GLOBAL EXISTENCE FOR THE ELLIPSOIDAL BGK MODEL
WITH INITIAL LARGE OSCILLATIONS

RENJUN DUAN, YONG WANG, AND TONG YANG

ABSTRACT. The ellipsoidal BGK model was introduced in [10] to fit the correct
Prandtl number in the Navier-Stokes approximation of the classical BGK model.
In the paper we establish the global existence of mild solutions to the Cauchy
problem on the model for a class of initial data allowed to have large oscillations.
The proof is motivated by a recent study of the same topic on the Boltzmann
equation in [5].

1. INTRODUCTION
In this paper, we consider the Ellipsoidal BGK (ES-BGK for short) model

Ft+v-VIF:AZ,<MV—F>. (1.1)

Here the unknown F' = F(t,z,v) > 0 denotes the density distribution function of
gas particles which have position z € © = R3 or T? and velocity v € R3 at time
t > 0. Corresponding to a given parameter v € (—1/2,1) related to the Prandtl
number of the above Boltzmann-type model (cf. [2]), A, = A,(F) is the collision
frequency and M, = M,(F) is the anisotropic Gaussian, both depending on the
unknown function F'; their explicit forms will be given later on. We refer readers
to [3, 11] and [10] for the origin and background of the ES-BGK model, [, 6, 7] for
the numerical investigations of the model, and [12, 13] for the recent mathematical
studies on the existence of solutions.

For given F(t,z,v), we introduce the usual fluid quantities density p, velocity u,
temperature 7" and stress tensor O, respectively, as

pltes) = [ Ptz
R3

1
u(t,z) = — /Rg vF(t,xz,v)dv,

p
1
T(t,x :—/ v—ul?F(t,z,v)dv,
(te) =5 [ o= PP
O(t,x) = %/ (v—u)® (v—u)F(t,z,v)dv,
R3
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and further denote the tensor 7, by
T, = (1 —v)T1d + vO, (1.2)

where Id is the 3 x 3 identity matrix. Then the collision frequency A, = A,(F') and
the anisotropic Gaussian M, = M, (F) are respectively defined by

P, L ey,

— det(27r7f,)exp( 2(1} w) T, (v u)),
and

pT

1—v

A, =

We are interested in the well-posedness of the Cauchy problem on the equation
(1.1) with initial data
F(t,z,v)|i=0 = Fo(z,v). (1.3)
The right-hand collision term in the ES-BGK model satisfies (cf.[1, 2])
1 0

/(MV—F) v |dv=[0
R3 ’0‘2 0

This implies that for any solution F(¢,x v) one has conservations of defect mass,
defect momentum and defect energy as in

//Rg(F(t,x,v) ) dvda = / /R (Folz,v) — p(v) dvdz £ M,
//R F(t,z,v) = p(v)) dvde = LASU<FO<x,v) — 1u(v)) dvdz 2
/Q/R 0 (F(t,2,v) — p(v)) dvde = /Q/R |02 (Fo(x,v) — p(v)) dode 2 By,

for all t > 0, where
0= Lren(-1F)
v) = exp | ———
H (27r)g P 2

is the normalized global Maxwellian. As shown in [2], the entropy dissipation prop-
erty also holds:

i// (FInF — pln p)dvdx <0,

for all ¢ > 0. For later use, as in [5], due to Proposition 2.1 we denote

1
E(Fy) == /Q/n@ Foln Fy — pln p dvdx + [gln@n) — 1) My + §Eo-

Note that one has E(Fy) > 0 for any Fy(z,v) > 0, cf. [5].

The main result of the paper is stated as follows.
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Theorem 1.1. Let w(v) = (1 + |v])? with 3 > 7. Assume that Fy(x,v) > 0,
|wEp||pee < 400, and
t>0,2€0

inf / Fo(x — vt,v)dv > Cy, (1.4)
R3

for a positive constant Cy > 0. There are constants ey > 0, C’l >1 and C’Q > 1 such
that if

E(Fy) + sup e T

t>t1,x€Q

/ (1,0, [v]*, v @) [Fy(x — vt,v) — p(v)]dv| < e, (1.5)
R3

with t; = (Cy||wFp||~)"", then the Cauchy problem (1.1), (1.3) of the ES-BGK
model admits a unique global-in-time mild solution F(t,x,v) > 0 such that

sup [wF (t)]| = < Co,
>0

where gy, Cy and Cy depend only on v, Cy and || wFy||1so.

