear
combination 2x(49) + k4 x(50) gives

AE?
1+ k%

3 Ex(F,0) + AN{I - P2+ [a—b*) + @,0,9)* < C(IG)? +|lv=""*R|?),

which also implies

AJk[*

et < CUIGIE + 2R,

Ex(f,u) +

It follows from Gronwall’s inequality that
k|2

-~ _ - NI ~
Ex(Fia) < & T ER(fo, o) + / e Tt (G (s) |2 + [l (s)|?) ds.
0

As in [18] or [11, Theorem 3.1], the further k-integration yields the desired time-
decay estimates (46) and (47) by setting homogeneous source Sy = 0 and zero initial
data (fo,up) = 0, respectively. O

We now need two technical lemmas for the later proof.
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Lemma 3.2. Given any 0 < 1 #1 and B3 > 1,

/t(l +t—s) (1 +s)Prds < O(1 4 t)” minlBrba)

0
for allt > 0.
Proof. Denote
J(t) :/t(1+t—3)51(1+8)ﬁ2 ds.
0

Let us divide the time integral into two parts s € (0,¢t/2) and s € (¢/2,t), then it is
easy to check that

n =B pt)2 n B2 pt
J(t) < <1+> / (14+s)P2ds+ <1+> / (1+t—s)Prds
2 0 2 t/2

" =B pt)2 ¢ B2 pt)2
= (1+> / (14 s)"P2ds+ (1+> / (14 s)"Prds.
2 0 2 0

If B; > 1, we use that (1+ s)~7, i = 1,2, are integrable on (0, 00) to conclude. If
0 < B1 < 1, we again use that (1 + s)~72 is integrable in (0, 00) to infer

t
/ (L4+t—8) 1 (1+s)P2ds <C[1+1)P + (14¢) 1P
0
yielding the desired estimate. 0
Lemma 3.3. Let v > 1 and g1,92 € €°(Ry,Ry) with g1(0) = 0. For A € Ry,

define B4 = {y € €°(R+,Ry) | y < A+ g1(A)y + g2(A)y?, y(0) < A}. Then,
there exists a constant Ay € (0, min{A;, As}) such that for any 0 < A < Ay,

y € B = supy(t) < 24A.
>0
Proof. One can fix Ag € (0, min{A;, A2}) such that

sup  [g1(A) + g2(4)(24) 7] <
0<A<Ay

W =

due to v > 1 and assumptions on functions g;(-), ¢ = 1,2. Take 0 < A < Aj. Define
» = Sup {t > 0 such that sup y(t) < QA} .
0<s<t

Notice t, > 0 since y(0) < A and y(t) is continuous. We claim ¢, = co. Otherwise,
t. > 0 is finite. Thus, from the definition of 4, y(t+) = 24 and y(¢t) < 2A for any
0 <t < t,. The latter implies that for 0 <t < t,,

y(t) < A+ g1 (A)y(t) + g2(A)[y®)] < A+ sup  [g1(A) + g2(A)(24)" 1] y(t)

0<A<Ag
which by the choice of Ag, further gives
1 3
sup ylt) < A<ZA<24A
22 T T T e S 2

0<A<Ag

This is a contradiction to y(t.) = 2A. Therefore, t, = co follows. O
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Proof of the rate of convergence part in the main Theorem 1.1: By
definition of & in (26), we have

E(f(1) < C([Vablifz + [HI = P} flIf= + llallfe),

which implies the following by the definitions of E(f(¢),u(t)) and D(f(t),u(t)) in
(33) and (34)

E(f(t),u(t)) < CHI = P}fIFs + llallfs + IblIEs + llull2)
< C(D(f(1),u(®) + I(f(t), ult))]|Z2)-
(From Corollary 2, we have the existence of A such as
LE(7(1),u(t) + XD(F(D) u(t)) < 0.

so that we finally infer the existence of A and C such as

%ﬂf(t)aU(t)) +AE(f (1) ult)) < ClI(F(#), u®)]1Z--

Gronwall’s inequality gives

E(f(t),u(t)) Se’“f(fovuo)JrC/O eI (f(5), u(s)) || Z2ds. (51)

