STABILITY OF RAREFACTION WAVES OF THE NAVIER-STOKES-POISSON
SYSTEM

RENJUN DUAN AND SHUANGQIAN LIU

ABSTRACT. In the paper we are concerned with the large time behavior of solutions to the one-
dimensional Navier-Stokes-Poisson system in the case when the potential function of the self-consistent
electric field may take distinct constant states at x = +oo. Precisely, it is shown that if initial data
are close to a constant state with asymptotic values at far fields chosen such that the Riemann prob-
lem on the corresponding quasineutral Euler system admits a rarefaction wave whose strength is not
necessarily small, then the solution exists for all time and tends to the rarefaction wave as t — +o0.
The construction of the nontrivial large-time profile of the potential basing on the quasineutral as-
sumption plays a key role in the stability analysis. The proof is based on the energy method by
taking into account the effect of the self-consistent electric field on the viscous compressible fluid.
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1. INTRODUCTION

The two-fluid Navier-Stokes-Poisson (denoted as NSP in the sequel) system is often used to describe
the transport of charged particles under the influence of the self-consistent electrostatic potential force
arising from the study of the collisional dusty plasma, cf. [I2] 27]. In one-dimensional space, it takes
the form of
On; + 0z (nju;) = 0,

min; (Opu; + w;Opu;) + T;0,m; — 1059 = 1 0%u;,
atne + az(”eue) = 07 (11)
MeNe(Optte + UeOptie) + ToOpne + 10z P = 102U,

2p=mn;—n., t>0, xeR.
Initial data are given by

[Mas el (0, 2) = [nao(2), uao(x)], a=1i,e, TR, (1.2)
with

zgrjrzloo[nao,uao](x) = [ng,us], a=ie (1.3)
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The boundary values of ¢ at infinity are set by
im ¢ =¢ >0. :
zhjE (t,x) +, t>0 (1.4)

Here, ny = no(t,z) > 0 and uy = us(t, z) are the density and velocity of ions (o = i) and electrons
(o = e), respectively, and ¢ = ¢(t, x) is the self-consistent potential. The positive constants m, > 0,
T, > 0 and p, > 0 denote respectively the mass, the absolute temperature and the viscosity coefficient
of a-fluid. Constant states [ni,uy,¢+] at infinity can be distinct. Particularly, we allow for the
appearance of nonzero difference of potentials at © = +o0, i.e. ¢4 — d_ # 0.

It is interesting to study the large-time behavior of solutions to the Cauchy problem on the complex
NSP system (1.1), (1.2), (L.3), in the case when [n_,u_,¢_] # [n4,us,¢+]. In the paper we are
concerned with the time-asymptotic stability of the rarefaction wave (cf. [Bl [37]) constructed by the
corresponding quasineutral Euler system

on + 0, (nu) =0,

GIAT,

m; + Me

n(Opu + ud,u)
with the potential function ¢ in large time determined by
o= Time = Tem; lnn. (1.6)
m; + Me
System can be formally obtained from by letting n; = ne. = n, u; = u. = u, taking the sum
of two momentum equations and neglecting viscosity terms, and the relationship can be deduced
by further taking the difference of two momentum equations, neglecting viscosity terms, and using the
quasineutral momentum equation in . Therefore, we need to postulate the following compatibility
condition on data [n4, ¢4] at infinity
Time — Tem;
pr=——""""
m; + me
Notice from that if T;/m; # T./m. then the distinct ny can yield the distinct ¢+. Precisely, we
expect to show

Inng. (1.7)

ne(t, ) — nR(x/t), ua(t, ) — uR(gc/t)7 a=1,e,
and

Eme - Temi

B(t,2) = 9" (a/t) i= — e (o)

uniformly for z € R as t goes to infinity, provided that initial data [neo(x), uao(z)] approach [ni,uy]
as ¢ — 400 in a suitably close way, where [n®(z/t), u*(x/t)] is the rarefaction-wave solution to the
corresponding Riemann problem on the quasineutral Euler system .

In fact, there have been a huge number of papers in the literature to study of the stability of wave
patterns, namely, shock wave, rarefaction wave, contact discontinuity and their compositions, in the
context of gas dynamical equations and related kinetic equations. Among them, we only mention
[13L 211, 221 (30}, 3T, 34} [36, [41] and reference therein. Moreover, we would also point out some previous
works only related to the current work concerning the stability of rarefaction waves. The problem was
firstly studied by Matsumura-Nishihara [34] B5] for the one-dimensional compressible Navier-Stokes
equations in the isentropic case. It was later extent by Liu-Xin [29] to the heat-conductive case. Since
then, there have been extensive studies in connection with considerations of different aspects, such
as appearance of boundaries [26, B3], dependence of viscosity on density [24], other kinds of relative
models [25] B0], and so on.

Another interesting model is the Navier-Stokes system coupled with the Poisson equation through
the self-consistent force arising either from modelings of self-gravitational viscous gaseous stars (cf. [2])
or from the simulation of the motion of charged particles in semiconductor devices (cf. [32]). The
coupling system at the fluid level can be also justified by taking the hydrodynamical limit of the
Vlasov-type Boltzmann equation by the Chapman-Enskog expansion, cf. [3 14, 15, I7]. In recent
years, the study of the NSP system has attracted a lot of attentions from many people. In what
follows we would also mention some of them related to our interest. In the case when the background
profile is vacuum, the existence of nontrivial stationary solutions with compact support and their
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dynamical stability related to a free-boundary value problem for the three-dimensional NSP system
were discussed in Ducomet [§]. Global existence of weak solutions to the Cauchy problem with large
initial data was proved by Donatelli [6] and the quasineutral limit in such framework was studied in
Donatelli-Marcati [7] by using some dispersive estimates of Strichartz type. We remark that some
nonexistence result of global weak solutions was also very recently obtained in Chae [I]. Large-time
behavior of the spherically symmetric NSP system with degenerate viscosity coefficients and with
vacuum in three dimensions was obtained in Zhang-Fang [40]. The linear and nonlinear dynamical
instability for the Lane-Emden solutions in the framework of the NSP system in three dimensions was
investigated in Jang-Tice [23] under some condition on the adiabatic exponent. Tan-Yang-Zhao-Zou
[38] established the global strong solution to the one-dimensional non-isentropic NSP system with large
data for density-dependent viscosity. In the case when the background profile is strictly positive, the
global existence and convergence rates for the three-dimensional NSP system around a non-vacuum
constant state were studied by Li-Matsumura-Zhang [28] through the construction of Green’s functions.
Interested readers may refer to the survey paper Hsiao-Li [20] and reference therein for the perturbation
theory related to the NSP system; see also [9] for the study of the more complicated Navier-Stokes-
Maxwell system.

However, to the best of our knowledge, even though there are many studies on the NSP system
mentioned above, so far there are few mathematical results to clarify the nonlinear stability of wave
patterns. One of the main mathematical difficulties comes from the effect of the self-consistent force on
the viscous compressible fluid, since the force generally may not be expected to be L? integrable in space
and time, cf. [28]. Recently, Duan-Yang [I0] proved the stability of rarefaction wave and boundary
layer for outflow problem on the two-fluid NSP equations. The convergence rate of corresponding
solutions toward the stationary solution was obtained in Zhou-Li [42]. We point out that due to the
techniques of the proof, it was assumed in [I0] that all physical parameters in the model must be unit,
particularly m; = m. and T; = T., which is obviously unrealistic since ions and electrons generally
have different masses and temperatures. One key point used in [I0] is that the large-time behavior
of the electric potential is trivial and hence the two fluids indeed have the same asymptotic profiles
which are constructed from the Navier-Stokes equations without any force instead of the quasineutral
system that we will make use of in the paper.

Motivated by [11], [I6] for the study of the inviscid Euler-Poisson equations, we will be firstly con-
cerned with the motion of the one viscous fluid of ions under the Boltzmann relation. It will be seen
from Theorem [2.1] that the rarefaction wave of the quasineutral Euler system is stable under small
perturbation, and particularly, the potential ¢(¢, x) has the nontrivial large-time behavior. Compared
to the classical Navier-Stokes system without any force, the main difficulty in the proof for the NSP
system is to treat the estimates on those terms related to the potential function ¢ as mentioned above.
Since the large-time behavior of ¢ has a slow time-decay rate and the strength of rarefaction waves
is not necessarily small, it is quite nontrivial to estimate the coupling term —nd,¢. The key point to
overcome the difficulty is to use the good dissipative property from the Poisson equation by expand-
ing e~® around the asymptotic profile up to the third-order. In the two-fluid case, the situation is
more complicated since the dissipation of the system becomes much weaker than that in the case of
one-fluid ions. We find that the trouble term turns out to be controlled by taking the difference of
two momentum equations with different weights so as to balance the different masses m,, (o = i,¢) of
fluids. Finally we point out that it could be expected to use the developed techniques in this paper to
pursuit the proof of the stability of smooth traveling waves.