It should be pointed out that the initial data under the assumptions of Theorem
1.1 are allowed to have large oscillations in the spatial variable. For example, one
may take

Fo(z,v) = po(@)p(v),

with 0 < C™! < po(z) < C and ||py — 1|1 < 1. Then it is straightforward to check
that Fy(xz,v) satisfies all the conditions of Theorem 1.1. Indeed, first of all, it is easy
to observe that ||[wFpl|~ is finite, (1.4) is true and also it holds that

E(Fo) < llpoInpo = po+ Ly + Cllpo — 1y
To estimate the second term on the left of (1.5), we divide into two cases as in [5].

Case Q = R3: For each t > t; and = € R?, one has
/]12{3(1 + v )| Fo(z — vt,v) — ()| dv < C’/R3 |po(z — vt) — 1] dv
=Ct™ | pow) —1ldy < Ct:lpo — 1|z
Case Q = T3: For each t > t; and = € T3, it holds that
[0 bR = ot0) = (o)l do < [ I = 00) = 1100+ o)) do

<[ P o+ SEEI ) —1jay

lv|>N
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and hence
/ (1+ [o*)|Fo(x — vt,v) — p(v)|dv < C(N) + C(t,* + N?)||po — 1|1,
R3

where C'(N) tends to zero as N goes to infinity.

Recall that ¢; > 0 depends only on the upper bound of pg. Therefore, with the
above estimates, one can see that the smallness assumption on (1.5) in Theorem 1.1
can be satisfied by requiring ||po In pg — po+ 1|1 +||po — 1|| 2 to be small. Under this
situation, it is easy to see that initial data can be allowed to have large oscillations.
In fact, (1.5) should contain much more general initial data with large oscillations.

The rest of the paper is arranged as follows. We give some basic lemmas in Section
2, and then establish the local L> estimates and global L*> estimates in Section 3
and Section 4, respectively. Thus Theorem 1.1 immediately follows by the same
argument as in [5].

Notations. Throughout this paper, C' denotes a generic positive constant which may
vary from line to line. || -||z2 denotes the standard L?*(Q2 x R?)-norm, and | - ||z
denotes the L*°(Q x R?)-norm.

2. PRELIMINARIES

We need some useful inequalities (cf. [1 1]) in the following lemma stating the lower
bounds of velocity-weighted L> norms of F(t,z,v).

Lemma 2.1. Let N,(F) = |[(1 + [v])?F (¢, z,v)| 1, , then it holds that

14 < ONy(F), (2.1)
p(T + [u?)T < CN,(F), ¢>50r0<q<3,

plul’
(T + [u])T)z

where C' and C, are constants independent of F'.

[SIe

S Cqu(F>7 q > ]-7

The below lemma whose proof can be found in [12] gives the relation between the
temperature tensor 7, and the scalar temperature function 7'

Lemma 2.2. Let —1/2 < v < 1, and define
Cyy 2 min{l — v, 1+ 2v}, and Cpp & max{l — v, 1 + 2v}.
Then, if the density function p(t,z) > 0, it holds that
CaT(t,x)1d < T, < CT(t,z)ld.

It follows from Lemma 2.2 that one has
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Corollary 2.1. Assume 0 < T'(t,x) < oo, then it holds that
CLHT Y t,2)1d < TP <O Tt ) 1d,

and
C3\T3(t,x) < det T, < C,T3(t, ).

For the later proof, we also need the following proposition whose proof can be
found in [9] or [5].