Next, we use the mild form of the system (5)-(7) to estimate the above zero-order
energy. Indeed, the system (5)-(7) can written as
¢

@O, ult) = Eulforuo) + /0 Eq_o(S7(s), Su(s))ds,

where )

Sy=—u-Vef - gu-gﬁ Sy =—P{u-Vyu+au}.
Here, P is the Leray projector given in (60) in the Appendix. One can decompose
Sy as

Sy

1 1
—Uu- Vg{I - Po}f — iu . g{I — Po}f —Uu- VgPof — §u . fPof
1
= V¢ G- 55-G+u-a51\41/2,
with G =: —u{I—Po}f. So, (f(t),u(t)) can be rewritten as the sum of three terms

(F.0) = Eulfo.u)+ | Bri(Ve- Gls) = 3¢ Gle).0)ds

t t
—|—/ E; . (u-afMY? 0)ds + / E; (0, —P{u-V,u+ au})ds
0 0

I (t) + I2(t) + I3(t) + L4(2).
By applying (46) to I1(¢) and I3(t), one has

1Ll < O+ 5|(foruo)ll 2, ez,

and

t
1Is(t) 2 < C / (Lt — ) F u- abM V2| 5,000 ds
0

gc/o (1+t—s)"3E(f(s),ul(s))ds,
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where Holder and Sobolev inequalities were used. For I(t), since PoG = 0, one
can apply (47) to it to compute

t
112(8) 12 C/O L+t —s)"2u{l = Po}fl|Z, r 2ds

IN

< c / (L4t — 5) HE(f(s), u(s))ds,

where again Holder and Sobolev inequalities were used. Now, for any given 0 < ¢ <
1 using (46) with ¢ = 3/(3 — 2¢), we deduce

t
[Ma(®)]] 22 < C/ (L4t =) TP {u- Vou + au} [pone ds.
0

Using the Calderon-Zygmund Theorem for Riesz transforms [26], the Leray projec-
tion operator in (60) is continuous on L7 for all 1 < ¢ < oo, and thus there exists
C. such that

[P {u-Viu+au} [Lanrz < Cellu- Vou + auflnnre < Cellu- Vou + aul[pinre
where interpolation inequality was used. We remark finally that
lu- Vou+aullinL: < CE(f,u),
and thus .
a(6)ler < Cc [ (1t = 5)H19€(£(6), uls) ds.
Therefore, it holds ’

4
£ u@)lZ < 2D [1L@))2
=1
< CO+1)72(fo,uo)l %, nee
+0/0 (14t —38) 2 [E(f(s), u(s))]%ds
+C [/0 (1+t5)45(f(5),u(5))d5}
t 2
_g)ite s),u(s))ds| .
+c€[/0 (11— )~ HHE(f(s). ())d} (52)
Define ,
Exo(t) = sup (1+ )22 E(f(s), u(s)). (53)

0<s<t
Fix a constant 6 < 1/3 close enough to 1/3. Using (53) and that E(f(t),u(t)) and
E(t) are non-increasing in time, we get
t
/(1+t—s)—%+65(f(s),u(s))ds
0
¢
= / (L4t = )7 [E(f (), u(s))] 3T LE (S (s), u(s))] 50 ds
< [Eac ] T E(fo, u0)) 57

t
x/(1+t—s)—%+f(1+s)—<%—2e><%+5> ds.
0
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Since § < 1/3 is close to 1/3, we deduce from Lemma 3.2 that
¢
/ (L1 — ) FHE(f(5),u(s)) ds < C(1+ )€ (D) FTVE(fo, u0)] 7.
0

Let us also remark that the third term in the r.h.s. of (52) is also trivially estimated
by the above quantity. Similarly, using Lemma 3.2 it holds that

/Otu +t—5) 3[E(f(s), u(s)])?ds < Eae(t)E(fo, uo) /Ot(1 Ft—s) 3 (1+s) 212%ds
< CELE(fo,uo)(1 + 1) 7212,

Thus, one has from (52) that

178, u@®) 22 < CoU+ 07 F 2 (o, u0) 2,0
o+ E(foru0)Eac(t) + [E(for u) PO [ (0230 .