The rest of the paper is organized as follows. In Section 2, we present the nonlinear stability of
rarefaction waves for the NSP system in the relatively simple case when only the ions flow is taken into
account under the Boltzmann relation. Precisely, we first construct a smooth approximation of the
rarefaction wave, reformulate the equations around the smooth asymptotic profile, and then show the
global a priori estimates on the solutions so as to obtain the main result. The stability of rarefaction
waves for the more physical two-fluid model is dealt with in a similar way in Section 3. The
symmetric structure in the two-fluid case plays a key in the proof. For convenience of readers, the
linear dissipative structure of the system for the model considered in Section 2 is also analyzed in the
appendix in order to understand the energy estimate around the nontrivial profile.
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Notations. Throughout this paper, C' denotes some generic positive (generally large) constant and
A denotes some generic positive (generally small) constant, where both C' and A may take different
values in different places. D < E means that there is a generic constant C' > 0 such that D < CE.
D~ FEmeans D S Eand ESD. |- |rr (1 <p < 4o00) stands for the L2 —norm. Sometimes, for
convenience, we use || - || to denote L2—norm, and use (-, ) to denote the inner product in L2. We also
use H* (k > 0) to denote the usual Sobolev space with respect to x variable.

2. ONE-FLUID CASE

In this section we study the stability of rarefaction waves for the NSP system in the case of single
ions flow under the Boltzmann relation. The main motivation for taking into account the ions flow
first is that the structure of the coupling system is relatively simpler than that in the two-fluid case
given in so that the analysis for the stability of rarefaction waves in the one-fluid case can shed
light on the one in the more complex two-fluid case. Of course, the model for the single viscous flow
for ions also has its own interest, particularly in the study of smooth traveling waves, cf. [I1], 27].

After a suitable normalization, the simplified system in the case of single ions flow reads

On + Ox(nu) =0,
n(Opu + udyu) + Adyn — ndyp = d2u, (2.1)
R2p=n—e® t>0, z€R,

with
lim ¢(t,z) =¢5, t>0. (2.2)

z—+oo

Initial data are given by

[n,u](0, ) = [ng, ugl(z), z € R,
lim [, uo) (z) = [ne, wsl. (2:3)
r—+o0

Here n = n(t,z) > 0, and u = u(t,z) are the density and velocity of ions, and ¢ = ¢(¢,x) is the
potential of the self-consistent electric field. The positive constant A > 0 is the absolute temperature
of ions. Note from the Poisson equation in that the Boltzmann relation n. = e~% has been
assumed, which is physically due to the fact that lighter electrons get close to the equilibrium state in
much faster rate than heavier ions in plasma, cf. [4, [I8]. We remark that n. = e~¢ can be formally
derived from the fourth equation of the two-fluid model by letting m, = 0 = p. and 7T, = 1.
Throughout this section, we also assume that the quasineutral condition

ny =e %% (2.4)
at x = o0 holds true. Notice that n+ and hence ¢+ can be distinct.

2.1. Approximate rarefaction waves. In general, whenever ¢ is a nontrivial potential in large time
and its second-order derivative 92¢ decays in time faster than other low-order terms, one may expect
that the NSP system (2.1)) tends to the following quasineutral Euler equation:

On + 0,(m u) = 0,
(0 + 0,) + AD,7 — MO = 0, (2.5)
¢ =—1Inm.

Specifically, the large time behavior of solutions to the Cauchy problem (2.1)), (2.2), (2.3) and (2.4)
of the NSP system is expected to be determined by the Riemann problem for the above quasineutral

Euler equation with initial data

[n_,u_], x>0,

[ﬁ,ﬂ](o,x) = [ﬁo,ﬂo](x) = {

[y, uy], =<0,



STABILITY OF RAREFACTION WAVES OF NAVIER-STOKES-POISSON SYSTEM 5

It is easy to see (cf. [5, B7]) that (2.5) have two characteristics
AM=u—c¢, Ag=u+c¢, withc=vA+1, (2.6)

which are genuinely nonlinear and can give rise to the rarefaction waves:

Ri(n_,u_) = {[n,u] eRL xR ‘ u+clnn=u_+clnhn_,n<n_,u> u_},
or
Ro(n_,u_) = {[n,u] eRy xR ’ u—clnn=u_—clnn_,n>n_, u> u_}. (2.7)
In what follows we construct a smooth approximation of the rarefaction waves corresponding to

the solution to the Riemann problem (2.5) on the quasineutral Euler system. As in [34], consider the
Riemann problem on the Burgers’ equation

wy + ww, =0,

w_, x <0, 2.8
w(z,0) = wy = { (2:8)

Wy, x>0,

for w_ < wy. It is well-known that (2.8) admits a continuous weak solution w(x/t) connecting w_
and w,, taking the form of
w_ , r < w_t,

wR(x/t) = % , wot <z < wqlt,

wy , wyt <.
Let [nft, u®](x/t) be defined as
wi(z/t) =u + ¢, uf —clnn® =u_ —clnn_, (2.9)

with w_ =u_ +cand wy = uy +c. Then by a direct calculation, [nf, uf?](z/t) satisfies the following
Riemann problem on the Euler equations

o+ 0,(mu) =0,

10y (u 4 9,1) + 20,1 = 0,
[n_,u_], =<0,

[ﬁﬂ](x,O) = [EO;EO] = {

[N, ug], 2>0.

In fact, the smooth Euler i-th (¢ = 1, 2) rarefaction waves can be constructed along any given R; curve
when the i-th characteristic satisfies the inviscid Burgers equation
O i + N0\ = 0,

with increasing data. Here we refer to the construction introduced in [34] for initial data whose spatial
derivative is proportional to the parameter € > 0, i.e., wf(x/t) is approximated by a smooth function
w(x,t) satisfying
Oyw + wdy,w = 0,
1 1 (2.10)
w(0,z) = wo(x) = §(w+ +w_)+ §(w+ — w_) tanh(ex).
Then one has

Lemma 2.1. Let § = wy — w— > 0 be the wave strength of the 2-rarefaction wave. Then the problem
(2.10) has a unique smooth solution W(t,x) which satisfies the following properties:
(1) wo <w(t,z) < wy, 0w >0 forx € R and t > 0.
11) For any 1 <p < 400, there exists a constan such that fort > 0,
i) For any 1 < p < th st tant C,, such that for t >0
10, r < Cpmin{de'~H/P §L/Pp=141/PY
102 ||» < Cpmin{de>~1/P l=1/Pp=11

||5'§@||Lp <G, min{éé”*l/p, 62*1/1715*1}'
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(i1i) lim sup [w(t,z) — wf(x/t)] = 0.

t—+o0 z€R

We now define the approximate solution of [nff,u%] constructed by (2.9) and ([2.10) as [n",u"] =
[n",u"](t,z) in terms of

w(t+1,2) =u"(t,z) +c,
u(t,z) —clun"(t,z) =u_ —clon_,
together with w_ = u_ + ¢ and wy = u4 + c. We also point out that [n",u"] satisfies
om+ 0., (mw) =0,
70 (T + 0,7) + A0, — MO = 0,
_ (2.11)
¢ =—Inn,
[, @] (0, £00) = [Ny, uL].
With Lemma in hand, one has the following result concerning [n", u"].

Lemma 2.2. The approzimate smooth solution [n",u"] given by (2.9) and (2.10) satisfies the following
properties:
1) Ozn” >0, Opu” >0 andn_ <n"(t,x) <ng, u_ <u"(t,x) <uy forx € R andt > 0.
+ +

(#3) For any 1 < p < 400, there exists a constant Cp, such that for all t > 0,

0x[n", u"|| Lr < Cp min{4,.e!~1/P §/Pp=1+1/PY

102[n", u"]||» < Cpmin{d,e2~ /P =1/Pe=1}

[03[n", u"|| L» < Cpmin{4,e3 /P 2=1/Pp=1)
where 0, = [ny —n_| + |uy —u_|.
(ZZZ) Hnr7ur](t7x) - [nR7uRKt7x)| =0.