Proposition 2.1. Let F(t,z,v) be the solution to (1.1) and (1.3), then it holds that

(t,2,v) u(v)|2
//R3 TP (t,2,0) = p(v) | <p(o)ydvdx

+ / / ZIF(t,x,v)—M(v)|f{|F(t7x,v>—u<v>\zmv)}dvdw
Q JR3

3 1
< / / Foln Fy — pln pdvdz + [5 In(27) — 1] M, + §E0 =E(Fy).
Q JR3

3. LocAL ESTIMATES

The mild form of the ES-BGK model equation (1.1) can be written as
F(t,z,v) = Fy(z — vt,v)e = Jo Av(re—uv(t=m)dr
+/t o e AU(T,x—v(t—T))dTAV(S,x —(t —s))
: XM, (s,x —v(t — s),v)ds. (3.1)

Based on the mild formulation, one can obtain the a priori estimates on the velocity-
weighted L* norms of solutions in a short strictly positive time for initial data of
possibly large oscillations.

Lemma 3.1. Let w(v) = (1 + |v|)? with B > 5, and t; = (4C3(v)|[wFy|| =)~ > 0,
then it holds that

lwE(#)][ L < 2[lwFol|ze,

for all t € [0,t1], where Cg(v) is an explicitly computable constant depending only
on B and v.

Proof. It follows from (3.1) that
[w(©)E(t,2,0)] < [Jw(v)Fo(v)]| e

+ /0 A, (s,x—ov(t—s)) wv)M,(s,x —v(t —s),v)ds. (3.2)
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In order to estimate the last integral term of (3.2), one first notices that
1
Ayfs, = vl = ) = == (pT) (5,2~ v(t — 5))
—v
1
< ———(3pT + = |uf? —v(t —
1
< — R —v(t — d
< g L I PG = (e = s).a)d
(3.3)

< Cy(v)sup (1+|n|)’F(s,y,n),
yn

due to 8 > 5, where Cz(v) which may vary from line to line is a generic constant
depending only on 8 and v. Moreover, it follows from Lemma 2.1 and Corollary 2.1
that

Mfsv) £ Co) L exp (-0 t0) <o)l <CwIFGI- (3a)

w

and
[P M, (s,y,v) < Calu|’M,(s,y,v) + Cslv — ul’ M, (s, y,v)

B=3
< Colw) zlul’ + Ca)oT

< Cs)|(1+ [0)?F(s)] . (3.5)
Combining (3.4) and (3.5), one gets that
w(v) M, (s,y,v)| < Ca(v)||wF(s)] Lo (3.6)
Then it follows from (3.3) and (3.6) that for y = x — v(t — s),
(3.7)

Ay(s,9) - w(0) My (5,5, 0)| < Co0) [wF (s) 3.
Substituting (3.7) into (3.2), one obtains that for all ¢ > 0,
t
WP Oll= < [wFill= +Co(w) [ WP )]s

Choosing t; = (4Cs(v)||wFp||z)~" > 0, it is straightforward to verify by the conti-
nuity argument that

sup ||wF (t)||pe < 2[JwFy]|p-
0<t<ty

Thus the proof of Lemma 3.1 is complete. 0

As a consequence of Lemma 3.1, one can further obtain some bounds on the
macroscopic variables which will be used in the later proof.
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Lemma 3.2. Let w(v) = (1 + |v])? with B > 5. Assume that there is Cy > 0 such
that Fo(z,v) > 0 satisfies

/ Fo(x —vt,v)dv > Cy,
R3
for allt >0 and x € Q). Then it holds that for all 0 <t <t; and x € (,
Cit < p(t,z), T(t,z) <Oy, and |u(t,z)| < Cy, (3.8)

where t; > 0 is given in Lemma 5.1, and Cy > 1 is an explicitly computable constant
depending only on Cy, v, f and ||wEFp||pee.

Proof. First notice by Lemma 3.1 that for 0 <t <t; and z € €,
p(t,x) = /RS F(t,z,v)dv < CllwF ()|~ < CllwFy|| e, (3.9)
[(pu)(t, x)| = ‘/RS vF(t,z,v)dv| < CllwF(t)|| g~ < CllwEp||p=,  (3.10)
(plul® +3pT)(t, ) = g WP F(t, 2, v)dv < ClwF(t)| = < CllwFol|p=,  (3.11)

where § > 5 has been used. For the lower bound of density p(¢, ), it follows from
(3.1) and (3.11) that

p(t,x) = / F(t,z,v)dv > / —Jo Av(ra—v(t=m)dr g (x — vt,v)dv

>exp< /” 1_V||L°° )/ Fo(z — vt v)dv
>
;)

||wll’jo||L°o
1— l/

t1||wF0||Loo
> b el 1
_C’Oexp< C’exp( Cl—v)