Plugging this into the r.h.s. of (51), multiplying the resulting inequality by (1 +
t)%_26 and using again Lemma 3.2 replacing e~ *(*=) by (1 +t — s)~% with 8; >
3 — 2¢ and the fact that £, (t) is non-increasing in time, we conclude

L+ DE2E(£(0),u(t) < C{I1(fo, w0) 12y + Efo o) Enc(t)
+ (£ o, u0) 23D e (]}
for any ¢ > 0, which implies that
Exo(t) < Celll(for w01, res + Efo o) e (t) + [E(fo, u0) 23~V [Ew (] FHD).

Since ||(fo, u0) 1%, nzgs and E(fo,u0) ~ ||(fo, uo)|3s are small enough and 1 < 2(2+
d) < 2, then
y(t) < AL+ y(t)] + CL 767 4260y 42

=&

for all ¢ > 0, with y(t)
of Lemma 3.3 implies

o (t) and A = C.[|(fo,u0)||%, ps- A direct application

Exo(t) < 2A =2C|(fo, u0)||2zm7-l3
holds uniformly in time. Recalling the definition (53) of £ (), (10) follows and the
proof of Theorem 1.1 is completed. O

Remark 1. [Adding Viscosity] The same theorem applies directly by adding viscos-
ity to the system (1)-(3). More precisely, if we consider the Navier-Stokes-Vlasov-
Fokker-Planck system as in [13]:

OF +& -V, F=V¢-((E—u)F + VeF),
Ve -u=0,

Ou+u-Vou+ Vep=pAgu+ / (€ —u)FdgE,
R3

where the constant p > 0 is the viscosity of the fluid, then all estimates in Sections
2 and 3 can be made independently on p > 0. Therefore, Theorem 1.1 holds
for the Navier-Stokes-Vlasov-Fokker-Planck system for any p > 0. Moreover, the
constructed solutions in Theorem 1.1 are their weak limits as yu — 0.
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4. The periodic case. In this section, we are concerned with the case when the
spatial domain is periodic. Precisely, consider the Cauchy problem over the Torus

3.
B OF +&-VoF = Ve ((€ —u)F + VeF),
Ve -u=0,
O+ u - Vou + Vup = /3(§—u)Fd§, t>0,2eT3¢eR?
with F(0,2,¢) = Fy(z,€), u(0,2) E up(z), z € T3,& € R3. Here, V, - ug = 0.
Similarly as before, set F(t,z,&) = M + MY2f(t,x,€) to obtain
O +€ Vaf tu-Vef = Ju&f —u- MY =L,
Vi -u=0, (54)
Ou+u-Vyu+ Vep+u(l+a) =0,
with initial data
F(0,2,8) = fo(x,&) = M~Y2(Fy — M), u(0,2) = uo(z). (55)
Here, the moment functions a, b are defined in (9).

Theorem 4.1. Let V, -ug =0 and Fy = M + M2 fy > 0. Assume that
||f0||L§(R3;Hg(1r3)) + [[uo |z (rsy is small enough and

/ agdzr = 0, / (ug + bo) dx = 0.
T3 T3

Then, the Cauchy problem (54)-(55) admits a unique global solution (f(t,z,&),u(t, z))
satisfying

f € €°([0,00); LER* H(T?))), u € €°([0, 00); HY(T?)),
F=M+MY2f>0,
||f(t)||Lg(R3;H§(T3)) + lu() |13 13y < Ce_)\t(||f0HL§(R3;H§E(’H‘3)) + [luo| 13 (13))
for any t >0, where C >0 and X\ > 0 are some constants.