2.2. Stability of the rarefaction wave. In this subsection, we study the stability of the approximate

rarefaction wave [n”,u"] for the Cauchy problem (2.1)), (2.2)), (2.3) and (2.4)). For this purpose, let us
define the perturbation

lim sup
t——+o0 z€R

[ﬁ7ﬁ7 ¢](t,$) = [n - nrvu - ur7¢ - ¢T](t7x)7

where ¢" = —Inn". Then [71, 7, ¢] satisfies
Oyt + By (nw) — By (n"u”) = 0, (2.12)
@a+ww—m¢m+A(@”—@T)_m$:%% (2.13)
n n n
024 =7 +n" (1 - 6—5) — 924" (2.14)
Initial data for [n,u] are given by
[7,u) (0, ) = [f2o, o) (x) = [no(x) — n"(0, ), uo(x) — u"(0,z)]. (2.15)

Here it has been assumed that for any given ¢ > 0, g(t7 x) is determined in terms of the elliptic equation
(2.14) under the boundary condition that ¢ (¢, x) tends to zero as x goes to +oo.

Theorem 2.1. Let [ni,uy] € Ra(n_,u_), where Ray(n_,u_) is given in (2.7) with n_ > 0 and
c=+VA+1. Assume ¢+ = —Inny. There are constants €9 >0, 0 < o < 1, and Cy > 0 such that if

1720, o] 71 + € < €,
where € > 0 is the parameter appearing in (2.10), then the Cauchy problem of the NSP system (2.12)),
(2.13), (2.14) and (2.15) admits a unique global solution [n,u, |(t,x) satisfying

sthmﬂ@w2+AWWWwfmmm@m@Wm

t>0 H1

“+00 2 20
+/ H@ﬁ@@@&%&%ﬂ@”ﬁg%{? (2.16)
0
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Moreover, the solution to the original Cauchy problem (2.1)), (2.2)), (2.3) tends time-asymptotically to
the rarefaction in the sense that

lim sup {n(t,x) —nf (%) ult,z) —ult (E) ,o(t, ) +Innf (%)} ‘ =0. (2.17)

t—+00 R t

The local existence of the solution [n7, @, QNS] of the NSP system (2.12)), (2.13]), (2.14) and (2.15)) can
be proved by the standard iteration method and its proof is omitted for brevity. As to the proof of
Theorem it suffices to show the following a priori estimate.

Proposition 2.1. Assume that all the conditions in Theore@ hold. There are constants ey > 0,
0 <o <1, and Cy > 0 such that if the smooth solution [n,u,d] to the Cauchy problem (2.12)), (2.13)),
(2.14) and (2.15) on 0 <t < T for T > 0 satisfies

. 2
sup H [ﬁ,ﬂ, d)] (t)H +e<el, (2.18)
0<t<T H!

then it holds that

a [l |V s s

0<t<T
T

+ / | [0 0,18, 0.5.625. 823] ()" at < o (Wi @O + 7). (2.19)
0

We remark that the strength of the rarefaction wave |ny —n_| 4 |uy —u_| is not necessarily small,
and the similar result could hold for the non-isothermal case, for instance, for a general pressure
function depending on the density. The proof of Proposition is based on the techniques developed
in [35] for the classical Navier-Stokes equations. We here have to additionally take into account the
effect of the self-consistent force on the system. The most technical part in the proof occurs to the
estimate on the inner product (—(‘31‘,(’57 nu) for which one has to make use of the Poisson equation by

expending e~? up to the third-order and obtain cancelations by seeking the hidden relation among the
lower order terms.

2.3. A priori estimate.

Proof of Proposition|2.1. We divide it by three steps as follows.

Step 1. Zero-order energy estimates.
Set

"s—n"

oty =4 [,
nr
Note that ¥ (n,n") is equivalent to [n — n"|? for |n —n"| < C.
Multiplying the first equation of and by ¥ (n,n") and nu respectively, integrating the
resulting equations with respect to x over R and taking the summation, one obtains

%%(ﬂ, nu) + d (n P) — (u ng) + (w0 u — u" Oz u”, nu) —(81;5, nu) = (@%ﬂ, u) + (82 "), (2.21)

ds. (2.20)

I

where we have used the identity

(0,00 + @s(0) + 4 (2= 2 ) o,

n

which can be justified by replacing 1 (n,n") by (2.20) and using equations of 9;n and 9;n" as well as
integration by part.

The left-hand terms of (2.21)) are estimated as follows. For I, from the first equation of ({2.1)), it
holds that

I = %(172, 0y (nu)) + %(ﬁz, Oz (nu")) + (U0, U + u" 0t + U0u”, ntt) = (U, ndpu”), (2.22)
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which is a good term due to n > 0 and J,u” > 0. We now turn to estimate the fourth term on the left

hand side of (2.21)). In light of (2.12)) and (2.14]) and by integration by parts, we have

— (D, 1) = (&E, — 8,028 + 8, [n (1 - 6-5)} — 802" — 8z(ﬁur)> . (2.23)
Next we compute the right hand side of (2.23)) term by term. It is obvious to see that
~ ~ 1d ~  ~
(3, ~01020) = 5 5(0.6.0.9) (224

For the second term on the right hand side of (2.23)), we first get from the Taylor’s formula with an
integral remainder that

g
T s S /0 DL -oq. (2.25)

I
Then it follows that

(i (1-9)]) = G00) - () + 1)
Since [n", u"] satisfies , one has

(.00r) = 124 () 3 () = 14 () 3 (o). e
I3

_% (57 at(nr(gz)) _ _%% (0;3)7{) 3 % (0;37@”7«) _ _%% (537nr) N % (537aw<nruT>)7
—

Iy
and

(5, 3t(nrlg)> = - (q~5, 83;(7’LT’LLT)IQ) + (q~$, nr3t12> )
I

We remark that I3 and I can not be directly controlled for the time being and they will be treated
by cancelation with other terms later on. Since ||¢(¢, z)||p~ < C, it follows that

b~ an=0d [ G40 tde~ 0,55 @21)
In addition, we get from and that
10617 + 10061 < € {1047 + | 60wm” |12 + | 029" | }
< C{l0n )| + 110a ()| + 10, (") 12} + € {1 g0m" |2 + 0026717} .~ (2:28)

Substituting (2.27) and (2.28) into I5, applying Lemma and Holder’s inequality as well as the
Cauchy-Schwarz inequality with 0 < 7 < 1, one has

151 <G, |3+ B0clo, )|+ miaid?

2

SeoCyll0sdll” + n |10: 7, @I + 10" w17 |7, @, ])1* + ’ (2:29)

[ @207 AP + 1)

a:v [ﬁa 67 ¢]

Smax{eCp,n} ’

where the following Sobolev’s inequality
fllz= < VRILIVZ[0: £ for any f € HY, (2.30)

has been used to obtain the bound

| < clo.a1711.
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By integration by parts and employing Lemma [2.2] and the Cauchy-Schwarz inequality with 0 < n < 1,
we see that the third term on the right hand side of (2.23]) can be dominated by

(6,-0:020") < ll0u612 + Cy0:020"|* < 011 + Cy (1 +1) 72, (2:31)
As to the last term on the right hand side of (2.23)), we have from that
(6. ~0u ")) = = (4, 0.7 ) — (& 70su")
= (& (<020 + 0, [ (1= %) | = 8207) w")
+ (6, (=020 + [n7 (1-¢7%)] - 0207 ) Ouu”)
= —% (axu*, (am$)2> + (0u0, 0207w ) + (6,0, [ (1= =) ] w") (2.32)

Is 17

+ (6 [0 (1= e?)] o),

Is

where the last identity holds true due to the following identities:
~ ~ ~ ~ 1 N2
_ 93 T 92 Ty — _— r
(6 —026u) + (6, 0260, ) = —3 (azu (2:9) )
and
((ga _ag¢ru7“) + ((ga _85¢T8IUT) = (a‘rgv a:?:(bTUT) .
It is straightforward to see that |Is| is dominated by
N020]% + Cp (1 +6) " 026]1 + Ce(1 + )2,

according to the Cauchy-Schwarz inequality with 0 < 7 < 1 and Lemma 2.2
We now use ([2.25|) to expand I7 and Ig respectively as

I = (;5, am(nrgﬁ)ur) - % (;5, ax(nr&?)ur) + (25, 5‘x(nTI2)uT)
1
3

= (52,8znTur) — % (52,8x(nrur)) — % (53,8967{1/) + (53,31(nTuT)) + (qg, 8z(nrfg)ur) ,

and
Ig = (qg, nraﬁmur) — % (qz, nT$28xur) + ((E, nrlgawur> .
Owing to these, we see
I+ I+ Ir + Is = (5, 6z(nrfg)ur) n (&E, nrfzaxur) S (ami, nrfgur) < Ce0.0|2.  (2.33)
Recalling , we thereby complete the estimate on the term —(&Ccz, nu) in the way that

1d

ld d .z 1d
2dt

e o 1 2 r
(8x¢76x¢) + 77((25 y T ) 3 dt

-.3.0) - | ;3
8, [7, G, GS]HQ +C,(1+ t)‘QH[ﬁ,ﬂ, GZ]HZ +eCy(1+1)72.