(3.12)

:Coexp( 4005 Y1 —v

Furthermore, it follows from (2.1) and (3.9), (3.10), (3.11), (3.12) that

B 1
T(t,2) + ult,2)| < ClwFy|=Cy " exp (Mﬁ@)(1 - y>),

and

The) 2 (%) - (Wexp <‘4005<v1><1 - u)))g |
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Therefore those estimates in (3.8) follow by defining

A 00 1 *%
¢ _max{C”“’F‘)”L""’ <C||wF0||Loo eXp( 400[3(1/)(1—@)) ’
1 1
-1 Fol|p=Cy .
Co™ oxp (40(;6(;/)(1 - y)>’ Cllwkolli=Co™ exp (400/3@)(1 = y)>}
The proof of Lemma 3.2 is complete. O

4. GLOBAL ESTIMATES

In this section, we consider the global-in-time estimates on the solution F'(¢, z,v)
to the Cauchy problem (1.1), (1.3) under the following a priori assumptions:

(2C)) 7! < p(t, ), T(t,x) <20y, and |u(t,r)| < 2C, (4.1)

for all t > t; and x € ), where t; > 0 and C'; > 0 are respectively given in Lemma
3.1 and Lemma 3.2. First of all, we have

Lemma 4.1. Let w(v) = (1 + |[v])? with 3 > 5. Under the assumption (4.1), it
holds that

13
[wE @) < [wFpll~ + C¥)Cy7, (4.2)

for allt > 0, where C(v) > 0 is a constant depending only on v.

Proof. 1t follows from (2.1), (3.4) and (4.1) that

(N 10F
|lwF(t, z,v)| < [[wFpl| L= +/ e 10— 1—1]\/[1,(5,3(; —o(t —s),v)ds
0 —v
t 402
<kl +C0) [ e
) 1—

__t=s
4C?(1-v) P ds
3
1% T2

1 _ t—s
e 4C2(1-v) ds

9 t
< JwFlli~ + C)C /
0

1—-v
13
< Jlwkollze + C(W)C
which gives (4.2). The proof of Lemma 4.1 is complete. O

To close the a priori assumption (4.1), we need the following lemma whose proof
is based on the reformulated mild form by (3.1):

F<t7 x, U) — U= [Fo((L’ — ’Ut, U) — :U’]e_ fg Ay (ryz—v(t—7))dr
t
+/ e fs Au(T,z—II(t—T))dTAV(S7 7 — U(t . S))
0
X[M,(s,z —v(t —s),v) — plds.  (4.3)
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Lemma 4.2. Let w(v) = (1 + |[v])? with 8> 7. It holds that

sup| /Rg(l,v, o0 @) [F(t,7,v)  pu(w)]d]

el

< €71i7” sup ’ / (17U7 |U|2a v U)[Fﬂ(x — vt, U) o /'L(U)]dv
R3

+C{\/ZW+S(FO)2%—57}, (4.4)

for allt >0, where C' > 1 is a constant depending only on Co,v, B and ||wEFp]| .

Proof. In fact, (4.3) gives
| [ 1P (ta0) = (o)l
‘/ Folz — vt,v) — p(v )]~exp(—/0tAl,(T,y)dT>dv
# [T ] 1 M ) - poldods, (45)

with y := z — v(t — s). Notice that

R = ot.0) = )] - (- | e

= [Fo(r — vt,v) — p(v)] - exp < - /Ot 1 dT)

1—v

+ [Foz — vt, ) — p(v)] - {exp (- /Ot Ayfrg)dr) —esp (- /Ot 1 ! ir) } |

This implies that

‘/R [Fo(e — v, 0) — uv )]-exp(—/OtAy(T,y)dT>dv‘

<o / Py — vt ) — p(v)]dv
2 E (1 R ) // ) (o) (7, ) — 1|dvdr
<] [ [Fte = o) = (o)l

1 0, 1) (s, y,m) — p(n)]ldn| dvds.  (4.6)