Proof. Let us only sketch the proof of uniform-in-time a priori estimates as follows.
First of all, the estimate (22) in Corollary 1 can be modified for the periodic case
as

14d
1% 0™ I + 10°ull®) + Ao > (T =P} FII2 + 1|0 (u — b)|*)
la| <3 || <3
<Clluflws | D (KI=POfIS +110*(w=b)*) + (@, b)[F= | - (56)
la|<3

This is obtained by changing the estimates whenever pure Sobolev inequalities were
used by adding the zero-order terms in the energy. For instance, in the end of proof
of Lemma 2.2, we rewrite that bound by

/ L e, f) da — / aluf? da
3 2 T3
< Yallge lullce flu — Bllce + Cllullue | (a Bl {T — P}/

HullLe [{T =PI
< Cllullaz |[{T = PYAIZ + Cllulls: [lu = bl[g2 + Cllullw [1(a, b) 7
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Analogously, it is done for the proof of Lemma 2.3. In a similar way, the estimate
(27) in Lemma 2.4 can be modified for the torus case as

d
—E(f @) + AV (@ )[fe < CUHT =PI Fzug) + lu = bllis)
+Clulliis | (@, ) [s + Vo AT = PHf Iz a3) |

where E(f(t)) is the same as in (26), with R3 replaced by T3. Now, we also define
E(f(t),u(t)) in the same way as in (33). Therefore, for properly chosen x; > 0 in
(33), from (56) and (57), one has E(f(t), u(t)) ~ ||(f,u)|3, and

(57)

LE(F(1), u(t)) + AD(F (1) u(t)
(58)
<Ol + ) | 32 1T = PYOFIZ + llu = bl + s B) s |
lo| <3

where D(f(t),u(t)) is the same as in (34). Using the conservation laws in the
case of Torus

d d
— dr = — b)dx =
o T3a x =0, dt/TS(qu Ydxr =0

due to the system (54),

/ada:zO, /(u—&—b)dsz
T3 T3

hold for any ¢t > 0 since they hold initially by the assumptions in Theorem 4.1.
Thus, from the Poincaré inequality, one has

lallLz < Cl[Vaallz, [lu+ bl < Cl[Va(u +b)ll2.
It further holds that
[ullz + bl < C(llu+ b2 + [Ju = bl[12)
< C(IVa(u+b)|L2 + [lu = bl[12)
< CIVa(bu)llre + [[u = bllr2).
Applying the above estimates to the inequality (58), one has
d
€GO, u(®) + ADr(£(t), u(t)) < Clllullus + [[ullfe) Dr(f(£), u(®)) (59)
with the definition
Dr(f(t), u(t)) = D(f(t),u(t)) + [[(a,b, w2
Therefore, using the similar proof as in the case of R3, the global existence of

solutions to the Cauchy problem (54)-(55) stated as in Theorem 4.1 follows. Finally,
since £(f(t),u(t)) is small enough uniformly in time, (59) gives

@£ (1), u(t)) + AD2(F(0), (1)) <0.

Noticing E(f(t), u(t)) < CDr(f(t),u(t)) in the torus case, it follows

LEF(D), u(t) + AE(S(), (1) <0,

This implies the exponential decay of E(f(t),u(t)) ~ ||(f(t),u(t))||?s in time. O
H
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5. Appendix. In the sequel (-,-) will denote the distribution bracket of 2'(R3)3
over Z(R3)3. Let us introduce the sets

V= {p € 2(]0,T[xR?)? | div,(¢) = 0},
A:={he 20, T[xR*?|p €V = (h,¢)=0}.

Here and in the sequel, for clearness, we add a superscript in vector fields to show the
dimension of their ranges. Consider X = W ([0, T]; H*(R?)3)nL> ([0, T]; H*(R®)?)
and Y =:= W"> ([0, T]; H*(R®)) N L>°([0, T]; H*(R?)). Then,

IT: X* x Y — L°([0, T; H*(R?))
(v,w,s,7) — v+ w-Vyo+o(r+1)—

is a well-defined map since:

1. by Rademacher’s theorem v is a.e. differentiable, 9;v € L ([0, T]; H*(R?)?)
and we have the corresponding integration formula.
2. H? (R3) is stable by product, hence all the other terms belong to the space
L> ([0, T]; H*(R%)3).
In the sequel P is the Leray projector on the closed space of L*(R?)? formed by the
divergence-free functions. Recall its definition via Fourier transform