@)

S+ eCy + 6(2)))

It now remains to estimate the second term on the right hand side of (2.21). Letting 0 < ¢ < 1,
by applying Holder’s inequality, Young’s inequality, Lemma and the Sobolev inequality (2.30)), one
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obtains
1—
[(0Fu”, )| SNO2u || ||ul e S €T (141)~ 1||u|\”" [otlkesg

<= (1 +t>—1|\ama||ﬁ|\anm

. . (2.34)
SeFe {10,112 + (1+ 1)1 355 7 5 )

Set {10, + (1+ 1)

Finally by putting (2.21), (2.22), (2.24), (2.26), (2.29), (2.31), (2.32), (2.33) and (2.34) together and
letting € > 0,eg > 0 and 0 < n < 1 be suitably small, we have

e + (1 + t)_ﬁ Hﬂ||2} .

d, . d -~
- 92 =
& i) + 25 () + o (307) + L (0.8,0.9)
2d [~ 9 2
- —— ") 42 Opu”) + A0y
s (90) + (z m0eu”) + A0l (2.35)
ey + )0 3|+ Col1+ 672156, 0,91
+ e (14 t) 7305500 @)% + €757 (1 + ) Fis + eCp(1+ )2
Step 2. The dissipation of d,n and Bmgg,
We first differentiate (2.14) and (2.12)) in = to obtain
836 = Oyt + D" (1 - 6_$) Y e 09,6 — 3¢, (2.36)

and

8,057 + Byt + udT + Dyndyi + ndZ + ROPU + ByTOpu” + TN + Dy Oyl = 0. (2.37)

Then taking the inner products of ([2.36), ([2.37) and (2.13) with 9,0, 87;2"
over R, respectively, one has

— (830, 0uB) + (DuTh, Dyh) + (aan (1 - 6-5) 75955) (e 0,0, 0,0) — (3367, 0,0) =0, (2.38)

<ata i, O ”) <a2~ O ”)
TL n

(6 w0, + ud2n + 0;n0, U + nO2u" + 0pndpu” + udin" + 0pn” O, 87171):07 (2.39)

and

(8,0, 0,7) + (udyrs — u" Opus”, Oyt) + A (8” _ % axﬁ)

n nr’

— (Du7, D) — (aga, 6’””) - (aguf“, 82”) =0. (2.40)

n

The summation of (2.38)), (2.39) and (2.40) implies

d, . . - 1d ~ ~
%(u, 01) + o —((0,m)%,n72) + (0", (0,7)*n %) + A (n™ 1, (9,7)?)
+ (nre*‘i’@m, :vg) +(926,039)

—(&cnr (1_6795),3%5)“83& 0:0) — ((0:71)%,n"0pm) (2.41)

- ~ U ~ _ Oun
- (&Cu&m + u@in + 0,n0,u + naﬁur + u&‘znr + 0,n" 0,1, 352n>
n

+ (U, 0,0:70) — (b — W Opt”, 0571) + A ((nn”) " 7dyn", Dyt + (851/3 a;”) ,
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which is further equal to

_ (agﬂn’“ (1 - e_(z) ,aqu) + (034", 0,0) +% (axuam, &Eﬁ)

n2

Io
To I

SO ~ _ Ogn
— <8zn31u + n(’?iuT + u@%nT + O,n" 0,1, 211)
n

I

+ (@, 0;0,n) — (U0 u — u"Ozu”, 0pm) + A ((nnr)*lﬁaxnr, azﬁ) + ((ﬁur, aﬂb),

I3 I1g s —
Iys

where the following fact

- _ _ _ Oun 1 _ On
_ ((&cn)?’n Satn) - (3mu8mn+u83n, 2 ) =3 (@u@mn, n2)

has been used to deduce Iy;.
We now estimate terms I; (9 < j < 15) as follows. For Ig, I19, I14 and I5, it is direct to obtain

o] < nll02ll* + Collan” |7 111> < nl|0xdl® + Cy (1 + 1) 21612,
Lol < 1ll0x0l1* + Cy|0367 117 < | 0ag]|* + Cred(1+1) 72,
[Tl < l|8a72]|* + Col|8un”||7 o0 12117 < | 02721 + Cop(1 + 8) 2|72,
|I15] < 77H8mﬁ||2 + Cpe(1 + t)_2.
For I1; one has
1 ro ~ Ol 1 e Oy
Ill 25 (axu amn, 712> + 5 (81U6$n, n2> 5

and

e ~ Oz ~ n ~ ~ ~ ~ ~
(w0, %5 ) | <ol + Gy los0, P < wloil + G losal(1osal + o2

<(n+ Cyep)|0:7|* + Cyeg||oza]*.
As to I, it follows that
Lzl <0l 071 + Col| 07| *(105lf* + 10231 + Cyll0zn” |7 |0l
+ IRl + 1@l Fe ) (107u"]|* + 070" [1%)
<(1+ Coed) [0:7, 050 |1* + Cyeg 9201 + Crege(1 + )72
To estimate I3, we first notice that
I3 = (0w, —0n) — ((17 +u")0y(u+u") —u"Oyu", 83:%)
= (ama, Oz (nu) — [“)x(n’“u’”)) — (U0 4 Ul u" + u" 0y, O,1)
= ((0,)?, 1) + (01, NOLu") + (0yth, Opn” W) + (0ptt, n"0pt) — (U, Dyhi),
where the right-hand terms can be estimated as
[((02)%, 1) | + |(820, Bpn"W)| + |(Dnt, 0" 0, 0)|
< Ceol|0,ull® + [nllduall* + Cy (1 + )72 [[al?] + n ]|z,
and
(0,0, 7D u")| + [(@dpu”, )| < l|0s [, A|* + C [, @) 0" ||
< xR, al* + Cy (1 + 1) 72| [7, @l
Therefore it follows that
1L S (0 + )10 7, @)1 + np |02 + Cop (1 + 1) 72|, ||
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By plugging the above estimates back to (2.41) and letting 0 < n < 1 and ¢y > 0 be suitably small,
we obtain

d . . - 1d 2 )20 2

A [ @) + (n’"e—%m, wqb)] ¥ <6iq§, 029)
< max{1, ny }|8p@)2 + O[22 + O(1 + t)*QH 7, 4, 9] H2 FCe(1+ )2 (2.42)

Further taking the summation of 2x (2.42) and C x (2.35) for a suitably large constant C; > 1 and
also letting ¢p > 0 and 0 < 1 < 1 in (2.41) be suitably small gives

iQ(ﬂ,@wﬁ)Jr%((axﬁ) )+C’1{d(unu)+2( )}

dt d
d /~ ~
+cl{dt(<z>2,nf) 2 (0:0,0.0) — 24 (3.m7)
+2Cl(3zur,m72)+(3Iur7(axﬁ) ~2) + (929, 020)
)\{(aﬁ, 0,ii) + (nL, (0:7)2) + (nrewaxqs, axqs)}

Seoll 2P + (14 0)72 | .., 00| + (14 0) 5 P 4 erEe (1 ) HE (g0
(2.43)

where the large constant C7; > 1 is chosen so as to also guarantee

2, 0;n) + ((0:0)*,n™2) + Cu (@, nt) ~ [|9,71* + [[a]*.
From Gronwall’s inequality, it follows further from (2.43)) that

sup {2(30,7) + ((0,7)%.n™%) + O (i, ni) + 201 (n, ) + Cr (3.0
0<t<T
T 2 3y
+ C1(0:6,0.6) = 5C1 (#.07) |
/ {@o i) + (0,07, (0,70)°n™%) + (626,020)  di (2.44)
/ { nL, (0:7)%) + (nre_$8x$7 8m$)}dt
T o
S, G (0)][ + (1027, 6](0 )||2+6o/O 07| dt + e

Step 3. Dissipation of 0%u.