+ —6 402(1 l/)/ /
R3
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It is direct to further compute

|Mu(57 Y, U) - :u‘
< € (lo(s,9) =11 + lu(s, )| + 1 Tol5,9) — 1] )e='&
< C(lols,9) = 11+ (pu)s.9)| + [pTols,9) —W)e” ' (47)

Recall (1.2). One then can write

0T, = (1—1/ pT'Id+ vp©

— ul’[F(s,y,n) — puldn

+V/Rs(n_U) ® (n —w)[F(s,y,n) — pldn

1—v
/ |77—U|2udn+V/ (n—u) ® (n — u)pudn
R3 R3

+

1—v

= — In — ul’[F(s,y,n) — pldn
R3

—l—l//RB(n—u) ® (n—w)[F(s,y,m) — pldn

1—
+ Id+ V|u|2]d—|—l/u®u, (4.8)

where we have denoted u = u(s,y) on the right. Using (4.8), it follows from (4.7)
that

2
0]

| M, (F)(s,y,v) — p| < C(Ip(s, y) — 1+ |(pU)(S,y)|> e

I
+Ce™ @ /(1,n,lnl2,n®n){F(s,y,n)—u}dn(
RB

_l?
<(Ce '@

[ ol n @ mlF(s.p.0) = ]

which together with (4.5) and (4.6), yield that
’/ (t,z,v) (v)]dv)
2
S C/ 402(1 vy _~— 1 40 / 'LU(U)_1
0 1—v R3

/11&3 [Fo(x — vt,v) — u(v)]dv‘.

dudTr

[ o bnn @ mlF(s.m) = (ol

t
+ 67 1—v
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By similar arguments as above, one can obtain that

‘ /Rg(lv v, [0f*, 0 @ 0)[F(t, 2,0) — p(v)]dv

t 402
_/ Ce 402(1 ,/)1_ / UJ(U)f
0 vV Jrs

/Rg(l,v, ‘UP’U ® v)[Fo(z — vt,v) — M(v)]dv‘

(L, nl*,n @ n)[F(s,y,n) — pldn| dvdr
R

t
te T

__t
=: e 1-v

/Ra(l’ v, v}, v @ v)[Fy(z — vt,v) — p(v)]dv

—l—/tt)\(---)dT—l—/Ot_)\(---)dT, (4.9)

where A > 0 is a small constant to be chosen later. It remains to estimate the second
and third terms on the right of (4.9). For the second term, we have

t
t—X yER3 t—A<s<t |JR3

Now we estimate the third term on the right of (4.9). For the case Q = R3, we
divide the integral into two parts:

/ w(v) o / (L Inf2. 0 @ ) [F(s,y.m) — pldn

< [ D G ) = ] Lo dndo

dv

[ D PG = ] Tgpan- e
= Jl + JQ. (411)
For terms on the right of (4.11), we have, for § > 7, that

J1 < C’(/3 /3(1 + |v|)_26+4e_%|77|2(1 + |77|2)2d7]dv>5
r3 JR

|[F(S7y777)_,u]|2 %
/R3 R3 w(n) [{|F(Svy»v)—u|Su}d77dU)

1

S Y, H 1
/ [F ) ]l [{lF(s,y,’U)—MSu}d’ﬂd’U)
RB R? p(n)
| F(S’yan) M”z %
/ w(n) I{‘F(S’yﬂv)—#\ﬁu}dﬁdZJ)
R3 JR3

£(Fy), (4.12)

| /\

| A\

t—s

(t—s)%
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and

Jo< O [l ) Pl o)

1

< ([ ]G = il gr o)
R3 JR3
C[l + ||wF(S)|lL"°]%</ / |[F(5,y, T]) — :LL]|I{|F(s,y,v)—u|2u}dnd7}) ?
R3 JR3
C ) i
3 [1 + ||ZUF(S)||L°°]2 ( |[F(S,y, 77) ]|]{|F(syv |>#}d17dy>
(t—s)2 R3 JR3

< gl RO VETR) < = VER), (1.13)

where we have made a change of variable v — y = x — v(t — s) and used (4.2),

Proposition 2.1 in (4.12) and (4.13). Thus, it follows from (4.11)-(4.13), for Q = R3,
that