P(v) := F ! (v - %;%) : (60)

From now on we will only consider elements (v, w, s,7) of X® x Y, with v and w
divergence-free vector flows. In such conditions we will say that v is a weak solution
of the system

Ow+P{w-Vyv+o(r+1)—st=0 (61)
div,(v) =0, (62)

if and only if II(v,w,s,r) € A, which is equivalent to satisfy (61)-(62) a.e. as
elements of L*(R?)3. We will say that v is a strong solution of (61)—(62) when v is
€1 ([0, To] x R3)3 and verifies the equalities for all (t,2) €]0, T[xR3. We may now
state the first result

Lemma 5.1. 1. Ifve €°([0, T); H*(R®)®) is a weak solution of (61)—~(62) then
it is a strong solution.
2. For every strong solution there exists a real valued function q belonging to
‘50([0, TY; H?’(Rf’oc) ) such that the following equation holds pointwisely in
10, T[xR3:

ov+w-Vyv+ou(r+1)+ Vg =s,

Proof.

1. P clearly maps continuously H?(R?)? into itself. Since H?(R?) is a topological
algebra, the assumptions made on v, w, s and r insure us that w-V v+rv—s
lies in ‘50([0,T];H2(R3)3). Thus, 0;v is continuous in time with value in
H?(R3)% < €°(R%)3. Furthermore, v is continuous in time with values in
H?(R?) — €1 (R?)3. Eventually v € €*([0,T] x R*)? and since it verifies the
weak form of the equation, it verifies it pointwisely.
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2. In this case II(v,w,s,r) € €°([0,7); H*(R*)?) N A, so we may directly use

Lemma 5.4 below to get the existence of ¢ € ¢°(]0, T[; H*(R} ,)?) such as
(v, w, s,r) = V,q, first as distributions and then as functions since both are
continuous. So we have for (¢,z) €]0, T[xR3 that d;v +w - Vv +v(r +1) +
Vaeq = s.

O

Weak and strong solutions finally becomes one by the following lemma.
Lemma 5.2. Any weak solution v of (61)~(62) is in €° ([0, T]; H*(R%)%).

Proof. We refer to [27], p.364, Proposition 1.4 for a complete proof (in a more
general framework), we will only give the main steps here. By interpolation v €
€(I; H*(R®)) (weak topology). So one just need to prove that ()| 3 (ms)s is
continuous. For that apply a mollifier p,, on the equation and use the usual estimates
(using the divergence-free property of w) to obtain

to
o o(t2) gy = llom vt Bess | < € [ Nl ey + Ot = 1),
ty

for some constant C' independent of n. |[v(t)||fs is hence Lipschitz continuous and
the lemma is proved. 0

Lemma 5.3. Given vy € H3;, (R3)3, there exists a strong global solution to (61)-
(62) werifying v(0) = vo.
Proof. By the two previous lemmas we just need to build a weak solution. Consider
the Banach space H3;, (R*)3, closure of V in H*(R?)3. The Leray projector is again
a continuous endomorphism of H3; (R?)3. Consider a sequence (p,), of mollifiers
(in space). Then, the Cauchy problem
8tvn+IE”{pn* [w - Vy[pn *vn]] +vn(r +1) —s} =0, (63)
vn(0) = vo, (64)
has clearly a unique, global, strong solution on [0,7]. Indeed, since we have
[l9n % [w - Vi [pn % 0] 13 ®e)s < llpnllurrs)sllwllne @s)s | Vapn * vnllus gs)ys
< llonllur @s)s lwllme @s)s | Vepnllu @s)s [vnllus @s)s,
we see that the problem is just solving an affine ordinary differential equation
Un(t) = An(t)on(t) + P(s),

for some continuous linear map of continuous operators A, (t) which is known to
have global solutions. The rest of the proof is close to what is done in [27] (p.360-
363, theorem 1.2) but a bit simpler (linear), let us sketch briefly what will happen

e The sequence (v"),, is bounded in L™ ([0, Tp]; H3,, (R®)?).
Since the weak derivatives 0% commutes with the strong one 0; and with the
operator P which is continuous from Hgiv (R?)? to itself and self-adjoint, usual
estimates (using the divergence-free property of w) infer

t
157 Ol s < ool gaoys + 4o | 10"l o
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for some constant Ay independent of n. Grénwall’s lemma then insures that
(un)r is bounded in the desired space and the associated weak—x convergence
(of a subsequence) follows from Banach-Alaoglu’s theorem.