By differentiating (2.13)) in = and taking the inner products of the resulting identity with 0,u with
respect to x over R, we have

(040, ,0) + (0, (W0, T + WDpu” + D", D) + A (ax (82" an" ) ) u)

+(—8§$,8ﬂ)+(—am<8:> au) (—&r(agn ) au) =0. (2.45)

We estimate each inner product term on the left as follows. First, the first term is equal to %% (0z1, Dpt).
The second term is computed as

(0 (WOLT + TOLU" + Dyt Dypl) = (a ", (9,:0)2) — (WORT, B, 0) + (WDu”, B, 0,

where the first term on the right are good and the rest two terms are bounded as
(@034, 0,0)| + | (WdFu", 0,4)| < n(]|0xa]|* + [|07a]1*) + Cyllal| 7 (1022 + 07" |[?)
< (l0:al* + 103]%) + Cyed||0u1l|* + Crege(1 + 1)~



STABILITY OF RAREFACTION WAVES OF NAVIER-STOKES-POISSON SYSTEM 13
with an arbitrary constant 0 < n < 1. The third term can be rewritten as

Ozn  Oxn Ozn  nodyn” -

A<8x<x >3u):A(” o )
n n” n nn’”
O _ 0,n0n" +nd?n" _ _ ndyn" (Oznn” + ndyn”) . _
_A<f, ﬂ>+A<zz”+ 2 ﬁw)+A( o1 (O =) o,3),
n

nn’ (nnr)?
where the first inner product on the right is bounded by 7(|02u||? + C,||0.7|%, the second one is
bounded by

02| + Cp(0xn” | Zoe 1071 + [[R]|Z< 107727 1%) < 0ll00ull* + Cel|0an]|* + Cege(1 + 1)~

and the final one is bounded by

| 0al* + CyllRllZ< [18an” Lo 1071 0" [ Zoe + Colltl|Loc | Ozn" |70 [|Oan” |1
< ll0xll* + Coegl|0anll* + Cyllfll - |0:7]] - [[8an”[| - 020" | - [|0zn" |

<0l 0a]1* + Coegl| 0l + CyllOunil|* + Cyl[Al|* | an” ||| 02" |2

< nll0xl* + Cyeg|0a7l|* + Cylldan]|* + Chege(l +1) 7.

For the fourth term on the left hand side of ([2.45]), it is direct to see
(926, 0,)| < nl0,0l> + Cy[|026]1?

The fifth term is a good term given by (n~1,(9%%)?). The final term is bounded as

82
(-2 (57) )
n
Plugging these estimates back to (2.45]) gives

1d
2 dt

82

< nllozul® + C,

D 0,it, 0,10) + g@wx@m%+< >

< n{10:al)* + |05} + Coed|9aal|* + Cye(1 + )2 + Cy(|0u7)1* + 076]1%).  (2.46)

<n||<92 I+ Che(1+ )72

0%u

Integrating with respect to t over [0, 7] and letting 0 < 1 < 1 be suitably small, one further has
T 82~
sup (0,u, 0yu) + / (Opu”, (8pu)?)dt + / < )
0<t<T 0 0
T ~
< 10401 + (n + Cne(%)/o 10| *dt + Cn/o (l0z7ll* + [|076]|*)dt + Cpe.  (2.47)

Thus combining (2.44)) and (| - yields

sup {z(a,axﬁ)4-(«xﬁa2,n*2)4-ca(a,na)4-2ca(n,¢)

0<t<T

F UG ) + C1(0:0,0:0) — SCi(F ) b+ sup (0,7,0,7)

0<t<T
T

+ {(0,u", nu?) + (8pu”, (9:70)*n"2) + (Opu”, (9,0)°) } dt

(2.48)
auau (—%@mfyu@&ﬁ@}m

T ~
{ ne00,3.0,0) + (ai“ mu)}dt

2
CH 7,1, ¢)(0, x)HH + Cetsv,

_|_

_l_
o\o\ﬂo\
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Notice that
2T, o) + ((0:7)2,n~2) + C1 (@, n) + 2C1 (n, ) + C4 (&2, n)
o7 2 73 r ~ 7 ~112
+ C1(0.6,0:0) - 51 (&7 ~ [ 9] || + e,

and

~ ~ e ~ ~ 2~
(0,0, 0,0) + (01, (0270)?) + (026, 020) + (n"e 0,6, 0,0) + <8;“,a§a>
2

~ (0.7, 0.7 0.6, 025, 027

according to the a priori assumption (2.18) and the fact that ny > n_ > 0, and furthermore the
Poisson equation (2.14]) implies that for any ¢ > 0,
le®I7 < ClIRM®|* + Cllaz" ()]

< Cla®)|? + Cllazn” ()1 + Clldzn" (t)]| 14

< Cla®)|? + Cllozn" (O|* + Clldwn"(t)|*[|5n" ()|

< Oa@)|*+Ce(1+1) 2+ C(1+1)7 1,
and hence in particular,

16(0) 7 < C [I7(0)]1* + €] -

The above observations together with (2.48)) give (2.19)). This then completes the proof of Proposition
21 O

We are now in a position to complete the

Proof of Theorem[2.1l The existence of the solution follows from the standard continuity argument
based on the local existence and the a priori estimate in Proposition Therefore, it suffices to show
the large time behavior of the solution as t — +o00. For this, we begin with the following estimates

. ~ 2
i ,[7, @(1)| 0, (2.49)

and

lim {H V nre—gaxqz(t)HQ + ‘

~ 2
2
Jim_ ch)(t)H } 0. (2.50)
Indeed, from (2.37)), (2.45)), (2.16)) and Lemma one can show that

too | g
2
|| e
0

+oo
/0

Then (2.49) follows from the above two inequalities and ([2.16)).
The estimates for (2.50)) will be a little different from the usual one as in [34]. By (2.36) and applying

Lemma and ([2.16)), we see that
- " _ N +o00 _
< [(ne™20,6,0,0) + (926,020) | ‘ dt < C+/ |01 dt. (2.51)
0
—+oo
[
lim sup|[n(t,z) —n"(z,t),u(t,z) —u'(x,t),¢(t,x) + Inn"(¢,x)]| = 0.
z€R

+oo
|l
2 +oo
‘ dt + / ‘
0
Thus (2.51)), (2.52) and (2.16) give
t—+o0

+oo
dt = 2 / (007, 0,7)| dt < +o0,
0

and

d . > 1 [tee SN
A vo,a1? dt = f/ (00, D,70)| dt < +oc.

o~ ~112
0,0 X ‘ dt < +oc. (2.52)

On the other hand, from (2.28)), one has
(2.50).
We consequently get from (2.49)), (2.50)) and the Sobolev inequality (2.30]) that



STABILITY OF RAREFACTION WAVES OF NAVIER-STOKES-POISSON SYSTEM 15

Furthermore, by the construction of the smooth approximation function of the rarefaction wave, in
terms of (#i¢) in Lemma we obtain the desired asymptotic behavior of the solution

lim sup [n(t,x) —nft (E) cu(t, o) —ult (f) ,¢(t,x) +Inn® (%)” =0.

t—+oo z€R t t

Hence (2.17)) holds true. This ends the proof of Theorem O

3. TWO-FLUID CASE

In this section, we will apply the similar technique developed in the previous section to study the
stability of rarefaction waves for the Cauchy problem on the two-fluid NSP system , , ,
. The new difficulty appears due to the fact that the electric field 8,¢ is no longer L? integrable
in space and time due to the structure of the Poisson equation in . It will be seen from the later

proof that the new trouble term

1

7/(@5)28381[ dx
2 )

can be controlled by taking the difference of two momentum equations with different weights so as to
balance the different masses m, (o = i,¢e) of two fluids. Therefore, the structure of two-fluid model
indeed plays a key role in the stability analysis of nontrivial rarefaction waves.

3.1. Approximate rarefaction waves. The large time solution of is assumed to be the rar-
efaction wave [n”, u"] under the quasineutral assumption. Thus, we may set
ng="ne=mn", U =u=u".