[

For the case 2 = T3, we divide the integral into three parts:
[
<[] @D ) PG p0) ~ pldnd
|[v|>N JR3
o I R i (R OO R R R

o L RO G ) bl Tz

= J3 + J4 + J5, (415)

<

< CVEE)

(t—s)2

/Rs(lm,|n|2,n®n)[F(s7y,n) — pldn (4.14)

(1 n, 0> n@n)[F(s,x — vt —s),n) — u(n)]dn| dv

where N > 0 is a large number to be chosen later. For terms on the right of (4.15),
one obtains that

Js < / / (14 [w)) ™21+ ) =721+ lw(n) F(s,y,n)|l L )dndv
>N JR3

< C sup (1+ () E (s, y,m) =) / (1 + Jol)**2dv
[v]>N

0<s<t

<C (1+ |v])™PT2dv < CNF5, (4.16)
lv|>N
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1

F(s,y.n) — pf? 2
Ji<C ( /| v S v = [{|F(s,y,v>—u|sﬂ}d77dv)

()
3 I[E'(s,y,m) — p? :
<CN < /T s ) I{IF(s,yyv)*ulﬁu}dnd@
< CN2\/E(Fy), (4.17)

and

1
2

Js < C[1+ [[wF(s)||p~]? (/|<N . \[F(s,y,m) — ,u]’[{|F(s,y,v)—u|2,u}d77dv)

, L
<CN: (/3 NE(s,y,m) ~ M]|I{|F(s,y,v)*u|2u}d77dy> ’
TS JR

< CN2/E(Fy), (4.18)

where once again we have made a change of variable v — y = x — v(t — s) and
used (4.2), Proposition 2.1 in (4.17) and (4.18). Choosing N5 = N2,/E(F,) and
combining (4.15) together with (4.16)-(4.18), one obtains that for @ = T3,

/ w(v) ol / (L, [nl*,n @ m)[F (s, y,m) — p(n))dn
R3 R3
Now, substituting (4.10), (4.14) and (4.19) into (4.9), one has

’ /Rs(l,v, w20 @ v)[F(t,z,v) — p(v)|dv

dv < CE(Fy)7. (4.19)

t
< e 1w

/}Rs(l,v, [v|?, v @ v)[Fy(x — vt,v) — M("U)]dv‘

+CA sup

yER3 t—A<s<t

+ ONE(R) + CE(Fy) .

Choosing A > 0 suitably small such that CA < %, then the desired estimate (4.4)
follows from (4.20). Therefore, we complete the proof of Lemma 4.2. 0

/Rs(l’"’ [l @ m)[F (s, y.n) —u]dn‘ (4.20)

Corollary 4.1. There is a constant g > 0 such that if

E(Fy)+ sup e 1w

t>t1,2E€S)

/ (1, v, [v]*, v @ v)[Fo(x — vt,v) — p(v)]dv| < e,
R3
then it holds that

Cr' < plt,x), T(t,x) < O, and |u(t,z)| < Cy,

forallt >ty and x € ().
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Proof of Theorem 1.1. It follows immediately from Lemma 3.1, Lemma 3.2,
Lemma 4.1, Lemma 4.2 and Corollary 4.1; see also [5]. 0

In the end of the paper, we give a remark on the stability of solutions. For sim-
plicity, we consider the only torus case Q = T? and (My, Jy, Fy) = (0,0, 0), namely
initial data have the same fluid quantities as the normalized global Maxwellian pu.
As in [1], due to the Csiszar-Kullback inequality, it is direct to verify that for all
t>0,

1E() = ulls, < V2HF@)p) < V2H(Folu) = 2E(F) < V2e0,
where H(:|-) is the relative entropy defined by

F
H(F]G):/ / Flogadxdv.
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Therefore, the solution is stable uniformly in time in the sense of L, , under the
assumptions of Theorem 1.1. Moreover, it would be also interesting to further study
the large-time behavior of solutions obtained in Theorem 1.1. However, as the global-
in-time existence is proved in the non-perturbation framework, it seems impossible
to make use of the same idea as in [5] (also cf. [13]) to justify that the difference
F(t,x,v) — p without adding the extra velocity weight /2 should approach zero
in some sense as time goes to infinity. As one of possibilities, we will see if or not
the method developed in [¢] could be adapted to treat this problem in the future.