e The sequence (v™), is bounded in W* ([0, Tol; H?(R3)3 ).
The previous item and the equation itself give us an estimate in terms of
%1 ([0, To); H3;, (R%)?) norm, which as previously gives weak— compactness
in W ([0, Tp]; H*(R®)?).

o The limit is solution.
The strong equations (63)—(64) implies clearly for all n € N*, II(v,, w,r, s) €
A, which is kept at the limit n — oc.

O

The following lemma proves the classical existence of the pressure in our simple
case, see [24] for related results.

Lemma 5.4. Let h € €°([0, T); H*(R®)®) N A. Then there exists q belonging to the
space €° (10, T H?*(RY)) such as h = V,q.

loc

Proof. Consider first the case where g € L?(R?)3 verifies (g, ¢) = 0 for all divergence-
free function ¢, and let us prove g = V,q for some LY (R?) scalar function. A
straightforward density argument implies P(g) = 0 and hence by the definition of P
(60)

k-g
§ = —k,
TR
k-g

T € F(L},.(R3)) (in the tempered sense). But we

so one just need to prove that

have

Q'k g k? -k 11/10 /3 23
e T kR Lig<i + |k|21|k\>1€L MO(R%) + L*(R?),

where we used the Hélder inequality and the integrability of [k| — [k[=22/91;<; in
R3. Now L2(R3) = F(L%(R3)) by isometry and L'*/!%(R3) ¢ F(L'(R?)) by Riesz-
Thorin’s interpolation. So we indeed get the existence of ¢ € L''(R?) c Li .(R?)
such as ¢ = V,q and since the previous inclusions are continuous we have the
estimate, for some constant C

llallez

2 @3y < CllgllLz(rsys.
Now take h as in the lemma and ¢ € Z(R3)?, with div(y) = 0. ¢ is not really an

admissible test function for h € A since it does not depend on time. But,

U(t) := h(t,z) - p(z)dx
RB
is a continuous function of ¢ € [0,77], since h € €°([0,7];L*(R*)?). And since
h € A, we get by Fubini’s theorem that ¥ = 0 in 2/(]0,T), hence ¥(t) =0 for all
te€0,T).
We can hence apply the previous study with g := h(¢) to obtain the existence
of q(t) € L .(R3), for all ¢ € [0, 7], such as h(t) = V,q(t). Furthermore ¢ depends
linearly on h, so for s,t € [0,7] we have

llg(t) — a(s)llLz,_msy < Cl[A(t) = h(s)||L2(rs)s,
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and since h € €°([0,T]; H*(R®)?) we eventually have ¢ € €°([0, T]); H*(R})). O
Lemma 5.5. Consider the Fokker-Planck equation

OF +&- Vo F —V¢-(EF) — AcF = A, (65)

F(O,I,f):FQ(l',f), (66)

where A € L= ([0,T]; €°°(R? x R?)) N 60y and Fy — M € €°(R* x R?) are both
compactly supported in space and velocity. Then the Cauchy problem (65)—(66) has
a unique classical solution belonging to ‘51([0,T];<€0(R3 X R3)). For each tg > 0,
M=Y2F—-M) € €°([to, T]; 7 (R* x R3)), and furthermore M ~/%(F — M) belongs
to L ([0, T]; LZ(HY)).