By neglecting the second-order derivatives 92u” and 92¢" which decay in time faster than other low-
order terms, [n",u"] is expected to satisfy the following equations:

on” + 0z (n"u") =0, (3.1)

min" (Opu” + u"Opu”) + T;0pn" —n"0yep” =0,

men” (Opu” + u"0zu") + TeOpn” +n" 09" = 0.
It is straightforward to verify that system , , holds true if [n", u"] satisfies

on" + 0z(n"u") =0,

X X T+ T, .
(0" T(c)m r 78@’ T:()’
n"(Opu” +u U)+mi+me n (3.4)
Ti e_Te i
¢T:7m m Inn".
m; + Me

Therefore, the large-time asymptotic equations of (|1.1)) of the two-fluid NSP system are expected to
take the form of the following quasineutral Euler equations
o+ 0.(ma) = 0,
T+ T, (3.5)
n(0yu + wd,u) + Lam =0,
mi + Me
with the potential function ¢ in large time determined by

Time - Temi

b= Inmn.
10} pp— nn
Initial data for (3.5) are given by
n-,u-], >0,
[ﬁv ﬂ](ovx) = [ﬁo,ﬂo](l‘) =
[n4,ug], =<0, (3.6)

- Time - Temi

%(va) = ¢O -
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Similarly as before, (3.5 have two characteristics

[ Ti+Te
AM=u—c¢, X=u-+c, withec= ;,
m; + Me

where we have used the same notation for ¢ as in . In the completely same way as in the previous
section, concerning the Riemann problem and on the quasineutral Euler system, one can
construct the 2-rarefaction wave [nft, u®](x/t) from the Burgers’ equation and further construct its
smooth approximation [n",u"] satisfying the properties given in Lemma

3.2. Stability of the rarefaction wave. In this subsection we study the stability of the approximate
rarefaction wave [n”, u"] for the Cauchy problem ([1.1] ., . . For this purpose, let us define
the perturbation

[ﬁavﬂaa 5] = [ﬁi,eaﬂi,ea 5] = [na - nr, U — ur’ (b - ¢T}(tvx)a a = i7e7
where ¢" is defined by n" in terms of the third equation of (3.4]). Then [n4, Uq, 5] satisfies
O + Oz (nju;) — Oz (n"u") = 0, (3.7)
_ < Qu
m; (Oet; + wiOpu; — u' Opu”) + T;(Op Inn; — O Inn") — Opep = :Lu , (3.8)
atﬁe + aa:(neue) - 8z(nruT) = 0; (3 9)
- . : : ~  0%u,
Me (Opte + UeOptie — U Ozu”) + To(Op Inne — O Inn") 4+ O = ot , (3.10)
Ne
O2h =Ty — e — 029" (3.11)
Here we have set p; = o = 1 without loss of generality. Initial data for [f,, U] are given by
[ﬁav aa](oa .’E) = [nao(x) - nr(ov {E), Uao — UT(Ov x)]v a=ie. (3'12)

From now on it is always assumed that for any given t > 0, a(t, x) is determined in terms of the elliptic
equation (3.11)) under the boundary condition that ¢(t, x) tends to zero as x goes to £oo.

Theorem 3.1. Let [ni,uy] € Ra(n_,u_), where Ray(n_,u_) is given in (2.7) with n_ > 0 and

_ T;4+T,
c=1/me- Assume
o+ =
m; + me

There are constants ¢g > 0, 0 < o < 1, and Cy > 0 such that if
Y a0 Taol 71 + 10260l® + € < €,

a=i,e

where € > 0 is the parameter appearing in (2.10)), then the Cauchy problem of the NSP system (3.7)),

(13.8), (3.9), (3.10), (3.11) and (3.12) admits a unique global solution [ﬁiye,ﬂi,e,gﬁ](t,x) satisfying
mqﬁ - + Z / H\/a U (U, OpTlay O U] H

Time — Temy
ZiMe = ZeMi ) n, .

s0p 8 37 s dal ()5 + |

>0
9 +oo

+ Z/ | [0, Ouiia, 020 (1)]| dt+/ \
0

a=1,e

Moreover, the solution to the original Cauchy problem (1.1)), (1.2)), (1.3)), (1.4) tends time-asymptotically
to the rarefaction in the sense that

QZC

H dt < Coel™™. (3.13)

tllgloo itelg {na(t,x) —nf (%) U (t, ) — ult (%)} ’ =0, a=i, e, (3.14)
and
Time — Temi r _
t_13+moo ilelg O0x {qb(t,x) Tt Inn (t,x)} ’ =0. (3.15)
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We remark that smallness on ||, ¢o|| is required in Theoremﬂ In addition, due to the weaker dis-
sipation of the potential function in the two-fluid case, it is not clear to verify the uniform convergence
of ¢(t, ) to
6w ft) = Ty ),

m; +m
as time goes to infinity. However, still implies the large-time convergence of the electric field
0, ¢ to the smooth approximate profile 0,¢". B

As in the previous section, the local existence of the solution [7, u, @] of the NSP system , ,
7 , and can be proved by the standard iteration method and its proof is omitted
for brevity. As to the proof of Theorem [3.1] it suffices to show the following a priori estimate.

Proposition 3.1. Assume that all the conditions in Theorem hold. There are constants ey > 0,
0 <o <1, and Cy > 0 such that if the smooth solution [n,u, @] to the Cauchy problem (3.7), (3.8)),

(13-9), (3.10]), (3.11) and (3.12) on 0 <t <T for T > 0 satisfies

sup 4 D [ ol ()35 + 10:00) ¢ + € < €2, (3.16)
0<t<T

a=t ;€

then it holds that

sup Z [ [Pees Ta] (8)] 301 + ‘
o=

0<t<T
/ 8 T, O ua;82ﬂa] (t)szt—i—/ ’62¢
=+ g 0

a=i,e

z¢ o + Z/ Hm Uey OxNgyy Oplin) H

2
t)H dt

<Co | D a0, Taolllfs + 19u0]) + €77 | . (3.17)

a=i,e

3.3. A priori estimate.

Proof of Proposition[3.1. As for obtaining Proposition we divide it by three steps as follows.

Step 1. Zero-order energy estimates.

As in (2.20)), set

Na T

s—n

ds, «a=rti,e.

o = (o) =T [

2
n’l" s
Note that Y(ng,n") is equivalent with |ng, — n"|? for |n, —n"| < C. Multiplying the first equation
of (| and . 3.8) by ¥; = ¥(n;,n") and n;u; respectively, integrating the resulting equations with
respect to x over R and taking the summation, one obtains

n;i jt(ﬁz,muz) + %(m,w )+ mi (@2, ni0pu”) — (8, nitly) = (824, W) + (92", W), (3.18)

where we have used the following identities
—(ni, Oi) + (0z(niu;), i) + Ti (9x (Inn; — Inn") ,nju;) = 0,

and

s, 0in;) + (ui0pu; — u” Opu”, nitt;)

— (@ o) +
1
T2
In a similar way, from the third equation of (1.1]) and (3.10f), we have

1
(’LL Oy (nﬂz)) + 5(&?7 8I(nZuT)) + (ﬂlam’ljl +u 0,y + ﬁia$uT7 nzﬂz) = (ﬂ?, nlamu’“)

T;e jt(ﬂe,neﬂe) + %(”eﬂ/fe) + me(ﬁg,neaxur) + (ax(g, Nelle) = (83176,176) + (631[,176). (3.19)
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We note that since d,u” > 0 and n, > 0, (U2, n,0,u") are good terms for a = i and e, which plays a
crucial role in the zero-order energy estimates. Furthermore, we get from (3.7)), (3.9) and (3.11) that

( zgan’ai) (ax%j neﬂe)
<¢a e (nit;)) — (¢78w£neae)>
—((é, 8t(ni~— ﬁe)~) — (¢, 8m((ﬁi~— ﬁe)u:))
((b’ 8t82¢) - (¢78ﬁ82 T) - (¢7 (82¢ur)) ((b’ (82¢ ))
= 2 L (0:5.0.0) + (0:5.00,07) — S0, 00) + (26,526,

T 2dt
Therefore, with the above identity, the summation of (3.18)) and (| implies

d ym; e~ o~ d
A5 i) + T (e i)} + —t{<n,-,wi> (nestel} + 5 (006, 0.9)
+m (U7, 0pu") + me (U2, ne0pu”) +|0x [, e ||*
Io (3.20)
= %((015)2, Opu”) + (2", Ts) + (D2u”, The) — (00, 010,0") — (02, 030" u") .
R e— I Is L Is