Acknowledgments. Renjun Duan is partially supported by the General Research
Fund (Project No. 409913) from RGC of Hong Kong. Yong Wang is partially
supported by National Natural Sciences Foundation of China No. 11401565. Tong
Yang is partially supported by the General Research Fund of Hong Kong, CityU
103412.

REFERENCES

[1] P. Andries, J.-F. Bourgat, P. Le Tallec, and B. Perthame, Numerical comparison between the
Boltzmann and ES-BGK models for rarefied gases, Comput. Methods Appl. Mech. Engrg. 191
(2002), 3369-3390.

[2] P. Andries, P. Le Tallec, J.-P. Perlat, and B. Perthame, The Gaussian-BGK model of Boltz-
mann equation with small Prandtl number, Eur. J. Mech. B Fluids 19 (2000), 813-830.

[3] P.L. Bhatnagar, E. P. Gross, and M. Krook, A model for collision processes in gases. Small
amplitude process in charged and neutral one-component systems, Phys. Rev. 94 (1954), pp.
511-525.

[4] J. A. Carrillo, A. Jingel, P. A. Markowich, G. Toscani and A. Unterreiter, Entropy dissipation
methods for degenerate parabolic problems and generalized Sobolev inequalities, Monatsh.
Math. 133 (2001), 1-82.

[5] R.-J. Duan, F.M. Huang, Y. Wang and T. Yang, Global well-posedness of the Boltzmann
equation with large amplitude initial data, preprint (2016). arXiv:1603.06037

[6] F. Filbet and S. Jin, An asymptotic preserving scheme for the ES-BGK model of the Boltz-
mann equation, J. Sci. Comput. 46 (2011), 204—224.



GLOBAL EXISTENCE FOR THE ES-BGK MODEL 15

[7] M.A. Galli and R. Torczynski, Investigation of the ellipsoidal-statistical Bhatnagar-Gross-
Krook kinetic model applied to gas-phase transport of heat and tangential momentum between
parallel walls, Phys. Fluids 23 (2011), 030601.

[8] M. P. Gualdani, S. Mischler and C. Mouhot, Factorization for non-symmetric operators and
exponential H-theorem, arXiv:1006.5523.

[9] Y. Guo, Bounded solutions for the Boltzmann equation, Quart. Appl. Math. 68 (2010), no.1,
143-148.

[10] L.H. Holway, Kinetic theory of shock structure using an ellipsoidal distribution function. 1966
Rarefied Gas Dynamics, Vol. I pp. 193-215.

[11] B. Perthame, M. Pulvirenti Weithted L> bounds and uniqueness for the Boltzmann BGK
Model, Arch. Rational. Mech. Anal. 125(1993), 289-295.

[12] S.B. Yun, Classical solutions for the ellipsoidal BGK model with fixed collision frequency, J.
Differential Equations 259(2015), no. 11, 6009-6037.

[13] S.B. Yun, Ellipsoidal BGK model near a global Maxwellian, SIAM J. Math. Anal. 47 (2015),
no. 3, 2324-2354.

[14] P. Walender, On the temperature jump in a rarefied gas, Ark, Fys. 7 (1954), 507-553.

(R.-J. Duan) DEPARTMENT OF MATHEMATICS, THE CHINESE UNIVERSITY OF HONG KONG,
SHATIN, HoNG KONG
E-mail address: rjduan@math.cuhk.edu.hk

(Y. Wang) INSTITUTE OF APPLIED MATHEMATICS, AMSS, CAS, BEUING 100190, P.R. CHINA,
AND DEPARTMENT OF MATHEMATICS, THE CHINESE UNIVERSITY OF HONG KONG, SHATIN,
Honc Kona

E-mail address: yongwang@amss.ac.cn

(T. Yang) DEPARTMENT OF MATHEMATICS, CITY UNIVERSITY OF HONG KoNG, HoNnG KONG
FE-mail address: matyang@cityu.edu.hk



	1. Introduction
	2. Preliminaries
	3. Local Estimates
	4. Global Estimates
	References