Proof. By following directly the computations made in [25] (same notations), we
first describe the characteristics

i(w,€) = [Xe(2,6), Xe(@,€)] = [z + (1 —e7"), e "],
We have then (see [25]) an explicit formula describing the solution F of (65)—(66)
F(t, @4(x,8)) = > H(t) x Fo(,€) + /O SUTIH (L — 5) % A(9)] (@s(2,€) ) ds,

where the convolutions are acting on both variables  and £. Of course since M
solves the homogenous equation, we have also :

(F — M)(t, i(z,8)) = H(t) x (Fo — M)(z,£)
+/ SUIH(t — )« A(s)] (Ds(2,€))ds,  (67)
0

The function H is the fundamental solution of some partial differential equations
with constant (in space and velocity) coefficients and in our case it takes the form
(directly taken from [25] again)

v(®)|zP+A@) €1+ p(t) (x-€)
exp ( — 4,\(t)u(t)—u2lgt) )

ihad e m)P(ANOV(t) — p2())3/2 7
where
At)=t+2(1—¢")+ %(e% -1), v()= %(e% —1), p(t)=1-eh?

A straightforward computation gives the ellipticity condition
wBAE) — p2(t) = (e — D)[(e" +1)2t +4(1 — €')] > 0,

so that (67) is clearly defined. For to > 0, F' belongs to ¢ ([to, T]; ./ (R® x R?)) is
a consequence of (67), as noticed in [25] (our source term is smooth and compactly
supported). To prove that it is still the case for M~Y/2F, given (67), it is clearly
sufficient to prove that

o G:(t,x,€) — exp [%e‘”} [H (t)x(Fo—M)|(z,£) € €°([to, T]; -/ (R* x R?)),
o B, : (t,x,£) s exp [%aﬂ [H(t — 5) % A(s)] (®s(x, ) € G°([to, T); 7 (R? x
R3)), for ¢ > s.
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The fundamental solution can also be written in a simpler form
H(ta Zz, f) - I((t)e_o‘(t)‘aclze_fB(t)‘5‘26_’)’(75);5{7

so that for all t > 0, z,y,&,¢ € R3
H(t,o —y,6 () = K(t)e—a(t)\mIQ—ﬁ(t)|£|2—a(t)|y\2—ﬁ(t)\<|2e2a(t)f6-ye2ﬁ(t)5-<
x e~ 1O @=y)(€=0)

and hence for any multi-indices ¢, p € N2, we deduce
OLOFH (t,x —y,& = Q) = P, (x,&,y, OH(tx — y,€ = C),

for some polynomial function Pj,p. Now, by the basic property of the fundamental
solution, and since Fj is compactly supported in space and velocity, the fact that
G(t) is € (R? x R?) for any fixed time is obvious, and

€% —
LR = Y Q) exp Sy [[L0EH (W] * (Fy — M) (a,©),
0<k<p
where QY is a polynomial. And since Fy has its support in space and velocity
included in, say, B, (0, R) x B¢(0, R), we have

2 2
[0L0F H(1)] * (Fo — M)(2,8)| < Cr, Ry, (w, ) K (t)e~ W= A0l
x eaO+()||R 2B+ ()IEIR —(1)a-E

where Rﬁ’p(%{) is another polynomial (actually the one obtained by letting x =
¢ =(1,1,1) in P/,). Eventually we see that a sufficient condition to have G(t) in
S (R? x R3) is that the quadratic form

(o, €) = v(t)|e? + A@)IE? + put) (@ - )
He8): DOw(t) —2()

is positive definite. This is equivalent to

M~ v() >~ 320,

which is obviously true with the definition of v(t), so the eigenvalue keep its sign.
Furthermore, the determinant is still strictly positive because

1 o 1

Ze < %
The regularity in time for ¢ > 0 is obvious. As for Bs, the same study applies since
Bs(t) € 7 (R? x R3) is equivalent to Bs(t)o®_, € .7 (R3 x R?) and all the previous
inequalities are true if we substitue ¢t by t —s. The end of the lemma is proved in the
following way : since Fy is smooth, ;M ~Y/2(F — M)(t,z,£) has a limit as ¢ goes
to 0, and it is equal to M ~1/2[—¢ -V, Fy + Ve - (EFp) + AeFo + A(0)] € Lg(Hi) and
hence M~1/2F € L™([0,¢l; L? (H2))), and hence for the whole interval [0,7]. O

1 2 —2t
JlePe
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