I
We have to develop a little more delicate estimates on I, which are different from the case of the
one-fluid ions considered in the previous section. The basic idea is to make use of the good term I to
absorb I, since the latter one can not be directly controlled. For this, we choose two positive constants
B and v such that m;8 = m.y. Notice that physically the ratio v/8 = m;/m. is large. Taking the

inner product of (3.8) and ([3.10) with
B - gl
————0,¢0,u” and — ————
2(8+7) 2(8+7)
respectively, and taking the summation of the resulting equations, one has

1 2 T

OO, u”,

Bm;  d YMe d
uz; T 8 (% U'ea - a u
2(8 +7) dt a0 290:u") + 208 + ) dt = (e, 0290zu”)
1 _ . ) ) . o
+ m(ﬁmzuz — YMelUe, 8ta:r¢axu ) + m(ﬂmlul — YMeUe, ax¢ataxu )
Ts o
7% (ﬂml [ulamul - urazur] — UM [ueaﬂﬁue - uTazuT]a azgam@/)
Is
1 1 2u;  lue .~
_m<ﬁTi&clnn —T.0, ln x¢3u) 0B+ 7) (,5 " - . ,axqb@xu).
Lo I

(3.21)
On the other hand, it follows from (3.11]) that
ataz(g = Nele — NjU; — 8t8x¢r = neﬂe - niai + (ﬁe - ﬁi)ur_ataa:(brv

which implies

fo == s (@m0 - 5 (@) o)
pm; YMe . -
+ m(uiumne&gu )+ 35+ )(uiue,niawu )
1

5 gy (Pt = Ymelie, 0,0a 6" Opu”).
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Consequently, it holds that

I 1 / { . o _ 2} .
— 4+ = min; (W;)° + (Bmine + ymen;)U;te + Bmene(te)” pOgpu’ dx
>t =35 L (ui)” + (B YMen; ) B (Ue)

1

— m/ﬂ% {’Ymiﬁi(ﬂi)Q + (Bmine + ymen; ) U;te + Bmeﬁe(ﬂe)Q}amqu:p

Iy1

/ {vmi@)? - (Bma + ym. )i, + 5me<ae>2}axurdx
R

n’l‘

(3.22)
- 2(8+)

I

1
/(ﬁmlﬂi — VMl )0p 0, P Opu” da.
R

2(8+7)

I3

One can claim that I12 > 0 due to the choice of constants § and 7. Indeed, by using Sm; = ym., the
integrand of I;5 can be rewritten as

(V’ymlﬂl + ﬁmeae)2azurv
which is always non-negative for § > 0 and v > 0. With (3.22)) in hand, substituting (3.21]) into (3.20]),
we arrive at

d P~ ~ e~ ~ d d, .~ .~
{5 i) + 5 o)} + {00 0) + (s 0} + 5 (02, 0,9)

dt \ 2 2 dt
ﬂmi d ~. Y T Yme i ~ = T
T A Bt @t =90+ g gy (e u00su) (3.23)

1 " . SO
+ 3 {ml(uf, niOpu”) + me(u?, ne(%u’”)} + 1|0, [, e ||* 4 T2
=+ I3+ 14+ 15— I —Ig— Iy — 1o — [11—113.

We now turn to estimate the right hand side of (3.23) term by term. Letting 0 < o < 1, by applying
Hélder’s inequality, Young’s inequality and Lemma as for obtaining (2.34]), one obtains
5+30

II] + 15| SeT5 {10a[is T2 + (1 + ) 755 + (1+ 072055 | @, @)1}

In the completely same way, it follows that

L] + 1851 S €757 {J10211% + (1+ )75 4 (14 )7 70757 9,62} .

By integration by parts and employing Lemma and Cauchy-Schwarz’s inequality with 0 < n < 1,
we have

|7l S 0100 s, e, Do G)|* + Co(1 4 8) 2|1, e, D)

From Lemmal[2.2]and Sobolev’s inequality (2.30)) as well as Cauchy-Schwarz’s inequality with 0 < n < 1,
it holds that

8|+ [ o] S 0ll0u (7, Tre, Wi, e | + eol|On i, Te] | + Cop (14 )2 [0, T i, T, DI,
and
1ol S (0 + )0l G| + €l|026]1” + Cy (14 )| 08| + €Cy (14 1) 7.
For the term I3y, it follows from the Sobolev’s inequality (2.30) that
[T11] S eo {mi(ﬂf,nﬁxur) + me(ﬂz,ne&cur)} .
As to the last term I13, we get from Lemma[2.2) and Holder’s inequality that
[Tia| S (L 6) 721w, @e] |+ e(1+ 1) 72
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Therefore, by plugging the above estimates into (3.23]) and letting € > 0,eg > 0 and 0 < < 1 be
suitably small, we have

d(mi . e~ ~ d
T {m?(ui,niuz') + %(ue,neue)} +o {(ni, i) + (e, be) } + ( Op, 000)

i d ~n e d
(g"z ) (uw (baa:u ) (gnj» ) (u€7 ¢6 u )

—|—)\{ml ’LL m@ u )"‘me(aeyneazu }+>‘||a$[§la§8”|2
Snll0s [, Tl + €757 02611 + Cy (1 + 1) 2| [, Tie, W e, D]

(3.24)

e (14 1) 30559 [, e |2 + €757 (14 ¢) ™ 1580 + €Cyy (1 + 1) 2

Step 2. Dissipation of 0,[n;,m.] and 3£¢~>
We first differentiate (3.11)), (3.7) and (3.9)) with respect to = to obtain

926 = 0, (7; — M) — ", (3.25)

O0pO0p1; + Opu; Oy + uzaiﬁl + Oy Opt; + nlaiﬁz + ﬁlaiu’“ + Oy Opu” + ﬂiain’“ +0,n" 00 = 0, (326)

and
8t6:,ﬁe—i—@xueazﬁe—kueagﬁe+8zn58xﬂe+n68§ﬂe+ﬁ88£ur+8zﬁeazur+ﬂeaiﬂ+8znrazﬂe =0. (3.27)

By taking the inner products of (3.25)), (3.26)), (3.27), and ( with Bxgg, a ﬁ , 2 , Ogly;

and J,n. with respect to x over R, respectively, taking the summatlon of resulting ﬁve 1dent1tles and
noticing the cancelation

(00 (71 — ), —000) + (Duh, Dulii) + (—0ph, D) = O,

one has

4 > ma (T, 0,7 )+11 > (0a10)% 5% + Y (Oat”, (0271a)*ng )

dta_ie « (6 3] paage tha:ie xr'ta b) (6% = xT b r'ta «
+ Z To (05", (0:710)°) + (930, 0;9)

:(agqsr, Z (8:710)2 152 0ma)

- 0.7 (3.28)

= (Osttalsiia + ua02Tia + Oanadalia + Had2" + 020" + 0yn” yila, %)
+ > Mo {(Ta, 010s7ia) = (UaDztia — u"Opu”, Ouiia)}

r\—1~ T ~ 2, r alﬁa
+ Z To ((nan™) "' Ra0n”, 05110 + Z <8mu " ),

a=i,e a=i,e
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which is further equal to

~ 1 Oz

8T = 7 Gl

@085 - (st %)
J1 —

J2

~ - - . Ozn
— E ((%naamua + naaiur + uoﬁ%nr + Opxn" Opliey, m;‘)
- n
a=1,€e

(63

J3
+ Z Me {(ﬂaa atazﬁa) - (uaa:vua - uramur’ amﬁa)}
Ja
Ozn

T ry—1~ T ~ 2,7 Tt

+ 2 Ta ((nan") ™ Tadan”, 07a) + 3 (amu R )
a=1i,e a=i,e
J5 JG

where the following fact

— (OaTia)2, n30ma) — (a UaOpTia + Uad Tia, 8:;@) _1 (&Eua@gﬁa, aﬂZ“)

e 2 (03

has been used to deduce J5. It is straightforward to see that all terms J; for 1 <[ < 6 can be estimated
as for I; for 10 < < 15 on the right hand side of (2.41)). Then, by applying those estimates to (3.28)
and letting 0 < n < 1 and ¢y > 0 be suitably small, we obtain

d 1d

~ ~ ~ \2 —2 r ~ \2, —2
% a;g ma(uo“ 89:”01) + 5% a;(g((aa;na) ,na ) + age (8;3'[1/ s (awna) 'n,a )
+A Z (02710)?) + N2, 020)
< max{l,n+} > mallOstial® + Ceg Y 1020
FCA 472> [l Uall* + Ce(1+ )72, (3.29)

a=i,e

Further taking the summation of 2x (3.29) and 2Cyx (3.24)) for a suitably large constant Co > 1 and
also letting ¢p > 0 and 0 < 1 < 1 in (3.28) be suitably small gives

d .~ n=2)
@az;e&ma(ua,@wa) ((02710)% 0 }+ Czaz;e{ma (Uas nalia) + 2(na, Ya)}
~ Cgﬂml d ~ ~ r Cﬂme ~
+C2 ( z¢7 z¢) ﬁ""}’ dt(umaz(bamu ) B"‘ ( Ue, :1:¢8 u )
+)\(8§¢, 2¢) + A Z {ma (U2, nadu”) + (pu” ,(awna)an)}
a=ie (3.30)

A ) {(0aia, 0:lia) + (g, (0:71a)%) }

Seo 3 102al® + (1+1)72 Y i, T, B B)I> + (L4 8) 70557 3 g

+etfe (14 4) This 4 e(1 4 1)
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Here, as ||0,u"|| L~ < Cdr€, in terms of Cauchy-Schwarz’s inequality, one can take Cy > 0 large enough
and € > 0 small enough such that

2ma(aaa axﬁoe) ((8 ﬁa) y Mgy, ) + CZmoz(Uou naua) + 02( xq~5, 8965)
~ Cyfm; Coyme ~ 02~ 12 ~o
Wi, Oy 3 u e, Og 8 u") ~ ||0pna |l + |luall” + ||0z014. (3.31
S, 0,00,07) S 10, 0,00,0) ~ 0,710l + [T+ 10,01 (331)
By applying (3.30) and Gronwall’s inequality, we conclude

sup { Z {(Qma(ﬂlwaﬂcﬁa) + ((axﬁa)27nc:2) + CQma(aounaaa) + 202(”(17'(/](1)}

0<t<T

a=i,e

C2Bmz

-~ Coym,
+ Co(026,006) — i 0090u”) + T (e 0260,07) |

T
A / 3" {ma (@, nadou”) + (00u”, (Deiia)?ny?)} ¢ dt
0

a=i,e

(3.32)

+>\/OT > {02, 0aTia) + (ng, (0a71a)?) } + (926, 029) ¢ dt

a=1,e

< D {lllFas @] (0)1% + 10:7a(0)1*} + [0:0(0)[1* + €0 Z/ 107 tal[Pdt + €57

ozze a=1,e

Step 3. Dissipation of 0%,

By differentiating (3.8) and (3.10) in z, taking the inner products of the resulting identities with
0, u; and O, ue with respect to x over R, respectively, and taking the summation for « = i and e, we
have

> M6 (010:1ia, Orlia) + Y Ma(0r (liaOalia + UaOptt” + Oaliqu”), Opiia)

8mna a n 2"" ~ ~

ra (0 (P = ) ) + 020,07 + 07 (3.33)
82ﬂa _ 82 T

+az< ( ),&Eua) +a§€ (—al( - > ) ua) =0.

It is straightforward to see that all terms in (3.33]) can be estimated in the completely same way as in
(2.45)), so that we directly arrive at

1
S (Ol Ouiie) 3 S M (D)) 4 A Y (a uaﬁiaa>

a=i,e a=i,e a=i,e

<Ce(@+ )24 C | Y (10n[ia, Outia]|* + 1026]% | . (3.34)

a=1i,e

Integrating (3.34) with respect to t over [0, 7] and letting 0 < n < 1 be suitably small, one further has

sup Zmaauaaaua Zma/ au aua))

0<t<T
a=i,e a=i,e

Ay / (a ““,agaa) dt (3.35)

a=1i,e

<SS malldaz )P+ ¢ Y / (102 [Fras Dutia]||? + ||026||?)dt + Cee.

~

a=i,e a=i,e
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Thus we get from and - that

2w Y {2ma<ﬂmawﬁa> + ((OeTia)2,152) + Coma (Tl Nlia) + 20 (s V) }

I ~ .~ Cafm Cyym
« am Oé)aib o C 8% aam Z? xr 8 € xr 8
# 2 mal0aie, 0uTa) + o026, 0.9) ~ S (0 0e00) + U e, 0160, |
T
—l—/\/ Z {ma(ﬂi,na&cur)—k (8xur,(8$ﬁa)2n;2)} dt
0 a=t,e
T ~ ~
A [ S O, ) + (! (00710)?) } + (02,020)
0 a=i,e
+>\/ Z (O o) + (% o2 dt
= ua y N0z U Ne ) wua
S {H[ﬁa,wmnm} + 0260 + €77
B (3.36)
Recalling , notice that
> {@matia, 0a7ia) + ((02711a)% 15%) + Cama (lia; Natlia) + 2C2(na, 1) }
~ ~ 08 9% C26m1 C2’Yme
+ M (Oplle, Optly) + Co (040, Oy 8 u 8 U
:Z ( )+ Ca(0:6,006) = = (W, 0:00,u") + === (7, 0,00,
~ 37 (Walliys + liali3n ) + 10:12,

a=i,e
and

0%
~ ~ 1 ~ \2 el
(amuom azua) + (na ) (afvna) ) + ( N,

X ) ~ |02, B, O]

according to the a priori assumption (3.16) and the fact that ny > n_ > 0. (3.17) then follows from

the above observation and (3.36). Notice that the boundedness of ||92¢(t)||2 for all ¢ directly follows
from the Poisson equation (3.11)). This then completes the proof of Proposition O

We are now in a position to complete the

Proof of Theorem[3.1} The existence of the solution follows from the standard continuity argument
based on the local existence and the a priori estimate in Proposition Then holds true. The
large-time behavior given in and can be verified in terms of . This ends the proof
of Theorem 3.1 O

4. APPENDIX

In this appendix, we present the dissipative structure (cf. [39] and references therein) of the linearized
system corresponding to the one-fluid model (2.1)) around a constant equilibrium state [n,u] = [1,0]
with ¢ = 0, namely

5‘tn + aﬁu = 0,

Oy + AOyn — O, = 8£u,

0 =n+¢,
where we put a constant € > 0 in front of 92¢ in order to see what happens as € tends to zero. The
case of two-fluid model ([1.1]) can be considered in a similar way; see [20] for details. In fact, taking the
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Fourier transform in z € R gives
on+i€u =0,
Oy + Aign — it = —€2a,
~a(§)é =7,

where a(§) = €2 + 1. The direct energy estimate implies

1
) A+)ﬁ2+ a2}+2§2a2=0. 4.1
(a4 o ) e+ 1ae] + 2620 (41)
Moreover, it is also straightforward to compute
e 1 ~ . e ~
i€, ) + (A-+ )l =l + (igh, ~D).

which after taking the real part of the equation, applying the Cauchy-Schwarz inequality to the last
term and dividing it by 1 + £2, leads to

R(i&n, u) &2 1
+ A+

re tanre) e

Here (, ) stands for the complex inner product. Then, it follows from (4.1) and (4.2) that

O )al* < Cefal*. (4.2)

0,E + \D < 0, (4.3)
with
1 =R =R R(i&n, u)
E=(A+— |7 P k——2t
( +M®)m|+W|+n1+g,
D= &P+ —(4+ )P
1+¢2 a(é) ’

where k > 0 is suitably small. Noticing
1
E~ A—l—) n? + [uf?,
(a+ g ) o+
it further follows from (4.3 that

)\2
3 E<O0

HE .
et s

_ae
Therefore, E(t,£) < e 1+¢2 1tE(O, £) holds true, and this directly implies the time-decay property of the
linearized solution operator as in [39]. Notice that similar to obtain (4.3)) in the Fourier space, it also
holds in the original space that

d
= (16 An, ) 3 + 1632 + (0, 0m) ) + A(|9anl|? + |0:ulF + 19261%2) < 0.
Finally, we also write down the Green’s matrix G(¢,¢) corresponding to the linearized system:
G(t, &) = eMiP, +eM1P_,

where

_ £+ /B 1)

At 5

are the eigenvalues of the coefficient matrix

3 0  —i
A4_<4@@)—€>’

M —
P AsT
At — At

and
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are the corresponding eigenprojection, with I being a 2 x 2 identity matrix. Therefore, it is direct to
obtain

Ayt — A e+t O e
e -
A+ — A_A,_ — A
G(t,¢) = At _ oAt /\+e’\+t —\_er-t
—Z§G(§> >\+ _ )\_ >\+ — )\_

Observe that G(t,£) must reduce to the Green’s matrix in the Fourier space for the one-dimensional
Navier-Stokes equations as € — 0, cf. [19], for instance.
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